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Computation of Best Monotone Approximations*

By James T. Lewis

Abstract. A numerical procedure to compute the best uniform approximation to a given
continuous function by algebraic polynomials with nonnegative rth derivative is presented
and analyzed. The method is based on discretization and linear programming. Several
numerical experiments are discussed.

1. Introduction. The general problem considered in this paper is the best uniform
approximation of a given continuous function f over a finite closed interval [a, b] by
polynomials of degree at most » whose rth derivative is constrained to be nonnegative
on [a, b]. Denote by @, the set of all algebraic polynomials @, + a,x 4+ --- 4 a,x" of
degree at most n and set K, = {p € @,: p""’(x) = Ofora < x < b} where ris an
integer, 1 = r < n. K, is a closed convex cone in the (n 4+ 1)-dimensional space ®@,. We
wish to find the best uniform approximation to f from K,; i.e., we seek p* & K, such
that ||[f — p*|| = min,e, ||f — p||, where the measure of the error is the uniform norm
[lf — pll = max.c.<s |[f(x) — p(x)|. The existence of such a best approximation was
easily established; recently it was shown in [7] that the best approximation is unique.
The main goal of this paper is to present and analyze a method to compute the best
approximation. The original interest was in approximation by monotonic polynomials
(approximation from K,) and approximation by convex polynomials (approximation
from K,); however, the method can be extended easily to the general problem of
approximation from K,. In Section 2, a symmetry result is established. In Section 3, a
numerical procedure based on discretization and linear programming is presented
and analyzed. Section 4 contains several numerical examples and a discussion of some
interesting features which they exhibit.

2. Symmetry. Recall that a function f is called even (odd) on [—b, b] if f(—x) =
f(x) (respectively, f(—x) = —j(x)) for all x in [—b, b]. In the classical problem of
uniform approximation on [—b, b] to an even (odd) function with no constraints,
i.e., min,eq, ||f — pll, the solution p*, which we will call the best unconstrained
approximation, is also even (odd). An analogous result holds for approximation
from KX,.

THEOREM 1. Let f be continuous on [—b, b] and set
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K, = {pE€E ®:p7(x) 2 0for —b < x < b},

where 1 < r < n.

(i) If r is an even integer and if f is even on [—b, b], then the best approximation to f
from K, is also even.

(ii) If r is an odd integer and if { is odd on [—b, b), then the best approximation to f
from K, is also odd.

Proof. (i) Assume r is an even integer and f is even. Let p* be the best approx-
imation to f from K, and set g(x) = p*(—x) for all x in [—b, b]. Then

g7 = (= [p*]7(=x) 2 0 for —b < x < b,

ie., ¢is in K,. Now,

[If — qll = max [f(x) — q(x)|
-bszsb
= max [f(—=x) — p*(—x)| = ||f — p*|l.

—bszsb
Hence, by uniqueness, g = p* and so

p*(—x) = p*(x) for —b < x < b.

IIA

—p*(—x) and proceeding

(i1) The proof of (ii) is accomplished by setting g(x)
as in the proof of (i).

The following characterization theorem, due to Lorentz and Zeller [7], is funda-
mental. Recall that a point x in [a, b] at which [f — p)(x) = =||f — p|| is called an
extremal point of p and a point x at which p‘”’(x) = 0 is called a constraint point.
The union of the extremal points and the constraint points is the set of critical points.

THEOREM 2 (LORENTZ AND ZELLER). Let f be continuous on [a, b] and

K. = {pE ®up”(x)2 0fora < x = b}

Then p* € K, is the best approximation to f from K, if and only if there exist extremal

points x,, -+ , X, of p*, constraint points x,,, - -+ , x, of p* (where t = n + 2), and
positive constants Ay, --- , \, such that

8 t
@.1) 2 Mo Ip(x) + 2 ApT(x) = 0

i=1 t=s+1

for all p & ®,, where

o(x;) = sgnlf(x;) — p*(x:)]

+1 iflf — p*lx) = +[If — p*|l,
—1 if If — p*lx) = —|If — p*||.

Proof. [7, p. 51.

