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A Quasi-Projection Analysis of Galerkin Methods
for Parabolic and Hyperbolic Equations

By Jim Douglas, Jr., Todd Dupont and Mary F. Wheeler*

Abstract. Superconvergence phenomena are demonstrated for Galerkin approxima-
tions of solutions of second order parabolic and hyperbolic problems in a single
space variable. An asymptotic expansion of the Galerkin solution is used to derive
these results and, in addition, to show optimal order error estimates in Sobolev

spaces of negative index in multiple dimensions.

1. Introduction. We shall be concerned primarily with the analysis of supercon-
vergence phenomena associated with the numerical solution of second order, linear
parabolic and hyperbolic equations by Galerkin methods based on piecewise-polyno-
mial spaces. Our principal tool will be an asymptotic expansion to high order of the
Galerkin solution; this expansion will be obtained by using a sequence of elliptic pro-
jections and will be called a quasi-projection.

In Sections 4 and 5 we develop the quasi-projection for parabolic Galerkin
procedures for problems in one or several space variables for both Neumann and
Dirichlet boundary conditions and derive optimal order negative norm estimates for
the error in the Galerkin solution. In Section 6 we apply the quasi-projection to de-
rive superconvergence results in the case of a single space variable when the Galerkin
space consists of piecewise-polynomial functions of degree r. It is well known [4],
[6], [71, [9], [10] that, if & is the knot spacing parameter associated with the not
necessarily uniform grid, the Galerkin solution for standard parabolic problems con-
verges with an error that is at best globally of order O(h"*!), as measured in L? or
L™ . Consider a knot at which the smoothness constraint of the Galerkin space re-
duces to continuity. We show that the Galerkin solution produces an O(h*")-ap-
proximation at such a knot. Also, we show that a very simply evaluated weighted
quadrature of the Galerkin solution gives an O(h*")-approximation of the flux at the
knot; the direct evaluation of the derivative of the Galerkin solution leads to an
O(h")-approximation.

We summarize briefly in Section 7 results presented in detail elsewhere [3]
showing that the superconvergence results above are preserved and that supercon-
vergence occurs in the time increment when the Galerkin procedure is discretized
in time by a collocation method.

In Section 8 we treat continuous-time Galerkin methods for hyperbolic prob-
lems and obtain analogous results.

Throughout this paper we rely heavily on some earlier results of two of the
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authors on two-point boundary problems [1] and on collocation methods for para-
bolic equations [2]. The quasi-projection is conceptually similar to the quasi-inter-
polant in [2] that played a central role in the derivation of superconvergence results
in that treatment. The flux procedures evolve from earlier work by the other author
[11] and her husband [8]. The applications of the quasi-projection have been limited
to standard Galerkin methods in this paper; see [S], [12] for applications to H! and
H™' Galerkin methods.

2. Some Notations and Preliminaries. Let 2 be a bounded domain in R” with
a smooth boundary 9Q2; if n = 1, let 2 = [ be an interval. For nonnegative integers
s the real Sobolev space H5(S2) is the set of all real functions in L2(2) whose distri-
butional derivatives of order not greater than s are also in L2(2); H5(2) is normed by

w2 = 3 Ipowl?,

lal<s

where a = (¢;, o, . . ., @), ; a nonnegative integer, lal =a;, +- -+ a,, D*W
= a'“'w/ax‘fl -+ - 0x%n, and

212 = 122, o) = [, 22 ax.
Denote the inner products on the (real) spaces L2(2) and L2(3S2) by
@) = [ evdx and 0=, owdo,
respectively. We shall also use the norm on the dual space H5(2) = (HS(R2))'; let
lol_g = sup{(p, ¥)/IYl: ¥ € H(Q), 1Yl # 0}.

Note that the duality is with H°(Q2) and not with H3(£2). Finally, if X is a normed
space with norm II-Il, and if ¢: [0, T] — X, we adopt the notations

T
N N M G 2

and

|I¢Ile(X) = "‘p"L”(o,T;X) = ess sup lp(H)ll .
0<t<T

The time interval [0, T] will be denoted by J.
Let a(x), b(x), 1 <i<n, and c(x) be C() functions, and assume that

2.1 0<agy<ax)<a, x€EQ.

Let b(x) be the vector with components b,(x), and define the differential operator
L on Q by

(2.2) Lw =-V - (a(x)Vw) + b(x) - Vw + c(x)w.

