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Tabulation of Constants for

Full Grade IMN Approximatifs

By V. Zakian and M. J. Edwards

Abstract.   For /: [ 0, °°) —► R the lj^N approximant of /(f) is

'AflvO-- f) = Jo A*f>2>f      <**-
1=1

where a¡, K¡ are defined constants.   Under appropriate conditions on /, I*jn approxi-

mants of full grade are capable of giving good approximation both for small and large

t.   These and other properties of full grade Jjyjy- approximants make them particularly

useful in a wide range of practical applications.   The constants a¡, K¡ of full grade Ij^jpj

approximants are generated by partial fraction decompositions of certain Padé approxi-

mants to e    .   The purpose of this paper is firstly to tabulate the constants a¡, K¡ for

all full grade I^j^f approximants for 1 < N < 10; secondly, to give accurate estimates

of their precision; and thirdly, to describe the methods of tabulation and estimation in

sufficient detail to allow the results of this paper to be extended readily.

1.   Introduction and Review.   Let F denote the linear space of functions /:

[0, °°) —► R such that fis continuous on [0,°°) and such that, for some real o, /(X)

= 0(eaX), X —► °°.   Let IMN(f, t) denote the improper integral

(1.1) IMN(f. t) = ¡~fixt)Z ^ dx,       tGT,
i=i

where T is the set of all t G [0,°°) such that the improper integral converges to a

finite limit. IMNif, t) is said to be the IMN approximant of/evaluated at t.

Let IMNf denote the function t r—>• IMN(f, t) which maps T into R and let IMN

denote the operator / I—► IMNf which maps F into some set of functions.   Ideally, it

is required that IMN be equal to the identity operator /: F —► F in which case

IMN(f, t) = f(t) for all f G F and all t > 0.  Since this is not possible, it is instead

required to choose the constants a¡, K¡ so that IMN is, in some sense, the best approx-

imant to /.   Several criteria of best approximation have been defined [14], [19] and

to each criterion there corresponds one set of constants a¡, K¡.   One particular cri-

terion defines the class of full grade IMN approximants [18], [19] which have remark-

able properties in certain applications.

Let

(1.2) uMN = min {Re(a,.)}.
i

For the purpose of this paper it is convenient to define [19], [22] the class
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of full grade approximants as all those IMN such that the constants a,-, K¡ satisfy the

relations

"     K¡        ¿mn(z)

(L3) kz + ai ~bmn(z)'

(1 4)     B     (z\ - V (M + N-k)\      M      zk       A     (z)=B     (__,
u A) Bmn{z) - ¿o (M+m\  on® k\ '    mn{)   nm( >

and âMN > 0.

The existence of numbers a¡, K¡ that satisfy (1.3) has been established [19].

Notice that the rational function AMNiz)/BMNiz) is the (A//A7) Padé approximant of

e~z.  Clearly, given that the a¡, K¡ satisfy (1.3), the IMN approximant has full grade

if, and only if, aMN > 0.  This condition is known to hold for all (M, TV) such that

N- 4 < M <N - 1 [8].   For other values of (VW, N) it is easy to test whether aMN >

0.  A table of such results is given in [19] for all (M, TV) such that 0 < M < N < 20;

moreover, for all (Af, A7) such that 0 < M < N < 10, â»^ > 0 if, and only if, the

corresponding entry in Tables 1-3 of this paper lies above the "staircase".

An extensive study of the properties of IMN approximants in general, and of

full grade approximants in particular, has been made [18], [19].  The main results

relating to full grade approximants are summarized in the following theorem; it should

be noted that many of these results hold only if â^^ > 0.

Let Tn = it: aMN > ont, t > 0} where on = inf{a: f<k\\) = OieoX), X ̂  -,

k = 0, 1, . . . ,/!}.

Theorem 1.1   [ 18], [ 19]. (a) LetfGF.   Then IMNif, t) exists for all t G T0.

In particular, iff is such that /(X) = 0(eaX), X —»• °°, for all a > 0, then IMNif, t)

exists for all t > 0.

(b) Let fGF.   Then IMNf is analytic in T0 - {0}.

(c) Let f G F be bounded on [0, °°). Then IMNf is bounded and continuous on

[0, °°). This means that the operator IMN maps the space of bounded and continuous

functions into itself.

(d) Let f be a polynomial of degree not greater than M + N.   Then

'MN(f>t)=f(t)   forallt>0.

(e) Let fGF and oQ < 0.   Then

1mn(í< t) = oir(N~M)),    t — «

(1.5)
m - iMN(f, t) = oir(N~M)),   t — «

(f) Let fGF.  Assume f is bounded on [0, °°) and Mm^^fit) exists.   Then

MmIMN(f, 0 = lim/(f).

(g) LetfGF.   Then

lim IMN(f, t) = IMN(f, 0) = f(0).
f-M>+
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(h) LetfG F.   Assume that there is a r > 0 such that f<M+N) ¡s continuous on

[0, t] , f<M+N+lï exists everywhere in (0, t) and is bounded on (0, t).   Then

(1 -6) /(*) - IMN(f, t) = 0(tM+N+x),      t -* 0+.

(i) Let f<k) G F for k = 0, 1, . . . , M + N, and let f<M+N+xHe continuous

on [0,°°). Let t G TM+N.   Then

M + N tk

IMN(f't)=       Z        -jrj^^+^^tl
fc=o  "■■

r°° n K-tM+N+x -ax

W) = J0 ̂ ^(^z—^re ^dx.

(j)  Letfik)GF,k = 0,\,...,M + N+\.  Then

RMNit) = OitM+N+x),     f —0+.

These properties are important in the approximation of a function on the entire

half-line [0, °°).  In particular, (1.5) ensures good accuracy for large t while (1.6) en-

sures good accuracy for small t.  By changing M, a tradeoff is effected between accu-

racy at large t and accuracy at small t.

Let L(f, s) denote the Laplace transform of/evaluated at s, that is

L(f,s)=i~fi\)e-sXd\.

From (1.1) it follows readily that

( 1 -7) IMNif, t) = t~x£KtL(f, ajt),     tGT-{0}.
i=i

Equation (1.7) provides a useful quadrature formula for the numerical inversion

of Laplace transforms.

A brief review of applications of full grade IMN approximants communicated up

to the year 1973 is included in [19].   It is sufficient to mention here that the approx-

imants give rise to efficient recursive techniques for the solution of initial value prob-

lems in first-order linear constant ordinary differential equations [15], [16], [19] and

the numerical inversion of rational Laplace transforms [17].  More recently, the re-

cursions have been extended to cover first-order linear differential-algebraic systems

[20] and high-order linear differential and differential-algebraic systems [23].  With

the recursive methods, small values of N may be used; in practice, the values N = 4

and N = 6 are found to give sufficient accuracy.  This is significant because, with

single-precision arithmetic (10 figures), values of A7 not greater than 10 generally must

be used in order to avoid excessive roundoff errors due to cancellation.   For an impor-

tant class of problems, including, for example, diffusion problems, the function /is

sufficiently smooth on [0, °°) for the formula (1.7) to be applied in a global fashion to

invert the Laplace transform Lif, s) at a number of values of t [19].   It is found in

this case that sufficient accuracy is attained with N = 10.   Further practical applications
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of both recursive and global techniques have been reported recently [1], [2], [13].

