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Convergence of a Block-By-Block Method for
Nonlinear Volterra Integro-Differential Equations

By Athena Makroglou*

Abstract. The theory of a block-by-block method for solving Volterra integral
equations is extended to nonsingular Volterra integro-differential equations. Conver-
gence is proved and a rate of convergence is found. The convergence results obtained
are analogous to those obtained by Weiss [12] for Volterra integral equations. Several
numerical examples are included.

1. Introduction. Consider the nonlinear Volterra integro-differential equation

(1.1) V) = G<x, @, [T K, y(t))dt) & > 0)

given y(0). Methods applied to the integro-differential equation (1.1), seen as a dif-
ferential equation, have been discussed by Linz [7], Brunner and Lambert [3],
Tavernini [11], and Neves [10]. It is relevant to observe that the initial value problem
(1.1) can be written in the form

(12) ¥ = [166, 76, 2()ds +y0)  (x>0),
with
(13) z(x) = f :K(x, r,y@®)dt (x=0),

in which the initial condition is incorporated. If we put F(x, ¢, ¢) = (F,(2), Fz(t))T =
G, 1, 9,), K(x, t, 91))T with ¢ = (¢, 9,)7, then (1.2), (1.3) can be written

(14) ) = |, : F(x,s, f(s))ds + ¢ (x>0),

where f(x) = (¥(x), z(x))T and ¢ = ((0), 0)7. Methods applied to the integro-dif-
ferential equation (1.1), seen as an integral (or a coupled pair of integral) equation(s),
have been discussed by Day [5], and Mocarsky [9].

In this paper we too shall consider the equation (1.1) written in the form (1.2),
(1.3) and we shall extend a method first applied by Weiss [12] to Volterra integral
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equations of the form

(15) 1) = [ Fex, s, f)ds + g(x) (x> 0).

This method is an implicit block-by-block method. Such methods have the advantage
over linear multistep methods and step-by-step methods that they can be of high order
and still be self starting. In a block-by-block method we seek approximate values of
the solution for 0 <x, ;<X where Xpm,j = mh + uih,j =0,1,...,p,0<y, <
U, <--- <up,p integer, m =0, 1, ..., N — 1, such that Nh = X.

Weiss [12] has derived two schemes based on interpolatory quadrature rules such
that

uj P .
(16) Jo wrax= 3 wiokue),
and

.1 p
a.n J o Ax)dx = kgo wiep(Uy),
where
(1.8) w, = | :j Ly(x)dx,
19 wy =W = [ L)ax,
and

14
(1.10) L= I G —upluy—u,
j=03+k

see Egs. (2.11) and (2.12) in [12], that is

m—1

P
fmi=h Z% kZo WicFGem j» Xi k5 k)
i= =

(1.11)
p
+hY WFCm i Xm k> i, k)
k=0
and
m—1 D
fm,i=h z Z ka(xm,j’xi’k,.fi’k)
i=0 k=0
(1.12)

P p
thuy 30 WiFXp, i X ks D Lr(“f“k)fm,r)-
k=0 r=0

Scheme (1.11) has the disadvantage over scheme (1.12) that it needs the evaluation of
F(x, s, y(s)) at points where s > x, where F(x, s, y(s)) might, for example, not be de-
fined; see [12]. Weiss [12] indicated that the generalization of schemes (1.11), (1.12)
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to a system of Volterra integral equations of the second kind follows immediately.
Equation (1.1) can be formulated as a system of Volterra integral equations of the
form (1.4). But, because of the special form of F,(f) = G(t, y(¢), z(t)), simplifications
occur and thus we chose to treat each of the equations (1.2), (1.3) separately. We so
produced three schemes A, B, and C, which we called block-by-block methods after
Weiss, although they are new methods for integro-differential equations. We present
here scheme C which in Makroglou [8] was proved to be the best of all three, namely
the simplest, the least computer-time consuming and on the whole equally as accurate
as A and B. It also can be successfully used for Volterra integro-differential equations
with weakly-singular kernels, as will be shown in a sequel to this; see also [8], scheme
GC. The description of the scheme is given in Section 2 below. In Section 3 is given
the convergence proof of scheme C. Some numerical results are included in Section 4.
The results obtained by using schemes A, B, C in [8] were compared with those obtain-
ed by using linear multistep methods extended for the solution of (1.1) by Linz [7]
and by Brunner and Lambert [3], hybrid methods applied to (1.1) by Makroglou [8]
and some step-by-step methods discussed by Mocarsky [9]. We have not, however,
undertaken a systematic assessment of the relative merits of the methods on a class of
test problems. The results of the comparisons are stated in Section 4. For detailed
results see [8].