The formal adjoint L* of L is given by
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L*p =—V " (aV¢p) = V - (by) + co.
Let B be the bilinear form associated with L:

B(p, ¥) = (@aVy, V¥) + (b - Vo + co, ¥).

Assume that B is coercive over H'(§); i.e., assume that there exists a positive con-
stant by such that

(2.3) B(p, ¢) = byllpl?, e HY(Q).

The assumption (2.3) is always obtainable by a trivial change of dependent variables
in the nondegenerate parabolic case.

Galerkin methods require finite-dimensional subspaces of H'() having good
approximation properties. Let 0 <h <1 and associate a space M, with & such that
M, is a finite-dimensional subspace of H 1(€2) and such that there exists a constant
C, independent of k, for which

(24) inf {llo—xll + allp - xl,} < Chlyl;
XEM’,

for any ¢ € H5(Q2), 1 <s <r + 1, where r is an integer greater than one. Set
My = {x € M,: x =0 on 3Q},

and assume the approximation property that (2.4) holds for any ¢ € H*(S2) such that
¢ = 0 on 92. Note that it is usually difficult to construct Mg such that (2.4) is
valid for piecewise-polynomial spaces. We make this limiting assumption in this paper
only because our applications are to problems with Q = 1.

3. The Parabolic Problem and its Galerkin Method. We shall consider parabolic
boundary problems with either Dirichlet or Neumann boundary conditions. Let p €
C”(Q), where 0 < p, < p(x) < p; on 2, and let w satisfy

p%—‘:+Lw=f, (x, ) EQ xJ,
3.1 w(0) = w*, x€Q,
a%—v:-+(1—a)w=g, (x, )€ x J,

where v denotes the exterior normal to 0£2, and « assumes the constant value zero
or one for all (x, ¥) € 922 x J. If a = 0, assume g = 0; i.e., we restrict ourselves to
homogeneous Dirichlet data. Let

Mg, a=0,
My, a=1.

3.2 M=

Then an integration by parts shows that

(3.3) (pdw/dt, v) + B(w, v) = (f, v) + &g, V), VEM.

A continuous-time Galerkin approximation to the solution of (3.1) can be defined
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by requiring that w,: J — M satisfy
(34) (pow,[3t,v) + B(w,,v) = (f,v) +{gv), VEM O0<t<T;

in addition, it is necessary to specify the initial condition w,(0). The initial condition
will be given later (see (4.11)), since we have in mind a modification of the usual ini-
tial values in order to achieve superconvergence.

4. The Parabolic Quasi-Projection. The usual analysis [9] of the error in the
Galerkin approximation for parabolic problems is founded upon comparing the func-
tion w, to the elliptic projection of the solution w of (2.1). Let Wh: J — M be
given by

@.1) Bw, ~w,v)=0, vEM, tEJ

If the initial condition for w,, is chosen properly, it can be seen [6], [10] that %n -
w,, is one power of & smaller than either w, — w or w, — w in both L*(L?(R2)) and
L=(H'()). This motivates the further use of elliptic projection to produce an ap-
proximation of w), to some higher order; it will be shown that an approximation of
w, to order O(h*") can be obtained in the form of a finite expansion with the terms
decreasing geometrically in size with ratio O(h2 ).

Let zy = w, —w, wy = W,,, and 0, = wy — w,. Then it is easy to see from
(3.3), (34), and (4.1) that

“4.2) (0d0,/0t, v) + B(8y, v) = (pdz4/3t,v), vVEM.

Define maps z;pJ — M recursively by

4.3) B(z;, v) = —(pdz;_,/dt,v), VvEM tE€J j=1,2,....
Set

4.4) wp=w, tz; +---+z, j=>1,

and

(4.5) 6, =w,—w,, Jj>1

A simple induction argument using (4.2) and (4.3) shows that
(4.6) (026;/0t, v) + B(®;, v) = (pdz;/dt, v), VEM, tEJ.

The immediate objective is to show that the terms z; decrease for J ranging
to approximately r/2. The argument will involve duality and estimates in Sobolev
spaces of negative index in a serious way.

LEMMA 4.1. Let 1 <q <r + 1 and assume that ¥ **w/ad+* € HI(Q) for
t€J. Then, for—1<sand y=min(s + 2j,r — 1),

@) " ¥z ©
ar*

]+kw

Mty ey
q

®

|<C
—

atj+k

Proof. Note first that the coefficients of L are independent of ¢; hence
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k k+1
48) N G O (A= W TR
atk bl atk+l b b .

