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The Effect of Interpolating the Coefficients
in Nonlinear Parabolic Galerkin Procedures*

By Jim Douglas, Jr. and Todd Dupont

Abstract. Error estimates are derived for a class of Galerkin methods for a quasilinear
parabolic equation. In these Galerkin methods, both continuous and discrete in time,
the nonlinear coefficient in the differential equation is interpolated into a finite-dimen-
sional function space in order to compute the integrals involved. Asymptotic error esti-
mates of optimal order are produced.

Introduction. In order to use Galerkin methods for parabolic problems, it is neces-
sary to compute large numbers of integrals involving the coefficients in the differential
equation. An efficient and practically successful method of approximating these integrals
is to interpolate or project the coefficients and evaluate the integrals by formula. It is
possible to show, for a rather general collection of approximation schemes, that the
resulting approximate solution is essentially as good as if the integrals had been evaluated
exactly.

These procedures are particularly useful on nonlinear parabolic problems in which
we have used a Galerkin-type procedure in the space variables and have discretized the
time variable. For these procedures, it is necessary to reform the matrices at every time
step; the matrix elements are the integrals referred to above. The effect of this is that
much of the computation time is spent forming matrices. Hence, economies in the
formation of the matrices have a very important effect on the total cost of the compu-
tation.

We present here several error estimates for approximations of the solution of a
particular nonlinear parabolic problem. In the process of proving these estimates, we
develop some approximation theory which may be useful in producing similar estimates
for other problems.

In Section 1, we illustrate how to handle a very simple, specific example. In Sec-
tion 2, we define the principal differential problem and present several error estimates
under abstract hypotheses on the approximation scheme to be used for the coefficients.
In Section 3, we develop examples of function spaces and interpolation methods which
satisfy the abstract hypotheses of Section 2. Finally, in Section 4, we state some speci-
fic applications of the results of Sections 2 and 3.
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1. An Example. Consider the problem
du/dt — (3/dx)(a(x, u)dufdx) =0, (x,1)E€Ix (0, T],
1.1n) (u/dx)(0, t) = (Qu/ox)(1, ) =0, 0<¢<T,

ux,0) = uy(x), x€I,
where / = (0, 1). Assume that there are positive constants o, and «, such that for any
x,NEIxR,0< 0y <a(x,r)<a;. Let s ={xj}1}’=0,0=x0 <x; <t <xy=1,
hi=x;=X;_y,1; = (x;,_y,x;),and h = max, ;< v b;. Take M =M,(3,8) = (v C'():
v is a cubic polynomlal on Ii’ j=1,+++,N};ie., M is the Hermite piecewise cubic poly-
nomial space over the partition 6. Also, take 0 = {tk}?‘go, 0=1,<t; <<t =T,
Aty =t —t,_;, At = max; cx<pr Ot The sequence {U,}M_, in M will be taken to
approximate u at times ¢, n = 0,++ « , M. First, choose U, € M such that u, — U, is
small; U, can be, for example, the L? or H! projection of u, or its Hermite cubic inter-
polant. The successive U, ’s are defined by the relations

n+1/2 d L\ _
(12 @Uuppe. V) + <(xEn+1/2)——x——,d—xV)—0, Veu,

where (f, g) = f; fgdx, U, nt1/2 = =%U,,, +U,)and 3,U, w12 = WUpyy -UylAt,
The function E, 2 isa prediction of U, , , /2 and is given by

At,, . + At
Un—1/2 + Atn + Atn—l (Un—l/2 - Un—3/2)’ n=2z,

1.3) Env12 T v + g 200)U, - Uy), n=1,

WY, + U,), n=0,

~

where Y, € M satisfies
(14) (Y, - UpAt,, V) + > <a(x Uo)a (Y, + Uo) > =0, VeM.

The function @(x, Z), for any Z € M, is to be an approximation of a(x, Z); the detailed
construction of @ will be discussed later.

A convenient basis for M is the set { V,.},?ivo*' 1 chosen so that for all i and j between
Oand N
(1.5) Vail) = Vaipa0) = 855 V206) = Vg () = 0
where 8 is the Kronecker delta. The functions V,; and V,;, , are the “value” and
“slope” functlons at the knot x;. Note that, with this basis, it is easy to construct the
Hermite cubic interpolant of a differentiable function; we could, for example, define

N
(1.6) Uy(x) = > (uo(x)Vy(x) + (X )V 1401 (X))-
i=0
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Equation (1.2) is equivalent to

(1.7) (C + Atn+lAn+l/2/2X7n+1 - 7’1) = _Atn+lAn+l/27n’
where T

Tn = ('7”,0’ Tn,1o°°° ’7n,2N+l) ’
(1.8)

2N+1

Up= 2 MV C=0(p) =W V),
j=0

(1.9) An+l/2 = (an+1/2,i,]') = ((;(x9 En+1/2)l/';, V;))‘

The (2N + 2) x (2N + 2) matrix C can be written as

(1.10) C = . ° . 4 = tfidlag{FiT, Di’ Fi+ l}’

\0 .FITV-'.DN/

where D; = DL; + DR; and, using hy = hy,; = 0,

936n; — 132h} 936h;,
DL; = (2520)7! , DR, = (2520)"!
— 132n2 24h? 13212, |

a.amn
324h; —78h?

F; = (2520)7! .

78h} - 18h}

The matrix A = A, ,,, can be written as

(1.12) A = tridiag{H7, G;, H;; 1},

132h2, |
24hi3+ 1

)

where G; = GL; + GR; with GL, = GRy, = 0; the formulas for GL;, GR;, and H; will
be given after the description of 7.
For W € M, we shall define @(x, W) by first defining & (x, W) and then modifying




PARABOLIC GALERKIN PROCESSES 363

d(x, W), if necessary, to insure that @(x, W) is bounded above and below by 3, /2 and
@, /2, respectively. The functions 4 and @ will be cubic polynomials on each Ii' The
function &(x, W) can be defined by taking

(113) VLI'= a(xj_l s W(X-_l)), VRI = a(xj’ W(Xj)),

SL; = (dldx)(a(x, W))(x;_,), SR; = (ddx)a(x, W)Xx;),

where these four numbers give the values and slopes of @(x, W) at the left and right ends
of I;; in this case, 4 is the Hermite cubic interpolant of a(x, W). Another reasonable
choice for 4 is to take VL; and VR; as above and choose SL; and SR; such that i, W)
interpolates a(x, W) at the two points %(x; _; + x;) + 6k;, where 0 <6 <'; in this
case, &(x, W) is just the cubic Lagrange interpolant of a(x, W) using the four points x;_,,
Ylx;_y + x;) * 0h;, x;. This second technique gives a better approximation to a(x, W)
and can be more or less work to produce than the Hermite interpolant, depending on
the form of the function a(x, r). There are many other useful ways in which we could
choose &, and some of them will be discussed in Section 3.

The function @(x, W) can be obtained from &(x, W) as follows. Let a =
min{VLj, VR,.} = ay. If ISL;| > v = a/hi, then change SLI. to be such that ISLI.I =7
and its sign is unchanged. Similarly, if ISR,-I > v, multiply it by 7/ISR].|. With @’ defined
in this fashion, we know that

02 <of2<a(x,W)<a2+ max{VL;, VR;}< 3,/2, x €1}

Thus, to produce @’ from &, we simply check the size of SLI. and SR]. and replace them
if they are too large.

With @(x, W) defined on [1 by VL, VR, SL, SR, we can give the formulas for H;,

GR]-_I, and GLI-. Let
py p 4, q
H, = (2520) l< ) o =500t TP,
(1.14) p3 p4 q3 q4
2 g
GR;_, = (25207 1("" %),
g3 &4
Then
p, = —(1512(VL + VR) + 324(SL - SR) !,
p, = 288VL — 36VR + 54SL — 18SR,
Py = 36VL —288VR — 18SL + 54SR,
=—=(@42(VL + VR) + 3(SL — SR))h;
(1.15) Py = —(42( )+ 3( )

4y =-Dy, 4y =43 ="Dp,,
44 = (78VL + 258VR + 15SL — 21SR)h;,

81 = P15 83 83 = ~P3,

&4 = (258VL + 78VR + 21SL - 15SR)h]-.
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It is possible to show that if a(x, «) and u are sufficiently smooth and At , ,/At,
is bounded, then there is a C, independent of the A;’s and At,’s such that

- . < 4 2
(1.16) og'aéMllU,, u( st 2y S CO* + (A1),

This estimate is of the same form as we would expect if the integrals had been evaluated
exactly.

