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Tables of Weyl Fractional Integrals

for the Airy Function

By N. L. Balazs*, H. C. Pauli and 0. B. Dabbousi

Abstract.   Functions related to the Weyl fractional integral of the Airy function are tabu-

lated for the 16 lowest orders and for a range of parameters of practical interest.   This

range, coupled with the asymptotic relations given, covers the entire real axis.

The objects of interest are the numerical values and the asymptotic properties of

the functions V and W, defined by

0) V(z;n,v;m,p)=Ç    dt(t - z)"-xW(t, v)Wm(t, p),
J z

(2) W(z,n) = r dt(t-z)nAi(t)
J z

(with Ai(x) being the Airy function).   They were recently needed to study the proper-

ties of atomic nuclei and were not available in the literature.   Since they are useful in

this context, and might be of mathematical interest, we present them here.

In the following we discuss briefly the functions and their asymptotic properties.

The numerical tables are given in the microfiche section of this issue.

Each function, V and W, is proportional to a Weyl fractional integral [2].  The

Weyl fractional integral of an arbitrary function f(t) is defined by

(3) h(z, p) = a {/(o, z} = l/roi)/" dt(t - zy-xf(t),

and has the following simple properties for differentiation and integration,

(4) dh(z, p)/dz = - h(z, p - 1),     f°° dth(t, p) = h(z, p + 1).

If the function f(t) itself is a fractional integral, the above transformation acts as a step

operator, i.e.

(5) =J- f" dt(t - z)v~xh(t, p) = h(z, p + v).
i iy)^z

The definitions (1) and (2) are convenient for physical reasons.  The differential and

integral relations corresponding to (4) and (5) read then
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(6)      dW(z, n)/dz = - nW(z, n - 1),      f°° dtW(t, n) = W(z, n + l)/(n + 1),

(7) f°° dt(t - z)nW(t, m) = B(n + 1, m + l)W(z, n + m + 1),
•'z

and, correspondingly, for V.   The beta function B(z, w) is defined as usual [1]

(8) b(z, w) = r(z)r(w)/r(z + w).

The integral, Eq. (7), is very similar to the function V; in particular, V(z; n,v;0,p) =

B(n, v + l)W(z, n + v).  Therefore, we introduce another function Z(z, n, v, m, p), i.e.

(9) V(z; n, v; m, p) = B(n, v + mp + 1) W(z, n + v) • Wm(z, p) • Z(z; n, v; m, p);

and as a shorthand notation

(10) X(z,n) = Z(z;n, 3/2; 1,3/2)   and    Y(z, n) = Z(z; n, 3/2; 2, 3/2).

As we shall see below, the functions X and Y, are of the order of magnitude unity.

The asymptotic behavior of these functions may be obtained by studying their

complex integral representation, which is based on the well-known representation of the

Airy function

00 Aî =àj>^i+f3/3-

The contour C is shown in Figure 1.   Inserting this into Eq. (1), inverting the order of

integration, and making use of the definition of the T-function, one finds

Tin + 1)
(12a) W(z, n)

Figure 1

The contour C for the integral representation of the Airy function.

In the shaded areas Re t3 < 0.   The contour must end in the indicated triangles.
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Figure 2

The migration of the three saddle points tx,t2 and t3 for values of

Z-oo {g z ~ +00   (—►)

Similarly, we find, for example,

Z(z; n, v; 2, p) = T(n)

(12b)

T(v + 1) m r(p + 1)

27TÍ

dt

2tti

_dt_e-zt+t3i3 Ç   ds    e-"+^3/3

Jc t"+i •'c^ + 1    is + 0" '

In order to study the function W(z, n), we investigated the pole and saddle point struc-

ture of the integrand.

The integrand has a pole of order (n + 1) at the origin t = 0. The saddle points are

given by the zero of the function d¡p/dz, where

(13) <*»> t] z) = -zt + t3/3 -(n + l)ln t.

Thus, the saddle points are given by the roots of the cubic

(14) - zt + t3 ~(n + 1) = 0.

Let n > 0, z real.   Then the three roots tx, t2, t3 as functions of z are given as follows.

tx is always real and positive.  t2, t3 have always negative real parts.  For z > zc =

3((n + l)/2)2/3 all roots are real.

(a)   For z < 0 the complex roots are near the imaginary axis:

(15a) '1 -(" + l)IU\-(n + 1)3/UI4 + ••• ,

(15b) Re r2 = Re r3 = -(« + l)/(2|z|)(l - (n + l)2/|z|3 +•••).

(15c) Irar2=-Imf3=-r |zf/2(l + 3/8(« + l)2/|z|3 +•••)■

b)   For z = z :   t7 r,/2, r, = 2(zc/3)'/2.
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(c)  For z > zc:

(16a) h = - f3 = zh + (n + l)/(2z) + 0(z~3l2),

(16b) Î2 = - („ + i)/z - („ + i)3/z4 + ...

The integral can be evaluated asymptotically in z using the saddle point approximation.

For large positive z all contributions come from r,, and we obtain

(\i\ u,i     ï     T(n + l)e"2z3/2/3

°7) W(Z' ")=     2ffH       a„+3)/4[' + Ö(l/z)].

Figure 3

77ze definition of the contours C,, C2 a«c? C3.

For /arge a«c? negative z the simple saddle point approximation should be applied only

to the contributions from the saddle points at r2 and r3, since in the limit z —► — °°

the saddle point tx pinches the singularity at the origin.  Therefore, we deform first the

contour in a way indicated in Figure 3 and evaluate separately the contributions from

contour C, and from contours C2 and C3.   For z, large and negative, we rewrite the

integral over C, as

2rri Jc   t"
,+ lzlr+f3 /3

(18)

Jr. r" + i

= .   ,„  J_    f       -^-   „« + «3/(3U|3)
11   2rri Jc, «» + 1

~\z\nh\    -^-eu(l+u3/(3\z\3) +
l^iJcx u"+l

\z\"/r(n + 1){1 + T(« + l)/(3|z|3r(rc + 1 - 3)) + • • •}.
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Here, we use the variable substitution \z\t = u and Hankel's definition of the inverse T

function [1],

^-\   ^e«=l/r(n).
2m JCi un

The contributions from the contours C2 and C3 are again evaluated by the saddle point

approximation.  We finally get

W(z, n) = |z|"{l + r(n + l)/(r(n - 2)3 |z|3) + 0(|z|-6)}

(19)

+^fírlí^74"sin(2|2|3/2/3"(2n + D^4)[i +O0ZI-1)].

The last relation makes it immediately clear that for large and negative values of z the

asymptotic behavior of the Z function is given by

(20) Z(z; n, v; m, p) —> 1    for z < 0.

No simple relation was found for large positive values of z.

The functions !V(z, n) are tabulated in Tables 1 and 2 for half integer and integer

values of n, respectively.   In Table 3 the functions X(z, ri) and Y(z, n) are given for

three integer values of n.  The range of z has been so chosen that the tabulated values

should overlap with those obtained by asymptotic expansions.   Figure 4 shows the first

sixteen functions.

Figure 4

The first sixteen W(n, x) functions
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The functions have been evaluated by numerical integration of Eqs. (1) and (2).

Standard numerical methods were applied, i.e. Gaussian quadratures based on Jacobi- and

Legendre-polynomials.   The computer codes were tested to yield correct results up to

eight digits if the Airy function was replaced by t" or by e~f.  The Airy function was

taken from tables [1] and interpolated or asymptotic expansions [1] were used.  By

checking the code with Eq. (6) an accuracy of at least 5 digits was established.
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