It follows immediately from setting v = a"z,./at" that

akz. ak+lz._
49 bl | — =, terjiz>1.
ot |1 arktl |l

Note that, if r is even and (4.7) holds for j < r/2, then it holds for j = r/2. Conse-
quently, it suffices to consider s <r —2j — 1.

Let s > 0 and assume that ¢ € H5(2). Let ¢ € HST2(Q) be determined as the
solution of the boundary problem for L*yp = {, x € Q, with

ag—f+v'b‘p=0, x €9, ifa=1,

or
=0, x€0Q,ifa=0.

In either case, llpll ,, < CIyll by standard results on elliptic regularity.
First, consider z, = w, —w. By the usual argument,

<a'"zo w) (8’"20 L*> B<a"'z0 > 5 Mz, "
) = ) (p = ’¢ = > -V ’ UG .
™ ar™ arm arm ¥ )

Hence, (2.4) implies that

"z,
-<az'" ¢>| “l

fors +2<r+ 1ors<r—1. Since the inequality

"z

o’

Mz
inf llo—vll, <C 0
1 veMm

s+1
1uganmh

1a™zy/0™ Il < ClO™W/ar™ Il A9~

is trivial, (4.7) holds for j = 0.
Next, it follows from (4.8) that

(b’"zi w) B(a’"zi Mtz )
— Y] =Bl e T \pT— Y
(4.10) \ 3™ orm armt!
"z, a’"“z. am+lz‘
_pl 2 ,_ DY it SN R =1
_B<atm,cp v>+<p ot P v> (p o+t )

Thus, (4.9) and (4.10) imply that

m +1 m+1
————amzi <C3”___a i JRL i Zj-1 s+1 4 9 Zj=1 %
o™ || —s o™ || armt Ly Vi | M
+1 m+1
<C3 GTTY PR E S g
atm+l _1 atm+l —s=2
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Since (4.7) holds for j = 0, induction on j implies that (4.7) holds, with the reduction
on the range of s in going from j — 1 to j being caused by the last term in the above
inequality. Thus, the lemma has been proved.

Note that each a"z,./ar" is O(h*") in H™5(2) for its maximum applicable value
of s if the solution w is sufficiently smooth.

The estimates of Lemma 4.1 can be applied to (4.6) to bound the difference
6; between w; and w,, after a choice of the initial value of w, is made.

THEOREM 4.2. If2k <r-1,let

4.11) w,(0) = w, (0) = w,(0) + z,(0) + - - - + z,(0),

andlet 1 <q <r+ 1. Then,

ak+1wl
(412) o1 . <C hq+min(2k+l,r—l),
k'L (L2(Q)) o+ |L2(Hq(ﬂ))
and
k+1
9 W RItE ok <r -1,
(4.13) atkt 1 |L2Haa))
IIBk"L'”(Hl(Q))< c okt . 3k +2,, ]hq+2k+1,
a1 || =a(a)) a2 |lL1maca)y)

if2k<r-2.

CoroLLArY 43. If2k<r-1,1<gq <r + 1, and w,(0) is defined by (4.11),

then
k1 |l oy
w=w, Il ., < Chits —
nl L (H=s(Q)) I;) ot ||L2acy

for0<s<min2k + 1,r - 1).
Proof of Theorem 4.2. Note that ,(0) = 0. To prove (4.12) choose v = 0,
in (4.6). Thus,

1d 0z
3 55 P01 0 + B, 0,) = (,, =3 0k>
2

1
1 + 35 bo 6 I,

0z,

< Kk
Cat

and (4.12) follows from (2.3) and Lemma 4.1. Next, choose v = 96, /0¢ in (4.6) and
observe that

0, \ 14 1d 30,
B<0k, ot > =5 a5 BOw: 6) =5 5. (b V0, 0,) +(b V0, —).
\

ot
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Hence,

. [ 30, 20,
| <p R at>dr+ B(©,(2), 0,(9)

0
a 80
-f! < Zk, at>d1+ (b - V0,(2), (1)) ~ f(b V05, atk>d7'

If (2.3) is used along with the Gronwall inequality, it is easy to see that

(4.14)

0z,
llok"L”(Hl(ﬂ))<C3"0k"L°°(L2(n)) + T 202 }
wrs) @2(@))
K
C’ okt 1yl pat2k
[a** ! [l L2 Hacay)

provided that 2k <r — 1. This establishes the first inequality in (4.13). If r is odd,
the choices 2k = r — 1 and ¢ = r + 1 produce an O(h*")-estimate for 6, in HY(Q);
however, if 7 is even, only an O(h2"~!)-estimate can be obtained from (4.15). The
following argument regains the O(h?"). Integrate the first right-hand side term in
(4.14) by parts in time:

t[ 0z, 30, 3z, t [ %z,
Io <p o’ at>d (p 5 @ 0k(t)> j" (p —atz—’ek) ar.

