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Coupled Sound and Heat Flow
and the Method of Least Squares

By Alfred Carasso

Abstract. We construct and analyze a least-squares procedure for approximately solving
the initial-value problem for the linearized equations of coupled sound and heat flow,
in a bounded domain £ in RN , with homogeneous Dirichlet boundary conditions. The
method is based on Crank-Nicolson time differencing. To approximately solve the re-
sulting system of boundary value problems at each time step, a least-squares method is
devised, using trial functions which need not satisfy the homogeneous boundary condi-
tions. Certain unknown normal derivatives of the solution enter the boundary integrals.
By using suitable weights, these unknown derivatives can be set equal to zero without
impairing the O(k2) accuracy of the Crank-Nicolson scheme. However, one must use
smoother trial functions to obtain this accuracy.

1. Introduction. In a recent paper, [4], Bramble and Thomée discuss least-squares
methods in the numerical computation of the homogeneous Dirichlet problem for the
heat equation in a bounded domain £ in RV. The technique is to first discretize the
time variable, using an implicit scheme, to obtain a sequence of elliptic boundary value
problems at each time step. This latter problem is then approximately solved by “least
squares”. The importance of this work, in the context of the approximation of time-
dependent problems by variational methods, rests in the fact that the trial functions
need not satisfy the boundary conditions, so that one can treat problems in general do-
mains.

While only the heat equation is discussed in [4], the ideas would seem to have
application to other evolution equations. In the present paper, we consider a mixed
initial-boundary value problem for a coupled system of two evolution equations, the
linearized equations of coupled sound and heat flow, in a general domain £ in RV,
with a smooth boundary 02. This problem is the best known example of a class of
problems important in the applications. Other concrete instances of coupled hyperbolic-
parabolic equations exist and are mentioned in [1], [6], [13], and [14]. A class of
coupled equations is investigated in [7]. Mathematically, the problem involves consider-
ation of two or more unbounded operators of different strength. Consequently, the
study of the stability properties of explicit schemes (in one space dimension) has inter-
ested several authors. See [7], [8], [11] and [12]. In [17], a Crank-Nicolson Galer-
kin method is proposed for the one-dimensional problem, using trial functions satisfying
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the boundary conditions. Since the semiboundedness of the spatial operator is then
automatically preserved, there are no stability difficulties with this procedure.

Very little seems to have been published in connection with the above problem
in more than one space dimension. In this paper, we analyze a least-squares procedure
based on the Crank-Nicolson time discretization. Since the trial functions do not satisfy
the boundary conditions, the problem of formulating the fully-discrete scheme so as to
obtain stability, turns out to be rather interesting. While we follow closely the organiz-
ation of [4], there are major differences both in the formulation of the fully discrete
scheme and in the type of results we obtain. In the problem treated in [4], the analy-

tA

tic solution operator, e’*, is a holomorphic semigroup satisfying the characteristic esti-

mate
(1.1) lAme |l , <Cpt™™,  t>0,m=1,2,-+.

This smoothing property of e’ plays an important role in several places in [4]. In par-
ticular, in the convergence theorems, [4, Theorems 5.1, 5.2], it is used explicitly to es-
timate the L2 norm of the error at time ¢ with the order of the best approximation to
the solution by functions in the approximating subspace. In the problem treated here,
the solution operator is a C,, semigroup, but not a holomorphic one, and we are not
able to obtain the order of the best approximation for the L2 norm of the error at
time ¢. Beyond that, other difficulties arise inevitably, due to the fact that one has a
coupled system of boundary value problems at each time step rather than a single ellip-
tic problem. In constructing the norm in which to approximate the solution at each
time step, we find that we must include more boundary data than are actually supplied
in the analytic problem. For example, although only the value of the temperature—
zero—is prescribed on €2, one needs both the temperature and its Laplacian in the
boundary integral, due to the fact that operators of different strength are involved. We
show that if the initial data are sufficiently smooth, the Laplacian of the temperature
is also zero on 92, so that these extra data are actually known. More serious is another
coupling effect, originating in the hyperbolic problem, which forces us to include the
normal derivatives of certain components of the solution in the boundary integral.
These extra data are unknown. We show that by using suitable weights, these deriva-
tives can be taken to be zero without impairing the O(k?) accuracy of the Crank-Nicol-
son scheme. A penalty must be paid for being able to use such wrong values. It turns
out that one must employ smoother trial functions than in [4], in order to obtain the
same accuracy. See the remarks after Theorem S.1.

