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1. Introduction. The recent publication of an extensive table of the exponential

integral for complex arguments [1] makes it possible to evaluate a large number of

indefinite integrals not in existing tables, and to obtain values for the sine and cosine

integrals for complex arguments.

2. Definition of Exponential Integral. The definition used by the National

Bureau of Standards will be used throughout,

(1) Ex{z) =  f'e—du = REi(z) + UEtiz)
»! U

where z = x + iy. R and / denote the real and imaginary components respectively.

The integral converges if the upper limit is <x>e", and is independent of a, so long as

-if á a á è» |2]. To make Ei(z) a single-valued function a branch cut is made

just below the negative real axis, including the origin, such that z = x + iy =

pe' , — ir < 6 ¿ t. This means that when the integral is evaluated for a point on the

negative real axis the contour must be indented above the pole at the origin.

The values of Ei(z) are given in the tables for the region 0 < 9 g t; those for

the region — *■ < 6 < 0 can be obtained from the relations

Ei(z) = Ei(z),       z = x — iy.

Here, as usual, f(z) means the complex conjugate of f(z).

3. Relation to Exponential Integral for Real Arguments. The earlier tables of

the exponential integral [3] for real arguments use the following definitions:

(2) Ei(x) = I   -du = - {"—du
J-a U J-x    U

and

(3) -Ei(-x) =  /    —du, x>0
Jx      U

where y is the Cauchy principal value. This gives the relations

(4) Ex(y) = -Ei(-y), y>0

and

(5) -E.i-y) = Ei(y) + w, y > 0

4. Sine and Cosine Integrals for Complex Arguments. Let u = it, then equation
(1) becomes
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Ei(x + iy) =  [     e—
-it

t

sin t
(6) =f   ^dt-if   SÍÍdt

= — Ci(y — ix) — i[%jc — Si(y — ix)].

Interchanging letters gives the relations

(7) E,{y - ix) = -Ci(x + iy) + i[\* - Si(x + iy)]

and

(8) Eti-y + ix) = -Ci(x + iy) - i[\ir - Si(x + iy)].

Subtracting equations (7) and (8) gives

Si(x + iy) = hi [Ex{y + ix) - Ex{-y + ix)] + \t

(9) = WE¿y + ix) + mi-y + ix) + r]

+ hi[REx(y + ix) - REt(-y + ix)].

Adding equations (7) and (8) gives

Ci(x + iy) = -h[REx(u + ix) + REx {-y + ix)]
(10)

+ WEx(y + ix) - IEx(-y + ix)].

In the other quadrants the following relations can be used:

(11a) Si(x - iy) = Si(x + iy),

(lib) Si(-x + iy) ■■-Si(x + iy),

(lie) Si(-x - iy) = Si(x + iy),

(12a) Ci(x - iy)   = Ci(x + iy),

(12b) Ci( -x + iy) = Ci(x + iy) + it,

(12c) Ci(-x - iy) = Ci(x + iy) - ir.

When x = 0 in equation (6)

Ex(iy) = -Ci(y) - iß* - Si(y)],

so

(13) Si(y) = U + IEx{iy)

and

(14) Ci(y) = -REx(iy).

5. Relation to Previously Published Tables. Tables of sine and cosine integrals

for complex arguments in rectangular coordinates have been published by Bleick

[4]. His definition of the sine integral is not the one given here, and his function is

not an analytic function. Since he defined the sine integral as
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"** SÍn l M
— dt.,

r
(15) Sí, (a? + iy) -  /

J iy

the relation to the one used here is

Si(x + iy) = Si(iy) + SiB(x + iy)
(16)

= SiB(x + iy) + ÏHEiiy) - Ex(-y)] + |t.

His definition of the cosine integral leads to the same values as the one here.

A table of -Ei(z) for arguments in polar coordinates has been published by

Mashiko for angles in the first quadrant [5]. Computer routines for the complex

exponential integral are also available [6].

6. Table of Integrals. The following integrals, in which a and b are real, can be

evaluated in terms of the real and imaginary components of the exponential integral :

(17)

(21)

(22)

(25)

Í S dt = t- [REl(a) - REiia + ib)]
Ja  a2 + v 2a

- %- [REl(-a) - RExi-a + ib)],
¿a

(18)       f -£Ji dt = Ç [x + IE¿ -a + ib)] - %- IEda + ib),
Jo  a + v 2a 2a

<19)      / ¿qr| <tt = y-"W + m(-a + ib)]+l eaIEx(a + ib),

(20)    jfáfÍA-i'lMiU)-**<• + »>]
+ J e~* [REU -a) - REX( -a + ib)],

f TTÏ dt = -^ lRE¿b + *°) + RU-b + ia) + 2Ci(a)]
Jo or + t ¿a

2a
cosh t

a [IEdb + ia) + IEi(-b + ia) - 2Si(a) + r],

[ "¥^4 dt = ^ [Ä^(& + ia) -RE, (-6 + to)]
J0 a* + t' ¿a

+ ^ [IE¿b + ia) - m(-b + ia)],

Í S dt = 5 cos a lRE^b + «*) - REi(-b + ia)]
(23) Jo  a' -+- r ¿

- i sin a [7^(6 + ia) - IEi(-b + ia)],

(24) / a^H * " I SÍn ° iIEl(b + Za) + IEl( ~b + ia) ~ 2Si(a) + t]

