
mathematics of computation
volume 36, number 154
APRIL 1981

A Method of Calculation of Lifting Flows

Around Two-Dimensional Corner-Shaped Bodies

By M. Djaoua

Abstract. We study the flow problem of a perfect fluid around a two-dimensional corner-

shaped body. By adding a singular function to the basis, we obtain better accuracy for the

velocities, and we determine the lift with precision.

Introduction. In this paper, we study the flow problem of an incompressible

inviscible fluid around a two-dimensional corner-shaped body.

Generally, one uses the potential function of such a flow, which is the solution of

an exterior Neumann problem. Considering this solution as a single layer potential,

one then gets a Fredholm integral equation of the second kind on the boundary

which can be solved by collocation methods.

We shall use another approach. Let ß represent the interior region of the body,

ß' the exterior one, and T its boundary. Then, the stream function of the

perturbation flow, ^, is the solution of the exterior Dirichlet problem

A* = 0    in ß',

* = *0    on r.

¥0 is —^oo, ¥x being the stream function of the onset flow. This flow is usually

uniform.

We shall write the solution 'i' as a single layer potential with some additional

terms. We shall obtain the single layer potential by solving a variational problem

on the boundary, as Nedelec-Planchard did for the three-dimensional case and

M. N. Le Roux for the two-dimensional one.

The singularity of the solution near the corner and the Kutta-Joukowsky condi-

tion give the other terms and the value of the lift of such a potential.

1. Integral Equations for an Exterior Dirichlet Problem. We are given the

following problem:

A«|/ = 0    in ß',
(1.1) ( i = io     on r>

where ß' is the exterior domain of a corner-shaped body and T its boundary.

Grisvard's results [1] allow us to define the Sobolev spaces on the boundary in

quite the same way as Lions and Magenes [2] for ß°° boundaries. Furthermore, the

spaces thus defined have properties which are quite similar to those of classical

Sobolev spaces [3].
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406 M. DJAOUA

Given \p0 in the space HX/2(T), let us consider a function u of //'(ß'), with

compact support, such that u = \p0 on T. Problem (1.1) can then be written

Í A(^ - m) = -Am    in ß',

[ («// - m) = 0 on T.

The variational formulation of this problem is

(1.2) j   grad(t|/ - m) • grad <¡> = - f  grad u ■ grad <b,
Jq' Jr¡'

for all <j> in some space of functions which vanish at the boundary.

The bilinear form in (1.2) is unfortunately not coercive in the space //0'(S2'):

/Y0'(ß') = { m g L2(ß'); j¿ g ¿2(ß'); «|r = oj.

We then have to choose a smaller space by regularizing the behavior of the

functions at infinity.

Then we consider the weighted Sobolev space, introduced by M. N. Le Roux [4],

<U)      w'm - i* p(! +*u,p) e iW; % e L2<aV " '•4

where the weight p is given by p = (1 + r2)i/2. Since the functions of W'(ß') and

// *(ß') coincide locally, it makes sense to define

rV0l(W) = {+ G If'(ß'); i// = 0 on r}.

Proposition 1.1. Problem (1.1) Aay a unique solution in the space ^'(ß').

Proof. Using a Hardy inequality, one can prove [ 5] that the expression

(1.4) 11*11 «(jfjgrad*!2)

is a norm on W^ß'), equivalent to the "natural norm" of W'(fi'), which is

W\tt)
-i

2 2

L\a')     ¿-i

rty

3x,

,«/2

z-^a')/1

(1.5)

|p(l + Logp)

The bilinear form (1.2) is then coercive on W0'(ß'), and by the Lax-Milgram

theorem, we obtain the existence and uniqueness of the solution.   □

We shall now consider the same problem for the interior domain:

Axp = 0    in ß,

\p = t^o     on T.

It is well known that this problem has a unique solution in the space HX(Q).

Joining the solutions of Problems (1.1) and (1.5), we obtain a function \p which,

since it is continuous at the boundary, belongs to the space

Log p) 3x,

Any function <b being given in the space ^(R2) of smooth functions with

compact support, we have

(1.6)       W\R2) = {^; p(1+yI,__, G L2(R2); 3L e f} (R2),/ = l,2j.