The inversion formula (1.7) has also been obtained as an approximation to the

Bromwich integral

where C is any line Re(a) = oQt + e, e > 0.  Two approaches have been used:

(i)  Gaussian quadrature [9], [10], [12], [4], [5], [6].  The formula (1.7)

is a Gaussian quadrature of the Bromwich integral for all (M, N) such that M = N - 1.

The a¡ are obtained as the reciprocal of the zeros of orthogonal Bessel polynomials,

while the K¡ can be expressed in terms of the Christoffel numbers.   It has been shown

[19] that the inversion formula so obtained corresponds to the full grade IN_X N

approximant.

(ii) Approximation of the term ea in the Bromwich integral by its Padé approx-

imant expressed in partial fractions [11].   The connection with IMN approximants is

easy to show.

These alternative approaches have yet to reveal properties of IMN approximants

such as those listed in Theorem 1.1.

Previous tabulations of the constants a¡, K¡ include the following: Salzer gives

the a¡ and K¡ for M = N - 1, N = 1(1)8 to between 4 and 8 significant figures [9]

and for M = N- l,N = 1(1)16 to between 12 and 15 significant figures [10].

Stroud and Secrest [12] give the a,- and K¡la¡ for M = N - 1, N = 2(1)24 to 30 sig-

nificant figures (computations performed using 39-decimal arithmetic).  Krylov and

Skoblya [4] give the a,- and KJai for M = N - 1, N = 1(1)15 to 20 significant fig-

ures (computations performed in triple-precision arithmetic on a MINSK2 computer).

Rodrigues [7] gives the a¡ and K¡ to between 6 and 10 significant figures for (M, N)

= (5, 10) and (3, 10).  Notice that for (A/, N) = (3, 10) the IMN approximant does

not have full grade since âMN < 0.

The purpose of this paper is threefold.

(i)  To tabulate the constants a¡, K¡ for all full grade IMN approximants such

that N = 1(1)10.

(ii)  To give accurate estimates of their precision.   These estimates are based on

tests applied separately to each constant, in contrast with methods used by other

authors involving the evaluation of a function, whose value is known, of all the con-

stants in each set.

(iii)  To describe the methods of tabulation and estimation in sufficient detail

to allow the results of this paper to be extended readily.

A more detailed account of the methods of computation and estimation, to-

gether with the results of a comparison of several methods of computation, are given

in [21].

2.  Method of Computation.   The constants tabulated were computed on a

DEC PDP-10 computer using 15-decimal floating arithmetic.

Let
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M N

¿mn(z)= Zakzk.   Bmn(z)= ZVk
fc=0 k=0

The coefficients ak, bk are determined readily from the recurrence relations

ak+i _ -jM-k)

ak       iM + N-k)ik + l)

bk+i = N-k

bk      iM + N-k)ik+ 1)

k = 0, 1, . . . , M - 1,

k = 0,l,. . . ,N-l,

with a0 = bQ = 1.

Clearly, the ~a¡ are the zeros of the polynomial BMNiz).  These are determined

using successive quadratic factorization performed by Bairstow iteration.  The round-

off error generated by this process may be reduced by a transformation of the form

z = cs, where c is a positive constant.   Numerical tests show that the best accuracy is

obtained when c is chosen so as to minimize the coefficient spread of the transformed

polynomial, that is c = bj/lN.

The Kj are given by

(2 1) K. =        'W-«/)

1       bNn?=l;j±i(aj-aiy

Alternative expressions for K¡ follow readily from (2.1) and the relations

* m eiyv+ii%i*A,«?'+iv
bN      11      (aj-ai)=BMN(-ai)      and     AMn(-°íi)=-77¡-   •

/=»:/*' B^Ni-at)  .

where the superscript O denotes the first derivative.

Of four formulae thus obtained, (2.1) is found generally to give rise to the

least error in K¡ due both to errors in the a¡ and to roundoff in the evaluation of

the formula (see [21]).

3.  Assessment of Accuracy.  The number of significant figures of agreement

between two floating point numbers a, b is defined as follows:

Let

10p_1 < |a|< 10P,       10e?-1 < \b\< 10q,       |a | < \b\.

Then a and b are said to agree to k significant figures if, and only if, .5 x

lOQ-k-i <|i-a|<.5 x 109_fc.

3.1. Accuracy of the a¡.  Let a,- + oa¡, i = 1, 2, . . . , N, denote the computed

values of the a¡.  Then there exists a polynomial £^=0(¿>ft + ek)zk such that

e£L0(- \)kibk + ek)ia¡ + Sa,-)* = 0, / = 1, 2, . . . , N.   The coefficients bk + ek

are readily computed from the a¡ + ba¡; 8a¡ is given by

« ^=0efc(-a,)*
(3-D 8ai=—-7-+E,       i=\,2,...,N,

zZ"kbki-ctf-x
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Table 1

Accuracy of a¡:   min^n,} where n¡ is an estimate of the number of

significant figures of agreement between computed and exact values of |a.-|.

15

15    15

15    15    15

14    15    15    15

15    15    14    14

15    14    14    14    14

14    14    12    14    13

14    13    13    13    13

13    13    13    12    13    13

12    12    12    13    12    12

where E denotes an expression in the second and higher powers of ek, 8a¡ which may

be neglected when the ek are sufficiently small.  Using computed values of the a¡, an

estimate of 8a¡, and therefore an estimate of number n¡ of significant figures of agree-

ment between the exact and computed values of \a¡\, is obtained by means of (3.1).

The least value of n¡, for each (Af, A7) such that 0 < M < N < 10, is shown in Table 1.

3.2. Accuracy of the K¡.  The error in the computed value of K¡ arises from two

sources:

(i) Inherited error 8K¡ caused by errors Sq. in the computed values of the a-.

From (2.1), the inherited error 8K¡ is given by

f-£M    (- t\ku.   „.k

8K¡
k=x(-\ykaka« Sa, _      n

n ¿—i

Sa- - ÔCr.,-1

sf=0(-i)V*f /=!;/#»   a/
+ E,       i = 1,2, . . . ,N,

where E denotes an expression in the second and higher powers of the Sa- which is

neglected when the ôa;. are sufficiently small. An estimate of 8K¡ is obtained using

computed values of the a¡ and 8a¡.

(ii)  Roundoff error R¡ generated in the evaluation of K¡ + 8K¡from the com-

puted values of the a;-.   Using the method of forward error analysis (see, for example,

[3, pp. 15—25]), and regarding each complex operation as a pair of real operations,

an upper bound R¡ on \R¡\ may be estimated.

An estimated upper bound on the total error in K¡ is then given by R¡ + |5£(-|.

Using this quantity, an estimate may be made of a lower bound n¡ on the number of

significant figures of agreement between the exact and computed values of \K¡\. The

least value of n, for each (Af, A7) such that 0<A/<Ar<10is shown in Table 2.
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Table 2

Accuracy of K¡:   min,{n,}, where n, is an estimated lower bound on the number

of significant figures of agreement between computed and exact values of \KA.

15

14    14

13    13    13

13    13    13    13

13    13    12    13

12    13    12    12    12

12    13    11    12    12

12    12    12    12    12

12    12    12    12    11    11

11    12    11    11    11    11

Table 3

Error in cQ:   max^Gfi(A - /Jq), where «0 is the number of significant figures

of agreement between c„ and c„(A) and ii = {7, 8, 10, 12, 14, is}.

