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Optimal L_ Error Estimates
for Galerkin Approximations to Solutions
of Two-Point Boundary Value Problems*

By Jim Douglas, Jr., Todd Dupont and Lars Wahlbin

Abstract. A priori error estimates in the maximum norm are derived for Galerkin ap-
proximations to solutions of two-point boundary valué problems. The class of Galer-
kin spaces considered includes almost all (quasiuniform) piecewise-polynomial spaces
that are used in practice. The estimates are optimal in the sense that no better rate

of approximation is possible in general in the spaces employed.

1. Introduction. Consider the two-point boundary value problem

—@exY') + bxy' + dx)y = f(x), x€I1=(0,1),y0)=y(1)=0,
or, in weak form, the problem of finding y € H" such that

(1.1) @' V) + &0+ @, v)= (hy), vER.
To seek an approximate solution to the problem (1.1), consider a piecewise-
polynomial spline space M, —1 < k <'r, defined as
M, ={ve*(): vl €M), i=1,-++, N}

Here, I; = (x;_,, %), 0 =xy <x, <+ <xy_;<xp =1,and IN,(/;) denotes
the set of polynomials on /; of degree not greater than r. It is assumed that, as the
meshes vary, they are quasiuniform; ie., with h; = x; — x;_ |, there exists a con-
stant ¢, such that

-1
1.2) rgz;x h,-h]. < ¢p-

Let A = max; h;.
The approximate solution Y to (1.1) is sought in the space
M= fi; = M5, 0 {o: w(0) = (1) = 0)
according to the rule
(1.3) @', VY+ @Y, M+ @y,N=(FV), VEM

o
Here, it is assumed that 0 < k <r so that M C H'.
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Assume throughout the remainder of the paper that
@ ax)=c, >0, xel,
(i) a,a',b,b',dEL,,
(iii) for all f€ L,, there exists a unique y € IO-Il satisfying (1.1).
From these assumptions it follows that (1.3) has a unique solution Y € M for & suffi-
ciently small (Schatz [5]; see also [3] for a proof). For h sufficiently small it is
known (Nitsche [4]) that

(1.4) ly =Yl +hly —Yl, < ek Iyl g,

where ¢, depends on the L -norms of the functions specified in assumption (ii). For
simplicity, we shall also assume that the particular y of (1.1) that we shall approximate
is an element of W' N 1:}1.
Under the assumptions above, our result for the error in the maximum norm is:
THEOREM 1.1. There exists a constant ¢

¢ =clegy, ¢y, ¢y, lall o1, 4, lall )

wl>
such that

ly —Yl, < ch™*! Ilyllwgl.

Theorem 1.1 was proved for k = 0, i.e.,continuous piecewise-polynomial splines
in [6] and, in that case, without the assumption of quasiuniformity.

Outline of the Paper. In Section 2, the notation used is defined, and a basic ex-
tension lemma is proved. In Section 3, the problem is reduced to the special case
when a(x) = 1, b(x) = d(x) =0. In Section 4, ig is first noted that, in this case, the
derivative of the elliptic projection W of y into My is the L,-projection of y' into
M;c‘_ll. An estimate for the error in the L,-projection in the maximum norm is de-
rived, giving an estimate for y' — W'. The proof of this estimate uses the extension
lemma to prove that the L,-projection of a function of small support decreases rapidly
outside that support. The estimate for y' — W' then gives an estimate for y — W via a
duality argument.

Remark 1.1. The result (4.4) below (stability in the maximum norm of the L,-
projection) also gives estimates for the error in the maximum norm for smooth spline
interpolation, see [1, Lemma 2.1].

2. Notation and an Extension Lemma. For an open interval J, let H°(J) and
W;(J) denote the closure of C*(J) in the norms

s % s
= i) |12 = i
Molys ry = < ZO lo® "L2(1)> and Ilvllwi(J) = ;0 Ilv(’)lle(J),
i= =

respectively. When J = I = (0, 1), we drop the dependence on the interval in the
notation.
We note that
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(2.1) loll, | < 2%lvll,,.
Let I;S(J) denote the closure of Cy (/) in the norm Il ||Hs( 7y then for v € H 1
Yay. 1
2.2) ol < 2%l IIL2 .