Throughout the paper, y,, j shall denote an approximation to y(x,, m=
0,1,...,N-1;7=0,1,...,p,and Z,,,; an approximation to z(x,, ;). Also
Xm0 shall denote the point mh + Upy * " uvkh, 0<y;<p,i=0,1,...,k,
v; integer.

2. Description of the Method.
2.1. Scheme C. Consider Eqgs. (1.2), (1.3). Forx = x,, ,j we have

X

Yomp= [, G0, 2s))ds

(2.1)
+ [ 66 (6, 2(5) + ¥(0),
and
2(xy, ) = f :m K(x,, ;» t, y()dt
2 x

m,j
+f A y(1)dt

m=0,1,... , N-1,7j=0,1,...,p.

Then using the quadrature rules (1.6), (1.8), (1.10) and (1.7), (1.9), (1.10) in the
equations (2.1) and (2.2), respectively, we have
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Vm —J’(O) +h Z Z WkG(x. ko Yi ko i, x)

(2.3)
. P )
+h Z M}kG(xm,k’ym,k’zm,k)’
k=0
m—-1 Pp
Zj=h > WK s Xi s Vi o)
i=0 k=0
p. P
+hui Z wiK Xm,j> Xm j k> 2 Lr(“j“k)ym,r ’

24 e =

m=0,1,...,N-1;j=0,1,...,p,

where, to obtain an approximation of y(x,, ; .), we have used Lagrangian interpola-
tion, that is,

(2.5) Yy j 1) = 2 L (ujuy(x,, ,)-

We note that in (1.2) G(s, y(s), z(s)) does not depend on x and so the evaluation of
G at points where s > x will not matter.
In the case when u, = 0 Egs. (2.3) simplify to

p .
(2.6) ym,i =Vm ,0 +h kgo w,kG(xm,k’ ym ko zm,k)'

(We cannot make a similar simplification to Eq. (2.4), because there the sum from 0
to m — 1 is dependent on j.)
When u, # 0 we can still simplify (2.3), by differencing on m thus

Yo,j = 5(0,/) +»(0),

Ym,j = hs(m,]) = Yp_y ; + hs(m —1,))
en me

p
h Z Wi Gt 5 Ym—1,k> Zm—1,k)>
k=0

=1j=0,1,...,p,

where we have put

P .
sm, )= 3 WGxp i VmirZmr) m=0,1,...,N-1.
k=0

At the m-stage in Eq. 2.7) y,,—,, j» Zm—1,j» and also s(m — 1, j) are known from the
previous stage forj =0, 1, ..., p, and we have to compute only one term of the
sum from O to m — 1 on the right-hand side of (2.3), namely the one fori =m — 1.
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We may note that the scheme (Egs. (2.3), (2.4)) is self starting and that for
p=1,uy =0,u, =1, it reduces to the scheme obtained, if we apply the trapezium
quadrature rule to the integrals occurring.

3. Convergence. In this section we are concerned with a convergence proof for
scheme C (Egs. (2.3), (2.4)).

We shall establish a bound on the error in approximations (2.3), (2.4), see
Theorem 1. This bound is achieved in terms of certain discretization errors (M, (h),
T (h), T,(h), T5(h), T4(h) in the analysis to follow) by using a lemma [6, p. 313],
given as Lemma 2 below. We shall then deduce convergence, see Corollary 1, and the
rate of convergence of the method by using Lemma 1 ([12], [1]), see Corollary 2.