1    0

10

12    3    4    5    6

1    1

Oil

1112

2    2    3    3

2    12    2    3

2    3    3    4    4

8    9

2    3    3    3    4

3    4    4    4    5    5

3    4    4    4    4    5

3.3.  Estimate of Error in Computing IMN(f, t).  It is known [19] that an esti-

mate of the error generated by the quadrature inversion formula (1.7) is given by

computing the number c0, where cQ = 2^.,^,/a, and has the value 1 for all (Af, A7)

such that 0 < M < N.   If c0(A) denotes the value of cQ computed with A-decimal

floating arithmetic, then an estimate of the error is given by 1 - c0(A).   Let nQ de-

note the number of significant figures of agreement between 1 and cQ(A).



526 V. ZAKIAN AND M. J. EDWARDS

c

ss ®S♦ ♦ ♦ ♦
Oo oo

ici ;

«• OJ*
«® ®*
UJ » «•
00 « 0)05
~® -•
at« r-®
in® -#
-® «•

S
S
5

I

(0    ~
< «g,

r—   »^

— i

¡X

— t
« i
z l
a. i
_i t
« i
— i

%
®

O

S
£   t.!   S

®««
9

a

«

s

Í   ?

s
r*

O)
c»
o
0>

o

¡s

,„    »,—    „ru

♦ *
oo
r-w
tu oo
oui
ru»
ru oo

oo    oo

aco
mr-
nuj
ci a)
• —
ut«
OO
oc»
mr-
® «
r-«

vis
•eut

-t«
r- —   ruut

r-r-
00 —
«03
OO
▼ «
r-r-
00 Ol
■»ru
10 00
r- —

-®

♦ ♦
oo
ru«

• ®
m«
i/i ®
«•
«•
o®
«•
et»
m®
m «
r^®
®®

a        —        — c

r- «
00 o
«s
m«

oo
«ru
C/l LA
Ut Ut

oo
ruai
t «
00 00
««
nn
mm
— h

UtUI

»s

♦ ♦
OO
»r»
-.ru
«s
»0t
09»
OtO>
r-r^
mut
• o
ut ut
ruAj
▼ «
niru

®®

♦ ♦
OQ
• 00
oo r-
««
otot
®®
ruai
ruai

i

(uni

♦ ♦

• ot
Ut«

M^
OtOt
Ut Ut
OtOt
otot
otot
mm
ut ut
— —
»O
mm
m —

— • —
• ••
♦ ♦ ♦
ooo
— oru
ooo®
▼ mut
«ru®
ujon
teotr^
oo r- ut
ututos
' ujm

ai — ra    tu —tu

♦ ♦ ♦
ooo
oo« m
a>® ».
▼ mr-
r- — •
— ru ut
otot co
rot m
ut« «
on«

>uj«    — « —
»mot

out ru
our- oo
utmot
®«en
Ut (OU

• 99

— utr-
et rum
▼ r 80
00S9
r mat
—mai

♦ ♦ ♦
ooo
— m —
• utr~
® ——
»ot®
o « r^
« uteo
«mot
«utoo
mot«
▼ «UJ
uj U) m
r^o —
« uj «
« ru«
«MO»
UlOtOt

». « -H « « — — —        ^H HH ». ». « ». ».  «

♦   ♦ ♦   ♦

OO oo
«Ç -O
00« — «
00 « » «
«® r-»
ru« « «
o® ru«
«• ot®
ut« oto
r- « —«

«<5
m «

««
ut«
®«
m«

• 9      S«

♦ +
OO
u>r-
«m
u>«
coa)
», uj
rum
— ▼
ut«
r- ot
mut
« r-
r^ r-
ot «
oo«
août
oo ru

cor
ruu>
otm
ruot
UJ«
mai
ai ut
muj
rur-
ujm
», ▼
».m

««
♦ ♦
oo
ujru
«m
oo ot
OJUJ
f®
IU ut
«ut
tu«
u>«
UJ —
r- ot

♦ ♦
oo
ut ai
««
ruuj
ut ut
atr-
oo ru
u>m
— m
▼ «
ujr-
r- oo
«®
t^m
UJN
mr-
— «

ooo
otut«
— UJ«
ot-.«
r-o®
ano.»
00 UJ«
-r-«
oto«
ut—«
orno
tu«®
tu — ®
— ®«
OOiJJO
-ru®
AITO

ru «•>
— m®
— ru®
«-®
00«®
• »«
m.^n®
u*l-®
août®
r ru®
ooo®
— es®
r m®
ir, ».®
rum®

<S«9
mut®
--®
ruuj®
«r- ®
ut ai®
«ot®
ut.-u«
r- ru®
o««
« T «
®00®
atoa®
ru ut «

I

mnjm
• 9®
♦ ♦ ♦
ooo
m«ao
ujot «
«ut ai
Ut 00»
r-utut
o«u>
utuj «
UJCOOt
« —co
«® ru
oaoom
OUJ«
orum
ocom
«utr-
— — ru

— — ®
®« »
♦ ♦ ♦
OOO
r- — ©
ut oo S
ut««
•3®«
«UJ«
mm«
• o®
®»s
UJoo®
utuj«
ujm«
run- o
®m®
— « ®
ojin «
ntoo

l       I

—-O
• 9®
♦ ♦ ♦
OOO
r-oo
-rum
r «oo
uj —ru
ujmui
oom m
o —ut
ujmoo
— om
®r ru
utotnj
UJ COU)
utior^
muto»
oo —r^
mmuj

•®»     «9®     ®9®

♦ ♦ ♦
OOO
oootuj
ujmot
— «r
m® ci
«m —
m«co

r —m
OlOtOI
m«uj
r^ utoo
— ut ut
cur uj
« « «
— <s> «
m »iui

9®      99      ®«      99«      ®9« 99«      99®      99®

I
O
-o

<->    s

f2

<X I
X t
(L   l

9
9
9
9

9
9
9
9

9

OO
r>(\]
oro
mm

U>9
OktD

**      w*      m

oo
in-*
wr-
r- ▼
900
njLD
If) CÄ
9CO
Cñ --•
unco
-«<-0

9 00
r-U.
03 OJ
I0U)
--.OJ

OO
rii/t
ut ai
f^ ^~

U)t>
nru
r*-uï
00 OJ
ai *■
oo r»
900

r-ai

UOfU

noo
ruu3

▼ !/»
▼ in
OkU.
OJ9

--•OJ

99
♦ ♦
OO
«-•9
99

un*

+ IA

ng
*lft

tu --•

99
♦ ♦
OO

9Cft
-^09

0.9
0»9
-<a
sot
0-9
f^ ru
f^cu
nai

99

OO
00 U)
ton

9Cft
«-»00

0.9
-•00

oo-*
r- ni

999
♦ ♦ ♦
ooo
©run
UJLDO
aii^ n
oo«. un
c»*r o

i/»u»-«
oonto
r>nr-
9nioj
u»n -«

»njf^
r- nn
(_0.H_.rj

»OO       999

OOO
u»r>r>
ojf^ «^
P- C-HJ3
ru irnj
•or-i^o
rut» n
OJT(é0
▼ 99

ooo
«no
«-•va»
OI03 T

nie c.
0O9-«
UJCOO

nj «« m    9 la oo

9co;u

wsorj UJ 'JJ 'J
* OJlO

ooo
-'LOO

oo r- ci
r-iAOj
-*n«
r- »fu

eo u>-«
amjuo
ojnr-

••oj    ht t
LA o*o

9LA'0
P- Uî P J

• 90

999
♦  ♦   *

•-• OJO-
LA a» (A
r- cola

QIC» 30
nt®
(DCA »«
9 -. -«•

9039
n«^
O» » 00
LA OJO)
■* -r --«
njn--.

