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Coupled Harmonic Equations, SOR, and Chebyshev

Acceleration*

By L. W. Ehrlich

Abstract. A coupled pair of harmonic equations is solved by the application of Chebyshev

acceleration to the Jacobi, Gauss-Seidel, and related iterative methods, where the Jacobi

iteration matrix has purely imaginary (or zero) eigenvalues. Comparison is made with a block

SOR method used to solve the same problem.

Introduction. In [4], we proposed a general block SOR method for solving the

biharmonic equation as a coupled set of finite-difference equations. Here, we consider

related methods and compare them to the SOR method. The methods considered

here are Chebyshev accelerated Jacobi and Gauss-Seidel as well as others, the cyclic

Chebyshev semi-iteration method [5], and the unsymmetric modified SOR method

[20], [21]. It is shown, by comparing spectral radii, that the SOR method of [4] is at

least as fast as any of the above methods. The analysis applies to a block cyclic matrix

of index 2, or one that can be written in the form (2.1). The interesting feature of the

analysis is that the Jacobi matrix has purely imaginary (or zero) eigenvalues, whereas

most previous work assumes real eigenvalues, or some complex.

To fix notation, consider the iterative process

(0.1) = tVn> + d,

where there exists a vector u such that

(0.2) u = Gu + d.

Let X,(G) be an eigenvalue of G and let S(G) = X = max; |X,(G)| be the spectral radius

of G. The rate of convergence of the iterative process (0.1) is defined by

(0.3) R(G) = -In S(G) = -In X,

when X < 1 [18]. In the event that G is a function of n, i.e.,

(0.4) = Gn«(n) + d,

we define the average rate of convergence as [16]

(0.5) R(Gn) = -(In S(G„))/n
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and the asymptotic average rate of convergence as [16]

(0.6) Ä.(C) = lim - Mm>.
n

1. The Matrix Equation. Consider

(1.1)      a2« as u,„, + 2u,„, + «„„„„ = 0, 0<jc<1,0<j/<1,

(1.2)

u = 0,   a: = 0, 1   or   y = 0, 1,

w„ = 0,   x = 0, 1   or   .y = 0,

«» = 1,   >" = 1,

where «„ is the outward normal derivative on the boundary of the unit square. The

Eq. (1.1) can be replaced by

(1.3)
Au m uxx + m„„ = v,

Av = vxx + vvv = 0,

0 < x, y < 1,

with boundary conditions (1.2).

As in [4], [13], superimpose a square grid over the unit square with mesh size

h = l/XN 4- 1), for some positive integer TV. Approximating Au and the normal

derivatives in the usual manner, we are led to the matrix system

(1.4)
Lu - h v = 0,

Lv + IMu/h2 = D/k1

or

(1.5) (L2 4- 2M)u = D,

where D contains the boundary conditions and where

(L) =

(1.6)

(A/) =

I    L2 I

0

T + I

I

a.) =

N'XN'

1

-4 1

1   -4 1

T+ I)

I   0 1

1 0

0

(D =

where / is the N X N identity (see [4], [13] for details).
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2. The Modified (Block) SOR Method. Equation (1.4) can be written in the

partitioned matrix form

(2.1)

h M

-vi

L

where L 1 exists. We may consider this a linear system in a block cyclic form of index

2 [16] or a block <rx ordering form [18], [21]. The Modified Successive Overelaxation

Method (MSOR) [20], [21], [22], [23] applied to (2.1) is

.<»+!)u= ^(tiL~Vn)) 4- (1 - coV',

(n+l> - »a(-| t-w4-" 4- ^) + (i - «2y*\
(2.2)

v

or

(2.3)

where

(2.4)

(2.5)

(2.6)

oiitiL 1(1 -

jOZT'M   (1 - o)2)7 - 2u&ilTlML~

0

lco2L_1D/«2j

2co2
— ~j2~ (1   — co!