3. Computational Procedure; Discretization Error. We next present a
numerical procedure to compute the best approximation from K,; this method is
described briefly in [5, p. 27]. The problems of particular interest are approximation
by monotonic polynomials and approximation by convex polynomials. The discussion
will be carried out for approximation by convex polynomials; the analysis for the
more general problem of approximation from K, is similar. Let X,, = {xo, X;, - = * » X},
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wherea = x, < x; < --- < x, = b, be a discrete subset of [a, b]. We consider the
constrained problem on X,

min max [f(x;) — p(x;)|,
PECPL 2;€EXm

subject to p’’(x;) = O for all x; € X,,. Setting p(x) = a, + a.x + -+ + a.x", this
becomes

n

3.1 min  max [f(x;) — 2 a.(x;)’
@o,***6n Z;€EXm 1=0
subject to
(3.2) S oa@)i— D) Pz0, j=0,1,---,m.

1=2

This is equivalent to the linear programming problem

(3.3) min A,
subject to

-\ — z; ai(x;)) £ —f(x;),
(3.4) N+ 2 ax) £ f(x)),

=0

IA
e
~.

I
L

—
3

- Z a,(Di — D) =
\ represents the deviation (maximum error) over the discrete set X,.. The problem
(3.3), (3.4) can be solved by linear programming techniques; several examples are
presented and discussed in the next section. Let us now consider the relationship of
the discretized problem (3.1), (3.2) to the original problem of approximation on the
interval [a, b]. Two lemmas will be needed.
LemMaA 1. Foranyp € @,

2

max [p'(x)| = max |p(x)].
aszsh b—a aszsb
Proof. This is Markov’s inequality stated for [a, b]; see, for example, [1, p. 91].
LeMMA 2. Let X,,,m = 1,2, - - - , be a sequence of discrete subsets of [a, b] such that
8, = max min |y — x;| =0
vE€la,b] z;€EXm
as m — o. If p, is a solution of the discretized problem (3.1), (3.2) then
{Ppm: m = 1,2, ---} is uniformly bounded on [a, b].
Proof.

max [fx;) = Pm(x))| max [fGe;) — O] = |Ifll.
So

max [p.(x;)| = 2 ||f|| for all m.
z;€EXm
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Let I, --- , I, be n 4 1 disjoint subintervals of [a, b] with spacing at least ¢ between
any two of them. Then, since §,, — 0 as m — o, there exists M such thatforallm = M
there are points x,,, --- , x;, of X,, satisfying x,;, € I;, j = 0, --- , n. Using the
Lagrange interpolating polynomial form, we can write

Plx) = ;ﬂ plxs) [

i=0;i%k Xip — Xij

Hence,

n

[pm(x)] = ’;0 lpmtx:)l 11

i=0;i=k

n + 1)~2-Ilfll~[b = "]

€

X — X

IA

Xy — Xi;

IIA

independent of m and x. Hence, {p,.} is uniformly bounded.

In general, p,, will not satisfy the constraints on all of [a, b}, i.e., p!/ may be negative.
However, the violation is easily bounded.

THEOREM 3. Let X,, = {xo, X1, **+ 5 Xm}, m = 1,2, - -+, be a sequence of discrete
subsets of [a, bl witha = x, < x;, < -+ < X, = b such that

0, = max min |y — x;| >0 asm— «.
yE€la,b] z;€EXm

If p.. is a solution of the discretized problem (3.1), (3.2), then there exists a constant B
independent of m such that

pll(y) = —65-B for all y in [a, b].