2. Procedures and Estimates. In this section, we shall demonstrate several error
estimates for approximate solutions of the following parabolic problem:

ou ou 2, 0 ou\
e V- (a(x, w)Vu) = 3 > 5x—j<z(x, u)axi> =0, (x,HD€EN x(0,T1],

j=1

@b g—:(x, H=0, (x,0)€x(0O,T],
ux,0) = uy(x), x€Q,

where Q is a bounded domain in R? with boundary 92, p < 3, and 9/dv is outward
normal differentiation on 952, and the function a(x, r) is such that there are positive
constants a, and o, such that for all (x,r) € Q x R, 0 < a, <a(x,r) <a,. The error
estimates presented here are abstractions and slight improvements of those of the authors
[6] and of Wheeler [11].

We shall assume that u(x, ¢) is a solution of the weak form of (2.1) [8] in the
sense that for each time

2.1 (u/dt, V) + (a(u)Vu, VW) = 0,

for all v in the Sobolev space H (), where (f, g) is the L2(2) inner product, and we
have suppressed writing the x argument of a(x, ). If u and 0 are smooth, then u is
a solution of (2.1) if and only if it is a solution of (2.1"), provided of course that the
initial values coincide.

In each of the procedures that we consider for approximating the solution of
(2.1), we shall use two spaces M and N of functions defined on . The space M will be
a finite-dimensional subspace of H(2), and the approximate solution will be an element
of M for each time. The space N will be a subspace of L=(£2), and an element of N will
be used to approximate the coefficient @ at each time. Assume that there is a map
a: M — N, such that for all WE M
(22) ay/2 KTW)x) < 3a, /2.

Take Uy € M to be an approximation of u,. The continuous-time Galerkin approx-
imation of the solution of (2.1) is a differentiable map U: [0, T] — M such that

@U/dt, V) + @U)VU, W)=0, VEM0<t<T,
(23)

U() = U,.
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A discrete-time Galerkin approximation of the solution of (2.1) is a sequence {Un}ﬁ":o
in M, where U,, is to approximate u(*,t,) and 0 = ¢, <¢, <-++<t, = T. The
sequence {U, } —o Will then be required to satisfy an approximation to (2.3) of the form

Q4 OUps1)2 V) + @Epyy (U, 11, W)=0, VEMO0<n<M,

where At, =1, — 1, 1,041 = sy ™ r)At, . )7t sTasrjz = gy T 1)
and E, , , (V) is an approximation of U,  , /2~ The function £, n+172(U) will be taken
to depend on a certain number of U, ’s with k <n + 1. Note that if we take

(2'5) n+1/2(U) n+1/2’

then (2.4) is the Crank-Nicolson approximation to (2.3) [6]. If we chose

V

At,
(2.6) El/z(U) = U1/2, En+1/2(U) =U, + 2At (U U,_y) n

or use (2.6) for n = 0 and 1 and

At, ., +At,
@7 Epyrjp=Upoap + W(Un—lﬂ ~U,_3p2), 122,

then for n > 1, (2.4) defines {U,} in terms of a sequence of linear algebraic equations
that are second-order correct (in At,) approximations of (2.3). In practice, we might
replace the first step of (2.4) by a predictor-corrector procedure and employ (2.6) or
(2.7) thereafter, as was indicated by the example of Section 1. This additional compli-
cation can be treated by arguments similar to those in [6], [11], but will not be dis-
cussed here.

In both the continuous and discrete time cases, we shall present bounds for the
error in the “natural” or “energy” norm and in the L2(£2)-norm.

For integer s = 0, use the norm on the Sobolev space H*(S2) given by

(2.8) o2 = 3 UD*g)2,

lal<s

where ||9l> = (¢, ¢), D* = (a/axl)“l see (a/axp)"‘P for p-tuples of nonnegative inte-
gersa = (ay,***,a,),and |a| = a; +---+a,. Extend (,) to give the duality be-
tween H(Q) and (H'(Q))'. Let H~1(Q) = (H}(R))'; some authors use H~1(Q) =
(H}(Q)), but this is not convenient here. Equip H~!(£2) with the operator norm; i.e.,
take

(29) lgll_, = sup{(¢, ¥): ¥ E€H'(Q), II¥Il, = 1}.

If ¢: [0, T] — X, where X is a normed space with norm || ||, then we shall use the
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following notations:

@10) ez, = w@ikdr, 6l . = sup 6y

2 -]
L2 LX) oce<r

In the special case, X = R,we shall use the usual notation ||¢||L2(0,T), and in the case,
X = H5(Q) or L5(), we shall write "¢”L2(HS)’ "¢”L2(L‘)’ etc.

We shall assume that the solution u of (2.1") has a uniformly bounded gradient.
Also, we shall assume that the solution « and the mapping @ are such that there exist a
constant [ and a nonnegative function 6(¢) such that for all W € M and all ¢ € [0, T]

(2.11) l@(W) = a(, wll < LIW — ull + 0(2).

In the examples which we shall consider in the next section, [ is approximately the
size of the Lipschitz constant for a(x, r) in the variable r, and 6(¢) is approximately the

size of

inf{lla(s, u) — Pl + llu — xll: ¥ €N, x € M}.

The relations (2.2) and (2.11) are all that we assume about the approximation
process for a(x, u); these two assumptions allow estimates to be derived by methods
that are very close to those of [6] and [11]. First, we shall estimate the error of the
continuous-time Galerkin approximation in the “natural norm” for this problem.

THEOREM 2.1. There is a constant C, depending only on o, a,, L, Iqulle(L =)
and T, such that if U is the solution of (2.3) and u is the solution of (2.1"), then

U ul + 11U - ull,

b

L=(L2(9)) 21y

2.12)
| <CU-wOI +E+101, 5 1>

0
5““4

(2.13) Z continuously differentiable on [0, T]}+

where

:Z: [0, T] > M,

E= mfgllu _Z”L“(L2) + llu "Z||L2(H1) + ,

L2(H™Y

Proof. Let Z be an arbitrary differentiable map of [0, T] into M. Then, with
n=u-Zand 8 = U- Z, we see from (2.1") and (2.3) that for V€M

(% 9, V> + (FUYWVS, V)
(2.14)

_ (?,—’} V> + (@A + law) - TUYVH, IV,

where we have suppressed the writing of the x variable in a(x, u). Using V' = ¢ at each

time, we see that
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2 2
> Lo + 3 eIl

an
ot

3
\ 19, + 5 e 19l IV
-1

(2.15)
+ IIVuIILm(m[L(IIOH + lnll) + ]IVl

1
< 7 0llVsl? + C[“ l +Iinli? + 1912 + 02],

where C depends only on ag, a;, L and IIVu[l (ﬂ); in deriving (2.15), we used the
inequality cd < ec? + d?/4e, valid for all c, d and all positive e. The estimate (2.15)
and Gronwall’s Lemma imply that there is a C depending on the permitted quantities
such that

s +
1M = 1 2) Wl 241

(2.16) N an
L2(HY) ot

c IEW(O)II + Inll

0

The triangle inequality and taking the infimum on Z give the estimate (2.12).
Now assume that if ¥V € M then ||VV||L°°(Q) is finite; this is, of course, valid for
the piecewise polynomial spaces frequently employed. For each ¢, define W(¢) € M by

(2.17) @)V - W), W)+ u-w,¥V)=0, VEM.

Thus, W: [0, T] — M is a weighted H'(£2) projection of the solution for each ¢. The

next theorem, which says that [u — Ull ., , is about the size of lu - W| . ,,
L™(L%) L™(L®)

will be used to derive L2 error bounds.

THEOREM 2.2. There is a constant C, depending only on oy, ey, L, [VWI|; « @w=y
and T, where W is defined by (2.17), such that if u and U are the solutions of (2.1")
and (2.3), respectively, then, with ¢ =u—-Uand n=u - W,

L2@HTY) + lI6"L2(0, T)]'

Proof. Note that, from the definition of W and 7,
(2.19) (@wn, W)=—-@, V), VEM.

on

@.18) gl 5

+
et < [§(0)||+nnn .

