
Computer Investigation of Difference Sets

By Harry S. Hayashi

1. Introduction. By a difference set of order k and multiplicity X is meant a

set of k distinct residues n ,r2, ■ • ■ ,rk (mod v) such that the congruence r-< — r¡ =

d (mod v) has exactly X solutions for each d ^ 0 (mod v). Difference sets arise in a

natural way in many combinatorial and statistical problems and have been ex-

tensively studied. There is given in [2] a survey of all difference sets wth parameters

v, k, X for which A; is in the range 3 g k ^ 50. In making that survey, Hall discovered

a family of difference sets described by the following theorem.

Theorem. A set of complete 6th power residue classes (with or without the residue

zero) forming a difference set modulo a prime p = 6/ + 1 consists of either (1) the

quadratic residues when p = 3 (mod 4) or (2) the 6th power residue classes 0, 3 and

c where ind„ 3 = c, g is the arbitrarily chosen primitive root, and p is of the form p =

4x2 + 27.

The proof of this theorem conëisted of an exhaustive search on the swac computer,

utilizing a method based on Dickson's [1] formulas for the cyclotomic numbers of

order 6.

This paper discusses a similar difference set search on the Control Data Corpora-

tion 1604A computer for primes of the form p = 10/ + 1, utilizing Whiteman's

[5] formulas for the cyclotomic numbers of order 10. The result of this effort is

summarized by :

Theorem. A set of complete 10th power residue classes (with or without the residue

zero) forming a difference set modulo a.prime p = 10/ + 1 consists of either (1 ) the

quadratic residues when p = 3 (mod 4) or (2) the 10th power residue classes 0 and 1

where p = 31 and g = 11.

2. Cyclotomy. Let e be a fixed positive integer. Consider a prime p of the form

p = ef + 1 and let g be a primitive root of p. For each pair of integers h, k let (h, k)

be the number of ordered pairs s, t of integers in the range 0¿s¿/-l,0gí|

/ — 1 such that:

(2.1) ge*+k-g"+h=l(modp).

Then the (h, k) are called cyclotomic numbers of order e. From (2.1) we have the

property of periodicity, modulo e :

(2.2) (h, k) = (tí, k')

if h = h (mod e), k = k  (mod e).

If <7i is another primitive root of p, then for some integer u prime to ef, g" =

g i (mod p). Substituting in (2.1) we see that

(2.3) (uh, uk)a = (h, k)0l .

If v is any integer prime to e, there exists at least one integer u prime to ef such

that u = v (mod e). Hence by (2.2) we have (uh, uk) = (vh,vk). From this result
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and (2.3) we conclude that there are <f>(e) sets of cyclotomic numbers of order e

and they can be generated by g"1, • ■ ■ , gv*{e) where vi, • • • , i^w are prime to ef

and form a reduced residue system modulo e.

For further reference we state the following properties of cyclotomic numbers,

the proofs of which may be found in [1].

(2.4) (A,*) = (e - h,k - h),

(2.5) ih, k) =
\k,h)

l(* + !'Ä + i)

if / even,

if /odd.

It is known that if p = 1 (mod 5), then there are exactly four integral solutions

of the pair of diophantine equations :

(2.6)
xw = v2 — 4wv — u,

16p = x2 + 50u2 + 50y2 + 125u>2,

jwith x uniquely determined by the condition x = 1 (mod 5). The four solutions

are (x, u, v, w), (x, — u, —v, w), (x, v, —u, —w), and (x, — v, u, —w), each solu-

tion corresponding to one of the </>( 10) = 4 sets of cyclotomic numbers of order 10.

For primes of the form p = 10/ + 1, Whiteman derived explicit formulas for their

cyclotomic numbers in terms of x, u, v, w, and p. There are 10 sets of formulas de-

pending on the parity of / and the quintic residue character of 2 modulo p. The five

sets corresponding to / odd are listed in Tables AO through A4. Due to the relations

(2.2), (2.4) and (2.5) the 100 cyclotomic numbers have at most 22 different values

and these relations are summarized in Table B. The letter to in Ato indicates the

index of 2 (mod 5).