Let (v, w) denote f§ v(x)w(x)dx, and fori, , mE€Z, let |,

1G,Lm)y=({;_,VI,_,, VY

VUL, )N,
where «*,I_,,1_,,14,1y ¢, are arbitrarily defined.

The letters ¢ and C will denote constants, not necessarily the same at each occur-
rence unless indexed.

The rest of this section is devoted to the proof of the following lemma, which allows
us to construct appropriate piecewise-polynomial extensions.

LEMMA 2.1. Given rand k, —1 < k <r, and M}, subject to (1.2), there exist con-
stants n = n(k, r)€Z and c = c(c, k, r) such that, given V € 11,(I;), there exists a func-
tion f; € My such that

fi=Vonl; suppf, ClIG n,n); Ifil,, < Vi,

Proof. The case k = —1 is trivial, since we can set f; = 0 outside /;. Assume 0 <k
<r. We consider the problem of extending V to the right of /; to fulfill the conditions of
the lemma. Let (k + 1)/(r —k)=n — o, where nis an integerand 0 <o <1. Put s=
o(r — k). Assume for simplicity that i + n <.

Define f€ M (x;, 1) (in obvious notation) by the requirements

2.3) f=0 outside I, ,,
(24) fOe) = vOk), 1=0,---.k
(2.5) fO0;,)=0, 1=0,--,k+s.

We must show that these requirements determine f on (x;, 1). Let
r .
iy, =2 fime =%, Y, m=i+1---i+n
=0

We have n(r + 1) coefficients to determine and the requirements
(2.6) I!fl,i+l = V(l)(xi), 1=0,+,k,

r
;0](,_ l)”‘ (/_I+ l)f}',m(xm _xm—l)j_l—l!fl,m+l =0’
(27) ] 1=0,---,k;m=i+1,'°',i+n_1,

r

. ) i1
G—D---(G—1+ 1)fj,i+n("7i+n _xi+n—l), =0,
I=0,,k+s,

(28) =0
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to fulfill. These requirements total
k+1+@—DEk+D+k+s+1=nk+ 1)+ E+s+1)

=nr+1)+nk—r+k+s+1=nr+1),
sinces=o(r —k)=n(r—k)—(k+1).

Hence, it suffices to show that if ¥)(x;)=0,1=0,+--,k, then f=0. For this,
consider the continuous function f): This function is a piecewise polynomial of degree
not greater than 7 — k. Oneach of I, ,,***, I;,,_, where f*) % 0, it has at most
r — k roots. Similarly, if f*) # 0 on the open interval / I, ,ithasatmostr —k —1

roots there,and on /;, ,, it has at most r —k — s — 1 roots. Altogether, on subintervals

where f(")$0, it has at most
n—2¢c—k+r—k—1+r—k—s—1=n(r—k)—
=mn—o)r—k)—2=k—1

roots not coinciding with x; or x;, ,. Hence, we can find a polynomial p(x) of degree
k — 1 such that

®e)px) = 0, x; <x<x;., and [fEe)px)>0 if fFx)+0.
However, by repeated partial integration, we find that, since fU )(xi) =0 )(x,-_,_,,) =0
ISk,
+
f i+n f(k)p dx = 0.

Thus, f*) =0, and f=0. Hence, (2.3)—(2.5) determine f€ M (x;, 1).
To establish the norm inequality of the lemma, multiply (2.6)—(2.8) by her 1
(Bpt1 =%Xm41 —Xp,) The corresponding linear system of equations for the quantities

= I is:
8&i,m f}’mhm is:

(2.6), l'gl +1—V (xyzg+1’ l=0’...’k)

r
(27)' Z](]_l)... —l+l) m+1> ,m lgzm+1=0’
. ]=

1=0,..., ks, m=i+1,...,i+n—1,

38 TG 1) =1+ gy pn =0, 1=0, k+s.
fr

Since the determinant of this system is never zero, and since, by (1.2), h,,, , ,/h,,, varies
over a compact interval, it follows that there exists a constant ¢ = (co) such that

max[f

,mh’ml<cmaxIV(')(x )h i1l

Since

" .
ey (i x4 < B m | m P
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max | VD0 )h} | < chy %1 iy, s

it follows that

(2.9) “fuLz(x,-,l)<c“V"L2(li)’

Apply the analogous construction leftwards; this concludes the proof.