Before proceeding to the proofs, we need the following preliminaries; see Weiss
[12]. In relation to the quadrature rules (1.6)—(1.10), we define

p+1 .
(Bl &)= (x—updx—uy)c(x—up)= 3 Pt gy =1.
j=o
We denote the relation f§ g(x)dx # 0 by g(x) € P, and the relations [ x'g(x)dx = 0,
i=0,1,...,v-1, ) x"g(x)dx # 0, by g(x) EP,. Let
uj 14 . .
6D Ew= [ Mod- T e, 7=01,...p.
=0

Then the following result is valid.
Lemma 1 ([12], [1], [8]). If g(x) € P,, then

(33) E(sPtitn= f:f *'g(x) dx — Zr CEPHIHY, r=0,1,...,p,
i=1
and
(349 E,(sP*'1*) =0 forr<v-1.
From (3.4) we may conclude that the degree of precision of the formula (1.7)

isp+1+v-1=p+v. The following lemma gives an estimation of the growth of
the solution of nonhomogeneous difference equations.

LemMma 2 ([6, p. 313]). Iflq,| <AZP} lg) + Bforn=ss+1,...with
A>0,B >0and =2} |q,| <P, then lq,| <B + APY1 + A", n=ss+1,....
Furthermore, if A = hk and nh = x, then |q,| < (B + hkP)exp(kx).

We shall also make use of the following notation:

35 TI') =6k, y(x),2(x)), K,(x,s)=K(x,s,5()), 0<s<x<X,

l"('")(s) = _iﬂ () K(m)(x 5) =_QZ K (x, )l
(3.6) = Mlp=s» K70, = o s M=
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We now define

L= su =
0<r,i,l?<p Lol Ay

j(x) ’

W= sup |wl, W= sup W]l
0<k<p 0<j,k<p

A ={(x,»,2): 0<x <X, |yl <oo, |z] < o0},

B>
~
|

= {(x,$,): 0<s <x <X, | <o},

My =
0<j<p

S Ko 9)ds — h Z Z Wik G s X3 1)

b

*m m—-1 p
fo F(x)dx —-h Z Z Wkr‘(xi,k) )
i=0 k=0

f m’, X j» 5)dS

T,(h)= max
0<m<N-1
0<j<p

p
—hu; ¥ WiK (s s X j 1))

0<m<N-1
0<j<p

.
Tt= mx |f x"’” I(x)dx — h zp; Wi TG 0l
m k=0

0<m<N-1
0<j,k<p

p
T3(h) = max m,j, k) Z r(ujuk)y(xm ,r) s

emrl=y(xm,i)_ym,j’ m=0’ l,~'-’N_l;j=0, l,...,p,

e, = max le, /| m=0,1,... N-1
™ o<j<p ™I > ’ ’

and proceed to the proof of the convergence theorems.

THEOREM 1. Let L, L, be the Lipschitz constants of G(x, y, z) with respect
to the second and third variable, respectively, and L 4 the Lipschitz constant of
K(x, s, y) with respect to the third variable on the sets A, A,. Then for the error
e,, in the approximations (2.3), (2.4) we have, for h sufficiently small, that

(38) em <(C' + hE't)exp((m — DhE"), m=1,2,...,N-1,

and
(39) eo < (Ty(h) + hW'Ly(p + DT (k) + hWL,(p + DT3(W)]D/(1 - D(p + 1)),
where

(B10) C'=cC/1-Dp+1), E'=Ep+1/(Q-Dp+1)),
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C = M,(h) + WL, X(p + 1YM, (k) + T (h)) + AWAL,L 3 X(p + 1)2T,(h)
+ Ty(h) + hW'Ly(p + DM, (h) + Ty(h) + hWL,(p + DT5(h)),