Letting & = U — W and using (2.19), we see that for V€ M,

@v%/at, V) + (@)W, VW) = (0n/dt, V) + (a@)Vu — T (U)VW, VV)
= (0n/dt, V) + (la(w) — a(U)IVW,VV) — (n, V).
With ¥ = 8, (2.20) implies that

(2.20)
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(Ilﬂllz) +3 otonwu2

2 dt
an
(221) < 57 _l||t9||l + IIVWIILm(Q)[L(IlnH + 1181 + o11Ivsil + linllidl
< 2aglv3I? + C “a—" Tl 19l + 02
40 atll-1 ’
where C depends only on «,, L and IIVWII . Gronwall’s Lemma and (2.21) imply

that

on
< !
(222) ”‘9”1,‘”(1,2) Cﬁlﬂ(O)” + ||n”L2(L2) + ”at

L2@E-1) + uelle(o,TJ .

The triangle inequality then implies the conclusion (2.18).

Asymptotic error estimates are easily obtained from Theorem 2.2 provided one
can demonstrate uniform boundedness of VW; one way this can be done is by using so-
called inverse assumptions [11].

In order to derive estimates for the discrete time procedures, we need some assump-
tions on the functions £, , ; ,,(U). Each E, | ,(U) will be assumed to be defined by
a function, which we shall also call £, , /5, 0f U, ., Uy, U,_;, U,_,; in the cases

E, /2 and F, [2> We of course assume there is no dependence on U_, and U_,. It will
be assumed that the rules which define the E + 1/2 ’s are such that there is a constant
K, such that, for any permitted partition {z }n=0 of [0, T] and any V,,*+*,V,,Z,,
c0e,Z, ELY(Q),

4
Q23) B g1 (Vs V) = Enyy pZyse -+, ZIP <Ky X 11V, - Z)12.
1=1

The functions E nt1)2 will also be assumed to be second-order correct in the sense that
there isa constant K, independent of the partition {£,}/_ , such that, if ||3% w/0?|| 2

2
< o, Le(Q2)

2
Wt 1/2) = Eps1j2Wni1s Was W15 Wy o)l

(2.24)
< K,(AD) L dt,

n23t2

where ¢f_, = max{0, ¢z, _,} and At = max{At, ,,, At,, At,_,}. Note that (2.23) is
always satisfied by £, , /2 defined by (2.5) with K, = %, but that we need Az, , ,/At,
bounded to get (2.23) for £, , ; /2 defined by (2.6) or (2.7). The relation (2.24) is satis-
fied by each of the examples of E, , , J2-

In order to simplify the analysis, we shall consider only the case of uniform time
steps; i.e., take t, = nAt, where Ar = T/M. The function a(x, r) will be assumed to
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have uniformly bounded first and second derivatives with respect to r. Take L of (2.11)
large enough to bound [9a(x, r)/dr|, and let L, bound [3%a(x, r)/dr?|. In addition, we
shall assume that the solution u of the differential problem is such that

du
at

ou
at

33u

013 |&

+
|97

+
L=(L™)

< oo,
L=HY

(225)

L2HY L2HY)

Adopt the following discrete analogues of the notations defined in (2.10); if ¢:
{tn}ﬁ":0 — X, X a normed space with norm || ||, then

ol o .= max |ig,lly,
LA gcnem T X
(2226) , M-1 ,
= Atr.
||¢||th(x) ngo 1, 4 ¢ /2"X

In the case ¢: [0, T] — R, use the notation

M—1
122 = 3 W0(tns1/2) AL

At n=0
THEOREM 2.3. There are positive constants C and 1, depending only on a4, o,
L, lquIIL,,(L“,), Kys Ky, and T, such that if u is the solution of (2.1"), (UM, is the
solution of (2.4), and §, = u, — U,, then, for 0 < At <1,

2.27 - + < 2
(227 II§IILM(L2) Ilflngt(Hl) Clligoll + E + (AD)*y + ||0HL2M},
where
E=inf(lnll, o o+ Wl g o0+ 10000 5,2 = =2,
(2.28) Z: [0, T] — M a continuously differentiable map},

— 1182, /352 3,153
1= 10%ufo g o)+ 10%fOP 5,y

Proof. Let Z: [0, T] — M be an arbitrary continuously differentiable map of
[0, T] into M. Using n=u —Z and ¢ = U — Z, we can see that for V€ M

O pyr2r V) + (a(E, .+ 1/2)V‘9n+1/2’ W)= OMptry2 T ons V)

(229) + (8, W) + ([T(E 4 1 j2) — @ty p VU g 1 j2> V)

+ (E’(En+l/2)vnn+ 1/2> wr),
where
En+1/2 = En+l/2(U)’

ou
Pp = E;(tn+1/2) - atun+l/2

-1 i
8ar e,

03u
(At =217 = tyyy o))’ 53 M4,
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(2.30) 8n = @ty y DIVt 11 j2) ~Upyq]

-1 n+1 3%u
= Sty V) o= 20 = by p D5 2 ().

Taking V' = 8, ,, in (2.29) gives

1 1 ,
ﬁt- ["0,,.'.1“2 - "'9,."2] + E%HVt’,,H,z"
<41 1ol s+ 108 2lly + AT
+ (LNE, 412 — u(tpy g2l + 00 1-/2))“vun+1/2"L°°(Q)"v0n+ 172l

3
+ so4liVn "“V” +1 2"
(2.31) 21 n+1/2 n+1/

1
< 79lV8, 4 pl? + CEIB,n,,H,le’_l +llp,li2y + lig, 2

F By g 12 Wy s gy, Up_a) = “(tn+1/2)||2

2 n+1
+02(t,44,2) T Ul ) + Iy ,2112],
2

=n-

where C depends only on o, a;, L, [Vull and K,; in the cases n = 0 or 1, the

L>=(L*®)’
9 and n terms with negative indexes are omitted. It is easily seen that
2 3 —a e [
o2, < @020y S a,
(232)
2, (12
2 N3¢ 2ag\—1[Tn+1]]07u
lg 12 < (AD3(ay)?(48) f, I PYe | dr.

The discrete analogue of Gronwall’s inequality implies that there exist 7, > 0 and C,
depending only on the permitted quantities, such that for 0 < Ar <,

+119
Ilﬂllet(Lz) I "LZA,(HI)
2.33 <
(233) ClUIBll +llmll w2+l 2 1)
+ (Af)%y + 116 .
+|IB,nIlL%t(H_1) (An)*y + 1l "Lit(o,T)]
Note that since 9,7, ,, is the average of anfot on [z, 1,1,
< .
(234 03, 5 r-1) Hon/otll 3 fy—1,

Using (2.34) in (2.33), applying the triangle inequality, and taking the infimum over all
possible Z’s gives the conclusion.
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In order to get results that will be used to give L2-norm estimates, we shall again
compare the parabolic approximation with the solution of the elliptic problem (2.17).

THEOREM 2.4. There are positive constants 7, and C, depending only on o, oy,
L, IIWIILm Ly Ky and T such that if u is the solution of 2.19, {Un}ﬁ‘,"=o is the solu-
tion of (2.4), W: [0, T] — M is given by (2.17),n = u — W, and §,, = u,, — U,,, then,
for 0 < At <7y,

+lon, + (At)’v],
At

on
< + 5]
(2.35) "i-"LS;(L2) CDKO“ +IInl|L¢(L2) “ ot L2@H1)

where y depends on L, K,, the norms of u in (2.25), and the parameters listed above.
Proof. Let 9 = U~ W. Then, from (2.4) and the average of (2.1") at #,, and
t, 41, We see that for V€M

Ony1/2> V) + (@Epy 1204172, VV)
(2.36) = @Mns1j2 T Pn V) + @@V gy 125 VV)
+(@VW),y 41y = TE iy )Wy 2, VV),
where £, . ), = En+l/2(U) and

_ a_u _ _ 1 n+1 63u
@3 0= (5 )1 =t = 3 [ s -1 T O

Note that we can replace the term containing Vn by using (2.19) just as in the proof
of Theorem 2.2. Next note that

@@VW)y i1 = TE i1 2)VWoi1)2
= @W(ty1112)) = TEpy 1 )2)VWpi1 )2

+ @)y 41 )2 — Wty 2DVW, 1

(2.38)

+ W), 4, —a), VW, ., —W,).
The first term in the right-hand side of (2.38) is treated as in the proof of Theorem 2.3.
The second term is bounded as
@), + 2~ a(u(t, , 1/2)))an+ 1/2 I1?
(2.39)

2
dr;

2
2 aw)

the integral is bounded in terms of L, L,, and the norms in (2.25). The last term in
(2.38) is bounded as

"(a(u)n+ 1 a(u)n)v(wn+ 1 wn)"2

2 J“n +1
L=(L™) Jt,

< 2 3401 (n+1
IVWI2 o, o (B0 @8) " [

(2.40)
< an® , u du

aw“2
5 _5; \V Ey dr.
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The integral in this term is easily bounded by using the defining relation for W to see
that

-1 < b < bl
241) 1220, <cllsll, ] <], + ).

where the constant involves ay, @, L and Ilau/thILw(Lw).
The above relations, used with (2.36) with V' =9, ;,,, give the conclusion just
as in the proof of Theorem 2.3.