We use the letter C to denote a generic constant.

2. The Analytic Problem. We consider the infinitesimal motions of a compres-
sible fluid in which the transfer of energy by thermal conduction is a significant aspect
of the flow. Let p,, E, V, and u,, respectively, denote ambient values of the pressure,
specific internal energy, specific volume and material velocity, and let p, E, V and u de-
note small deviations from these quantities. Let ¢ = \/—;—OT/; be the isothermal sound
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speed, ¥ > 1 be the ratio of specific heats, and ¢ > 0 the thermal conductivity. In
terms of the auxiliary variables w = cV/V,,, e = (y — 1)E/c, the linearized equations
expressing conservation of mass, momentum, and energy, are, cf. [6] and [13],

.1 ow/ot = ¢V - u,
2.2 oufot = cVw — cVe,
2.3) de/ot = gAe — (y— 1)cV-u.

We assume the disturbance confined to a fixed spatial domain 2, in RY and that,
for simplicity, the ambient conditions prevail on the smooth boundary 32 of €2, so that
e =w =0 on 3%, for all r > 0. Taking the divergence of both sides in (2.2) and elim-
inating V- u from the resulting system, we obtain two equations for the unknown scalar
fields w(x, ¢) and e(x, ¢), namely,

24) w,, =c*Aw—c?Ae, x€Q,t>0,
2.5 e,=clde—(y-Dw, x€Q,t>0,
together with,

(2.6) e=w=0, x€0Q,t=>0.

We shall show that, given initial values of e, w and w,, the resulting initial-bound-
ary value problem is well posed in an appropriate function space. It is convenient to
make use of the spaces HS, s >0, introduced in [4]. Let {\,},,=, be the eigenvalues
of the negative Laplacian in Q, with zero Dirichlet data on 9%, and let {¢,,},,-, be
the corresponding orthonormal sequence of eigenfunctions. For a given v € L%(Q), let
{8, };n=1 be the sequence of Fourier coefficients of v relative to the {¢,,}. For each
s 2 0, the Hilbert space HF is defined to be the subspace of L?() consisting of all v’s
for which the norm

oo /2
2.7 lolly = ( 2 X leP)l
m=1

is finite. A= = s>01.{s is dense in every H* and consists of all C* () functions
which vanish on 952 together with all powers of their Laplacian. If s is a nonnegative
integer, and v € H the s-norm is equivalent to the usual Sobolev norm, IIvII It
follows from the trace theorems, see, e.g., [10], that if s > 1 and v € H’ then v=0
on dQ2. Ifv€E Hs, = 3, then both v and Av vanish on 9£2.

Returning to (2.4), (2.5), put w, = v in (2.4), (2.5), and let G be the 3 x 3 matrix

0 I 0
(2.8) G=[8A 0 -c2A .
0 —-(y—-DI oA

Let G = 6’()\",) be the 3 x 3 matrix
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0 1 0
29) G = [— e\, 0 e\, ]
0 (I1-7) -o),

Let U be the three component vector U = [w, v, e] 7. The initial-boundary value prob-
lem for (2.4), (2.5) may be equivalently written as

(2.10) U =GU x€Q,t>0,
(2.11) Ux, 0) = [fx), g(x), h®]T, x€Q,
(2.12) e=w=0, x€03Q,1t>0.

We now introduce the Hilbert space f* = HS*! x HS x HS*1 s> 0, consisting of all
three component vectors U(x), for which the norm
1/2
el }

is finite. In general, the components of U will depend on both x and 7. We set

@.13) 1ol = { Pwl,y + ol +

(214) U@ = lw(-, DI, +llv(-, DIz +

We have the following
THEOREM 2.1. Let I > 0. For each initial value U(x, 0) € H', problem (2.10)—
(2.12) has a unique solution and the following estimate holds:

(2.15) o, < 11vl,.

Proof. We construct the solution by expanding in the eigenfunctions of — A. Let

= lle(-, DI,

- - - T
(2.16) Ux, 0) = [ > tnbm 3 bmbms 2 d,,,¢,,,] :
and put
(2.17) UGt 1) = [ X ()b 2B (s 2-8 (Db ] T-

Substitution of (2.17) in (2.10) leads to an initial-value problem for a linear system of
ordinary differential equations, for each fixed m, namely

(2.18) [6,n(0), By (@), 81T = G\, [0, (0), B (0), 8, (D17
with
(2.19) [o,,(0), 8,,0), 8,17 = [a,,, b, d,]7.