Then, if 16, (#*)Il, maximizes the H'-norm of 0,(),

oz 2 e~ ||9%2 " :
2 | 2k _k *) [ 2
I8, ()12 <c§ 5 () § + 16, ()1, fo “ " ||-1dT + 0, (1%,
and
0z 1322
16, I 3' kK +‘ £ + 16,
LeHI(Q I
( ( )) ' L”(H—l(n)) at2 Ll(H—l(Q)) k'L (LZ(Q))
(4.16) oy .y
<C; P - pat2k+1
ot L*°(HI(2)) atk+2 LI(HQ(S'Z))

for 2k <r — 2. Thus, the theorem has been demonstrated.

For t > 0 the functions z; are not, in general, computable; consequently, it is
of interest to show that the initial condition (4.11) can be evaluated using no more
than the data f and w* and the differential operator. Let k be chosen so that k <
I;, where

r—1, rodd,

4.17) 2%k =
r—2, reven.

In order to evaluate z,(0) using (4.3), it is necessary to evaluate dz,_,(0)/0t first,
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which in turn requires bzzk_2(0)/at2 ..., 9%z,(0)/0%, by (4.8). Indeed, the evalua-
tion of (4.11) necessitates performing the % (k + 1)(k + 2) projections using (4.1) or
(4.8) to obtain 3™z}(0)/0t™, 0 <j + m <k. Now, 3"w(0)/dr™ can be evaluated
using f, w*, and time-derivatives of the differential equation. Also, it follows from
(4.1) that

53" ¥ Mw 0 >_ '
W—(O)_at—"’ 0),v)=0, veEM,

hence, the process can be started and then continued using (4.8) to find z,(0), . . .,
2,(0). While the computational effort called for by (4.11) is obviously greater than
that for the commonly used initial conditions, it is insignificant in terms of the over-
all problem. The code that takes time steps can be used to make the projections, so
that the work for any single projection is about equivalent to that for a time step.

5. The Parabolic Quasi-Projection in a Single Space Variable. When Q =17 =
(0, 1), Lemma 4.1 can be sharpened to give a bound on the value of z; at any knot
x; at which the smoothness constraint reduces to simple continuity. Let A, = {x,,
Xps oo XN, 0=xg <x; <0 <xp, =1, with max(x; —x;_;) = &, and as-
sume that M, consists of piecewise-polynomial functions of degree r having knots at
x; €A,. Ateach x;, 1 <i<N, -1, the elements of M, will be assumed to be CPi.
functions, 0 < p; <r; py and pn,, will be interpreted to be zero. Then (2.4) holds
for both M, and M.

Let x € [0, 1], and assume that x = X;(ny for each h and that p;,) = 0. In
the discussion below, x will be treated as an interior point of [0, 1]; the modification
in the argument to allow x = 0 or x = 1 will be indicated at the end of the proof of
Lemma S.1.

[t is convenient to define some spaces that generalize H*(£2) in order to include
a bound on the values of the functions at the point x. For s > 0 let

(5.1) H® = {u: ul o 3)€EHO, %), ulz, 1) €H(G D)} xR,
and set

2 _ 2
(5.2) G, O = Nalys o 5+l iz )+ B2,

For any elements (i, §) and (v, v) of H 0 define the inner product
(5:3) [, B), (» 7] = (u, v) + By,

where (u, v) denotes the usual L2(/)-inner product. The space H , 8= 0, can be
defined by duality with respect to the above inner product; however, since we shall
need the dual norm only for functions in H'(/), we shall avoid some technicalities by
restricting to such functions. Let z € H'(J), and set

(5.4) (G, z(x)), (w, B)]

Mzlll_g = sup i B D@, BN, > 0.
’ s
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Note that the choice # = 0 and 8 = sgn z(x) shows that
(5.5) lzG)l < Mlizll_,, s>0;

thus, the value at x of any function in H'(J) is majorized by any ﬁs-nom, s positive
or negative. Hence, the following generalization of Lemma 4.1 provides excellent
estimates for the functions z (—) generated by (4.3).