This is precisely the iterative method considered in [4] and analyzed there. However,

the basis of this analysis appears also in [21], [22].

Let

(2.7) B =

0 tiLT1

--o L~ M 0
h

This is the Jacobi iteration matrix for the linear system (2.1). If p is an eigenvalue of B,

then X is an eigenvalue of 8«,,.,, where [21], [22]

(2.8) (X 4- «! - 1)(X + «2 — i) = ojiCo2Xm2.

To find an expression for p, let (*;) be a partitioned eigenvector of B. Then

(2.9) tiL~lx2 = px\,      — -T2 L   Mx, = ux2,

and, eliminating xlt we have

(2.10) 2L~ Mxi — —p xx.
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If t is an eigenvalue of L~2M, where 05 r5f = S(ZT2M), then

(2.11) u2 = -2r

and all the eigenvalues of B are purely imaginary (or zero). Equation (2.8) becomes

(2.12) (X + co, - 1)(X + oj2 - 1) = -2a)lW2Xr

which is Eq. (3.6) of [4]. The optimal co's with regard to S(%a>,„) occur when co, = co2,

where (2.12) becomes

(2.13) (X 4- co - l)2 = -2o)2Xt.

We shall call this the SOR method. The optimal co has been determined as a function p

in [21], [22] (see also [8]) and we have

(2.14) co0
1 + (1 + 2f)1/2 '

where f = S(L2M), and where the matrix is denoted as 8„„ « 8,„„. Then,

«i«      cv« , _ ? _ , (1 4- 2f)1/2 - 1_2f
(2.15)      S(U„) - X - 1 - coo - (1 + 2.)I/2 +7 = (! + (! + 2f)l/2)2 '

Furthermore, using Lemma 6-2.1 of [21], we have that, for convergence (i.e., X" < 1),

we must have

2co t < (co — 2) ,

or, convergence occurs for

(2.16) 0 < co < co = ; + (2,)1/2-

(These results are also available in [9], [10], [10a].)

In the Appendix of [4], we have shown that

(2.17) .25/h 5 f g .339/A.

Let f = c/h for some constant c. Then, for small h, we have

V3/2

"o^2ljr:l    - 2(iH 4- Vir)    + •••,

4)'"-4)+4)«» 2(^)   - 2(^) + 2(^)   4- ••• .

Thus, the optimal co is very near the divergent co range (this has also been observed in

[9], [11], [17], [21]).

3. Chebyshev Acceleration and Cyclic Semi-Iteration. When the basic itera-

tion matrix is similar to a diagonal matrix and all eigenvalues are real and lie in the

interval [a, b], the Chebyshev acceleration scheme [16], [19] employs the Chebyshev

polynomials

(3.1) Pn(x) = Tn(y)/Tn(.d),

where



HARMONIC EQUATIONS, SOR, CHEBYSHEV ACCELERATION 339

(3.2)

7 =

d =

2x - (b + a)

b - a

2 - (b + a)

b - a

T„(y) = cos (n cos"1 y), y real, |y| < 1,

= cosh (n cosh-1 y), otherwise.

If the basic iteration scheme is convergent, the Chebyshev process is an order of

magnitude faster [3], [16], [19].

If some of the eigenvalues of the basic matrix are complex, the efficiency of the

Chebyshev scheme is a function of the eccentricity of the ellipse which contains all the

eigenvalues, and this efficiency decreases to zero as the ellipse degenerates into a circle

[17]. Thus, if all eigenvalues lie on a circle, the Chebyshev process does not improve

the basic method [15], [17].

Here, we consider the basic method having eigenvalues which are purely imaginary

(or zero). We consider the Chebyshev scheme (3.1) with

,     2iy - (ib + ia)     2y - (b + a)

(3.3)

d' =

ib — ia

2 - i(b + a)

b - a

Kb - a) '

where the eigenvalues are iy and

(3.4) a 5 y i£ b.

We shall apply this Chebyshev scheme to the Jacobi iteration matrix B of (2.7).