D= hW'L, + PWW'L,L,L(p + 1)?,

E=WL, + W2L,L,X(p + 1)+ hW2L,L L(p + 1)> + (WWL,L,(p + 1),

(3.11)

and & is such that e, < §.
Proof. Subtracting (2.3) from (2.1) we find
(3.12) em,j=A+B,
where A =A4,,, B =B, ; with
Xm m—1 p
A =f Tx)dx—h Y Y wiGlxix, Viks Zi)s
o i=0 k=0
(3.13) »
B= [ T)dx —h 3 WhGCm ko Ym o 7 i)
Xm k=0

and z; ; is the approximation to the integral z(x; ;) = f:i,k Ky (g p, $)ds, i =0,
1,...,mk=0,1,...,p,given from Eq. (2.4) by

-1 p
Zig=h 2 D WuKCxip, X Vo)
AN=0 u=0
(3.14)

p P
+hu, Y qu(x,-’k,xi’k,“, > L,(uku")yi’,>.
u=0 \ r=0
We shall proceed using the “add and subtract” procedure; see, for example, Mocarsky

[9]. So if we denote by z'(x; ) the right-hand side of (3.14) with y, ,, y; , replaced
by y(xp ), ¥(x; ), we have :

4 4
(3.15) lem ;| < 20 14,1+ 3 1B,
i=0 =0
where
m m—1 P
A, = r Tx)dx —h 3 3 weI(x; ),
0 i=0 k=0
m—1 p '
A._, =h ,-Zo kz Wk[l-‘(x,',k) - G(xi,k,y(xi,k)a z (xi,k))]’
= =0
(3.16)
m—1 ’ '
Ay =h tg kﬁo WilGOx; > (%1 1), 2 (%1 1)) = GCxy s Vi e 2' (63 D))

P
Ag=h Z(:) k): WielGCei ks Yiger 2 i x)) = GOy ps Vi ies 23 1)),
i=0 k=0
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and
xm, j 4 .
B, =fx "Te)dx -k 3 WG )
m k=0
)4 N
B,=h ,;o WD 1) = G ks Y 1)> 2’ X )]s
(3.17)

4 . , ,
B3 =h kZO “);C[G(xm ko y(xm ,k)’ z (xm ,k)) - G(xm,k, ym ko z (xm ,k))]a

P . ,
By=h Y WilGCxpm ks Ym ks ZCmi)) = C&m s Ym k> Zm g )
K¥=0

Using the Lipschitz conditions on G and K, the definitions (3.7) and the triangle in-
equality, we obtain the following inequalities (see [8, pp. 178, 179, 197]),

Al < My(h),
14,1 < WL, X(p + )M, (h) + Ty(R)) + hW2L,L X (p + 17 T3(h),

m—1 p
Azl <ARWL, 3 Y lejxls

(3.18) =0 k=0
m—1 p
A4l S BWAL,L X(p + 1) 3 leal
A=0 u=0
m—-1 p
+RWAL,L L + 12 Y Y lel,
i=0 r=0
and

lBll < TZ(h)’
1B,| ShWL,(p + )M, (k) + Ty(h) + hRWL3(p + 1)T5(h)],

p
(B19)  BI<HWL, Y lemil,
k=0

m—-1 p p
B4l SHWL,(p + 1) [hWL3 S Y lelHAWLLE +1) 3 ey,
i=0 r=0

r=0

—_

From (3.15), (3.18), (3.19) we then find

m-—1

p
(3:20) l€ |\C+DZ ey 4| + HE Z E le; !,

or

m—1
@321) e, <C'+hE' Y e
i=0
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Applying Lemma 2 now to (3.21) for & sufficiently small and e, < ¢ we obtain the
result (3.8) of the theorem. The result (3.9) can be proved proceeding similarly and
taking into account the fact that for m = 0 we have M,(h) = 0 and M, (k) = 0.

Using the result of Theorem 1, we shall now establish convergence; that is, we
shall prove

COROLLARY 1. Let

(i) the assumptions of Theorem 1 be valid,

(>ii) y(x), z(x), G(x, y(x), z(x)), K(x, s, y(s)) be continuous for x € [0, X],
s €0, x], and

(iii) g(x) = (x —up)x —uy) = - - (x —up,) €EP,.
Thene, —0,m<Nash— 0,Nnh=X.