Table A0

400(0
400(0
400(0
400(0
400(0
400(0
400(0
400(0
400(0
400(0
400(1
400(1
400(1
400(1
400(1
400(1
400(1
400(2
400(2
400(2
400(2
400(3

4P +
4P +
4P +
4P +
4P +
4P -
4P +
4P +
4P +
4P +
4P -
4P -
4P +
4P +
4P +
4P +
4P +
4P -
4P +
4P -
4P +
4P +

32X
2X +
2X -
2X -
2X +

48Z
2X -
2X +
2X +
2X -
8X
8X
2X
2X
2X
2X
2X
8X
2X
8X
2X
2X

100 U +
100U +
100 u +
100 u +

100U -
100U -
100 u -
100U -

+

+ 100 u

100U

100F -
100 F -
100 F +
100F +

100 F +
100 F +
100 F -
100 F -
100 F
100 F

+

+

501F
1501F
501F

1501F

150 W
50 W

150W
50W

50 JF
501F

1501F
501F
501F

76
4
4
4
4
4
4
4
4
4

- 36
- 36

+ 4

+
+
+
+
+
+
+
+
+

+
+
+
+

- 1501F

+ 1501F
150TF

4
4
4
4

- 36

+ 4
- 36

+ 4
+ 4



COMPUTER  INVESTIGATION   OF  DIFFERENCE   SETS 7.-)

Table Al

400(0, 0
400(0, 1
400(0, 2
400(0, 3
400(0, 4
400(0, 5
400(0, 6
400(0, 7
400(0, 8
400(0, 9
400(1, 0
400(1, 1
400(1, 2
400(1, 3
400(1, 4
400(1, 8
400(1, 9
400(2, 0
400(2, 1
400(2, 2
400(2, 3
400(3, 1

4P + IX -
4P + 2X
4P - 23X +
4P + 2X +
4P + 2.Y -
4P + 27X +
4P + 2X
4P - 23X +

2X -4P +
4P +
4P -
4P -
4P +
4P +
4P +
4P +
4P +

2X
8X
8X
2X
2X
2X
2X
2X

+

+
4P + 17Y +
4P +i 2X +
4P - 8X -
4P + 2X -
AI' +   2X

50 U

50(7
50 U
50(7

150(7

50 U
150 U
SOU

+
+

100F +

150F +
50 F

+ 100 F

+

mu -
mu -

100 u
50(7 -

+
50Z7 +
50 U
5017 +
50C/ +

100 U

50 F -
50F

50F +
50 F

50F
100 F +
50F -

50 F -
50F -

251F
250 IF
251F

1001F

751F
1501F
251F

100 IF

- 76

+   4
+
+
+
+
+
+
+
+

- 100F +

501F

501F

2501F
1001F
251F

100 IF
501F
501F
501F

- 36
- 36

+ 4
+ 4
+ 4
+ 4
+   4
- 36

+    4
- 36

+ 4
+   4

Table A2

400(0, 0)
400(0, 1)
400(0, 2)
400(0, 3)
400(0, 4)
400(0, 5)
400(0, 6)
400(0, 7)
400(0, 8)
400(0, 9)
400(1, 0)
400(1, 1)
400(1, 2)
400(1, 3)
400(1, 4)
400(1, 8)
400(1, 9)
400(2, 0)
400(2, 1)
400(2, 2)
400(2, 3)
400(3, 1)

4P +
4P +
4P +
4P +
4P -
4P +
4P +
4P 4
4P
4/J

4P
4P
4P
4P
4P
4P
4P
Ai'
AJ>
AP -
4P +
4P +

+

7X
2X +
2X -
2X +

23X
27Ä'
2X -
2X -
2X +

23X
8X -

nx
2X -
2X +
2X +
2X -
2X
8X
2X
8X +
2X -
2X +

150 U +
100 U
50U -

+
+

506' -
100(7
50 U -

+
50Z7 -

+
100 u
mu -

100(7
50 U +

+

50 C7 +
50 £/ +
50 U -

50F
50 F

50 F
50 F

150 F
150 F

50 F
50 F
50 F
50 F

50 F

50F
100F

100 F
50F
50F
50 F

- 251F
- 1001F

+ 1501F

+ 251F
+ 751F
+ 1001F
- 2501F

+ 251F
+ 50IF
+   251F
- 2501F

- 50IF

+ 1001F
+   501F

+   501F
- 501F

+ 1001F

- 76

+    4
+
+
+
+
+
+
+
+
- 36
- 36

+    4
+
+
+
+
- 36

+    4
- 36

+    4
+    4

3. Difference Sets. Let D = (di, <k, ■ ■ ■ , dk) and D' = (di, ■ • ■ , dk) be dif-
ference sets on the same parameters v, k, X. Let ( be an integer such that ( is prime

to v and let s be an arbitrary integer. Then it is easy to see that E = (tdi, • • • , tdk )

and E' = (cZi  + s, • • • , dk  + s) are also difference sets. Suppose that t and s can
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Table A3