999



FULL GRADE IMN APPROXIMANTS 527

• ♦ ♦
aaa
• 00 *
M — n
'■£ co ao
n9r-

»:1s
— nuj
— p-¿3
ion —
• loot
OJ «00

999
♦ ♦ ♦
OOO
cor- 9
VÖOvA
mn 9
ao nj uj
▼ 00 UJ
nru9
999
iflnn
n r- io
logo r-
iA — m
m ---ru
m—OJ
LA VO CA
o» 11
(OLA —

nru —
• 99
♦ ♦  ♦
ooo
U3XS

s.:
nj-f*

iAn*
vAoon
niAco
-•r-
▼ 009

•»rinj
OJ t 9
O» «-9
t 03 'U
©riii)
— tiA

999
♦  ♦ ♦
oo q
— — IA
LA CHOI
CAU3 —
r-1 r-
— P-U3
«-<r iA

— f CO
inr-m
lALAOJ
Vfl AJO
CAlAvO
r. 9iA
SUl'J
mr la
mn t

mmnj
• 99

aao

Loajr-
*A00 t
— vA9
cucn -
flflT
9CACA
n©9
Ojmr-
n iA 00
picor-

t lA —
ru — n

aao
r- —oo
r- n t
— vA©
009*
m unjj
VO t (A
00© —
t vTiaj
loiA vo
mm©
runm
CA OkA
r- — -t
r- LA9
— 9 t
ca m —

ojru —
999
♦ ♦ ♦
ooo
ajojo*
C*n t
m —r-
tovA ru
— ru —
r-oioi
t mp-
-99
10© —
r- -no
CAOJVÛ
vo — r>
LA t LA
— co —
r- r- n
nrutA

Oj —— ©
99 99
♦  ♦ * ♦
oooo

CAv¿n«
OOTDv
fUCA vo©
UJ-nj©
t — LA©
VO- 99
»nt©
oovon©
tA u*> m 9
lAVO 9 9
iA9 r- ©
mruon©
IA9 cy '£>
Lfi6J®-5
— CA —©

Ïru-9
999

* ♦ ♦ ♦
ooao
raiflj 9
99 UO 9
* LAP- 9
t vAlA©
CAvA —9
t C* UJ©
run t 9
9 t P- 9
* t ns
OJIA —9
©AJLA 9
CI CP U) ÖS
mp- 9 9
oo oj vC 9
n ▼ cc c>
ru — — 9

• 999
♦ ♦  ♦ ♦
ooao

SSmf
— vA<\J9
o.p-a.9
m© — m
r>-99
— U300
lAUîn©
OOtAO©
9— Í79
m m in 9
fv y. » 9
rur- r«
rur- 99
9ruru9
OJ--©

aaao
0»©O©
• if p- 9
CAvOOJ ©
— ▼99
UJ 9 m 9
nrjp- 9
va vo m ©
P* AJ ▼ 9
nvûP- 9
Ojr- —9
»or- oj 9
9 900 9
oo® n©
▼ CAvA©
00 — 009

t mry©
9999
♦ ♦   ♦   -*■
oooo
t —V)©
0»90J9
r-ru-©
CD i£OI «
r- 9 U3 9
▼ CAn©
P- CA0J©
-• iO © 9
UP n© 9
▼ -OJ9
mcooi©
nuj --. 9
• Tt«
tint«
9 O co 9
— LAVO©

ojnoj©
• 999
♦ ♦  ♦  ♦
ooao
UJ 00 LO  ▼
f\J 9 U)nj
▼ f\HA9
oj —n«j
m u3 —oi
•jop-oila
P-OI —▼
— CUCA —
ojujrnoi
OJ— IACTI
-fit — 9
t LA —P-
PT19 T
tCJITflJ
9P- mn
co —— t

pifinj*-»
9C"S>9
♦ ♦ ♦ ♦
oooo
00U?lAOI

• OCOLA
ÍUP- —CO
fUtWt
Or t OJU9
▼ C*I_P u>
OJ9 01LA
0>LA sAOt
00 IA CO t
▼ 05 P- 9
WJ9-0
oo at — m
rur- n —
r* t •-
OJLAU». t

•99  999  9999  9999  9999  9999  9999  9999  9999

OOO
(£009
eont
▼ OJLA
lAUJP-
p- ri9
LACftUJ
oo cor.
00 — 9
p- — m
»tn
t 9LA
t U3lA
LA9 —
LAUÍLA
oo run
— ru t

oj —— OJ
9999
♦ ♦  I  ♦
oooo
P- -** Ol
O.U3U)OJ
t 009 ▼
▼ ujvflri
(-OLA900
oornoi —
p- 90jn
t UStAQO
rump- —
▼ 00 CAP-
CO— ruuj
T 90J9
PICO — —
f —inr-
9 — C-1'T»
ntûn r

i

riru —r»
9999
♦ ♦ ♦ ♦
oooo
mojruco
iA — a- ru
lAooojr.
miACA o»
P-IAU3 t
rnootjru
W5U5 r*i la
9U3 CA U5
9ruru —
— OJ9 ▼
▼ 9r*-Oj
iAm«-iP-
— 9lA —
oj9n —
9CA t LA
— OJOJ —

I

r»nj —m
9999
♦ ♦ ♦ ♦
ooaa
nojp- p.
— trip-
lAojp- <r
-ntn
lArtiACO
9 -r orj
lAoirjp-
t —UMA
(M —IA —
IOUÏTP-
lítCJlf
OJPJ ——
njp-n t
t LALAU5
— t LA LA
men co ▼

oooo
t — p- us
0» CAil 00
CAOinjo.
00OJU3OJ
r- r> co co
t U30 9
4AU3 VO t
LA CO —LA
900 1ALO
90 — 9
OJU3P- t
vm* m
U3f^ Ljjm
P* LAP- IA
9 t LAPl
CAOJ-—

t m —t
9999
♦ ♦ ♦ ♦
OOOO
IA CO 00 V
9lAOjri
OJ t CAlA
▼ U3O0 00
LA -«9 CO
T np- LA
t P- —OJ
ojnp-p-
t ru VA-
CA U3LAIA
«3 CACO 00
U3 0JP- CA
9 0J.TJ —
OÄIA UTUJ
▼ — OCA
ojia run

t

ruojoj —
• 999
♦ ♦  ♦ ♦
OOOO
U) LACA CO
p-rut ru
00 — IA 9
P*OJP-CO
9 0JP- —
— UJOJCA
p- tArnr-
»tSH
CAUSO LA
noojiA
CAP- U3 0J
o*r^ ça t
OOP- U3P-
— CO CO LA
0>rup- IA
t m — —

I

ojruoj —
9999
♦ ♦ * ♦
oooo
LA CO ▼ «
11 n t
99U9U3
U39CA W9
IAP- lAPl
t rucop-
m co caoi
LOLAUS *
rucot p-
mm 19
— OJU31A
«j-r —r-
oonincA
oit nri
tnna)
m*oj-t

999  999  999  999  9999  9999  9999  9999  9999  9999  9999

t3

3
,K

o
t.