Proof. We shall prove that

lim My(h) = lim M,(h) = lim T,(h) = lim T,(h)
(3.22) h—0 h—>0 h—0 h—0
= lim T4(t) =0, Nh=2X,
h—0
and then from (3.8), (3.9) the required result follows.
From Lemma 1 we have that the degree of precision of the quadrature rule (1.7)

isp +v>p. Thus,
M,(h) < 6X(1 + Ap)u(T h/2p) ([8, result 1-2.20]),

where A, is defined in (3.7) and

w(y; ) = sup lo(xy) — @(x,)l,

X1 ,x2€[a,b]
|x1—x21<8

is the modulus of continuity of a function ¢(x). So lim,_,q.xp=xM,(k) = 0. Also,

M,(h) < 6X(1 +A,) max W(K (%, j» 5); hI2D),
o<m<N-1
0<j<p

where K, (x, 5) = K(x, s, y(5)), 0 < s < x < X, is uniformly continuous in 0 <s <x
< X. So

max  w(K,(x,, ;,5); h/2p) — 0 ash —0,
0<m<N-1

0<j<p

which implies that im,_, ., x M (%) = 0. For T, (k) we have

m,j?

T\()<6h(1 +A,) max (K (x, ;,mh+uhs); 1/2p),
0<m<N-1
0<j<p

and therefore limy, , . vy x Ty (#) = 0. For T,(h), since the degree of precision of
rule (1.6) is >0 and the continuity assumption of I'(x) on 0 < x < X implies the
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bounded and Riemann integrable of I'(x), we have lim,_, o.xp=x T2 (h) = 0; see [S5,
p. 25]. Finally, for the error T5(h) in Lagrangian interpolation, using result (i-2.7)
and (i) of (Jackson) Theorem 12 in [8] we have T'3(h) < 6(1 + Ap)w(v; h/2p).
y(x) € C([0, X]) implies that y(x) is uniformly continuous in [0, X], (X < ). Thus,
lim,_, o.xp=x @(¥; h/2p) = 0 and so limy,_, o np=x T3(h) = 0.

Having examined convergence, we shall examine the rate of convergence; that is,
we shall prove

COROLLARY 2. Let

(i) the assumptions of Theorem 1 be valid,

(i) £(x) € P,,

(iii) K(x, s, y) is p + v + 2 times continuously differentiable with respect to x,
s and y, respectively, on 0 <s <x, 0 <x <X, [y| <y, where y = maxg < x()l,

@iv) G(x, y, 2) is p + v + 2 times continuously differentiable with respect to x,
y and z, respectively on 0 < x < X, y| <Y, lz| <z, where y is as in (iii) and z =
maxg ¢, < x2(x)l,

(V) y(x) is p + 2 times continuously differentiable on 0 < x < X.
Then, there are constants C,, C,, C5 such that,

eq S ChPt+2,
(323) e <C,WP*, m=1,2,...,N-1,ifv=0,

em SCshP*2, m=1,2,...,N-1,ifv>0.

Proof. Consider the definitions in (3.5), (3.6). Then for the errors M, (h),
M, (h), T,(h), T(h) in (3.7), extending the analysis of Weiss [12], we find

pt+v+2

m—1.
M,(h) = max — |E sp+v+l) p(p+u+1)(x, + O(hP+V+3),
B o<m<nN-1(p + v+ 1) pl ,-:‘:o |+ OG )
or
p+uv+1 x
My(h)=  max S AL Ep(sl"“”“)f ” TP+v+1)(g) g
(324) o<m<N-1 (p + v + 1)! 0

+ O(hp+ v+ 2),

where we have used Taylor series expansion for I'(x; + hs), I'(x; + u,h) and that
E,(P*'*")=0if r<v -1 (Lemma 1). Similarly we find

pptvt1 .y
M,(h)= max ———|E (sPTVt! K@Dy s
(M) o<meN-1(@+v+ D] P )fo 1 > 8)
(3.25) o<j<p

+ O(hp+v+ 2).