LEMMA 5.1, Let 1<q<r+1and0<s<r-2-1. If 3/t*w@)/or’*k
HY(I) for t € J, then

o ezl

Proof. We shall use the s = —1 case covered by Lemma 4.1. Let s > 0 and let
(Y, B) € HS. Determine ¢ € C(J) as the solution of the two-point boundary problem
given by

ditky

<C TSt ey

ag+k

L*o=V, x€l,
(@ +bp)x)=0, x=0orl,ifa=1,

6.7
ox)=0 x=0orl,ifa=0,
ap |§f§ =-8

It is an exercise in ordinary differential equation theory to show that

g, vl , < ClllY, B,

with the constant being independent of the position of x. Integration by parts and
the assumed jump condition on ¢ lead to

a"z,. a"z,. 5). @ B):I B(Bkzj >
_’ - x b b = ——-—’
ark " ark ¢ ark
oz AN/ S U U A
= —a-tk—"p—v + p atk+l 9‘10 a[k+l "p N

Since ¢ € C(J) is such that (with M = M, or Mg, as appropriate)

(5.8) inf llp —vll; < Cllip, eG4, BT 1,
veEM

it follows that
ak+ lzj—l

<C _— \ i .
= ; afk+l —s—2

Note that (5.5) implies that IllzIll_, < Clizl_. The first two terms on the right-
hand side have already been bounded in Lemma 4.1; if we can show that

k+1
0"z,

atk+l

k
az,-

ark

k
az,-

s+1
ot h +

1

l hs+1 +
-1

akZO ’

otk

*w
or*

(9) hITS, —1<s<r—1,

-
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then the induction argument of Lemma 4.1 can be repeated to finish the proof. Since

Ka"zo ¥z, j) " ] R oz, > .
= —’ - v b v b

(5.9) follows from (5.8) and the known bound on 3%z, /ar% 1, .
For Dirichlet boundary conditions it is pointless to consider x = 0 or 1, but it

is valuable to allow x to be an endpoint when Neumann boundary conditions are im-
posed. In this case the jump condition at x in the relations defining the function ¢
modifies the boundary condition so that

_ -B, ifx=0,
(@' + bp)(x) = _
B, ifx=1,
and ap’ + by remains zero at the other end. Otherwise, the argument above is es-
sentially unaffected, and Lemma 5.1 has been demonstrated.
Note that the choice s = r — 2j — 1 in (5.6), combined with the inequality (5.5),
shows that

(5.10) lz,Gx, DI < Claw@/BrI 97!, 1<q<r+1,t€l

The remainder of this section is concerned with some estimates comparing
Dirichlet and Neumann quasi-projections; these estimates will be applied in obtaining
the flux estimates of the next section. Let w be the solution of (3.1) with homoge-
neous Dirichlet data (« = 0). Let w, be computed by (3.4) and (4.11), using M = Mg
and a = 0. Denote the corresponding quasi-projection by w, = Wh +z, + 4+
z,. Next, construct the Galerkin solution u,: J — M, by letting

5.11 ouy +B ow ' <
(5.11) P ? (uh,v)—(f,v)+a$vo, veM,, 0<r<T,

where u,,(0) is again determined by (4.11), except that now the quasi-projection cor-
responds to the Neumann condition; i.e., let u, = 17,, +y, +- - +y,, where ?[h
satisfies (4.1) with M = M, and Y satisfies (4.3). The function u,, is being introduced
for analytic purposes; it is not usually computable.