3. Construction of 2(U). In this section, we shall present several examples of
triples (M, N, @) where the map @: M — N satisfies (2.2) and (2.11). We shall be par-
ticularly interested in sequences of such triples for which [ of (2.11) is bounded and
the norm of 0 tends to zero. The map @ will be constructed in two steps. We shall
first study a map &: M — N which satisfies (2.11) but which may fail to satisfy (2.2).
The map @ will then be constructed using 4. There are two reasons for studying &
independently of @. The map & is useful by itself in situations where (2.2) is not needed;
this would be the case for the numerical quadratures of a term f(x, ¢, u) added to the
right-hand side of (2.1). Also, if certain “inverse assumptions” hold on M and N, then
a(W) = @(W) for the functions W in which we are interested, though not necessarily for
al we M.

The function &(W) will be the projection into N of a(x, W) using an inner product
(', )p- The choice of reasonable inner products is quite large and, by varying N and.

(', ), we can, for example, make @(W) a pointwise least-squares fit, a Lagrange or
Hermite interpolant or a smooth-spline-type interpolant. The interpolation schemes so
constructed can be local or global in character, as is convenient.

Suppose that an inner product ( , )p is defined on a class of functions which con-
tains MU NU {a(+,u): 0<t<T}Ua(:,M),where u(x, t) is the solution of (2.1)
and assume that (, ), defines a norm || ll, on N. Then define (W) for W € M to be
such that &(W) € N and

3.1 @Ww) —a(x, w), V)'D =0, VEN,

i.e., take #(W) to be the unique element of N such that ||&(W) — a(x, W)Ilp is minimized
on N. A useful example of such an inner product is

J
f, g)p = kz 1Z)eZy),
=1

where the Z,’s are in £; all that is required for (, ), to be defined is that the functions

in MUNU {a(+,u): 0<t<T}Ua(,M) have pointwise values at the points Z, .
The following lemma will be used in finding [ and 6 such that (2.11) is valid.
LeMMA 3.1. Suppose that (, )‘D is also defined on a vector space t\c/){ containing M.

Let u(x, t) be the solution of (2.1). Suppose that there exist constants v, Yy, Y, Such
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that .
Wi, <7vlvl, Ve M,

32) Wir<ylivi,, Ve N,

la(+, Wy —a(+, u(-, O, <1 W —ull,, WEM 0<t<T.
Then
(3.3) 8W) = a(+, u(+, O < 197, Y IW —ull +6(),
where

0(t) = inf{lla* = a(+, u(+, O + v,llaCs, u(+, 1)) - a*ll,

34

Frmalet = uC, Ol + very vl utll: a* €N, ut € fi)
Proof. For any a* €N, v
(W) — a@)ll < la(W) = a*Il + lla* - a(u)ll
35) <7, llaw) - a*|l, + lla* — a()l

< v lla(W) —a*ll, + lla* - a@)ll,

where a(u) = a(-,u(+,t)) and a(W) = a(+, W(*)). In the last step, we used the fact
that

lla(W) —a*llg = lla(W) - ﬁ(W)Ilf, +1aW) - a"‘ll%3 > |la(W) - a*113,
which follows from (3.1). .Next note that
(3.6) lla(W) —a*ll, <lla(W) = a@)ll, + lla(u) = a*lly < v, IW —ull, + lla@) —a*l.
For any ut € M, we have

. W = ully, < IW =ty + llut = ull, <vollW —u*ll + llu™ —ully
) S YllW —ull + vqllu - utll + llut - ully.

Use (3.7) in (3.6) and the result in (3.5) to obtain the conclus1on

In most of the applications of this lemma, M C N = M In each example in which
we consider a sequence of pairs of spaces M and N, we shall be able to choose the inner
product (, ), so that 74, 7,, 7, are independent of particular element of the sequence.

Before we discuss the construction of @ from &, we shall present several examples
of spaces M and N and inner products (, ). In the first two examples, &(W) is a weighted
least-squares fit of a(W) = a(+, W(+)) at a finite set of points; included in each example
is the important special case in which &(W) is obtained by Lagrange interpolation of
a(W).

It is important to note that if (f, g), = Z ¢;f (x;)g(x;) for positive ¢;’s, then the
7, of Lemma 3.1 can be taken equal to the Lipschitz constant for a(x, r) as a function
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of r. In the examples that follow we shall assume that
(38) laGx, ry) —a(x,r))l < Llry —r,l,

forallx € Qand r;,r, €R.

Example 1: Local, One-Dimensional, Polynomial Least-Squares Fits. In this
example, §2 is to be the interval (0, 1) and (W) is to be a polynomial on certain sub-
intervals that is a discrete least-squares approximation of a(W) on each subinterval. Take
a partition § = {xj}]!=0, 0=xy<x; <+:<x,=1. Leth = (xi_l,x]-),hj=xl-—x]-_l,
and h = max h;. For some positive integer N, take N to be the set of all functions on
€2 which are in PN(II-) for each j, where Py(S) is the set of all polynomials of degree
lessthan N + 1 on S. Let M = NN H!(Q); i.e., M is the set of all continuous functions
on §2 which are in PN(Ij) forj=1,+-,J.

For some K > N,let 0 <e, <e, <:*+*<ep <1and 0<b,,k=0,-+,K.
Define

J K

(39) (f’g)p = Z bkf(xj_l +hjek)g(xj—1 + hjek);
j=1 k=0

where f(x;_; + hjey) and f(x;_; + h;eg) are taken to be limits from the right and
left, respectively, in case ey = 0 or e; = 1. Note that, with this N and (, )y, Ehe con-
struction of &(W) is done locally, that is, subinterval by subinterval. If we set M = N,
then a simple homogeneity argument shows that, for / = 0 and 1,

K 1-1/2
(3.10) = Supahlfllz/z .bkf2(€k)] : 0% f€ Py((0, 1))
k=0

Thus, the 74, v, and 7, of Lemma 3.1 are independent of the partition §; they are
completely determined by L, N, {ek}fzo, and {b k}f= 0-
In order to estimate the infimum in (3.4), we shall use the following lemma.
LEMMA 3.2. There is a constant C, independent of the partition &, but depend-
ing on N, {ek}{f=0 and {bk}’,f=o, such that if 1 KS <N + 1, then, forall g € Hs(Ij),
j=1,00+,J,

J 1/2
(3.11) inf{llg—g*l +llg—g*ll,: g* €N} < Chs[z fI (&S (x))? dx] .
i=1 Jl;

This lemma is easy to prove by taking g* as a Lagrange interpolant of g on each
subinterval; we shall not prove it here since it follows from a more general lemma in the
next example.