For each fixed m, equip three-dimensional Euclidean space with the inner product

(2.20) (6 3) = Ny 1 X505 + T Xy

Then, for each m, the matrix 6()\,”) is dissipative, i.e.,
(221) Re(Gx, x) <0
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It follows immediately from (2.21), that (2.18), (2.19) has a unique solution, and

2\
e\, la, (01 + 18,17 +—= 15,12
-1
(2.22) i
(4
<\, la, 12 + 16, > + ” _"i d,, |2,

for each m. The estimate (2.15) now follows from (2.22) and (2.14). This proves the
theorem.

3. The Semidiscrete Problem. Let k¥ > 0 be a small increment in the time vari-
able. Leaving the space variables continuous, we discretize the time in (2.10), using the
Crank-Nicolson scheme, to obtain a sequence of boundary value problems at each time
step nk, namely,

3.1 I - kG/))W'* = ([ + kG/2)W", x€Q,n=0,1,2, ",
(3.2) witl =i+l =0, x€0Q,
(3.3) W =Ux, 0), x€Q.

Here W"(x) = [w] (x), w3(x), wj(x)] T is a three-component vector which pre-
sumably will approximate U(x, nk), where U(x, t) is the solution to (2.10)—(2.12). This
discrete initial-value problem is also well posed.

THEOREM 3.1. Fix s > 0 and let W € fF. Then, there exists a unique solution,
{w"}, of (3.1)—(3.3) and

(34 W™, <IWelly, n=0,1,2,++.

Proof. We may again construct {W"} by expanding in the eigenfunctions of —A.
Put

(3.5) wn = [%: a¢n¢m,26,':,¢m,23"m¢m]T

and let

(3:6) yu =, 65, 8717

Then, for each fixed m, the coefficients y" satisfy

(3.7) [[-kG[2]y"tY = [+ kG2]y", n=0,1,2, .

We again use the scalar product (2.20) for the space of vectors y". Forming the scalar
product on both sides of (3.7) with the vector y"*1 + ", we get

uyn+l"2 _ "yn"Z _ (yn, yn+l) + (yn+l’ yn)

(3'8) A
=®2) GO +y™), 6"+ M)

Using (2.21) in (3.8), we have

(39) ™ <1y
This proves that (3.1)—(3.3) has a unique solution and establishes the estimate (3.4).
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LEMMA 3.1. Lety = [y,, y,, 5] T be a vector in three-dimensional space. Then,
there is a constant C, independent of y and m, such that, in the norm induced by (2.20),

lekCy — (I — kG2~ + kG/[2)y
(3.10) <A - kG2)ekCy — (I + kG 2)y ||
SCE3OS 1y, 1P +05 1y, 12+ 0y, 1232,

Proof. To begin with, since Re(éy, ») <0, we have ||(/ - k(‘?\/2)‘l I <1,so
that

@.11) Id - kG/2)~ 21l < lzll.
If we now apply (3.11) to the vector
(3.12) z=(-kG[2)e*Cy — (I + kG [2)y,

we obtain the first inequality in (3.10).
Next, by Taylor’s theorem, for some 7 with 0 <7 <k,

(3.13) (- kG[2)ekC = I + kG2 - (rk214)G3e™C

Hence, for any vector y,

(B.14) 10 - kB2 Cy - (1 + kG2 < R[4 EE < RINGI,

since IIe"all <1, independentl): of m, due to the dissipativity of 6()\,").
It remains to calculate ||G3y|l. We have

0, RGN - 0\,
G15) G3=| e, (= och2,, PN — e,
(1= MeoN, 7= DN, == DX, 2P0(r= 1N, — 0N,
Hence,
IG3HI2 = ¢\, 27,0, + c2oN2y, I
+hetNoyy + (= 1Doc?Ny, + 02PN ys — e\ ys 2

2N
TS0 = MetoN Ly, + Ay = DNy, — 0 (r - DALY,

+2c%0(y — DALy; — 00} y512.

(3.16)

Since A, t o, we have from (3.16), with a constant C independent of m,

(3.17) G312 < COAS, Iy, 12 + 25,1y, 2 + A2, Iy, 12}

The lemma follows from (3.14) and (3.17).