999  999

•-. I

« l

I I
a i
_í i

OOO
9039
P- 00 t
U»LAO
U3U3 t
m coru
niA —
t ojru
ruta
coc» 9
ifttn
U3CA t
np- ▼
CAp-n
n — ru
<x>ru9
pi — u>

OOO
p>uj t
9^0 —
P-CALA
p- m t
oonjnj
U3 OD-
IA «5 P-
LAP- LA
0-— U3
00 LA CO
ruoom
9CA9
o>np-
U)9 CO
n — co
— t u>

99»
♦ ♦■ ♦
OOQ
O —IA
ncoui
ruoi n
U3LAP-
CA 00 iA
ru t p-
n9CA
• nj-
cou: 9
9 9 —
P. — CA
o»nr-
OICA —
— CAÍA
LA t U3
t —r-

999
+ + ♦

OOQ
p-niA
P- CA9
nroru
co —ru
p-ojr-
p-1 oo
OOP- t
cot —
n —t
OJ —9

— 91A
OJ9 t
uoenn

«-.«9
9 9 99
♦ *■ + +
OOOO
OJOJC39
O» t LA9
OJCA — 9
-Aru:»3 5>
LAU)   > O
rup- la o
IA t OJ T>
njlAU->9
CACAP- 9
t P-P- 9
ij) P- U39
p-noo9
t (DP- 9
oj .-«r.9
niûcoQ
ru t uj9

oooo
U^P- Lfl &
uan t o
or- -o
LAP- O «
P- P- CA ->
rU90i9
U> t ru9
COiA — 9
UtCOP- ©
Om £9
— t t 9
— LAC7* ■»
corn i.j 3
O» 0» 9 ->
IA —03 9
fUiAf^ 9

♦  ♦   ♦  +
ooao

OIOJ OO
CA— P- 9
90 T G>
rnritj»
p- 9 .»*• y
CO P- 'O u
CA t r)9
P1U3 O O
runp- o
t 00 99
t 9 CAO
▼ —UJ9
COP- U39
ruiAC09

9 999
♦ ♦ + ♦
OOOO
irían«
00 t LA O
009CA9
rUCA t 9
—-P-9
CACA 009
»-— 9
— — 9 9
co m — o
PIOJ — 9
— r-— o
(A9P- 9
9 t CAO
P-00 t 9
9 — t 9
PllÛCAO

9999
♦ ♦ ♦ ♦
OOOO
moi t 9
P1P199
œ ri LA 9
t CALft 9
njpir- o
r»uir»9
t ru coo
ojoj ru©
«ein®
PILA CAO
— t U39
©-S» CAO
— nu. o
oo ru —©
OJ<Ji 99
nuo — ©

© 9 & 9
♦ ♦ + ♦
OOOO
t ©oj*-
lAOJ^9
— U3LAOJ
P LA9U3
CAU iQ 9
CA ▼ LflCA
IA -■• — 9
©or- ©
p- U3 LA-
CA ça r- ru
OOP- la t
r- oofur-
— IA njU)
PI t 9 U>
r- ojoj io
PI —U3 W

999  99©  ©99  9999  9999  ©999  ©999  ©99©  ©©9<S<

© 1> 9 9
♦ ♦ + ♦
OOOO
m t ru>
u,-*>run
©t —eo
t —ror-
9CAIACO
u>ior- p-
o»p-nn
n© —co
m©ujo
IAP- LOLA
LAco zam
t ru —c»
P-CO — t
P- IA — —
©nrou>
t — UJCA

© (V 99

99 9
♦ ♦   ♦
oao
■or- r-
• nui

p- otn
U3 LA r-
**i run
CACA —
• nifi
n •ta

999
♦   ♦   ♦
ooo
c*iAr-
— t n
oo ▼ r-
t —n
ru la ru
von ©
moo«
ÍULA —
— 099
p- ça n
p- con
~-r\ *
«-•r- —
P- U3U3
t  t ©

©99
♦ ♦ +

OOO
»no»
— UJ —
9 —00
UVt 9
r-»© oj
tACALA
t —n
VOC»T
t t ©
CA ■» U3
va n©
ojLonj
CAIUOO
U3CO t

r 9
» » —     LAtru     «.von

©9©
♦ ♦ +
OOO
LAuir-
trun
U3 VA 30
CA — 00
9900
oo r-1
COU) -r
ojnn
lACAiA
p-1 p-
pi —•»
U31ACO
9900
CAt^ n
t ▼©
P- U3 t

©9 99
♦ ♦  ♦   f
ooaa
oo n --oo
oj — -• —
C7I9 9 —
niAo t
— — IA©
CA CA 'A OJ
US t 903
lACOtAr-
p- r- —ru
ior- nru
r- 9o*r-
iA t r- co
CAvoor-
U3 t LAr-
t — t co
t n <r t

© 9 9 9
♦ ♦ ♦ ♦
OOt-i O
OJ LA -_> CA
vo t nnj
CA —lAr-
©r la ru
rut^ ©CA
VJD OJ U3 CA
co 9 ru VA
ru ru r- va
— CA —IA
ru la on
la run co
▼ u3 n —
vo ta."
00 t  — 9

©999
♦ + ♦ ♦
OOOO
t 00 VA t
n© t n
LA'-». CO©
— 9 n 09
isncAoj
LA903 9
mr- r- o*
— — rur-
© — co©
Oion t
CAf- OOO»
U> —igco
p- n 9 U3
CA t 9 —
t -■« t O»
U3VAOJU3

©999
♦ ♦ ♦ ♦

OOOO
CAni-u©
n A U3 VA
▼ t-y.ru
— — P-0»
LAOI VOP-
— u)r- p-
nnj©U)
neu t ©
CO T CAM)
©—P-0»
va© — n
p- © —aj
iA ru COCO
© ▼ coai
iA— ne»
p- ujnr-

©999
♦ ♦ ♦ ♦
oooo
conn va
LA ▼ OJ T
U)P- p- u>
rur VOLA
©0099
— —IA t
LACA— 09
OJ — COCO
oo ojia r-
t uinoj
n iAO»n
00 © U» 00
— — 00 vo
— ▼ r n
la — niA
OOP- T 00

©©9 <>
♦ ♦ ♦ ♦
OOOO
U9 0J — t
Otnior
TPniy
©— c» t
(O 9 ri 09
©00 — o»
— p- mot
© t CAP-
m© ■«■ m
• r- © —
ru ru io ru
ojoo©n
©9-«- ai
ao ojia t
m--*r~ t
lovonr

©©9 5?
♦   ♦   +   ♦
non..
ça n -• oj
OJCA uin
IAU3 t m
— —nn
©r U3VO
©LA VA oo
©LA t CA
iA9n©
oj (j -^» n
ooru --î©
oo©r n
«r inr-
r> co co ru