Let z, =W,, ~W, Yo ='uv,, - w, andu]- =yl.—z].,j=0, ..., k. Observe that

am“ am“. am+lu.
5.12 0 _ J j=1 — 0
( ) B(azm ,v>_B<a ,v>+<p Py ,v) =0, vth,

First, choose

amﬂo am.}’o amyo
V= - 0, (1 —x)-
arm o™ ©. 2 ) orm

(1, tx;

then, by earlier results on Galerkin methods for two-point boundary problems by two
of the present authors [1],
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am“ amy !am
tm" <C§\ 0,0 |+ j(l,t)‘g
m
<c||Z2N prrar, e
o™ || 4
Next, choose
oMy, My, "y,
j i j
=——-—(0,)(1 —x)—-—(1, )x;
o™ ™ (©. 1 =) or" (1, o

then, by Lemma 5.1 and (5.5),

TR my. my. iy
=l <cllZton |+ | =Lan|+ | —2F
(5.14) ar™ ||, ot o™ orm” _1
+j +1
< C; ALY | QRN | K S ' i
i || arm*t |,
Induction applied to (5.13) and (5.14) shows that
am#' m +1‘W
(5.15) _ " < - hr+q—1’ IGJ,]= 1"..’k.
ar™ ||, ot ||,

6. Some Superconvergence Results for Parabolic Problems in a Single Space
Variable. Let M, be the space described in the previous section, and assume that x
=Xy €D, isa knot for which Pitn) = 0. Let w, denote the Galerkin solution of
the parabolic boundary problem (3.1) with either Dirichlet or Neumann boundary
conditions, and assume that (4.11) defines the initial condition for the Galerkin solu-
tion.

THEOREM 6.1. Let 1 <q<r+ land 2k <r—-1. Then

— ko ||o'w 3
6.1) lw-w) nl<c Y ||— pat1 4z
=0 ar L*®(HAU))
where
ak+lw
C\ k+1 hItE ik <r-1,
62 o= o L2HID))
k+1 k+2
C< ’ k+;v ——a k+;v pa+2k+1
ot L= (HA(I)) at LYHID)

if2k<r-2.

Proof. Write w —w, in the form

(6.3) W =w,)0x, 1) =W =w)x ) + (w, —w,)x 1) - Zk zj(x, t).

j=1
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It is known [1] (and follows from (5.10), as well) that (w — Wh)(y?, t), which is just
the error in the Galerkin solution of the two-point boundary problem associated with
the operator L and whichever boundary conditions are assigned, is bounded at a knot
at which Pitn) = 0 by

(6.4) lw = W, )x, DI < Clw@)ll p9*71, €.

The second term is bounded by e as a consequence of the H'(Q)-estimate of Theo-
rem 4.2, and (5.10) completes the demonstration.

A slightly less precise statement of the result when k takes on its maximum
useful value is given by

3 (r;2)+1 || 3/w
65) Iw-wyx nl<Cc ¥ || ® Wit ey,
j=o || ot L*=(HI(D)

The superconvergent approximation of the knot value results from evaluating
the Galerkin solution at the knot. Other superconvergent approximations of quanti-
ties associated with the solution of the differential equation can be formed by simple
manipulations of the Galerkin solution. Consider (3.1) with homogeneous Dirichlet
data, and let us produce an O(h*")-approximation of the flux across the boundary
at x = 1. If the Galerkin solution is differentiated and evaluated at x = 1, only an
O(h")-approximation will be obtained.

To motivate the selection of a relation to find the flux, consider the function
u,: J — M, defined by (5.11) and use v(x) = x as the test function in (5.11). Then,

(6.6) (adw/ax)(1, t) = (POu,/dt, x) + B(u,, x) — (f, x).

The function u,, is not computable, but we have seen that u, and w,, the Galerkin
solution with the Dirichlet data, are very nearly the same. Thus, we let

6.7) Iy () = (POw,/3t, x) + B(w,, x) = (f, x), tE€J.

Note that I'; need be evaluated only at times at which the flux is desired. Moreover,
since any function in M?, can be added to v(x) = x without changing the right-hand
side, we can for the purpose of evaluating I'; take

6.8) ' () = (pow,/3t, v) + B(w,,Y) - (f, 1), t€,
where
(x - xN,,—l)m
T XNy—1 SX S,

(6.9) 1&)=L (1 —xy, )™

0, otherwise,

where m =1 + py, ;. Observe that (6.9) requires the evaluation of quadratures

over a single subinterval and, consequently, is a completely trivial calculation.
To analyze the error in the approximation of the flux, first put £ = w, —u,.
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Then, (6.6) and (6.7) imply that
', (¢) — (@dw/dxX(1, 1) = (pdE/dt, x) + B(Z, x).