400
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400

4P +
4P -
4P +
4P +
4P +
4P +
4P -
4P +
4P +
4P +
4P +
4P -
4P +
4P +
4P +
4P +
4P +
4P -
4P +
4P -
4P +
4P +

7X
23X
2X -
2X +
2X +

27X
23X
2X -
2X +
2X -

17X
8X +
2X
2X +
2X -
2X -
2X +
8X -
2X
8X
2X +
2X-

+

50C/ +
100 U
50(7 +

50Z7 +
100(7
150(7 -

50Z7 +

mu -
100(7
50C/ +

100(7
50(7-

+

50Z7 -
50U +

50F
50F
50F

150F
150F
50F
50F

50F
50F
50F

100 F
50F

50F

50F
100F

50F
50F

- 251F

+   251F

- 2501F

+ 1001F
+ 751F
+   251F

+ 1501F
- 1001F

+ 251F
+ 501F
+ 501F
+ 1001F

501F

2501F
501F

+   501F

+ 1001F

- 76

+   4
+
+
+
+
+
+
+
+
- 36
- 36

+   4
+
+
+
+
- 36

+   4
- 36

+ 4
+   4

Table A4

400(0
400(0
400(0
400(0
400(0
400(0
400(0
400(0
400(0
400(0
400(1
400(1
400(1
400(1
400(1
400(1
400(1
400(2
400(2
400(2
400(2
400(3

4P +
4P +
4P +
4P -
4P +
4P +
4P +
4P +
4P -
4P +
4P -
4P -
4P +
4P +
4P +
4P +
4P +
4P -
4P +
4P +
4P +
4P +

7X +
2X +
2X +

23X -
2X

27X -
2X +
2X -

23X -
2X
8X
8X
2X
2X
2X +
2X -
2X +
8X +
2X -

17X -
2X +
2X

50(7
50*7 +

150(7 -
50(7

150 U
50Z7 +
50C7 +
50 U

- 50U +

- 50Í7-

50J7 +
100(7
50(7 +
50(7-
50(7-
50 U

100 U
+

50F
50F

+ 251F - 76
+ 4

- 100F

50F
150F

100 F
50F

50F
100 F
50F

50F
50F
50F

100F

- 1001F
- 251F
- 1501F
- 751F

+ 1001F
- 251F

+ 2501F
+ 501F

- 1001F

+ 2501F

- 501F

- 501F
- 1001F
- 251F
- 501F

+ 501F

+
+
+
+
+
+
+
+
- 36
- 36

+ 4
+
+
+
+
- 36

+ 4
- 36

+ 4
+ 4

be determined such that E = E'. Then in classifying difference sets it is natural to

define D and D  as isomorphic.

It can be shown that the complement of a difference set is also a difference set.

In particular, the complement of a difference set composed of complete eth power

residue classes is a difference set composed of complete eth power residue classes

plus the residue zero.
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Table B

_0 1 2 3 456789
0 00 01 02 03 04 05 06 07 08 09
1 10 11 12 13 14 06 04 14 18 19
2 20 21 22 23 18 07 14 03 13 23
3 22 31 31 20 19 08 18 13 02 12
4 11 21 31 21 10 09 19 23 12 01
5 00 10 20 22 11 00 10 20 22 11
6 10 00 19 23 12 01 11 21 31 21
7 20 19 08 18 13 02 12 22 31 31
8 22 23 18 07 14 03 13 23 20 21
9 11 12 13 14 06 04 14 18 19 10

In this table the entry in row h and column k is equal to (A, k).

Consider now a difference set with v a prime of the form p = 10/ + 1 and its

k elements composed of complete 10th power residue classes modulo 10/, with or

without the residue zero. If / is even, then — 1 is a 10th power residue. This leads to a

contradiction of the fact that every difference occurs equally often. Therefore, we

conclude that / is odd.

We see from (2.1) that (i, j) is the number of solutions of y — x = 1 (mod p)

with y in residue class i and x in residue class j. Multiplying by d in class k we have

yi — xi = d (mod p) with y1 in class j + k and Xi in class i + k. Thus y — x =

d (mod p) has, for a fixed d in class k, (i — k,j— k) solutions with y in class/ and

x in class i.

If our difference set is composed of the classes ¿i, • • • , in , then the number of

occurrences of the difference d in classu is Nu = 23*-i X]"=i (tr — u,i, — u) with

No = Ni = • • • = iV9 • By (2.3) we have that Nu is identical to Nu+5. Therefore,

we have at most 5 distinct expressions for the Nu .