3. Comparison of Different Elliptic Projections. We shall consider three different
elliptic projections, Y, Z, and W, of the solution y of (1.1) into M = M. Here, Y is
given by (1.3) or, equivalently, by
G @ -Y).V)+HEY -Y). N+ @y -1 V)=0, VEM,
and Z and W are given by

(3.2) @' —2Z),V)=0, VEM,
(3.3) o' —Ww,V)=0, VEM

Since the bilinear forms corresponding to (3.2) and (3.3) are positive definite on
M, Z and W are defined. We shall prove that the three elliptic projections defined above
differ in H' by O(h" *1).
LEMMA 3.1. There exists a constant c,
c=clcy, ¢y, b lIHl, IldlILz),

such that 1Y — Zl, <cly = Yl,.
Proof (cf. [6]). We have

0=@0'—Y), V)+ @0 —Y), N +@dy—Y),V)
=@Z —Y), V)+(@—Y),dV—(V)).
Choosing V' = Z — Y, we obtain
e IZ' =YW <ly — Y, (Idlp Iz = Yl +1bly NZ' =Yl ,+1b",,1Z — Yig,)
<ldly, + bl + 1Bl L )y — Yl 12" =Yl

LEMMA 3.2. There exists a constant ¢, ¢ = c(cq, €q» Ilallwl), such that
1Z =Wl <chlly =Wl .. -

Proof. Let 8 = Z — W. From the definitions of Z and W, we see that for
XE M,

e 1917, <@, 9")= @y — W), ) =0'—W,ad' x)-

Since y' — W' has zero average value, we can use instead of x any v € M* = M}~ 1.
Thus

(34) 117, <ely —Wiyy inf lad—vlz,.
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In order to prove the result, it suffices to show that for V€ M*

(3.5) inf laV —vl,_ <chlV1,
vEM* 2

In order to establish (3.5), we first remark that there is a constant ¢ such that, if
we 1) and W|1,~ €EH(I),i=1,++,N, then

Y
(€X9) inf IW—=ul, <cIw®l,, : = <zuw<'>ug (,)>

veM* i=1

This is easily seen by adding a function v, € M* to W so that W + v, € H" and
then noting that

inf lw— = inf +v, —
vglj‘w V"2 Vél *IIW v, vIIL2

<cHNW +v) Ol = cIWOl,

Next, note that there exists a function ¢ € M* such that

3.7) la =y, <cld'l,_h
and
(3.8) Ol _<da'l,_n'~', 1=1,2,--,r—1;

this is easily seen by modifying a and applying an estimate like (4.1) of the next
section.
Thus, from (3.6), (3.7) and (3.8), we see that for V € M*

inf laV — || < l@—y)i, . + inf Iy ¥V —xl
XEM X'z ( L2 * s eur L2

r—1

<chlViy, +ch" 3 Ip@l,_1ve=Di,
1=1

<ch "V"L2’

where we used the quasiuniformity of the mesh to estimate the terms [V —% I, )

4. Proof of Theorem 1.1. It is sufficient, as a consequence of the reduction of
the last section, to prove Theorem 1.1 in the casea = 1, b =d = 0. We begin by
summarizing the approximation-theoretic properties of the space M, —1 < 1<, that
we need.

LeMMA 4.1 (DE BOOR [2]). There exists a_constant ¢ such that, if u € Wt
and v € W3 N HY, there exists x € Msand y € M such that

4.1) lu—xly  <ch*Hul 541,

4.2) lo—vy “wl chll vllwz
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Let Pu denote the L,-projection of a function u € L, into My, —1<I<s,de-
fined by
Pu—u N=0, Ve M.