Now,
Bt x) = (¢, —(@+xb) +cx)+ @+ xb)‘élé ,
and it follows that

ro- (a —>(1 t)' <C

If we adopt the notations used toward the end of Section 5 and in addition set ¢, =
u, —u, and 0, = w, —w,, then

(6.10) 35

+ el + 150, )l + 151, )l ]

k
(6.11) E=‘pk_0k—#0—zl”i'
I—_—

Theorem 4.2, (5.13), and (5.15) show that

k+1
(6.12) £l < patr-l 4 ¢ al

q

hq+min(2k+1,r—l)'
L2 (H4(I))

atk+

The estimation of 9%/0t requires that 3y, /d¢ and 00, /3t be bounded. First, it follows
from (4.6) and the fact that ¢, (0) = 6,(0) = O that
k+1

af oy
0] ot
atk+l lq

<C hath

for 1 <qg <r+ 1 and 8§ = min(2k, r — 1). Note that (4.6) can be differentiated
with respect to time and then v chosen to be (for the case of the 80, /9t estimate)
00,/0t. Then, it is easy to see that

00, a2zk
or <C ———( )2l
Ll L=@w2ay L2t ay
ak+1 ak+2w
<C3 ol + hath.
atk-f-l atk+2 L2(H‘I(l))
Hence,
k+1
> < C Z - (t) hq+r—l
(6.13) .
c; " | ] gh‘”ﬁ
+ .
gkt 1 a**2 || 2wy




358 JIM DOUGLAS, JR., TODD DUPONT AND MARY F. WHEELER

Since £(0, ) = —u, (0, t) and &(1, ) = —u,(1, t), Theorem 6.1 implies that

[£0, O + 1£(1, p)l

lw o
ot

(6.14) B+,

atk+l

k
<CY ha+e

nitrl 4 ¢
q

| L*°(H9 (1))

The inequalities (6.12)—(6.14) combine to give the following theorem.

THEOREM 6.2. Let w,:J — Mg be the solution of (3.4) and (4.11), and let
I',(¢) be defined by either of the equivalent relations (6.7) and (6.8). If 1 <q <r
+ 1 and § = min(2k, r — 1), then

, ow
l-‘l(l‘)_. <a—>(1’t)
ox

6.15 k|| o/w-
( ) < C; Z — (f) hq+r—l
j=0 ot/ q
k+1 k+2
. < 0" w " w >h‘7+6}.
A || L mraqryy a**2 Nl L2maqy)

In particular, if r is odd and 2k =r — 1 or if r is even and 2k = r,

ow k+2 || olw
(6.16) l"l(t)—(a—— 1ol<c Y (|— Rl 1<qg<r+1.
\ Ox j=o0 W ot || L2@wauy)

It is also possible to produce an O(h2")-approximation of the flux at an interior
point of I. Let x = Xi(n) € A, and assume, as usual, that Piny = 0. Let

(6.17) I5(f) = X~ '{(0dw, /31, x); + Bz(w,, x) = (f, X)),

where the subscript x indicates that the integrals are to be taken over the interval
0,x). If

iny ~ xi(h)—l)_r(x —xi(h)—l)r’ Xitny—1 SX < Xj4)s

(6.18)  §(x) =
0, otherwise,

then I';(#) can be evaluated using quadratures over a single subinterval by
(6.19) I's(¢) = (pdw,/0t, 8) + B(w,,, §) — (f, 6).

Clearly, by interchanging x for 1 — x, an approximation to (adw/dx)(x, f) can be
obtained using the subinterval to the right of X;(n) instead of the one to the left.
Inequalities ahalogous to (6.15) and (6.16) can be proved for IT;(¢) — (@dw/ox)(x, t)l.
The proof is quite similar to that given above, with the function u,, being replaced by

Spid =M,z = {vl[o,}']: v € M, } where s, satisfies

0s,, ow x
<p —,v]_+Bz(,,v)=(f v);+(a—— , UEM,,,;,
ot x ox

x 0
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with s,(0) being determined by the analogue of (4.11) for (O, x). A little care shows
that the corresponding constants C are independent of x.

7. Discretization in Time for the Parabolic Problem. A detailed description of
the discretization in time of the Galerkin method (3.4)—(4.11) using collocation at
Gaussian points in time for a solution space that is the tensor product of M, or Mz
in space with C° piecewise-polynomial functions in time is presented in the authors’
Mathematics Research Center technical report [3]. The superconvergence results of
Section 6 are generalized in a way that covers the knot value results, with supercon-
vergence occurring in the time increment as well as A, and that produces flux esti-
mates related to (6.15). The results pertain to Crank-Nicolson differencing as a
special case. The development strongly resembles that given earlier by two of the
authors for collocation-collocation methods for parabolic equations [2].