We can conclude from Lemmas 3.1 and 3.2 that, provided u and a(u) are suffi-
ciently smooth,

(3.12) I2(W) — a@)ll < LIW — ull +6(),

where
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(3.13) L=1vo1,L, 0= Ch[II3/ax)5ull + 1I(3/3x) alx, uC:)IT,

for 1 S <N + 1,7, and v, are defined by (3.10), and L is such that (3.8) holds.
It is of interest to note that if we choose {¢,} and {b;} such that

(3.14) S bufle) = [ f)dx, 1€ Pyy(©, D),
k=0

then v, = 7, = 1. The relation can be achieved by taking K > N and {e,, b;} to be
the Gaussian quadrature points and weights, respectively. In the case K = N, 4(W) is
just the Lagrange interpolant of a(W) with respect to the points X,y tech; thus the
b,’s need not be used in computing 4(W). One further remark about the case in which
K = N <3 and the e, ’s are the Gaussian quadrature points is that we can use (W)
directly instead of @(W) even though &(W) may fail to satisfy (2.2). To see this, note
that, for any W € M, we have the estimate

(3.15) aQlV'I <@V, VY <olV'I?,  VEM

this uses the facts that &(W) = a(W) at the points x;_y t ey h;, that Gaussian quadra-
ture on NV + 1 points is exact on polynomials of degree 2V + 1, and that for ¥ < 3,
2N + 12N +2(N —1). The estimate (3.15) and a crude upper bound on |2(W)| in
terms of a,, o, and NV allow us to dispense with (2.2) in the proofs of Theorems 2.1

through 2.4 in this case.

Example 2: General Construction of Local Least-Squares Fits. Take a finite col-
lection of pairs of sets S, C B,k = 1,* -+, K, where S, and B, are the closures in
RP? of their nonvoid interiors S,? and B,?. For each k = 1, -+, K, let N, be a finite-
dimensional subspace of the space C(B,) of continuous functions on B, and let j, be
a finite set of pairs (e, b) where e € S, and b > 0. Assume that for eachk =1,++ K,

Z ) 1/2
”¢”L2(Sk) and ”¢“pk = (pk b¢ (e))

define norms on N, .

Let  be a bounded domain on RP” that is “triangulated” in the following fashion.
Assume that Q = UiJ=l 0j, where, for each j = 1, +, J, 0; is the image of a closed
set T under a nonsingular affine map T; on R?, where for some positive integer ki <K,
S"i Cc I‘j Cc B"i’ Further assume that the boundary aa,- has zero p-dimensional measure
for each j and that, for I # j, ? is disjoint from 019.

Let N be the space of functions ¢ on £ such that the restriction of ¢ to each 0,9
lies in the set {; T*V: V€ Nki}, where ;T is the inverse of 7; and (]-T* V)x) =
V(i T(x)), for x € 0;. For functions f and g on £ such that their restrictions to o}’ have
continuous extensions to a;’ U Ti(Sk].), define

J
(3.16) (f,8),= 2 2 bf(Tee(Te)lT),

J=1 (eb)Ehy
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where T is the linear part of 7} and T} is the absolute value of det(T}). In (3.16), if
(e, b) € ]:)kj is such that e € 0.5, use the continuous extensions of f and g to 7}(Sk,-)
to evaluate f (I}e) and g(Te). Note, in particular, that ( , )y is defined on N. Hence-
forth, we shall ignore the technicality of hoow f(T;e) is evaluated on a(T,.(skl.)).)

We shall take M C NN H'() and M = N. For general N, M may not be a good
space with which to approximate functions in H (), and it is not essential that the
choice M C N be made. However, for many special cases of importance in practice, such
as the N, ’s being certain classes of polynomials, the spaces M can have nice approxima-
tion properties.

LEMMA 3.3. There are constants v, and 7,, depending only on S,, By, ¥, and
N for k =1,- -« K, such that

3.17) il SV and W< VI, VE N.
In fact, we may take v, = sup{v,;,,k = 1,-++,K} for | = 0, 1, where

Yo,k = supllflly MIfl 5 ¢ 2 0+ f €Ky,
(3.18) k

1% = sup{llfll, /||f||pk: 0+# fE Ny}

2
By)
Notice in particular that v, and v, are independent of the sets 0; and the maps T.
Proof. We know that v, , and v, ,, as defined in (3.18), exist since, on the finite-
dimensional vector space N, , the norms ”f”bk’ ”f"L2(Sk)’ ”f”LZ(Bk) are equivalent.
For any f € L*(0;), let r(y) = f(T;y) fory €T;. Then

(3.19) J; fredx = [ rGTax =171 f (Tl T 1dx

- ! 2
=171 fi, r*O)ay.

Thus, if f € N, and therefore r € Nk,., we see that

2 2 FTY 22

(3.20) 12, (e,bépki BTN = Wi o P2,

is bounded above and below by 1.k and 1 /7°’ki’ respectively. The conclusion follows.
We now need to consider the infimum in (3.4). In order to produce bounds for

this infimum, we shall make some approximation assumptions on the spaces N, and a

weak smoothness assumption on 2. The spaces N, will be assumed to include all poly-

nomials of degree less than m > 3 and the sets B, will be assumed to be the closures of

domains having the restricted cone property. It then follows from a result of Bramble
and Hilbert [3] that there is a constant Cpy, such that if V € H™(B,)

: _ 2 _ 2 . < a 2 .
G20 inf (V= W2, o+ IV - I W E N < Gy la_ém ID*VIEs

The domain Q will be assumed to have the restricted cone property; hence the Calderon
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extension theorem [1] implies that, for each s = 0, there is a continuous linear map
E,: H°(S2) — H(RP) such that E g restricted to Q is g for each g € H5(Q2). Let T
denote the triangulation given by the 0; ’s and Tj’s, and let

(322) N=

5
XT. B s
i=1 1Bk L™(RP)

where X is the characteristic function of the set E. We shall assume that u and a(x, u)
are such that for each ¢, u and a(x, u) belong to H™(Q2).

For ¢ € H™(X2), extend ¢ to § = E,, ¢ € H™(RP). Note that if T]"‘$= ¢oT,,
a change of variables and (3.21) shows that

inf{llp — xlI* + llp — xlI3: x € N}

< ZAT/nf(ITFE - X2, +ITFE -2 : xE N}
(323) i ! L2y ki j

< 4 a *~ 2
Con ]Z IT; | m}::m ID*TF 8112, (3,

It is easily seen that there is a constant 5, depending only on p and m, such that

<ClTjiP™ 2 1DF3I?

T; DT} §)1? ,
@24y T2 ,¢IIL2(Bki) = 128, )

lal=m
where HT,-'H dTotes the norm of the linear map T,' with respect to the Euclidean norm
on RP. The C in (3.24) does not involve any properties of the maps T;. Thus we see
that - om
(325) inf{llo —xI* + ¢ = xi3: x € N} < CpuCN, (m?x uT,.’u) IE,, 1218112,
j

where [IE,,, || is the norm of E,, as a map of H™(2) to H™(RP).
LEMMA 3.4. There is a constant C, depending on Cg;, C and IIE, I but indepen-
dent of the triangulation T, such that with 0(t) defined by (3.4)

m
(326) el <CN}/2[m?x||Tj’||] [l 5y + la), ].

L2(0,T) 2(H™)

Example 3: Local Fits of Values and First Derivatives. Let S, C B, be as in
Example 2; suppose that N, is a finite-dimensional subspace of the space C ‘(Bk) of
continuously differentiable functions on B, . (A function is in C !(B,) if it can be
extended to be in C!(RP).) Let p, be as in Example 2 and take b, to be a finite col-
lection of triples (e, b, ¢) such that e €S, ,b > 0,0 # ¢ € RP. Assume, for each
k=1, K, that || - "LZ(Sk) and [l* flpypr define norms on N, , where

WQIE, 4o, = NSIT, + Ol

(327)

2
lglg, = 2 bo*(e), gl = > b(a%j(b(e)).

(e9b)€bk (f-’ybyc)epk
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Now assume that 2 is triangulated as in Example 2; also adopt the definition of N given
there. Take

o= STl T b/Teee)

j=1 (e,b)E Ry

(3.28) of

+ X

(e,b,c)EP a(T;C)

og
(T;e) AT (Tye)}-

This inner product gives an analogue of Lemma 3.3 by change of variables.
LEMMA 3.5. There are constants vy, and v, depending only on S, , B, by, p,'c,
and N, for k =1, -+ ,K such that

(329) Wiy <7vollVIl and IVl <vIVI,, VEN.

It is also the case that the argument leading to Lemma 3.4 can be used almost un-
changed to prove an analogue in this case; since the statement of this lemma is exactly
the same as Lemma 3.4, it will not be repeated.