From (2.11), the eigenvalues of B are of the form iy where

(3.5) •(2f)l/2 5 y 5 (2f)1/2.

Thus, y' = j>/(2f)1/2, d' = l/z(2f)I/2 and we have

(3.6)

since, y' is real and \y'\ < 1

S(Pn(B)) = max
-ww'SllSW)'/» Tn(d') \T,{d')\

From (3.2), we have

(3.7) S(P*(B)) =
2(co0 - 1)"

|1 + (coo — D"

One can show, using the results of [17], that

»/2
2(1 - coo)

1 4- (coo - 1)"

(3.8)
1

R„(Pn(B)) = hm-L_L_»v_^ = slnh
n (2t)

(For real d, Ra = cosh"1 d.)

By (2.17), we see that the Jacobi method is itself not convergent. However, the

Chebyshev scheme based on the Jacobi method is convergent. To compare the SOR

method and the accelerated Jacobi method, we consider the ratio of 7?(?„0)to R(Pn(B)).

As in [15], we obtain the result
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(3.9) R<$..)/R(Pn(.BY) ^ 2,

which implies that the SOR method is at least twice as fast.

We now consider the Chebyshev scheme applied to the Gauss-Seidel iteration, i.e.,

(3.10) 8, =
■2LT1 MLT1

From (2.13), the eigenvalues of this matrix are real and lie in the interval [—2f, 0].

The Chebyshev scheme here is (3.1), with

(3.11)
y = (2x + 2f)/2f = (x + f)/f,

</=(! + f)/f.

From (3.2), we have

(3.12) S(i°.(8i)) =
2(1 - coq)"

1 + (1 - co0)2

Again, since the basic method is not convergent, we compare this with SOR and

obtain, as in [15],

(3.13) «CB..)/W„<8i)) ̂  1.

with equality in the limit. Thus, the SOR method is at least as fast.

We cannot improve on the SOR method itself, because ato>0, from (2.13), the eigen-

values lie on a circle of radius (1 — co0) in the complex plane.

In [14], Smith considered the scheme (2.2) with co2 = 1, i.e.,

(1 — co,)/ UitiL'1

(3.14)
rj (1 - co,)Z._1M -2w1Z."1ML"

The eigenvalues X of 8«,,, are determined by X 4- co, — 1 = —2co,t (2.12) and the

optimal co, occurs when 1 — co, — 2co,r = co, — 1, since 0 i r I t. Thus, the optimal

co, = 1/(1 4- ?), and we have that the eigenvalues are real and lie in the interval

[-?/(! 4- ?), r/(l 4- ?)]. We then have y = x(l + f)/f, d = (I + *)/*. Here, the
basic method is convergent and the Chebyshev acceleration improves the convergence

by an order of magnitude [14]. The spectral radius of this method is given in (3.12) and

we have also

(3.15)
R&u.) > -ln(2f/(l +(14- 2f)'/2)2)

Ä(P-(8-..,)) cosrT1«! 4- r)/r)
1.

indicating the SOR is again at least as fast [4], [14].

Another approach is to consider iterating the first time with co = 1, followed by

co = co0 for all subsequent iterations. This was first suggested by Sheldon [12] for

matrices of the form (2.1). From the analysis of [5], [21, Chapters 7 and 10], one can

show that the matrix of this method has spectral radius of

(3.16) 4(1 — coo)",((2 — co0)m — (1 — wo))/co2

after m iterations. Asymptotically, this is as fast as the SOR. method.
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Finally, we consider

(2n+l) ri-I-1   <2nK     .     /, s (2r>-l)
u = co.2n+i(rt L v    ) -\- (1 — co_>„. ,)w

(2»i(3.17) (2nt2) /    2      ,     (2„ + 1) L"'D\
f =  "2n + 2^—^2   L      MU 4-72-       I   4"   (1   — W2n+2)t)

which is the cyclic Chebyshev semi-iteration method (CCSOR) of Golub and Varga

[5]. If we let

(3.18) °" ■U   "2 = 1/(1 + f)>

Ü)i + 1 = 1/(1 + |«w«).   i ^ 2

then again using the analysis of [5], [21, Chapter 10], we can show that the spectral

radius of the above method is

(3.19) 2(1 - Mo)7(l + (1 - "o)2")

after m iterations. This compares with (2.13) and we again get results similar to (3.13)

and (3.15).