0 O  t OJ

9©©  999  ©©©©  ©9©9  ©999  ©O©©  ©99©  ©99©  ©©9©

— nu»     nni/i     -«piia     —nui     — niAP-     —niAP- —*mu>r~



V. ZAKIAN AND M. J. EDWARDS

mt nry
• •••
• ♦ ♦ *
aaaa
p-nruiA
lA—CA t
■JJ 9 9UJ

ruvnp- ▼
naco, t
CAU3 j-ivO
•Ot-O

— njo>iA
— 9CA0J
va m — oj
vovor-9
ODP-P-P*
• runuB
ru<ooo —

o a a a
© 9no»
00 0JP- J»
U3— CAOO
C09CAIO
LrtAt".
— OOP- OJ
u3 ça nio
▼ «r uJ
i/»n —ob
• r vo —
t O* t 09
CACACArU
n t iala
uinooCA
■yrrut
ru 11 —

aaao

ninñ"
— t 99
jinnr-
• t COP-
OOP-ON—

t • — ru
VA UJ © Ifl
-• -VO
ncA n to
• t t r
CAiAfU t
iO n © LA
la —r-ftj

njruoj9©
• 9999
♦ ♦ ♦ ♦ ♦
oooao
r- — t ▼ 9
vO m vO 9 9

-,_nr 9
CA vo n ■

r CO < ru i

t ▼ OOkA ©
r- oot vo©
VOP- lA99
p- vonn©
(Oruvon ©
09 t t LA©
co u3 — r- 9

♦ ♦ ♦ ♦ ♦
oooao
t VO 9 t 9

• vO t P- 9
00 t OJOJ©
i/im t m©
• moj co ©
— lau. —9

9 99« 9
♦ ♦ ♦ ♦ ♦
OOOOO
U3iA «99
nvo 9 cd©
vo —«oo©
m oo oc vO©
— ruruuj»©
n t p- o»©
• t CAlA©
n lAnoo©
U3 —runj©
o»m t n©
oo çaojn©
oj t m «r ©
OCA — CA©
(O 00 — VO©
r-rucA©9
— — ru —©

mmnoj©
99999
♦ ♦ ♦ ♦ ♦
ooooo
— UJ t 00©
o» t «or-©
t 00 CO o o
CACA CALA©
LA vA LA (O ©
— o* mm©
LAP- CALA©
LACA (O 00©
— n 00 09 9
m ru la — 9
CA — mm©
(Uvomoo©
— ruru t ©
t — m*o ©
n©©©©
mm — —©

999
♦  ♦ ♦ ♦  ♦
ooaoo
oo uj» t vo ©
lACAOJ — 9
©ru -.co ©
P- t ru t 9
LAfU« t ©
vop-cor- •
va ©nnj©
rut aoLA©
LA U3<OlA©
vola —r ©
t CArULA©
U3 0JIA© ©
P- 9 t CA©
VO © 9 t ©
OJU3 —00©
mojp- «c ©

niAiA t n©
©©999

♦  ♦  ♦
OOOOO
oeoojn©
P- 9 00 99
nvo — vo ©
ojcovou?©
u> von la ©
r- ©neo©
run — 9 9
© U) 09 U3 ©
t 00 — t ©
«OCA COCO©
© m (OvA 9
oo voruoj©
»OCA t t ©
t mmiA ©
un —vo —©
— -ru — 9

•©99  999©  9999  ©9999  99999  •©•©©  ©9999  •©©©©  99999

rururu —
©9©©
»   ♦   ♦   ♦
oaoo
©r- —ia
ru t — t
mr- oor
p-1 t —
«venrg
p- ©neo
la © lA vo
LA© t CA
t r-©co
ruoor oj
ruiAr- n
CA t LA —
ñama —
lACAOJOJ
00 LAP- P-
t ruoj t

©©©©

nnnoj
©9© ©
♦ ♦ ♦ ♦
oooo
— aoujr-
locn© —
ODCAOO t
lAr- mot
t r-m ui
Ol/iPIVO
t r- «©
ao co von
©LAr vo
00 LACAOJ
t LAP- r-
00 — — 00
VOP- cot
ru — ruco
ce© — —
p-iAmn

©99©
♦ ♦ ♦ ♦
OOOO
ru ru nru
© lo nr
ojp- rur-
P- P- © 00
n vo vor
t 00 t ©
LAUD r  CA
— t moo
t oo r oo
t • t «o
» ru vo —
lo UO 00 —
OOOJt T
▼ — mcA
ao von t
mnj — ai

oooao
runnruoj
r-iop-r- —
CU U3 00 COCA
U"> — 00 9 LA
vAr CAiom
©vo oo —vo
OAvAiA © —
LA — — P- LA
mnj — — m
oomvr •
— tío CA-
LA 00 OJiAP-
vovocAooru
OJP- CAOJCA
p-1 muí LA
— t —nnj

ooooo
© oo n ça m
CALA t CAO»
ru — — cop-
eo©— t •
oo co r co —*
VOCA9CAnj
CO©« ©CO
CA t n© LO
• oj9p-r>
t rurur-P-
mcAconu»
aon9 V5P-
p- m t vo©
CALAOj t m
LA CAO0 —00
la — ru — r

i

t mm —t
• 9999
♦ ♦ ♦ ♦ ♦
ooooo
iAr © ve n
oju3 — r vo
la niA voco
OJVOP- P- 9
t n©9ao
p- — t rur
CACA t CAlA
ojp-^r oo
00 LA 9 m CO
m t runo*
© 'S © n oj
— cor-la©
ojr t run
— o vop-ru
p- vo —run
— uj — Loru

i i

ooooo
oon voiAn
tiA9©CA
ojfunooo
ojvor co ▼
— CA © njoo
LA t 00 t VO
©nCAlAOJ
lAvonvooj
ru — coca —
m-* ©©n
P- — LA VO "O
o»u*>r ru©
— © VA © t
— ru t —©
© CA aj t CO
ía — m —vo

VA t n —VA
9 999 9
♦ ♦ ♦ ♦ ♦
OOOOO
—»«ovam ©
ru t — t vo
t m©eor-
n ru 9 t CA
ion t toco
o» •«• fU900
lAinr r- m
rur cap- co
r ©o* t vo
©n© ▼ r
t r r (oca
oon x coca
ia — p- ojn
— n©cAr
t OlLAr o>
— t vor —

lAtAmru la
©©©©©
♦ ♦ ♦ ♦ ♦
oooao
oooo t —r
ru t ojr co
cor- —cor
— 11 oj©
— oocAr v
u» nui n ©
— t r p- r
11 n —m
P-IA t ©ru
CA 11 r oj
mua —r la
mcArur oo
r co — oo t
r ©ncat»
oo — voojio
m —vor la

©©9©©  ©999©  ©9999  ©©999  99999  ©999©

r

— — — ru
99® O
♦ ♦ ♦ ♦

OOOO
(Oncon
ruiA©oj
vo® ne»
t t CA —
ru LA © t
VO — 99
— CA CO 00
mr- © co
r t cAru
— — noo
von —vo
OJOQUJlA
ia —oor
CAIOlO t
m v n ©
t —r —

oooo
— — t m
t CALA©
r n<op-
nOJLACA
LAVO 09 ©
©© t ©
VO t CA©
lAoïcon
r musc»
rur o*o»
mr- t vo
— no» ça
— 99 VA VO
« in co m
VOlAOO —
t —r —

— — —oj
©«9©
♦ ♦ ♦ ♦
oooo
vo 11 m
CALA 00 09
t CA von
nnjr —
ojrunoo
vooonjCA
r vo vocA
00V>9vA
ojr noo
r —CAP-
— ©r la
OJOJCO 9
CACAO-«
vo t r ©
CA vo nru
t —00 —

--. — — -©
9 9 9 9 9
♦  ♦  ♦  ♦   ♦
ooooo
ru t nru©
VA Oj ac 9 9
vomncA ©
LA 00 COCO 9
— — VO00©
ru oo cAoo©
19mm ©
— t oon ©
LA OC ru »r 9
lAlOOJCA ©
p- p- — rue*
oor mm^
-00 voru©
©ao t r 9
t r — t ©
ru t r CA®

9999  ©99©  ©©999

— — — OJ©
©oo rj©
♦ ♦ ♦ ♦ ♦
ooooo
p- n —to©
tor- la ruó
P- lAOO (O©
0» VOOJC9©
m — n — ©
co cor LA©
LA® CA t ©
mOOCAlA©
p- oo — t ©
— m t r-9
— inruvo©
voco t ru©
rune?»©©
— ru r i va ©
uonjoo©©
njiAr —©