For T,(h), using Taylor series expansion for I'(x,, it h(s — “i)) and
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P(x,, ; + By — u;)), we find

p+v
(3:26) T,(h)= max

+ O(hp+v+2),
0sm<N-1

P MO, DS - 1))

r=p+17:

(E{s")y=0forr=0,1,...,p).
For T, (h), using Taylor series expansion for K,(x,, ;, X,, j + uj(s — 1)) and
K (xpm,js Xm,j + iy = 1)), we find

T, ptv u;hr KO )

= max uh Z : X, i X, s —1
1) o<m<N-1 M- 1 m > Xm Ep(( )
(327 0<j<p

+ O(hp+ v+2)’

E$)=0forr=0,1,...,p).
For the Lagrangian interpolation, using the well.known error formula, we have

Ta()= max KPP DOg(uu)l/( + 1) + OHP*?),
(328) 0<m<N-1
0<j,k<p

where { lies between x,, 0 Xmp and x,, ik

Combining now the results above with (3.8), (3.9), we obtain the required result
(3.23).

The same rate of convergence was found in [8] for the other two schemes men-
tioned in the introduction, but for scheme A under the additional assumption that
z(x) is p + 2 times continuously differentiable on 0 < x < X.

4. Numerical Results. We now display some numerical results obtained by
testing scheme C on three examples ((a), (b), (c) below) for the casesp =2,p =3,
uy=0,u;=ilp,i=1,...,p,withv=1and v =0, respectively. The results verify
order of convergence O(hPt+2) = O(h*) and O(hP* 1y = O(h*), respectively. Example
(c) is a “stiff” (constructed) example. In general, Egs. (2.3), (2.4) form a nonlinear
system for ¥, 0, ¥ 15 -+ + s Ym,p5 Zm,00 Zm 1> - - - » Zm,p> Which we solved by
applying a Newton iteration. It might seem preferable to use the method with
Zm,0s - - - » Zm p climinated (see [8], methods “with elimination of the z-variable”) in
order to reduce computing time; a sample of actual computing time (see [8, p. 146])
though, shows this to be false.

@) y(x) = 1 + y(x) — x exp(—x?) — 2f%xs exp(-»(5))ds, 0 < x < 1,y(0) = 0,
y(x) = x (Mocarsky [9, p. 239], Linz [7, p. 301], Makroglou [8, Example 2, p. 93]).

®)y'(x)=1+2x - y(x) + [5x(1 + 2x)exp(s(x — 5))y(s)ds, 0 <x < 1,y(0) =
1, y(x) = exp(x?) (Linz [7, p. 300], Makroglou [8, Example 6, p. 94]).

© Y'®) =y'©0) + [§ — 20p(s)ds + 21¥(0) - 21¥(5), ¥(0) = 1,¥'(0) = 1,

y(x) = (21/19)exp(—x) — (2/19)exp(—20x) (Makroglou [8, Example 7b, pp. 94, 95]).
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Example (a) Scheme C

u,=0,u;=ilp (=12,...,p)
x p=2 p=3
h=0.1 h = 0.5 h=0.1 h =005
0.1 356 x 10711 226 x 1072 138 x 107!! 9,63 x 10713
02 577 x107'% 429 x 107! 246 x 1071° 188 x 107!!
03 322 x107° 229 x107'° 141 x10™° 1.01 x 1071°
04 106 x 1078 729 x 1071% 466 x 107° 322 x 107!°
05 259 x107% 174 x107° 114 x107% 773 x 10710
0.6 526 x1078 348 x107° 232 x107® 154 x 1072
07 937 x1078 613 x107° 4.15x107% 272 x 107°
08 152 x1077 985 x107° 673 x 1078 437 x 107°
09 229 x1077 148 x 1078 102 x 1077 6.56 x 107°
10 328 x 1077 210 x 1078 145 x 1077 932 x 10~°
15 124 x 1078 785 x10°% 552 x 1077 3.49 x 1078
20 343 x107% 216 x1077 152 x10°¢ 9.61 x 1078
Example (b) Scheme C
uy=0,uy;=ifp (@=1,2,...,p)
x p=2 p=3
h=0.1 h =0.05 h=0.1 h =005
01 220x 1077 138 x107% 898 x 107° 5.66 x 10710
02 471 x1077 295 x 1078  3.63 x 1078 228 x 1072
03 7.68 x 1077 481 x 1078 844 x 1078 529 x 102
04 1.12x107¢ 704 %1078  1.60 x 1007 999 x 10~°
05 156x107¢ 975 x107% 273 x 107 1.71 x 10°8
06 208 x107® 131 x1077 445 x 1077 2.78 x 108
07 272x107¢ 171 x1077 706 x 107 4.40 x 10°8
08 346 x107%  2.17 x 1077 1.11 x 107¢ 691 x 1078
09 426x107% 268 x1077 174 x 1006 1.08 x 10”7
10 498 x107% 314 x 1007 275 x 10~¢ 1.71 x 10~7
15 314 x1075 190 x 1076 3.18 x 1075 1.96 x 106
20 171 x 1073 105 x 100%  5.19 x 107% 3.17 x 10~5
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Example (c) Scheme C