The v, of Lemma 3.1 cannot, in general, be taken to be the Lipschitz constant
for a.

LEMMA 3.6. Suppose that a(x,r), (V,a)x, ), and da(x, r)[dr are uniformly
Lipschitz as functions of r with Lipschitz constants L,, L, > La,» respectively. Also,

suppose that ||Vul| L=(2%(0.7) is finite. We then have that

(3.30) la(x, u) — a(x, u’)”p < 73llu - Wiy,
where (using || || for Euclidean norm on RP)

Y3 = 2[L, + 14(Ly + L, IVul ),

(331) L2 %(0,T))

Ve = max{liTjcll: 1 <j<J,(e,b,c)€ p;‘i}'

Proof. The terms in the sums over the pkj’s are estimated just as before. Note
that for s € RP

)
35 @l u) — alx, W))|

s+ [(Vea)x, u) = (Vea)(x, W)

(3:32) da da du da )
+ [a—r‘(x, u) — 57()6, W)]'a—s- + E(x, W)a(u - W)

llslt + L,

<lsllLg_I(u = WY)! + L, Iu = (= W)

L=(2x(0,T))
This relation, when summed, gives the conclusion.
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Note that this example of & includes the case given by (1.13). In that case,
K=1,8, =B, =[0,1],m =4, and N, is the space of cubic polynomials on [0, 1].
The sets p, and ), can be taken as

», = {(0,5),(1,)}, »;={0,b,1),(1,b, 1)},

for any b > 0.

Example 4: One-Dimensional Smooth Cubic Spline Interpolation. It seems likely
that nonlocal interpolation processes will be useful mostly in one-dimensional cases (or
in situations where a tensor product structure is available) because of the necessity of
solving a large linear system to produce local representations of the approximations of
the coefficient a(W). To illustrate a nonlocal interpolation process,we shall consider the
special case of cubic splines on a uniform mesh.

As in Example 1, take 2 = (0,1), /> 1,8 = {xi}fzo, I = (xj_1 ,xi). Let h =
1= Xj =Xy, forj=1,-++,J. The spaces M, N, M are all the smooth cubic splines
over this partition, i.e.,

(3.33) M=N=Ml=(recx@: veru),j=1,..,J}.

Define the discrete inner product by

J
(f g)p = l:f(xllz)g(xl/z)+ f(xJ—1/2)g(xJ_1/2) + Zo f(xj)g(xj)]h’
l__-

where x, = oh. That this inner product induces a norm on N is easily seen; the func-
tion @(W) is just the cubic spline that interpolates a(x, W(x)) at knots, with the “end
conditions” that it also interpolates at x, j2and x;_y .

We shall see that the v,, v,, v, of Lemma 3.1 can all be taken independént of &
and that if 2 and u are sufficiently nice, then 8(f) = O(h®). Just as in Examples 1 and
2, we may take v, = L. It is clear that we can take

¥3 = 3sup ;rgs‘)i( V)2 Ve Py (), VI = 1.

To see that v, is independent of 4, we need to do some computation. If we are given
F,, Fl/2’ Fi,Fy,»**,F;_,, FJ_1/2, F; as the values of ¢ € N, then, using the nota-
tion S; = h¢'(x;), we see that

Sy +4S; +8;, =3(F, —F_y), ji=12,...,J-1,
(3.34) So=8, + 8F1/2 —4(F, + F)),

These relations are obtained from the facts that ¢” is continuous at Xp =100,
J -1, that ¢(xl/2) =Fy; and that ¢xy_12)=Fs_q)2- The last two equations in
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(3.34) can be substituted into the first and (J — 1)st equations to give a strictly-diago-
nally-dominant set of equations for §,,+++, S, ,. From these equations, we see that

J J
(3.35) 'Zo S < C[F12/2 +FP 'Zo FJZ],
I: l=

where C is independent of h. It follows from homogeneity in A that, for any cubic

q(x),
336) [ ¢2@dx <hl?0) + 420 + Kg(O) + W),
where
v = sup{llqli*>: q € P3(9),q%(0) + ¢*(1) +4q'2(0) +¢'*(1) = 1}.

Thus, from (3.35) and (3.36), we see that there is a 7, , independent of 4, such that
3.37) ol <vliell,, @ EN.

LEMMA 3.7. There is a constant C, independent of h, such that if g € H 4(SZ),

inf{llg —xll +llg = xll,: xEM < chliglly.

Hence, if a(* ,u(* , t)) and u(+ , t) belong to H*(Q), there is a constant C such that

(3.38) 0() < Ch*[llu(+ , Dlly + lla(+, u(-, O,].

Proof. All that is needed is a local interpolation process which reproduces cubic
polynomials; if we have such a process, the proof is an easy application of the Bramble-
Hilbert lemma [3]. Such a process can be defined as follows. Let J: C%(Q) — M be
such that

(i) for0<k,3k+3<J
(V-InDx)=0, 0<I<2,j=3k3k+3,

(3.39) (i) for 0<3k<J,3k +3 >,

V- Iv)O(x;,) =0, 1<2,

0<
0<

v -I7)Dx,) =0, I<J-3k-1.

It is easily checked that (3.39) uniquely defines a C'? piecewise cubic on the intervals
(xg> x3), (x3, x¢), etc.; it is clear that these fit together in a C 2 fashion to give an ele-
ment of M.

The lemma now follows by an argument that is very similar to the proof of
Lemma 3.4.

Construction of @ from &. We shall now consider techniques which we can use
to modify the 4’s produced in Examples 1—4 to obtain 2" ’s which satisfy (2.2) as well
as (2.11). Two ways of constructing @ will be discussed in some detail. The first is a
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theoretical construction that would be difficult to implement computationally but which
is easily described and analyzed. The purpose of this construction is to point out that, in
many realistic situations, the map @ can be taken to be & on the functions with which
we deal. The second construction is a crude modification of & on those regions in
which the function a(W) is so rough that we cannot be assured that 4(W) is an approxi-
mation satisfying (2.2). This procedure can be easily implemented computationally;
however, it seems unlikely that these “corrections” will be needed in practice if we are
computing reasonable approximations to the smooth solution u of the differential problem.
The most straightforward, conceptually at least, construction of @’ is to define

3011/2a 30‘1/2 < ‘Ii(w)(x),
(3.40) aW)(x) = {(AW)(x), /2 < dW)(x) < 3a,/2,
0/2,  AW)(x) < ap/2.

Because of the hypothesis that oy < a(x, r) < «, for all r, we know that for any W € M
and (x, 1) € Q x [0, T]

[Z(W)(x) = a(x, u(x, D)l < 1EW)(x) — a(x, ulx, 1)l

Thus, if (2.11) has been proved for &, we know (2.11) holds for 2" with the same [
and 0. The @ may not now be in the space N used for &; however, it is in L*(£2) and
satisfies (2.2) and (2.11). Since this map 7 satisfies the hypothesis of Section 2, we
can use the results there to yield error estimates. These error estimates can be used in
turn, with a detailed consideration of &, to show that if  and a(x, ) are sufficiently
smooth, then we may use 2 = 4 in (2.3) and (2.4). This will be done in Section 4 for
certain special choices of M, N, 4. In particular, we shall show in Example 4 of this
section, that, for # and At sufficiently small, we may use 2 = 4 in (2.4).

We shall describe the second technique for constructing 2’ from 4 in the context
of Example 2. We shall then indicate the applicability of this technique in other settings
and indicate some variants that may be easier to use in certain cases.

After constructing (W), we examine it on each set 0; and either accept it as
a(W) or replace it by a constant approximation to a(W). The most natural test to make
would be to see if (W) satisfies (2.2), but this would be difficult in many cases because
finding the maximum and minimum of 4 is a nontrivial problem in all but the sim-
plest examples.

We can, however, easily measure the bki-norm of the difference between iT* am)
and the best constant approximation to it. If this norm is sufficiently small, then we
know that (2.2) is satisfied; otherwise, the constant we compared with is an approxima-
tion on o; to a(x, u(x, t)) that is about as good as #(W) and has the advantage of satis-
fying (2.2). The detailed construction of @ is as follows.

For each space N,, there is a positive number d; such that if ¥ € N, satisfies
v, I)Pk = 0and [V, <d, then sup {|V(x)l: x € B,} < 1. Note that since there
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are usually a very small number of N,’s and their dimensions are not large, the compu-
tation of d;. should not be a difficult problem; of course, it need be estimated only
once, not once for each problem.