Proof. Let y be an interior point of [a, b] at which p’/ assumes its minimum value.
(If p;; assumes its minimum at a or b, the conclusion follows trivially.) Let x; be a
closest point in X,, to y. Using Taylor’s formula,

»)

PHG) = PO) + (= 2lO) + S g o),

where z is between x; and y. Since p///(y) = 0, we obtain

m

PH0) = plite) — E 22 i

P i
= — 7’" max |p, (2)].
aszsb

Four applications of Lemma 1 show that there exists a constant M such that

max |p,(z)] £ M-max |p,(2)|.

aszsbh aszsb

Since {p,} is uniformly bounded on [a, b], the conclusion follows.
Let

o(f; 8) = sup{|f(x) — fW)|: x, y € [a, b], |x — y| = &}

denote the modulus of continuity of f on [a, b]. The next theorem is the main result
on the discretization error.
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THEOREM 4. Let X,, = {Xo, X1, * =+ 5, Xm},m = 1,2, -+ | be a sequence of discrete
subsets of [a, bl witha = x, < x, < --+ < x, = b and such that
0, = max min |y — x;|] >0 asm— =,
vE€la,b] z;j€EXm
Let p,, be a solution of the discretized problem (3.1), (3.2) and p* the best approximation
to the continuous function f from K,. Then, {p..} converges uniformly to p* as m — o
Furthermore, there exist constants C and D independent of m such that

(3.5) [lf — p*I| — If — pull £ C-050,
and
(3.6) If = pull = [If = P*|| £ w(f; 84) + D-8,.

Proof. By Lemma 2, {p,} is uniformly bounded and, hence, there exists a uni-
formly convergent subsequence {p,.,} with limit, say, p,. We first show p, € K,. If
not, then there is a point y in [a, b] such that p)’(y) = —e < 0. Two applications of
Lemma 1 imply the existence of a constant R such that

o, — p’ll £ R-||pme — poll,

and, hence, there exists K such that ||p,.. — pi’|| < ¢/2forallk = K.Sopl/(y) < —¢/2
for all k = K which contradicts Theorem 3.

We next show [|f — pol| = IIf — p*[|. Since po € Ky, clearly, [If — p*I| < IIf — pill.
Assume ||f — p*|| = ||[f — pol| — € where ¢ > 0. Let y € [a, b] be a point where

() — P3| = IIf — poll. Then
[If = poll = () — po(»)]
= fO) — )] + [f(x) — pmi()|
+ [Pm(x) = PmiO)] + [Pmi(¥) — P,
where x € X,,, and |x — y| < §,,,

=< o(f; 8.,) + max [f(X) = Pmy(x)]

+ [pn@)| - |x — ¥| + ||Pme — Poll,

where z is between x and y. Lemmas 1, 2 imply the existence of a constant 7 such that
max,e. < |PL(2)| £ T for all k. So for k large enough, we obtain

[If — poll £ max [{(x) — pm.(¥)| + €/2.

z€EX my
Hence,
[lf = p*Il = If — poll — €= max [fx) = pm(x)| — /2
z mk
which contradicts the definition of p,.,. So ||[f — po/| = |If — p*||. Since the best

approximation from K, is unique, p, = p*. Since every convergent subsequence has
limit p*, the sequence {p,.} has limit p*.

Now, let ¢..(x) = p.(x) + B-52-x*/2 where B is the constant of Theorem 3. Then
q. € K, and, hence,
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= p*ll £ If — aull = If = 2ull + 11Pm — @mn
Hj - pm” + C'arzn’

where C = (B/2) max{a’, b*}, which establishes (3.5).
Let y € [a, b] be a point where |f() — p.(»)| = ||f — pl|, and let x € X,, satisfy
|y — x| £ .. Then

[lf = pall

1A

1) = pa(W)]
) — [ + 11(x) — pal)} + [Pulx) — pu(¥)]
= o(f; 8.) + nel;arx [f(x) — pux)| + |Pr@]-1x — ¥|

IIA

IA

o(f; 6.) + max lfx) — p*()| + D8,

where D = sup,, ||p.]| < « by Lemmas 1, 2,

= of; 8,) + If — p*|l + D- 6

which establishes (3.6). This completes the proof.

It follows from Theorem 4 that if f satisfies a Lipschitz condition on [a, b}, i.e.,
lf(») — f(x)| < E-|x — y| for all x, y in [a, b], then (3.5) and (3.6) imply the existence
of a constant F independent of m such that

L= 2*Il = [If = pall | £ F/m.