We denote by E(t) the solution operator at time ¢ associated with the analytic
initial-boundary value problem (2.10)—(2.12), and by E, () the solution operator asso-
ciated with the semidiscrete problem (3.1)—(3.3). Both of these operators are bounded
from f.{‘ into itself, s = 0, as follows from Theorems 2.1 and 3.1.
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THEOREM 3.2. Let VE H™. Then there exists a constant C independent of k
and V such that

B.18)  E(K)V ~ E®)V, < U — kG/2) [Ex(k)V — E(K)V]lly < CE3(I V.
Proof. Put V= [Z _ a,0,.,20 10,0, Zm=1d ¢m]T and for each m =

m=1%m
1,2, .-+, let y, be the point in three-dimensional space given by

(3.19) VY = 8y, b,,, d,17.
Then, using Lemma 3.1,
IE(K)V =~ E(R) VI

oo

= 3 1y - ke U+ (DGR, IP

m=1

<3 — k& Cy (I + K 2
(3.20) mZ=l I — kG/2)e*"y,, — U + kG/[2)y,,|I

= Id - kG/2) [E,(K)V - E(R) V113
< Ck"{ il NS la,, 2 425 b, P + 2], |dm|2}
F=
< Cke V2.
This proves the theorem.

4. Some A Priori Estimates. Equations (3.1)—(3.3) define a convergent “method
of lines” where only the time variable is discretized. At each time step, one must solve
a coupled system of boundary value problems. We shall construct a “least-squares”
procedure for approximating the problem at each time step, and eventually obtain a
“fully-discrete” algorithm for the initial-boundary value problem (2.10)—(2.12). The
construction rests on certain a priori estimates which we develop in the present section.

We will be dealing with arbitrary elements of the Sobolev spaces H5(2), s a non-
negative integer. Such functions will not usually belong to H*. We use the notation
(u, v)Hs, lull b to indicate scalar products and norms in H°(£2). We also introduce the
Hilbert space H*, of three component vectors U = [w, v, e]7, with the norm

2 1/2
4
(CRY Uil = {c2uwn§,s+1+ s + == llellF e 1} :

Note that by the previously mentioned equivalence of norms, if U € fis , $ a nonnega-
tive integer, then

(42) csllUlly s < WUl < CllUll g s,

for some positive constants ¢, and C;, independent of U.

Let L} denote the operators / + kG/2 of Section 3. We have

LEMMA 4.1. Let U be an arbitrary element of H?. Let o = 2Max{c?, 1, (y - 1)}.
Then
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b —
(l - ak)"U"2 0 < "L; U"2 0 + kf CZU (W e) ds
@43) K X 29 w

+ kfan(jzfl)(e + Ae) g—i-ds.
Proof.

Ly Ullio = c?llw — (k/2)l2,, + lic? (k/2)A(e — w) +vli2,

+ 7%21 %/2) (v = 1)v + e = (ok/2)Aell?,,

c2k?
4

2 412
4 c’k
@“44) = 2wl + Ivli2, + pop llell?,, + loll?,, +-—7—llde — Awli?

2
+ 5 1602) (= Do = (@k/2) el

+ kv, (W - N1~ c2k(v, A(w — e),, ~ (Pokl(y— 1) (e, Ae), ;.

Hence
2

- k

@35) W% g ~ LU o < kv, AGw =) 5~ kv, (w =€),y +27

y—1

(e’ Ae)H] .
Next, we, make use of Green’s formula,

ow

(4.6) @ Aw) ;= [, v ds—D@ W),

where v is the exterior unit normal on 952, and D(v, w) is the Dirichlet integral

oV ow
Ox; Ox; dx.

N
4.7 D(, w) = ja 3

=1
Since,

(U, (W - e))Hl = (v’ (W - e))L2 + D(U’ (W - e))

(4.8) 3
=@, (w- e))L2 + 20’3 w-e)ds— (v, A(w - e))Lz,
and,
(e, Ae)Hl = (e, Ae)L2 + D(e, Ae)
4.9)

_ de _ _ 2
= fm (e + Ae) 5= ds — Dle, €) ~ ll2ell?,,
we obtain on using (4.8), (4.9) in (4.5),

- ow—e
IS0 — i Uligo < c*klv, W =€), , + %k fm v%v——l ds

(4.10)

+ czkfaﬂ (7"_ 1) (e + Ae) g—zds.