Fix W € M and ¢; in the triangulation. Let k = k; and let a*(W) on o; be the
constant

a,.*(m=[ > ba(re, W(T,-e))] X b

= (TfaW), 1)y, NI, -

Note that ||1|l,, # O since || ||y, . is a norm on N, and 1 € N, by the assumption that
N, contains all polynomials of dégree <m for some m > 2. If

(342) 1T;*@w)) - a*Wlly, < %diaf (W),
then on 0;
(343) L <Xoam<am< e <3

- 2ao\2aj(W)\a(W)\2aj(W)\2al.

Thus (2.2) holds on o}, and we use 2(W) = 4(W) there. If, on the other hand, (3.42)
fails, let 2(W) = a*(W) on 0;. In this case, we know that, for any constant c,

ITF@W) ~clly, > % dyay,
since the choice ¢ = a}"(W) minimizes the left-hand side. Thus, for any c,

18W) = cll} 2, , > (A dieolro)*IT;,
where 7, is as in Lemma 3. With the choice ¢ equal the average of a(¥) = a(x, u(x, t))

on o;, we see that

lla() — W)l > lla(w) - CIILZ(O.) = lla(u) = cll
i

2
L2(o)) L%(op

> % (dy oY )IT)I? ~ %IVa()ll . (diam o;)meas o'/

> %IT]? [(dy ap/e) — IVa(u)ll, (diam By )(meas B AIT;N).

Thus, for IIT]-' | sufficiently small, we see that

(3.44) lla() = 2117, @y > B do/1o) ITj1.
But, since a*(W) is between o, and «,, we see that
(345) lla(u) — a*(ul)nzz(oj) < () — @p)*|TjImeas B,.

Hence, from (3.44) and (3.45), there is a constant C such that, for mainIT;Il sufficiently
small,
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(3.46) lla(u) — a*(W)"i2(0i) < Clla(u) - t'f(W)llzz(a.)'
]

Thus (2.11) holds for @ the restriction on the size of IIT,.'|| can be viewed as adding a
term to 0 where the additional term is zero for maxlIT;H sufficiently small. This com-
pletes the construction of @ for Example 2.

The above goes through almost unchanged in the case of Example 3. The only
change is that || I, and (, )y, are modified to include the derivative terms.

In the above construction, the choice of the || Il -norm is not essential. We could
have used the L2(I‘j)-norm, for example. Nor is the choice of a* as a piecewise con-
stant essential; what is needed for ¢* is something in iT* Nk that lies between «, and
@, . Both of these points are illustrated in Section 1. In that case, we took a* (W) to
be the function which interpolated the values of 4(W) and had zero slope at the knots,
and we used the norm on &(W) — a*(W) = g to be the maximum of g’ at each end of
the subinterval. In that case, we also chose a different replacement for & than a*.
Finally, note that even if the & is obtained from a global fit of the coefficients, as in
Example 4, we can still use the local corrections to produce @, provided the function
& is in the space N associated with the local construction.

4. Asymptotic Error Estimates. In this section, we shall combine the results of
Sections 2 and 3 with some'approximation theory and some elliptic error estimates to
derive asymptotic estimates of the errors that result when (2.3) and (2.4) are used with
M and N chosen from particular families of spaces. First, elliptic error estimates will be
made using general approximation assumptions to provide the needed bounds on terms
involving n and dn/dt in Theorems 2.2 and 2.4. Second, the special case of Example 4
of Section 3 will be discussed. Next a special case of Example 2 will be presented.

In looking at asymptotic estimates, the following definition will be useful [5]. A
family {M,,}g<p<, Of finite-dimensional subspaces of H'(Q) is an S, .m family if there
is a constant C such that for all ¥V € HS5(Q) with 1 <s<m
4.1) xienhfh(llV =xll + AV =xll)) < ChIV .

The elliptic error estimates we shall develop here are very similar to others which
can be found in the literature [9], [10], [7], [4]; however, the previous results are not
in quite the form needed here. Elliptic regularity is crucial in deriving these results. For
the necessary regularity to hold, it is sufficient that all the second derivatives of a(x, u(x, )
be bounded in £ x [0, T] and that 382 be a C3, (p — 1)-dimensional manifold regularly
imbedded in R?. We shall assume throughout this section that these conditions hold.
However, it should be noted that certain corners can be tolerated; in particular, if §2 is
a rectangular parallelepiped, the elliptic regularity we use is still valid. In the special
case of p = 1 and 2 a bounded interval, the regularity is trivial.

LEMMA 4.1. Suppose that (My}ocp<y isa Sy , family with m > 3. There is a
constant C such that if n = u — W, where u is the solution of (2.1) and W is defined by
(2.17) with M = M,,, then




384 JIM DOUGLAS, JR. AND TODD DUPONT

ou

on l
L=(H™) + ot

|L2(Hm—l)] .

Proof. Since for each t € [0, T]
“43) B(u,n, V)= (@wvn, VV) + (0, ¥)=0, VeEM,
we see that there is a constant C such that
(4.4) In@ll, <C xlgg llue(t) = xil, < CH™ = (@), -
If ¢ is the unique element of H () such that
45) Bu,¢, V)=, V), VEH (),

then ¢ € H2(S2) and there is a C, depending only on £, @y, and a bound for Va(u),
such that

(4.6) ligll, < Clinll.

From (4.5) and (4.3) it follows that for x € M
Inll? = B, n, ¢ — x) < Clinll o — xll;-

Thus, taking the infimum over x € M, we see that
nll2 < Clinll, Allgll, < Clinll, Alinll.
Hence, for each ¢ € [0, T]
4.7) @Il < CH™ llu(DNl, -
If we differentiate (4.3) with respect to ¢, we see that
(438) Bu,n, V)=(-a5m, W), VEM,
where n, = dn/dt and a, = (8/00)a(x, u(x, t)). First note that (4.8) gives

linll, < c[unu, + inf flu, - xlll]
49) xEM

<CH" 2 (llully, y + N, 4]
Next, let ¥ € H!(Q) and take ¢ such that
(4.10) B(u,9, V)= (¥, V), VEH'(Q.

Then ¢ € H3(Q) and
4.11) ligll; < Cliwll,,

where C depends on bounds for the x-derivatives of a(x, u(x, t)) through order 2. We
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can use (4.10) to estimate the H~! norm of n,. Note that, for appropriate x € M,
(> ¥) = B(u, n,, $) = B, n,, 6 = %) + (@50, V(9 — X~ 9))

< Cliinlly + Inll, 182118l — (a9, Vo)
< Clllull,, _y + N, — JH™ I, + (0, V° a,V9).

There are no boundary terms that result from the integration by parts since the normal
derivative of ¢ is zero on the boundary. From the above, we see that, for ¢t € [0, T],

4.12) Iy < O™ [,y + Nl 1.

The result (4.2) follows easily from (4.7) and (4.12).
We are now ready to produce asymptotic error estimates for Example 4 of Section
3. Let the space M of (3.33) be M,, for h = 1/J,J =2, 3,+ - . It is well known that
this gives a S, 4 family; this can be seen easily using J of (3.39) and the Peano kernel
theorem. It is also easily checked that there is a constant C such that, if V € H5(Q)
with 2 <s <4, then, for2 <p<wand!/=0,1,
(4.13) dfdx)(v - J i, by
Let u be the solution of (2.1") and take W to be defined by (2.17). In order to
apply Theorems 2.2 and 2.4, we need to know that VW = W, is bounded uniformly for
J=2,3,-++and (x,t) € Q x [0, T]. Note that for each ¢ € [0, T]

< Chs—l—1/2 + l/p”V”s'

Il gy SN = T )+ 10 = Tl ]

L™(Q) L®(Q) L™(Q)

< CE W = Ju), N+ kPl + Nl o @
(4.14)

SO Y2QIW - W) N+ N — Ju) ] + ChM 2 ull, + el = )

<(Ch'? +2)llull,.