In all cases above, we have considered a comparison of spectral radii. In actual

computation, it is a matrix norm which determines the behavior of the iterative

scheme. When the B matrix has the form (2.7) and is real and symmetric, the spectral

norm of all the above methods can be compared [5], [21]. (CCSOR is slightly the

fastest.) In [22], other matrix norms are considered. In our case, the spectral norm

appears somewhat difficult to obtain; however, some results on this are found in

Section 8.4 of Young [21]. (Kincaid and Young have recently solved this problem.)

Thus, comparing S(2Z.) with (3.19) seems to indicate that the SOR method is faster

but the two are asymptotically equal. In actual practice, the SOR method is slightly

slower but not apparently as much as in the real case (see Table I in Section 5).

4. The Unsymmetric Modified SOR (UNSOR).  This method is defined by

(n+l/2) ,,!,-!  UK    .    /• ■. (»)
u = Wi(h L   v    ) 4- (1 — 0>i)U ,

(4.1)

( 2        -1 (n+l/2)     I     L_D \     ... , („)
= <t>2^— -J2 L   Mu + —j?.— I + (1 — o)2)d

(n+l) I        2 i (n + l/2)    .    L_D\ (n-+l/2)
v        = cj3I ——2 L   Mu 4-p—J -)- (1 — 0)3)l) ,

(n+l) /.!r-l  (n+l),    .    /( •• (n+l/2)
u       = o)4(/i L v      ) + (1 — o)4)«

The method'has been completely analyzed for matrices of the form (2.1) [20], [21].

The eigenvalues of the matrix of (4.1) are the same as those of

(4 .2) ?«l+U|-«iW|,Ui+W1-lilI(04'

This has been analyzed in Section 2, where we have shown that the optimal co's are

wi 4- w3 — coiO)3 = o)2 -f- o)4 — o)2o)4 = o)0 = 2/(1 4- (1 4- 2f)1/2),

or

«. = 1 ± (1 - o)0)1/2,      i = I, 2, 3, 4.
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Since each iteration requires twice the amount of work of (2.2) and since the eigen-

values are the same, this approach promises nothing for the ordering of (2.1).

5. Results. Equation (2.2) can be written as

(a) Lü = *V,

/■u\ <"+1> -    I    /I 1 <*)^5 ,^      (b) u       = o),« 4- (1 — co,)« ,

(c) LB = ~2Mu(n+,)/ti + D/ti,

(d) b(b+1) = o>2v + (1 - co2)L-(n).

Now (5.1a) and (5.1c) require the solution of an N2 X N~ linear system. This in itself

can be solved by SOR iteration. However, since the region is a square, and the form

of the matrix so regular, we considered the method of Hockney [6], [7] and the fast

Fourier transform. Modification of the method to fit our boundary conditions are

described in [1], [2]. A comparison of the machine time required to solve (5.1a) by

the method of Hockney with the time required for one SOR iteration indicates the

system can be completely solved by Hockney's method in the same time as it takes

for 2\ SOR iterations. Table I below indicates some machine results. These results

were obtained at The Johns Hopkins Applied Physics Laboratory on the IBM 360/91

in PL1, with convergence criteria of

and

max \\u\Tn ~ u$\, leir" - »SM) ̂  10"

(0) (0) „
Ha  = Vu  = 0.

Table I.   Mesh Size vs. Iteration

f = .3 lh

SOR CCSOR

8 14 14
16 20 19

32 30 . 27
64 42 40
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