Finally,
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w, w~- e))Lz <2 ||vﬂzz + ||W||iz + llelliz
@.11) - , . e
S20lly 2 +lwlis g + llellz <c—2IIUIIKo,
where « > 0 is as in (4.3).
Hence, (4.3) follows on using (4.11) in (4.10).
LEMMA 4.2. Let U be in H2. Then with a as in (4.3),

6w—e
(1 - AL UIG o < (1 + k)l Ul + 2 [ e 28— gy

+ 2%k f EX9) (
Proof. We have

ILg Ul = IL; Ullyo = 2¢%k(v, A(w — ¢)), 2

4.12)

>( e + Ae)—ds

(4.13)
2c ok

(e e, 4 - 2%k, (w — eNy1-
Using (4.8), (4.9) in (4.13), we get,
L Uligo — Ly Ullo = 2¢*k(v, (W =€), 2

(4.14) Aw —e) 2
2 oc de
+ 2k e e ds+2kfan<7_1>(e+Ae)-—avds.

Next, as in (4.11),
(4.15) 2%k (v, (W — €)), 2 < 20kIUl%0
If we now use (4.15) together with Lemma 4.1 in (4.14), Lemma 4.2 follows.

5. The Fully-Discrete Problem. For the approximate solution of (3.1)—(3.3) for
each n, we shall employ a finite-dimensional subspace, S§, of H?2, consisting of three
component vectors ¥ whose entries are piecewise polynomials. The elements of S§ will
not, in general, satisfy the homogeneous boundary conditions (3.2). However, S7 will
have the property that given any three-component vector ¥ € H2+$ C H2 there is a
vector ¥ in SF such that

(5.1) V=¥, <C*2=Nvi,, 0<I<2

for all 0 <s < gq. Here, C is a constant independent of ¥ and h. The construction of
such spaces is discussed in [2], [3], [4], [16], and their references. Computational in-
vestigations of least-squares procedures for elliptic boundary value problems are reported
in [15]. From (5.1) we deduce that

52) Inf Zh‘w il | SCRP2V,,.
\pesq =0

At each time step in (3.1), one must approximately solve

(5.3) LyWw=L{V in Q,
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(5.4 w, =wz; =0 on 9%,

where V is known and is obtained from the preceding time step. We now introduce
the bilinear form

%, 200, %3 ﬂ_] s

(@, W), =L o, LI:‘I’);(O +4k° f [av ay oy dv

20
(5.5) ﬂ""[an 7_1> ¢3W3ds+)\knfan 020,

c2o
+ Bin fan <'y- —1) ApsAY, ds,

where m,,, 8, Ay, are weights which will be chosen later. See (5.19)—(5.21) below.
We always assume that

(5.6) Tiens Bien> Nen = /K2,

The bilinear form (5.5) is well defined for all ®, ¥ in the Hilbert space H2. In-
deed, if ® is in H?, its third component, ¢35, lies in the Sobolev space H3(Q), and the
trace theorems (see e.g. [4, Section 4]) guarantee that d¢,;/0v, A¢, exist and belong
to L2(09).

On H2, the form (5.5) defines an additional scalar product. That is, ||®]| A=
{(®, ®), }'/? is a proper norm on H? for all sufficiently small k. This follows from
Lemma 4.1 and (5.6), on using inequalities such as

¢3 k6 a¢3
2 P
5.7 k ¢2 ds < 5 W

e i Jog <1021 s

etc.

LemMaA 5.1. Let V€ H? and let~ W be the corresponding solution of (5.3),
(5.4). Then, there is a unique element U in S‘,Z minimizing ||® — W||, over all ® in
S3. It is given by the equations
58) (U, F), = A}V, LgF)yo + 4k [ 5 LI a;:" Z{f]
VF in SZ, where w,, f; are the ith components of W ami F, respectively.

Proof. By the Pythagorean theorem, the unique U in SZ minimizing ||® — WIl ,
satisfies
(5.9) (U F), =W, F), VF in S%.

Now if V isin fi2, then, by Theorem 3.1, so is W. Thus W € H® x H? x H3. Hence,
w, =w, =w; =0on 3 and Aw, = Aw; = 0 on 0Q2. Consequently, from (5.5),
ow, ?)fl aw3 Bf3]

s.

P - 6
(5.10) (W,F)A_(Lkw’LkF)}(0+4kf [av w o o

Since L, W = L; V, the result follows.
We shall now describe a family of fully-discrete schemes for approximating the
initial-boundary value problem (2.10)—(2.12). The schemes differ from one another
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only in the choice of the weights m,,, A, and B, in (5.5). We first remark that
Egs. (5.8) are not suitable for defining an approximate solution of (5.3)—(5.4), because
the right-hand side of (5.8) involves unknown boundary data, namely, the normal deriva-
tives of the solution W. Our strategy will be to replace these unknown derivatives by
zero and to choose, as an approximation to W, an element of S7 different from the U
defined by (5.8). It is evidently crucial to be able to control the growth of the error
introduced by using such wrong boundary data. This is the reason for the factor k% in
(5.5). We have

LEMMA 52. Let V€ H? and let W be the correspondmg solution of (5.3), (5.4).
Let U be defined by (5.8), and define the approximation W of W by the equations

(5.11) w, F), =V, L,:F)Ko YF in 87, we S
Then,
(5.12) 1T - Wi, <CEIVl,.