8. The Quasi-Projection and Superconvergence for Galerkin Methods for the
Wave Equation. We shall restrict our attention to the single space variable case of
Q =1=(0, 1) and to the space M, of piecewise-polynomial functions of degree r
described in Section 5. Throughout this section let x = Xin) € A, and assume that
Pitny = 0. Let w satisfy the wave equation subject to homogeneous Dirichlet bound-

ary values:
3w
p—T+Lw=f, x, el xJ,
ot
(8.1) w0, =w(l,)=0, t€&€J,

ow
w(x, 0) = w§(x), -{; (x, 0) =wf(x), x€lL
A continuous-time Galerkin method can be defined for (8.1) by seeking w,: J — M
= Mg such that
(8.2) (p9*w,[08* ,v) + B(w,,v) = (f,v), VEM, tEJ,

where w),(0) and dw,,/9£(0) will be specified later (see (8.6)).

A quasi-projection for the hyperbolic problem can be constructed in a manner
analogous to that used in Section 4. Let Wh: J — M be the elliptic projection of
the solution w:

(8.3) Bw, ~w,v)=0, vEMEJ

Set zy = Wn —w and recursively define z;: J — M by the relation

8.4) B(zl-, v) = —(pazz,-_,/aﬁ, v), VEM tEJ
Let w, = Wh +z, +---+z and 0, = w, —w,. Itiseasy to show inductively
that

220, 3%z,
(8.5) Pl + Bl v) = paﬂ,v, VEM, tE
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We shall utilize the quasi-projection w, to set up initial conditions for (8.2); let
ow ow
(8.6) w,,(0) = w, (0), a_zh ) = Ttk ©0), 2%A<r-1.

The function w,(0) can be evaluated using w§ and the differential equation, and
ow,,/01(0) using w} and the differential equation.

An argument paralleling that leading to Lemmas 4.1 and 5.1 leads to the follow-
ing bounds fort€Jand 1 <g<r+ 1:

amz. a2f+m
en |24l < : RItst2 0<j<i ~1<s<r-2-1,
atm l—s at2]+m 2
m 2j+
(8.8) —z"(z n|l<c " atr-1 - ogigt
arm ar2itm AR

The total energy is the most natural measure to associate with solutions of wave
equations. Hence, use v = 80, /d¢ in (8.5) and note that (8.6) implies that 6,(0) =
00,/01(0) = 0; thus, if

| aa+ﬁu

l ox*orf

(8.9) lull, = 3 ,
a+p<m L*=(L2(1))

it follows that (with the second inequality requiring an integration by parts in 7)

322k
Cll— s k<r-1,
afz L2(L2(I))
B10) 1 | <
- 2 1~3
c T2k ¥z ] *k<r-2.
a2 Hle=a@-1ay ar || Lra-tay
Thus,
(8.11) 19,1 <§Clwlq+2k+2hq”k’ k<r-1,
. K C|w|q+,+lhq”-1, reven, k = (r — 2)/2.

THEOREM 8.1. If X = X;() € Ay, Pyyy = 0, and w,, is determined by (8.2)
and (8.6), then for 1 <q <r + 1

Clwl g pgpih?®*25, 2k<r-1,

@©.12) W -w)& DI<

C|w|q+,+2h‘7+"l, r even, k = (r — 2)/2,
and
(8.13) (a_w_%> . )\< Clwlgsapssh® ¥, 2%k <r-1,
or 0 e C|w|q+r+2h‘7+'_l, reven, k = (r — 2)/2.
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Proof. The inequality (8.12) follows from the decomposition w —w, = (w —
Wh) +0, —(z; +- - +z), then known [1] superconvergence of the knot value
for the two-point boundary problem, (8.11), and (8.8). In order to establish (8.13)
it is sufficient to bound 96, /dt in H (D), since the other terms can be handled as
immediately above. First, it follows from 6,(0) = 0 and (8.5) that

18%6,(0)/3 I < Cll 3%z, (0)/aF* 1.

If (8.5) is differentiated with respect to time and then v chosen to be 3%6 k/at2, it
is easy to show that

%0, 30,

3 |lL=w2qy) ot || L=y

Clwl pprssh®™2*, 2k <r-1,
<

Clwl 4,771, reven k = (r - 2)/2,

and (8.13) follows.
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