Thus, if u € L™(H?), we see that W, is uniformly bounded. Hence, we obtain the fol-
lowing theorem from Theorem 2.2 and Lemma 3.7.
THEOREM 4.1. Assume that

+
IIa(u)IIL,,(H4) ”u”Loo(H 4) + ”ut”LZ(H 3)

is finite. Let @ be given by (3.40) with @ defined as in Example 4 of Section 3. Let
Uy(X) = W(x, 0), and let U be defined by (2.3). Then there is a constant C, indepen-
dent of h, such that

- < ch*.
(4.15) \v “”L°°(L2) Ch

We shall use (4.15) to show that, for 4 sufficiently small, 4(U) = 2(U). All that
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we need to show is that for ¢t € [0, T]
(4.16) 1a8(U) - a(u)IIL,, < Y%ay.

Recall that we have assumed that a(x, u(x, 1)) is boundedly twice differentiable in Q x
[0, T]. Note that

Iau) - a(u)IILm(m <lau) - c?(u)lle(m +lla(u) - J(a(u))llem)

4.17) +1J@@w) - el o @

<GP 18U) - 8@l + 18@) =I@@)ll,] + Ch312|laGl,,

where we used the Peano kernel theorem to bound J(a(u)) —a(u). The first term is
bounded as follows:
laU) - &@ll, < CIU —ull, < ClyollU = J@)ll + 113(w) - ully]
(4.18)
<CIU = ull + llu = J@)ll + 1 T(u) - qu] <cnt.
The second term is estimated as

(4.19) @) — J@@)l, < 2lla(w) — Jat)Ill, < Ch? lla(ll, -

From these estimates, it is clear that (4.16) holds, for & sufficiently small.
We also have the following result for the discrete-time Galerkin approximation.
THEOREM 4.2. Assume that

+ llu + “utt"L + "uttt“

la@)l Tl 241 L2H"h

L=H?Y '”L2(H 3
is finite. Take U, and @ as in Theorem 4.1 and let {Un}],‘,"=l be defined by (2.4) with

At,, = T/M = At. Then there is a constant C, independent of h and At, such that

— < 4 2
(4.20) 1 =l (0 < CO* + (0F),

Note that if we take # and Af to zero in such a fashion that A~ 1/2(Af)? goes to
zero, then @(U,) = 4(U,), for h and At sufficiently small. In particular, this holds if
the natural choice At ~ h? is used.

In order to illustrate possible applications of Example 2 of Section 3, we shall
derive asymptotic error estimates for a family of spaces which are built from piecewise
polynomials on triangulations of a bounded domain Q C R2.

Let

B, ={(x,y):x=20,y>20,x +y<3/2},
(421) B, =5,={(x,»): x +y<1}nB,,

S ={(x,»): x+y<%INB,.

Fix an integer m > 3 and let N; = N, be the class of all polynomials in two variables of
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degree less than m. For a sequence of positive A’s tending to zero, let
Th = {(F,’ Tl’ k]): ] = 1,' ° Jh},

where ki =1or?2, l"]- is a closed set such that S"i C l",. - Bk]., Tl is a one-to-one affine
map on R?. Assume that Q is the nonoverlapping union of the sets o; = T;T as in
Example 2. We shall further assume that there is a constant C independent of 4 such
that

(4.22) I;T'It <Clh, T{Il <Ch.

Also assume that 3 is contained in the union of the o;’s for which k; = 1 and that if
ki =1, 0; N dQ is a smooth curve from T(1, 0) to T;(0, 1). The Ny, defined by (3.22)
is taken to be bounded independently of /; with our assumption that 3Q is C3, it is
clear that, for & sufficiently small, we can choose T, such that N; n S 2. So that the
piecewise polynomial functions on each 0; fit together nicely, we assume that, if j, #j,,
0j, N o}, is either void, a point, or T sy = Tj,s,, where s, and s, are sides of S,.

Note that N, and N, have dimension m; = m(m + 1)/2 and that we can find m,
points Z, ,* -, Zm1 in S, such that ¥ € N, or N, is determined by its values at these
points. The points Z,,+ -, Z,, can be chosen so as to include the vertices of S,,

m — 2 evenly spaced points in the interior of each side, and m, — 3m + 3 points in the
interior of §,. The space N is, as in Example 2, the space of all functions ¢ such that
¢ is a polynomial in two variables of degree less than m on each l",..

Let M = NN HY(Q); it is easily seen that M consists of those functions in N which
are continuous on £. The functions in M can be represented by their values at the
points TiZk, j=1l,0c+,J,k=1,-+,m,; these points will not all be in € unless
is convex, but we can use the values at these points of the natural extension of the poly-
nomial on ;. Let J be the map of C(R?) into M such that ¥ — J¥ = 0 at each point
T].Zk, j=1,c,J,k=1,+++,m,. Since 09 is smooth, § has the restricted cone
property and we can apply an argument very similar to the one used to prove Lemma
3.4 to show that this family of spaces M = M, is a S}, ,, family. In particular, if m >
$=2,0€HQ)and § = E ¢ € H(R?) is the extension discussed in Example 2, we
see that

(4.23) llp — TSN + hllp — THN, < Crligll,.

This result is a straightforward application of the Bramble-Hilbert lemma and change of
variables; the fact that |T|||;T"ll is bounded independently of 4 and ; is used in estima-
ting the error in the derivatives. It then follows from Lemma 9 of [2] that (4.1) holds.
We shall also use the easily checked result that, for 3<s<mand ¢ = E 9,

T I iy -1
424) llg J¢I|Lw(m+hnv(¢ J¢)IIL°°(Q)<Ch‘ ligll-

In order to show that, for W defined by (2.17), VW is bounded on & x [0, T],
assume that u € L(H®). Then, with @ = Eju, for each t €[0, T],
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VWi o, < IIV(W - Jﬁ)llem) + IV(u — JU)IILm(Q) + IVull

L) L%(R)

< Clh= W = JII + Rllully + llull3}

(425)
<=M VW - wll + A IV - T + [leall 5}

< Clull.

A natural choice for 4 is interpolation at m, points in each set 0;. In particular,
if we choose

my my
(4.26) gl = Igl 92(4Z), lgIF, = I}_:l 0%(2)),

then @(V') is obtained by interpolating a(V') at the points {T;(%2Z)): 1= 1,*+-,m,}
or {T/(Z)): 1=1,-++,m,} fork; = 1 or 2, respectively. Assume that 4 is given by
(3.1) with (', )y, defined as in Example 2 using (4.26). Use the second construction of
@ from & in Section 3. lLe., a(V) is either &(V) on o; or is a*(V') on o;, where a* is
defined by (3.41), the choice being based on the truth or falsity of inequality (3.42).

Note that, in order to use the schemes (2.3) and (2.4), it is necessary to be able
to compute integrals of the form (E’(U)Vi, V;), where V; and V; are basis functions for
M. In the interior of the region, this can be done exactly (up to rounding error). How-
ever, at the boundary, it will be necessary to build accurate approximations of integrals
of the form (’I7,V,., VV,) where the V,’s are basis functions for N. These are computed
once a problem rather than once a time step. Thus, construction of these approximations
is not extremely time consuming, even for very accurate approximations. We shall not
consider here the effect of the errors made in constructing these integrals.

From Theorem 2.2 and Lemma 3.4, we obtain the following theorem.

THEOREM 4.3. Assume that m = 3 and that

flull o + lla()ll + llea,

L™H™) LM

is finite. Let Uy(x) = W(x, 0) and let U be defined by (2.3). Then there is a constant
C, independent of h, such that

427 llu = Ul <Cch™,

L=
A computation that parallels that of (4.17), (4.18) and (4.19) shows that, for &
sufficiently small,

(4.28) a(U) = A(U).

The analogous discrete-time result follows from Theorem 2.4.
THEOREM 4.4. Suppose that m = 3 and that

+ +
llaC)ll L lluall lle

S(H™) L=(H™) 2gm-1

+ el + lloay + lleag 4 1l

L2HY L2H"Y

L®(L%)
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is finite. Take Uy(x) = W(x, 0) and let {U,,}M be defined by (2.4) with At, = TIM

n=1
= At. Then there is a constant C, independent of h and At, such that

U = ull , < C(H™ + (A)?).

LEL?
In this case, if we take h and At to zero such that h™'(At)? goes to zero, then

(4.28) holds for h and At sufficiently small. In particular, this is true if we use the
natural choice (Af)*> ~ h™.
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