© © © o ©

— — — ru©
©©900
+ ♦■»>♦♦
ooa no
ior-tro t>
m o* rj r- 9
t ia t n©
wr- va©
ça t r ai©
OICOO» —o
vo t r ia ©
r- —vovo©
©rur ©©
t O» VOVA 9
— ruru — ©
© OJ OJ 'O ©
r-11 m ©
©rur ▼ ©
eovot —©
ruiAoo — ©

©©©99

— — — ru©
©©©99
♦ ♦♦♦■♦
ooooo
ma via©
00r LACA9
mvoco r ©
oo r o vo 9
inniAiA©
oon va en©
G »' :•■) TJ S
t t — ru©
oon la ru 9
lAotr ru©
oor- o ru ©
t AJU3 —o
oor no©
CO CA vo n ©
CACAoruo
PJIACA —9

ooooo
— t —CAO
© r» us oi ©
r-r-11 «
© t r t ©
m — rua» ©
miALA — o
runiA n©
— »-«run©
ruor ru©
ncAOjn©
vo n u*> vo ©
n .9 ru vo ©
CACO U399
IA T — — ©
— nvon9
nvo LA —©

9999^-       9>999®

— —ruru©
©©©99
♦ ♦ ♦ ♦ ♦
ooooo
©oovor ©
r to oo o®
O» — 00 t ©
mo»© — ©
OJ 09 — CA©
LAr —00©
— nvor ©
nojvotA f>
inr CAiA o
9 9 LACH *>
t t n vo .■-.
D-<COTif>
— © n uj ©
OJ0B -«03®
nio® n©
P1U3 — -«»

©99® ®

999®
♦ ♦ ♦ +

OOOO
«? fACAU)
nojruoj
n© —m
nor o»
ui vo nn
oj — ©vA
oo ai 'o n
©coca n
u.n njr
nn ® oj
oo —r m
o»r v co
vo — t vo
cala «t ©
m^r- r
r cBLfifu

©9 99
♦ ♦ ♦ ♦
OOOO
t OJ LA t
lAvO t IA
t r atoo
o» v aovo
t oor ao
-va oon
inr p-CA
oo vo . - ru
CA 03 oo n
ruco — vo
va ru uj uï
AJVOOJ00
oj —— «r
«vota
t —r co
0DCAU3 n

© ©9 9
♦ ♦ ♦ ♦
OOOO
iom © —
r vo © ©
inr vooj
©VA © —
ça vo ri ai
vovo ao ao
n©vo OJ
— © t n
Oj (O — vo
— t ao ▼
r t coca
mtA<o ▼
CO VOCO VA
© —noo
t ©r vo
o»—r t

©9©©©
♦ ♦ ♦ i *

ooooo
t 00© —CA
OjnCA09lA
CA VO t ▼ 00
pila noj to
IA CACO VA 00
cavo otm —
ia —©r o»
m *r cap- ia
•r lavo —n
VA V0O9 1A r
t © u> VO «O
t ru la in t
VOVA — LA ce
CA00 — 4A —
— —nr- la
voiAn t vo

©9 99 9
■*>♦♦•>♦

ooooo
VO CA OJ 'O t
ver von f
oo oj 9 — n
— r oooj -«
v nn9 vo
t coco® r
vo vooo t r
ncAco© -w
LA ©OjnvA
©CAnojCA
nj ao voru©
oo t vor vo

— CAoru t
ru — n©iA
rvot —r

©9999
♦ + ♦ ♦ ♦
ooooo
— r cor r
r mr ▼ ©
— © ru r- la
r ©co©r
oj —r r ru
— — mvAio
t lAÎUCAr
(O© t LAVA
— ruiAn ▼
OOlAOlLAn
ia t n —oo
ru vooj «r oo
oo r ▼ . * to
Oj CACA ® IA
OJ —OJ © LA
oor la ru oo

©9 9 © ©
♦ ♦ ♦ ♦ ♦

OQOOQ
LA99 VOOJ
— 00 VO -">J Uî
t C3® O©
n CA C» CA VO
— ruon-«
— — ai v ®
p- — © co in
lonvo t ao
CAojr ru la
cor ©ne»
ncAvo — r
ia t t con
03 - - CO ! 3 CA
n© corvo
ru oj ri c«. m
CAQOVOrUiA

ai — — — oj
© ©9 99
♦   ♦   ♦   ♦   ♦

OOOOO
CAO0 9<C —
© (O t ©9
nnjvo9 t
— cA vo '*r —
r CA CA co PJ
t r o» co n
ncALor ©
r ® co —r
©noir- 9
r CAO) —CA
vooonvooj
•jo t cono«
t •* ninr
ru © oo r ia
® 'Uîuca «■;-
— car n -*

OJ OJ — — OJ
9999®
* * ♦ ♦ *

OOOOO
OJ li) OJ © V-J»

(O LA © 00 tO
9CAnr •»
r  t 9 UJ09
OJ OJ i ,-¡ »J ( u
roL/iw-*
IA OJ © 9 ru
09 OJ 9 (O CA
CAnOJOJ9
VOCDOJCALA
ru09 •» run
n o© —r
m © o vo oc*
oj ru oo <o ia
. « 9 ru îji —
--•—00 V —

©99©  ®©99  999®  ©©©©©  ©©9©©  ©©©©©  ®©9®9  ©9999  ©9999

— niAP- CA «niAM»     —ninrcA



FULL GRADE IMN APPROXIMANTS

mmmw>m 11 mru — «j«»ftn— iaiat mru la la t n— lavóla — n
••••• ••••• ••©•• • •••• • •••• •••••
♦ ♦♦♦♦ ♦♦♦♦♦ ♦♦♦♦♦ + ♦ ♦ ♦ ♦ ♦♦♦♦■♦> ♦ ♦ ♦ ♦ ♦
00000 oaoao oaooo aooao aooaa oaaoo
3r lAlau? to 9 coca — r vow cago 9vpooru— »«« — • lac» 11 — £2

• r t-LA ©r j-. oca tNMtt oooönjoiA va-cAvaca m — la ——
— — —r« voiAtrco >ACA«9t «oj — mm — osojuJia »oojTCAr >-<
lAOiiAm— — to la©— vo — la 00* oocorunjcA n©03ojCA — rutiAvo <U
St99C» moinp-t aj —vnai© — — tcor •funna •oooaj- xl

00 — •r- ajotnj© vôiAvA — • • c» ao oo © us vo ui t n oonjoraj +-
— ça — ▼ nj «9©CAn nvAcocAvA ¿un; va rum oor ru91 ©va©ir n o
ntorrcA ojvovomru rufucAruÖ» t9CAvo<» —rcAruc» c»m — runj
oj — ifivooo LAtP-inoo —funuat oo t ▼ r m — LA© to» coujlaoca O
• raj»uJ »vAojCAr- —voo-in— oooj —nr CAiAtrm cAtoomvo ,r¡
o>miA —t tmr-p- — ©u*>- vooj lavo-— o> P-m#tr- la©- rm -♦->
tint 9CA la 9 vaca— tonj — r m t ©njvoeo oor cala n oeocAr ®
tvoruLAoj lAvorno* CACAvctco ruoajairu rm«»©co •cavo —r
©r© —oj    lotiAuim    oorrcAvo    rnjooruvA    — us cap-m    tvo — ©-
otoruoo    lAootvoru    rntevo    nt«njt    p-atu-mr-    mcAoocAt
«r cA-vA—    — ru tvAOj    t oo — ruoo     —at »va-    myjcAoooo    <* — — — —

-«^*"^(U     -•«-* —•—oj     — — —runj    — — — ojpj    — — —ruoj    — — — ruru
• 9999  9 © 9 © 9  ©©©©©  ©9© © 9  ©©99©  ©9999

• ©•©©  ©©999  ©9©©©  ©©99©  •©•©•  ©••©<

3

c3

CX

nnnni*« mmmai-« mmmnj© tttnw lAt-rtoj vA-AiAtn
•©©•9 ©®9®© ••••© 99999 99«9© ©•••©
♦ ♦♦♦♦ ♦♦♦♦♦ ♦♦♦♦♦ ♦ ♦■♦♦>♦ ♦♦-*-♦♦ + 4. + +. 4.