Proof. We have
~ o~ ow, of, ow af]
_ — 6 1 1 3 3 .
(5.13)  (U-W,F), 4kf [au = v 5, oy )& VFin S

Hence, since U~ W € S},

~ o~ ow ow
— W2 = ar6 Mo ~ _~ M3 8 ~ _~ ]
WU - Wwl3 = 4k fan[av 5, 1~ W)+ 5= oy w;)

fm< >ds$l/2
. 2k3{fan<|-a% , —w,) ’

2 1/2
) et
on using Schwarz’s inequality. Next, from (5.5),

~ ~ a ~ ~ -~ ~
(5.15) 2k3{fm<|% @ - w) +| = - w3)‘2> ds}‘“ <IU-wi,.

ow,
o

8w3
av

2
(5.14) < 2k3

a ~ ~
+ | o (U3

Therefore,

(5.16) 1T- Wi, < 2k3{faﬂ<|aa—‘:?|2 9(.;—2—‘ 2) ds}m.
Next, we use the trace inequality,

(5.17) [ Ia“’| ds < Clwl2,,,

in (5.16). This leads to

(5.18) T - Wi, <KW, < CK3IWI.

Finally, by Theorem 3.1, [[W|l; <|[VIll,. This proves the lemma.
Let p be a real number greater than 2 and let the weights m;,, Ay, By, in (5.5)
satisfy
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(5.19) 1/k* < mp, < Ck2h=2¢
(520 1k < N, S CK2h™ 2042
(5.21) 1/k* <B,, <CkZp=20*4

For each choice of u, the fully-discrete algorithm for the initial-boundary value problem
(2.10)—(2.12) is as follows. Given any initial data W° in f12, we define the sequence
{ﬁ"”}, of approximate solutions at time ¢ = nk, of (3.1)—(3.3) by means of the march-
ing procedure

(522) (W™*',F), = A W" LF),, YFin S}, n=0,1,23,--
(5.23) wo = wo,

with Wn+1 being sought in S7. Thus, given a basis for S3, finding W" necessitates solv-
ing a system of linear equatlons for the coefficients. This system always has a unique
solution because S7 is finite-dimensional and || ||, is a norm on S7. It should be noted
that the scheme is defined only for initial data in f12 rather than in the larger space
H®, wherein the analytic problem (2.10)—(2.12) is well posed. We shall comment on
this phenomenon at a later stage.

With W" as in (5.22), put W' = E,,W°, W" = E,, W"~! = E7, W°. We shall
now show that the fully-discrete schemes (5.22) are unconditionally stable, that is, the
family of discrete solution operators {E},} is bounded in an appropriate norm, uni-
formly, as k, h — 0, n — oo, nk < T. This is

LEMMA 53. For all W° in 2 and sufficiently small k with 0 < nk < T, we have,
independently of h as h — 0,

(5.24) IER, w°nK0 <ceTIwo,.
Proof. By (5.22) and Schwarz’s inequality,
(525)  IWMFUR <UL Wil LG WMo < ILE W oW1,
Hence, [[W"* 1|12 < (L} f&"u;o. Next, from (4.12) and (5.5), (5.6),
~ 1 + ok
(5:26) LW, < (T ) 1P,
so that
(5:27) w12 < (1 t “") w2 .
Hence,if 0 < (n + Dk <T,
(5.28) IERF WO, < ce®TIIwO|l,.
Finally, from (4.3) and (5.5), (5.6),
(5:29) IERS 1 wO 0 IIE”“WOIIA-

This proves the lemma.
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LEMMA 54. Let 0 <s<gqandlet WE H2*s. Fix u> 2 and let (5.19)—(5.21)
be satisfied. Then there is a constant C independent of W and h such that,

(5.30) ¢12£ I — Wil <Ckh**27# (Wil

Proof. We have for any U = [w, v, e]T in H?,

2 2
VIR = ILE UIZ, + 4k6fm(|a—w * |'3%| )“"