4. Numerical Examples. A number of numerical examples were performed to
illustrate the procedure described in the previous section to compute the best convex
approximation; also, several examples illustrating the computation of the best mono-
tonic approximation (approximation from K,) were run. A solution of the problem
(3.1), (3.2) was obtained by applying the revised simplex method to the dual of the
linear programming problem (3.3), (3.4); the reader unfamiliar with linear program-
ming terminology and techniques may consult [2].

For a given convex function f, it often happens that the solution of the problem of
finding the best uniform approximation (with no constraints applied) will turn out to
be convex; this solution then will also be the best approximation from K,. If it were
known a priori that this were the case, then the Remes exchange algorithms for
unconstrained uniform approximation could be used. However, it is not at all obvious
when the best unconstrained approximation will turn out to be convex; this is an
interesting problem in itself. Of course, similar remarks apply to the more general
problem of approximation from K,. To construct examples for which the uncon-
strained approximation would not turn out to satisfy the constraints, the problem
(3.1), (3.2) was solved for X,, with uniform spacing .1. If there were no points of X,, at
which p’/(x) = 0, then this was taken as an indication that the best unconstrained
approximation on [a, b] would turn out to be convex and the example was abandoned.
If there were points of X,, at which p//(x) = 0, then the example was continued for
spacing .01 and .005. In all examples, points at which p//(x) = 0 continued to appear;
in fact, near those for spacing .1.

In Examples 1-6, exhibited in Tables 1-6, the problem was to find the best convex
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3
Table 8. f(x) = sin x
h, =28, 3 2 a2 3z 3 a5 % Am
.1 -.00091 0 .00457 1.13028 -.00678 -.28083 .00312 .00798
.01 .00002 0 -.00011 1.12878 .00017 -.27917 .00008 .00814
. 005 .00054 0 -.00296 1.12876 .00463 -.27915 -.00220 .00814
critical points
-1.0(+), -.9(-), -.6(+), 0.0(c), .6(-), .9(+), 1.0(-)
-1.0(+), -.89(-), -.56(+), 0.0(c), .56(-), .89(+), 1.0(-)
-1.0(+), -.89(-), -.555(+), 0.0(c), .555(-), .89(+), 1.0(-)
4
- - < <
Table 9. f(x) = {EXD( ) af-lsxs 0
| -f(-x) if 0 <x <
=24 2 a az a3 3 as 3 ‘o
.1 .00914 0 -.05700 .59812 .09300 .04973 -.04515 .0l1573
.01 .00017 0 -.00108 .60382 .00183 .04458 -.00092 .01628
.005 .00061 0 -.00394 .60387 .00668 .04455 -.00335 .01629

critical points

-1.0(+), -.5(-), -.5(+), 0.0(c), .5(-), .9(+), 1.0(-)

-1.0(+), -.86(-), -.5(+), 0.0(c),

hm=26m

W1
.01
.005

)
-.02236
-.03786
-.03787

.5(-), .86(+), 1.0(-)

-1.0(+), -.865(-), -.495(+), 0.0(c), .495(-), .865(+), 1.0(-)
3
Table 10. f(x) =1 - J1-x
a1 az as a4 35 86 Am
.12468  .40478 -.08510 -1.40152 .63902 1.31016 .03037
.24555  .57496 -.41906 -1.88319 .85323 1.60623 .06016
.24553  .57500 -.41881 -1.88300 .85299 1.60601 .06017

critical points

-1.0(e), -.9(+), -.2(c), -.1(+), .4(=), .7(+), .9(=), 1.0(+)
-1.0(c), -.87(+), -.27(c), -.18(+), .39(-), .79(+), .98(-), 1.0(+)
-1.0(c), -.875(+), -.28(c), -.175(+), .395(-), .795(+), .98(=), 1.0(+)

hm=26m

W1
.01
.005

a9
.01495
.01540
.01541

Table 11. f(x) =1 - exp(-xsl

8y 8z a3 8y a5 86 Ap
.12863 -.29483 -.52903 1.41533 1.54861 -1.67853 .02698
.14030 -.28744 -.56071 1.40938 1.56579 -1.68042 .02982
.14043 -.28764 -.56108 1.41009 1.56600 -1.68094 .02985

critical points

-1.0(=), =.9(+), =.7(=), =.3(+), .2(=), .3(c), .7(-), 1.0(%)
-1.0(-), -.93(+), -.62(-), -.34(+), .21(-), .26(c), .73(-), 1.0(+)
-1.0(-), -.935(+), -.62(-), -.34(+), .21(-), .26(c), .725(-), 1.0(+)

hm=26m

.1
.01
.005

g9
.13731
.14957
.14971

Table 12. f(x) = 1n(1.1+x°)