OOOOO OOOOO OOOOO OOOOO OOOOO OOOOO
vola — P-u> oj©tr© P-0009OJO. tnmmujm trunruoo rtorvAn
— vo ©vaca t la m m in tmtooyj tiomvo— ©njrurut r- ojp-ia ru           'S
CAoonTCA ajonrr lotaonn r-tOP-tin ojojcaooo OOCAt— -
voua— oo coco©«o— 0»©u*.cot tixirur© vcvoinnt EAmvovACA
r—©—oo toaicA©LA ttP-mo* —ca —oo— tt© —r — la-©o»
mruruLA© rcACAvA© »tmtr- ruto —lala vo — ruinn vo © © * ai
vo «ai to © cor r t o m aovo m oj ninr r vo ia« to©nj •oorvoeo
moj — tio TCAvooin aontooj p.— ruto— ootruooco r-ooojt —
tmin—oa r vo—r © ruoj©covA oo vor vor laco —©© cavo ruco©
t co too— CAiAcû©vo cocon©© ©cor coca la —©o»r o» t r © t
rao ©cot r 11 vûca r- — mr-ru cA«rr — m • — r ©ca o»©iau3-
«va oo n © vo t r n — © oo oo — ca utmttip o-moonjnj lorutom t

cavooj cArtorru tcooo©vA tm«t© oomtvAOO r© —lap
aciAP-oom    r—rutoru     t—ruiAiA    CAOvoaoru    • t — n ©    ojcacavaco <D
• cotiA—    oj— vooooj    ©vnrcAvA    ca©— r ca    t — mtu>    — voeoto— X>
m — — ni-    u»mrutoj    t ru — — oo    — — — nj--«.    —oor -us    conçu t —

eu
C

4 4 4 4- 4- 4- 4 4 4 4 4 4 4 «.«.«.««y 4. 4. + 4. + 4. 4 4. 4 4 Q
ooooo OOOOO OOOOO OOOOO OOOOO OOOOO
voiAiA — 00 lA r r va la t — r © © ru 00 ~t ca — ncAOj aoru nvo ru vo la
oj oj © — vo 00 00 r © ca to o va vo c» — ru ru la t mm — tr- — oo la © — ,À
oonn©t oocooorcA la n ca t to t«tvot ttoca— nruoo — ca »_,
oo©at®tA voao — oot tionrvo tr-p-ojt o»p-ttoo tnto©n s
— ojrutA— aocAcotru tmtojru © © 100 vo riAvo©nj voooonto 2
cavo — mto r-cA —tr- rrunvo© ©p-mm© iaooojca — vo —©cola &-
— cutio— p- mm — un t vor- coca mnoiaocA r- in 11 eo n t voo» ▼
CAP-V090J ntAt®-« cAnru — 0» n cavóla 00 vo©nvor vooocaoo©
cnrcAoït mm —— o» cArcovoco tmmnjo» —©m-m ruinotmcA sí
• voojoj— tttor- LACArunjCA CAmmiAO» tmiooit cAruruiAru ^
• 1A00 — c» ©9COLACO rcovAvA'O r va © — r- vola©oo© — tor 00 LA Zt
vjtottH vo 11 — r- t ©ru —la to*P-r-— 0»p- — cor- r ©to —ca .;±
iAoj9cot —mvomt o»oo©p-p- cup-root aimmuain rutocArunj ^
aotooon voiAr— n — mru— nj u> —mp-— cAcAnnc» — vosor S
rojnco— ©nriAOJ mtnjom LAvAto©t r la q — t 9 vo t — va ri
m —woo— t—100»— ««T—P- — «h ■«• — r-— — t— co — — tn —co — — ^

o

•9©©9 9®©©O ©9 9©® ©O©9© ©9®©9 •©©©©       g

"o,
-. — — — *» ^•-«-•^••h — — — — — ojoj — — — luni —— — fuojru —— Î-T
©9 9©© ©9 99® ©©©•© ©0©99 ©©9 9® ©9 999       h
4 ♦ ♦ ♦ ♦ 44*44 44 + 44 44444 44444 44444       O
OOOOO OOOOO OOOOO OOOOO OOOOO OOOOO
minr ©la gjiAiA-«vo muîruiA© ©tton r ia — otm rrinoon
*or «r nn runuico © oomcACA— vo©c»vo — »r von —va co© t r- t
voocAino» vo©-tr- p-n—cap- oj©no»© o»©tonj© cnrtt— S
• — vocAP- mr-©— r- (oojojooca ©ojuimao oorotnr *o©cAtt
mootoj— vola — ©vo OAOjioooru muiinr-t n -»r voca — ooiaoo t 'z:
m ruvo — — 0» t — t © inojo9*rco t ©to — n caca — t r- tr©©m
mcAvAcovo oooovo©to oonvAtoiA uimtruoo r-mrutt oornor U
rruiA©— 05 troco tooaion no»— r ru rrruvoc» tott« '->
*# — CAvom iAiO©rut m^oAtoo ©— uinco nnrrut —rmvom O
Ok —lAOjvo vo t nr 00 © 00 --toru tAooinr t uncAnvonjj nr © t n
r-inrvo© r © © t vo vo — vovoca t ca r. co© eo©aotnj — lomnin \T
00 us © run r 00 00 ru n uioorvo© toniM/t ©©n— u» torttt ■■<
mrvom— vo moo ru vo uocA©ncA — ru ruvo va run ri — t- ajmmioiA
•or ru — ca CACAfu©r ©©ncnu» oj con 00 t ru ao noon ruœovr ru -X
— r cacoca —r la 00 ru ruoo ca r  ru © ® ca r oj — — ca r oj ru ru 9 r ru Ö
r r ton ru ooootot- CA0»rmoj — —00 von — — cap- t — — —cou»

13

c
o

I



530 V. ZAKIAN AND M. J. EDWARDS

Let Í2 = {7, 8, 10, 12, 14, 15}.  Table 3 gives the number

max (A - n0)    for each (M, TV) such that 0 < M < N < 10.
Aen

For each of the values of A cited, and for almost all these (M, TV) the number

A - nQ is either equal to, or one less than, the maximum tabulated.

4.  Conclusions.  Using the tests of Section 3, it is found that the accuracy of

the constants attainable using 15-decimal floating arithmetic is sufficient for practical

use whenever 7V< 10.  The constants tabulated are therefore applicable to a wide

range of problems.   If arithmetic of higher precision is available, the method given

may be used readily to extend the tables so as to give constants of higher precision

and constants for N> 10.  Moreover, the tests of Section 3 may again be applied to

assess the accuracy of the constants.
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