20
(5.31) + (ﬁ) ﬂkhfaﬂ |e|2 ds + (7 > ﬂkhfan |Ae|2 ds

+ N [, 12 s
From (4.4),
532 IL Uliio < CllUIY, + CE* {2, + lldell?, + awli2 ,} + CK?llAell?,,
< CIUIE, + CKANUIG, + CR*IUI,

To estimate the boundary integrals in (5.31) we use the inequalities,

ow 2 de 2 2 2 < 2
(5.33) fm( QU4 122 ) ds < CIwiZ,, + CllelZ, < CIUIZ,,
(5.34) f 1 l€1? ds < Cllelif; < CIUIZ,,
(5.35) f 1o, 14el? ds < Cllell}; < CIUIE,,
(5.36) f 2q 0P ds < Clbll%, < ClIUI,
Hence,

VIR < C{Q +m iU, + (R + k® + N )IUIG, + (6% + By )IUIR, )

(537 S ClmullUIGe + NenllUNRy + Bics UG, Y

< CEPh=2H{IUIRo + K2IUIG, + KIUIG,}
and )
(538) i, < Ckh“‘{fz_‘a h’IIUIIK,}.
From (5.38) and (5.2), we have,
(539 Inf ||®~ W, <Ckh*t2# Wi,

<I>€S

as required.

Recall that E(¢) is the solution operator for the analytic problem (2.10)—(2.12),

E () that for the semidiscrete problem (3.1)—(3.3),and Ej,(f) = Ey, is the fully-discrete
solution operator. In Lemma 5.3, the stability of the fully-discrete problem was estab-
lished. The next lemma shows that the fully-discrete scheme is consistent with (2.10)—
(2.12).
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LEMMA 5.5. Fix u> 2 in (5.19)—(5.21) and let ¢ > — 2 > 0 in (5.1). Let
ve H™®. Then

(5.40) B,V —ER)VI\ < CIKRIT27HN W],y 0 + BV, + BRIV ).

Proof. Since V€ 2, U defined by (5.8) minimizes [|& — E, (k) VIl over SZ.
Hence, using Lemma 5.4 and Theorem 3.1,

(541) U= E(k)VIl, < Ckh?*2=HE, (k) VI, q SCKRIF2THVI, 4.
Next, W=E «n V. defined by (5.11), satisfies (5.12). Hence,

(542) IExnV — Ex®)Vily < CRRIT2TEIVI, L + IV
From Theorem 3.2,

(543) Ly EF)V - EK) V)l < CENIV .

From (5.5), since V € f:l2,

IEF)Y — Ex (VIR < Ly EF)V — E, () Viio

6 0 2 0 2
(5.44) a6 [, | @v-Bwn,[ +[SE0v-Emm,[ s
< g E@V-E@NIE, + GE@VIE + CREIE kIS
Hence, using (5.43) and Theorems 2.1 and 3.1,

(5.45) IER)V — Ex (k)15 < CEXIVI, + 1V1l5).

The lemma now follows from (5.45), (5.42) and the triangle inequality.

We may now state and prove the following theorem concerning the convergence
of each of the schemes (5.22), (5.23).

THEOREM 5.1. Fix u>2in (5.19)—(5.21)and let q > u—2>0in (5.1). Let
W € HMax(2+4.6)  Then, with o as in (4.3), we have forall 0 <t = nk <T,

IE ,@)W° = E@)WOIl, , < CIIE,,()W° — E()W°ll,
(5.46) K
< CTe* TR 2K WO, ., + K2 IWOIlG).

Proof. We use the identity
(5.47) E,(OW —E@)W° = fj ERg VT (Ey, — E(O)) EGOW.

j=0
By Lemma 5.5 and Theorem 2.1,
IE,nEGRYW® — E(R)EGK)W O,
(5.48) < Ck{h¥+ 2= HIEGRWOll, o, + KZIEGRWON, + KIEGK)WOll )
< CR{RIT27HIW0N, 0 + KE2IWOllG)

Next, by Lemma 5.3, [IEL,ll, < Ce®T . Hence, from (5.47), (5.48),
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(5.49) WE (WO = E()WPOIl, < CTe*T{RIH2-H WO, , o + K2 IWOIl).
Finally, from (4.3),
1
(5.50) IEn ()W = BOWOll o < 7= 1B, (W — E@OWOll5.

The theorem follows from (5.49), (5.50).

Important Remarks. The assumptions (5.19)—(5.22) about the weights m,,, \;,,
and 7,,, require that

(5.51) h<Ck3®W=2) a5 k, h— 0.