795

ug=0,u;=ifp (=12,...,p)
h=04 h=10
X X
p=2 p=3 p=2 p=3
04 237 x1072 795 x1073 10 572 x1072 353 x 1072
08 535x1073 596 x107* 20 3.13x1072 120 x 1072
12 120 x 1073 431 x1075 30 172 x1072 398 x 1073
40 943 x 1073 136 x 1073
32 446 x107% 580 x 1077 50 5.19 x 1073 448 x 107
36 374 x 107 437 x 1077 60 285 x 1073 156 x 1074
40 287 x 107 326 x 1077 70 157 x 1073 5.02 x 1075
44 214 x107% 240 x 1077 80 8.63 x 10°* 178 x 10~5
9.0 474 x107% 5.61 x 1076
60 590 x 1077 6.61 x 1078 100 2.60 x10~% 2.04 x 1076
64 422 x1077 473 x 1078 110 143 x 107% 624 x 1077
120 786 x 1075 236 x 1077
80 1.06 x 1077 1.19 x 1078
84 749 x 1078 840 x 107° 150 130 x 1075 7.57 x 1072
116 422 x 1072 473 x 1071°
120 293 x107° 328 x 10719200 648 x 1077 442 x 10~!!

All the above results were obtained on a CDC 7600 and represent absolute errors

Yx,)-Y,,n=0,1,....

In Makroglou [8], scheme C was tested on one more example forp = 1, 2, 3, 4,

S,ug=0,u;=ilp,i=1,2,..

., p. In the same reference are also included results

with u; being the Lobatto points (p = 2, uy = 0.5(1 = 0.2(1 + 1/6)), u, =

0.5(1 +02(0/6-1)),u,=1),(p=3,uq =0,u; =0.5(1 —\/02), u, = 05(1 ++/02),
uy =1),(p =4,uy = 0,uy =051 -~ /3/7),u, =05, uy = 05(1 +/3/7),u, = 1).
Using these points, order of convergence, higher than the expected from the convergence
proof given here, was observed. Weiss [12] has proved an O(h?**!) order of con-
vergence for e,, , in solving equations of the form (1.5) by (1.11) and (1.12). The
adaptation of his work to equations of the form (1.1) solved by scheme C will be

tried next.

In [8] some examples were also tested for p = 5 and u; equidistant. This case
though, did not seem to have any advantage over the one with p = 4; for some cases
it was even worse in accuracy. This is perhaps due to increased round-off errors
because of the increased size of the algebraic equations to be solved.
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Compared with the methods mentioned in the introduction of the same order,
tested on the same examples, scheme C was found the most accurate. Especially on
the “stiff”” example (example (c)) we obtained very accurate results with errors de-
creasing as x increases, even with a stepsize as big as # = 1. For some of the other
methods the error grows catastrophically as x increases; see [8, Tables 35, 36].

For stability results obtained for the linear test equation y'(x) = &y(x) +
n [§ y(s)ds, y(0) given, &, n real constants, see [2], [8].
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