<A^, «{>> = -{   grad $ ■ grad <b,
Jn2
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where < • , • > represents the duality pairing between fy '(R2) and tf) (R2). By using

Green's formulas in ß and ß' [3], we obtain

/r2 grad *• grad <i> = (^ |int - ^ |ext, *|r)-

We dénote by [9>///9n] the jump of the normal derivative of the solution across the

boundary. Since ^(R2) is dense in W '(R2) [4], the equation is exact for all r> in

W'(R2). It is then valid for the constants which are elements of W'(R2). Thus

[d\j//dn] has the following property:

where < , > represents the duality pairing between H ~ X/2(T) and H l/2(T). Finally,

[d\f//dn] is in the space

(1.7) Hq-^T) = [v G H-^2(T); (v, l|r> = 0}.

Lemma 1.1. For any given v in H0~X^2(T), the problem

Find \p such that

(  grad ) ■ grad <b = <o, <J>|r>, V<f» G W\R2)
Jt,2

(1.8)

has a unique solution in Wl(R2)/R.

Proof. It is a very easy consequence of the coercivity of the bilinear form on the

space WX(R2)/R[4].   Q

Moreover, if v is very regular and if it satisfies <u, l|r> = 0, the solution of (1.8)

is given by

(1.9) *(*) = -¿/r »(>0Log|x - y\dyy + C.

In order to solve our initial problem, it is then sufficient to know the value of v,

which determines <i> as the sum of a single layer potential and a constant.

The symmetry of the left-hand side of (1.8) leads to the following theorem (proof

in [4]):

Theorem 1.1. The expression (1.9) is an isomorphism of the space H0~i/2(T) onto

K/R, where K = {\p G W'(R2); A\¡/ = 0 in ß and ß'}. This isomorphism is associa-

ted with the following variational problem which is coercive in H0~l^2(T):

Find v G Hq~ 1/2(T) such that

(1.10) a(v, v') - -^ f f v(x)v'(y) Log|x - y\ dyxdyy = <t/, *0>

for all v' <EH0-l/2(T).

The left-hand side of (1.10) is a bilinear symmetric form on H0~i/2(T) X H0~i/2(T),

and the expression

NI = (- ¿/r /r »(*M>0 Logl^ - ^1 dyxdyy)

is a norm on H0~ 1/2(r), equivalent to its definition norm.   □
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Remark 1.1. The solution 4> found in this paragraph is the stream function of a

nonlifting flow, since <t>, l|r>, which is a multiple of the lift, is set to be zero.

Nevertheless, it can also be interpreted as the electric potential in R2, in the

presence of the conductor ß; v then represents the electric charge on T.   □

Remark 1.2. This approach to exterior problems, which leads to integral equa-

tions of the first kind and, by integration, to variational problems on the boundary,

was first introduced by Nedelec-Planchard [5] for a three-dimensional Dirichlet

problem.   □

2. Approximation of the Nonlifting Flow. Theorem 1.1 shows that it is sufficient to

calculate the solution of Problem (1.10) to obtain the stream function \p by

Formula (1.9).

Since we want to use a finite element method to approximate the variational and

coercive problem (1.10), we are interested in the regularity of the solution of this

problem, or, which is the same, of the initial problem.

2.1. Some Regularity Results. Regularity properties of the solution are local.

Suppose \pQ is given in a "more regular" space-say H3/2(T). Then the solution if/ of

Problem (1.1) will locally behave as a H2(Sl') function, except in the vicinity of the

singular parts of the boundary.

It is then sufficient to consider the following interior problem:

Axp = 0    in ß,
(2.1)

{¡l> = to   on r>

where ß represents a corner-shaped bounded domain in R2. The corner is assumed

to be linear, and the angle is set to be w, where w is a real number, greater than it

and less than 2w (if w < w, which means ß is convex, and if i//0 G H3/2(T), then \p is

in H2(Q)).

We have then Grisvard's fundamental theorem [1]:

Theorem 2.1. Assume \¡/0 G H3/2(T). Then, the solution of Problem (2.1) has the

form

where (r, 9) are polar coordinates with origin at the vertex of the corner, and

<f> G #2(ß).