This requirement is a consistency condition rather than a stability condition. As a con-
sequence of this requirement, the error bound (5.46) has the form

(552) E,OW° —E@W°ll o < CTT{RZ WOl + kG304 E=2) oy, o},
Thus, the smallest possible error is O(k?) and it occurs if u and g are such that
(5.53) q = 5@ —2)/3.

Assume now that the initial data W° are sufficiently smooth. Given any positive inte-
ger value of g, we see from (5.52), (5.53) that we get O(k?) accuracy by choosing u in
(5.19)—(5.22) so that

(5.54) u = (3q + 10)/5.

Thus, for example, if we choose ¢ = 1 in (5.1) and let S7 be the space of three-compo-
nent vectors where the first and third components are cubic splines, and the second is
a quadratic spline, we obtain O(k?) accuracy in the H(l, x L? x H(I, norm on choosing
1 = 13/5. Notice however that this means 4 must be chosen so that

(5.55) h<Ck5 ash k— 0.

Such a constraint on 4 is obviously impractical from the computational standpoint. We
elect instead to use larger values of g, in order to obtain O(k?) accuracy with a more
favorable mesh inequality (5.51). Thus, with u = q = 5 and S} chosen to be splines of
degree 7 x 6 x 7, we get O(k*) accuracy with h satisfying

(5.56) h<Ck ask h—0.

Other combinations of g and u which yield O(k?) accuracy under sufficient smoothness
of W9, are listed in the following table.

The nature of the penalty which must be paid in order to be able to use the
wrong values for the normal derivatives of the solution in the fully discrete scheme, is
now clear. In the Crank-Nicolson least-squares scheme for the heat equation discussed
in [4], one has 7 < Ck?/3 so that quartic splines are needed to obtain O(k?) accuracy
in the L? norm. Here, using a comparable mesh inequality, i.e., k < Ck%/7, we see
from Table 1 that we need splines of degree 9 x 8 x 9 to obtain O(k?) accuracy in the
H} x L? x H} norm.
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TABLE 1
Degree of Splines Mesh Inequality
in S} q u
4% 3x 4 2 16/5 h < Ck5/?
5x 4x 5 3 19/5 h < Ck5/3
6x 5x 6 4 22/5 h < CkS/4
T7x 6x 17 5 5 h<Ck
8x 7x 8 6 28/5 h < Ck5/®
9x 8x 9 7 3/5 h < CkS!7
10x 9 x10 8  34/5 h < Ck5/®
11 x 10 x 11 9 37/5 h < Ck3/?
12 x 11 x 12 10 8 h < Ck'/?

The above remarks concerning O(k?) accuracy assume that WO is sufficiently
smooth, i.e., W° € HMax(a+2,6) More generally, we have

THEOREM 5.2. Let W° € fi §, 5 2 2. Choose a positive integer q in (5.1), and
let u in (5.19)—(5.21) satisfy (5.54). Then for 0 <t <T,

(5.57) 1B, ()W = E@WOll o < Cexp(oT) {(K*Min(HE=2a6=DDy o)

Proof. If W° = [w, v, e]T € H2, then

ow
ov

2 2
+ a—e’ >ds

0 — W —won2 6
IWOIR = ILEWOlZg + 4k jm< o

(5.58)
S C{IWON3 + (k2 + kOIWOI2 + K2(Iw12} < ClIWOI2.

From Lemma 5.3, Theorem 2.1, (5.58), and the triangle inequality,

(5.59) IE,n(OW® = E@WOIl, o < Ce*TIWOll,.

If WO € fiMax(@+2.6) then with y as in (5.54), we have from (5.52)
(5.60) NE, ()W - E(t)WOII}(o < CT exp@T) {k* 1IW° llyg (g 42,60}

Next, the spaces fi* have the interpolation property discussed in [4, Lemma 2.2].
Hence, if W0 € H*, s > 2,

(5.61) “Ekh(t)wo —_ E(t)W°|l 40 < Cexp(aT){k2Min(l,(3—2)/(1,(-\'—-2)/4)}"wolls‘

Remark. While the analytic problem (2.10)—(2.12) is well posed in f 0. the fully-
discrete scheme requires W® € A2 in order to obtain convergence. A similar phenom-
enon occurs in [4]. For initial data in Hs,0<s<2,a convergent least-squares pro-
cedure can be constructed based on the pure implicit scheme, rather than the Crank-
Nicolson. For the case of the Dirichlet problem for the wave equation, such a procedure
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is discussed in [5], and similar difficulties are encountered in connection with unknown
normal derivatives.
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