By substituting the expressions from Table A into the equations N0 — Ni = 0,

N2 — Ni = 0, N3 — N2 = 0 and Ni — N3 = 0, we arrive at a system of four linear

equations in the unknowns x, u, v and w (p cancels out each time). The solution of

this system will correspond to the p and g that define the difference set.

Therefore choosing ind 2 and a set of residue classes ii, • • • , in leads to a sys-

tem of linear equations in x, u, v, w whose solution, if it satisfies the added constraints

xw = v2 — 4uv — u and x = 1 (mod 5), will correspond to a difference set.

With zero included, Nu is increased by 1 if the difference set contains the class

U\ and ui = u (mod 5). Otherwise, the Nu is the same as before. Therefore by in-

creasing Nu when appropriate, then forming the system of linear equations in

x, u, v, w and solving as before, we can find difference sets composed of complete

residue classes plus the residue zero.

4. Computational Procedure. By considering all combinations of residue classes

up to and including the combinations of five classes twice, once with and once with-

out the residue zero, we essentially exhaust all cases. The one-residue classes are

isomorphic to residue difference sets and Whiteman [5] proved that none exist. We

therefore start with combinations of two classes.

Most of the isomorphic cases were eliminated before the machine computation.

The discussion that follows concerning the first two types of isomorphism applies

with or without the zero. To illustrate how the isomorphs were disposed of, the

case of three classes will be briefly discussed.
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The cases can be represented by i\, i2, i3 where 0 ^ ii < i2 < ï3 ^ 9. However,

since [ii — a, i2 — a, i3 — a] = [ii, i2, is] due to the fact that every nonzero a mod p

is prime to p, we need only consider [0, i2, i¡], 0 < i2 < i3 g 9.

If [0, i2, i3] is a difference set for a given g, then [0, vi2, vi¡] is the same difference

set for a primitive root gu where uv = 1 (mod 10). This follows from the discussion

in connection with (2.3). We will therefore cover the case [0, vi2, vi%] when we con-

sider [0, i2, Ù].

The third type of isomorphism, due to translates of the residues themselves,

cannot be dealt with similarly since the classes do not map in a systematic way.

This type was handled after the machine computation.

5. Results. The procedure described in Article 3 was programmed and yielded

the following difference sets :

(1) [0, 1], ro » 2 (mod 5), p = 31, g = 17, D = (1, 5, 17, 22, 23, 25). This is
isomorphic to (1, 2, 4, 9, 13, 19).

(2) [0, 1], m m 3 (mod 5), p = 31, g = 24, D = (1, 5, 11, 24, 25, 27). This is
(isomorphic to (1, 2, 4, 9, 13, 19).

(3) [0, 2, 4, 6, 8], all to and p. Since we assumed that p = 11 (mod 20), we have

the quadratic residues of primes p = 3 (mod 4).

(4) [0, 1, 2, 4, 5], to = 2 (mod 5), p = 11, g = 8, D = (1, 4, 8, 9, 10). This is
isomorphic to the set of quadratic residues (1, 3, 4, 5, 9).

(5) [0, 1, 2, 5] and 0, to = 4 (mod 5), p = 11, g = 6, D = (0, 1, 3, 6, 10).
This is isomorphic to the set of quadratic residues (1, 3, 4, 5, 9).

(6) [0, 1, 2, 3, 6] and 0, m m 3 (mod 5), p = 11, g = 7, D - (0, 1, 2, 4, 5, 7).
D's complement is isomorphic to the set of quadratic residues (1, 3, 4, 5, 9).

(7) [0, 2, 4, 6, 8] and 0, all to and p. We have here the complement of the set of

quadratic residues of primes p = 3 (mod 4).

These were all the difference sets of this type.

The set mentioned in (1) and (2), (1, 2, 4, 9, 13, 19), is the known planar set

listed in [4]. The set of quadratic residues of primes p = 3 (mod 4) mentioned in

(3), (4), (5), (6) and (7) is the family discovered by E. Lehmer [3].

6. Conclusion. There were no new difference sets uncovered by this computa-

tional project. The outcome seems to indicate that the type of family discovered by

Hall for the case p = 6/ + 1, / odd, is rare. The author plans to attempt a similar

search with primes of the form p = 12/ + 1, / odd, based on Whiteman's formulas

[6] for the cyclotomic numbers of order 12 in the near future.
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