- | cos a [REi(b + ia) +REi(-b + ia) + 2Ci(a)],

f -Art dt = - — lREi{-b + ia) + Ci(a)]
Jo a* + t' a

- ^ [ IEi{-b + ia) - Si(a) + l*\



(26)      •"> u' +
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Í -TJTñ M = — lREx(b + ia) + Ci(a)]
Jo a1 + tL a

+ 22if [IEl(b + ia) - Si(a) + i t] ,

(27)    jf PT? dt = sin a [IEli ~b + ia) - Si(a) + 5 r]

- cos a [ß£i( -b + ia) + Ci(a)],

l iT+ë * = sin a [/£l(6 + *a) - &(o) + g T]
(28)

- cos a [AJ&Í6 + to) + Ct'(a)],

(29)       f^l Ä - i [AIM) - ß£\( -b)],

1 — cosh t
(30)      f I-^1 dl = log yb + ^REM+RE.i-b)],

(31)

f1 1 — cos oí cosh bl 1       , 2       2-,
1   -j-di = log y + - log(o + b )

+ i [REx(b + ia) + REi(-b + ia)]

where log y = 0.5772150649 • • • = Euler's constant,

/r,r.\        f ' sin oí sinh bt ,. -\b      lrrr/,   .   . s       Tr7 ,    ,   ,   . v1
(32) /   -dt = tan- [IEi(b + to) - IEx(-b 4- to)],

Jo £ a      ¿

(33) jf' CQ8a¿;SÍ"hb¿ dt = i [ÄÄ^fc 4- ta) - fi&( -6 + to)],

(34) jf' SÍUa¿tCOsh6< di = i [lEdb + ia) + IE¿-b + ia) + tt] ,

I   sin i log (a2 + í2) dt = log a2 — cos 6 log (a2 + 62)

+ e" [RE>(a) - REx(a + ib)] + <T [REx(-a) -RE^-a + ib)],

í   eos t log (o2 + í2) di = sin b log (a2 4- b2)

- e- [IEi( -a + ib) + r] - e" IEx(a + ib),

J>

I sinh i log (o2 + i2) di = cosh b log (a2 4- b2) — log o2

(37) - sin o [7^(6 + to) 4- IEx( -b + ia) - 2Si(a) + w]

4- eos a [REi(b + ia) + REii-b + ia) + 2Ci(a)],

r*
/   cosh i log (o2 + ñ dt = sinh 6 log (a2 + 62)

(38) + sin a [7^(6 + ta) - IEx(-b + ia)]

- eos o [ß£i(6 4- ia) - REx(-b + ia)],

(35)

(36)



(39)

(40)

(41)
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/sin i tan-1 - dt = —cos b tan-1 - — ¿j- 77?i(a + ib)
a a     2

+ ^-W + IE1(-a + ib)],

f cos i tan-1 -dt = sin b tan-1 - + % [REi(a + ib) - REi(a)]
Jo a a     2

- V iREÁ-a + ib) - REi(-a)],

f sinhí tan-1-di = cosh b tan-1- - — [RE.ib + ia) -REd-b + ia)]
J0 a a        2

^ [IEx(b + ia) - IEd -b + ia)],

Í cosh i tan 1-dt = sinh b tan ' —h sin a Ci(a) + cos a   - t — Si(a)
Jo a, a |_2 J

(42) 4- ^ [REx(b + ia) + REx(-b + ia)]

+ C^P [IE¿b + ia) + IEd-b + ia)],

(43) [ L_ÜEiídí = -tan    - + 7£,(-a + t&) +T, a > 0,
Jo        t                             a

(44) ( 6 " fn bt dt = tan"1 - + W(a + ib), a > 0,
Jo         s                          a

(45) j> e "(1-cob 60 dt = 1 bg /   + ^ _ Ä£i(fl) + Ä£i(o + î6)j

«i
J e log (o2 + i2) dt = e log (a2 + b2) - log a2

(46) - 2 sin a [7#i( -6 + ia) - Si(a) + ¿ r]

+ 2 cos a [fí^iC—6 4- ia) 4- Ci(a)],

, ,_s     /   e' tan-1 - dt = eb tan-1 —(- sin o[ñ7íi( — b + ia) 4- Ci(a)]
(.47;    Jo a a

+ cos a[IEi(-b + ia) - Si(a) + §*•].

The integrals of equations (19) and (20) have been tabulated by Bleick [4].

7. Extension of the Table of Integrals. Other more complex integrals can be

derived from the above table by differentiation or integration with respect to

a or 6, using the Cauchy-Riemann relations,

dREx(a + ib)      dlEjja + ib)

da db
<48>

s {b sin b — a cos b]
or + b
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and

dREjja + ib) _     dIEda + ib)
db da

(49)

=   ,  ,   t, [—a sin b — b eos b],
ar + o2
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