2 a a3 3y g 8g Am

.36643 -.78856 -.88069 2.83139 2.00568 -2.01687 .07444
.47414 -.90758 -1.18251 3.20917 2.20123 -3.15905 .10183
.47581 -.90914 -1.18729 3.21448 2.20435 -3.16255 .10221

critical points

-1.0(=), =.9(+), -.7(-), -.4(+), .2(-), .3(c), .9(-), 1.0(c)
-1.0(-), -.96(+), -.76(-), -.36(+), .19(-), .3(c), .9(-), 1.0(c)
-1.0(-), -.955(+), -.76(-), -.36(+), .19(-), .305(c), .905(-), l.o(c)
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approximation to the specified function f(x) by polynomials of degree at most five
over [a, b] = [—1, 1]. In Examples 7-12, exhibited in Tables 7-12, the problem was to
find the best monotonic approximation (from X)) to f(x) by polynomials of degree at
most six over [—1, 1]. The sets X,, were taken to be equally spaced subsets of [—1, 1]
with m + 1 points. The labels in the tables will be explained with reference to Example
1. In Example 1, the problem was to find the best uniform approximation on [—1, 1]
to f(x) = x° by a convex fifth-degree polynomial D,°_, a;x’. The numerical results
(rounded off to 5 decimal places) of solving the discretized problem for spacing
h, = 26, = .1, .01, .005 are exhibited in Table 1. A, is the deviation of p,, over X,,.
Under the heading “critical points”, —1.0(4) indicates that —1.0 is a plus extremal
point, —.8(—) indicates that —.8 is a minus extremal, and 0.0(4, ¢) indicates that
0.0 is a plus extremal and also a constraint point. In this example, by using symmetry
and the numerical results, one can guess that the best convex approximation on
[—1, 1]is x* — X where X is the deviation. This can be verified by using the charac-
terization theorem, Theorem 2. The error curve is e(x) = x* — (x* — ). —1.0,0.0, and
1.0 are plus extremals. Minus extremals occur at —(2/3)"* and +(2/3)'/* where
e'(x) = 0. 0.0 is a constraint point. The linear relationship (2.1) of the characterization
theorem is (setting R = (2/3)'"?)

R'p(—=1) — p(—=R) + 2(1 — R)p(0) — p(R) + R'p(1) + (R* — R*)p"'(0) = 0

which can be checked for p(x) = 1, x, --- , x°. The deviation is X = 2/27. This
information, also rounded off, is included in Table 1 on the line with “‘exact’ under A,,..

It is interesting to note that in several of the examples the number of critical
points is less than » + 2; in the unconstrained problem the number of extremal
points is always n + 2. Also, a variety of possible orders for the critical points is
exhibited. For instance, Examples 4 and 5 have the order: plus extremal, constraint
point, plus extremal, whereas Examples 8 and 9 have the order: plus extremal, con-
straint point, minus extremal. Example 7 has two constraint points in succession. In
several examples, a constraint point coincided with an extremal point; in all such
cases the adjacent extremal points were of type opposite that of the constraint-
extremal point.

It can be seen from several of the examples that the analogue of the symmetry
theorem, Theorem 2, is not true for constrained approximation over a discrete set X,.
The best constrained approximation over X, is not unique in general; e.g., if we call
p(x) the solution of (3.1), (3.2) with A,, = 2§,, = .1 in Example 1, then p(—x) would
also be a solution.

Notice that as A4, decreases in a particular example, the deviation A, is non-
decreasing. This is true because X,, C X,,. for m’ > m and a solution of (3.1), (3.2)
over X,,- would be a candidate for a solution of (3.1), (3.2) over X...
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