LEMMA 4.2. There exists a constant ¢ = c(c,) such that, given u € WSt?,
1Pu—ull,  <ch™ Uull s+1.

The proof of this lemma is postponed until the end of this section.

Remark 4.1. 1t is easily seen by duality using Lemma 4.2 that P gives optimal
approximation in the L -norm. It then follows from interpolation that P gives optimal
approximation in any L, -norm, 1 S p <.

LEMMA 4.3. There exists a constant ¢ = c(c,) such that, given y € W,.t' n A,
and with W defined by (3.3),

ly —wi, _ <ch ™ Hylyrer.

Proof. Since (' — W', 1) = 0, (3.3) implies that W' is the L,-projection of y'
into M;:ll. By Lemma 4.2, it follows that
4.3) Iy — Wi, _ <ch" lly'llwz

We now apply a duality argument [4]. Given g € L,, let G be such that G" =
—g, G(0) = G(1) = 0. Then

GC-We=0'—-W.6V=0'-W,6'—x) xeM
By Lemma 4.1, x can be chosen so that
v — W, o)l <chlly' — W'llellgllLl,

and it follows from (4.3) that

ly —wl, = sup I(y—W,g)|<ch'+l||y||wr+1.
b ||g||Ll=l oo

Proof of Theorem 1.1. We have (cf. (3.2), (3.3))
ly — Y|IL°° <ly-—wl,_+1y—2zl, +I1Z-wl,
Using (2.1), Lemmas 3.1, 3.2, and 4.3, and (1.4) and its counterpart for y — W, the
theorem follows.

It remains to prove Lemma 4.2.
Proof of Lemma 4.2. Let x be as in (4.1). Since Px = X, we have

IPu—uly < lu—xl,_ + 1P@—x)0_,

and hence it suffices to show that there exists a constant ¢ such that
(44 lPull, <clul, , u€lL,.

Letu = 2?’:1 u;, where

u(X) XGI,"
u()—{ 0, x &I
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Consider Pu; on [,,, m <i. By Lemma 2.1, there exists f; ,, € M] which agrees with
Pu; on I, , and satisfies

Uy, <elPul .

Since the L,-projection Pu; minimizes the L,-norm of the difference V' — u; for V in
7, and since u; = 0 outside I, it follows that Pu; minimizes the L,((0, x,,, _ ,))-norm
of elements of Mj agreeing with Py; on I,,,. Thus,

2 2 .

Hence, with Pim= "P“i "iz(lm), we have

(@.5) 2 Pia<Cp,, m<i

a<m

From this it follows that
4.6) Pim Zc A+ cg)" 97, ., 0<qg<m<i

which we proceed to show by induction. Assume that (4.6) holds for g, m such that
0<g<m<L. (Note that for L = 1, i.e., m = 1 and ¢ = 0, (4.6) is immediate
from (4.5).) For any ¢ <L + 1, we then obtain by (4.5) and the induction hypoth-
esis

Pir+1=2¢3'Y Pio>¢s ( 2 Pi,a"'Pi,q)

a<L q<a<L

>tpg( Tttt 1)

\g<a<L

- - —q-1
=3P+ cg HE+D=at,

This establishes (4.6).
A similar result holds for intervals to the right of I;, and, taking m = i in (4.6),
we find that there exist positive constants ¢ and C, depending only on c,, such that

4.7 WPugly 1y < Ce™ U Pu L

Since Pu is a polynomial of fixed degree on I, we have

-%
WPul ) < chig *IPul

Using this, (1.2), (4.7), and the fact that I Pull; , S Nl ,» We have, for any g,
—% -n oy
WPl gy < chg “WPully gy < chg ™ Z,: WPy, g

i —cli-ql 15 —limalyy,
SCh;”3 e MNPy, gy SChG” 2 e Nuglly
i i

<ot Te - ntlul, <cluly
1
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This proves (4.4) and establishes the lemma.
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