Remark 2.1. If \p0 is more regular-say in Hs+3/2(T), s > 0, the solution «// of

Problem (2.1) can be written as the sum of a regular function <f> (in //i+2(ß)) and

some singular functions, whose number and form are perfectly known [1].

Figure 1
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We know that the integral formulation is obtained by combining both exterior

and interior problems

Axp = 0    in fi and ß',

(2'2) l* = *o     onT.

Assume that the interior angle is acute and \p0 is in H3/2(Y). The solution of

Problem (2.2) will be such that

*|„ G H2(ß),       t//|n, = arx'B siní -g ) + <í> near the corner,

where </> is a function of //2(ß') and ß = 2 — a.

The solution v of Problem (1.10), which is the jump of the normal derivative of

}p, will then be written in the following way near the corner:

_3£|     _ cty\ _    d_l l/0 .    9^\     tyl     _ tyl
V     9nli°t     8«l«t       ° on\      Sm ß) + on ^     dn I«*'

Since the corner is supposed to be linear, we have

h('"'** })- ■"'""■
Let v0 be a distribution in H0~1/2(T) such that v0 = r(X/B)~x in the vicinity of the

corner. Thus, v = A ■ v0 + V, where V G Hl/2(T) n ^'^(r)-

2.2. The Discrete Problem. Let n be an integer and consider (n + 1) points on the

boundary T, (/!,),_,       n+,, such that

Ax = An+X = vertex of the corner.

The points (A¡)im.x       „ are assumed to be distinct.

We denote by T, the arc A¡Aj+x and by Yih the associated chord with length A,.

Let A be the maximum of (A,),., „ and A0 their minimum. We assume that

h/h0 < c; c positive constant. Then we define the space

wh =    wh- wh\rm = ct> i - 1,...,«; J   whdyh = 0 1,   c¡ constant,

where Th = U-_,ri7l,and

(2.3) Vh=Wh®{v0).

The approximate problem set in the so defined space Vh then takes the form

(2.4)

Find vh G Vh such that

i* i*
**(»*» ÜÁ) = -TI f  f  o*(*)»*(^)Log|* - y\dyh(x)dyh(y)

2-ir JTl%JVh

= (  v'huohdyh,

where u0h is an approximation of m0, defined on Th.

Since KA is not included in H0~i/2(T), but in H¿~ l/2(Th), we need two mappings

rh:Vh^H-^2(T),       ph: Vh -, H0^2(T).
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:[0,1],

The parametrization of T, being given by

í t ■ A,.,

we have the following parametrization of the approximate arc r,A, in local coordi-

nates:

We then define

rhwh = wh ° F¡h ° Fi for all wh G Wh,

Phwh
dF

dt
-K'^'O'»    forall^G WA.

We then extend these definitions to all vh G Vh by setting, since v0 has its support

in the common part of the boundary to T and Th,

Wo = />*»o = %

Lemma 2.1. For any vh in Vh, we have the following inequalities:

(2-5) cx\rhvh\L2,T) < \vh\L*tT„) < c2\rhvh\Li(T),

(2-6) C\\PkPh\L\T) <  \Vh\lHT,) < c'z\Phvh\l?'T),

with cx, c2, c\, c'2 > 0.

Proof. We have

Witr.) « 2  /   kl2 dyh=t  /' K ° Fm(t)f
Í-1 -Trt , = i •'o

dFlk

dt
dt.

But

dFa

dt
K
o.

and
dF,

dt H(i).
Since 0 is the first order interpolate of/, there exist two constants a, and a2 such

that

\dFi
<

<//=;*

¿/
< a- ^1

\rh»h\W) " 2   I   lrAu*l2 rfy(jc) =2   I   |o* ° ̂ /.P
<=1 Jv, ,-1 •'o

¿F
¿r

dt.

Then, with the previous inequalities, we obtain (2.5). In the same way

l/V*lLtr) =2    /   k ° ^7, ° ^~'(*)|2
._i   Jr.

dFih 2

dt

i-l   -T,

= 2 /' k ° Frt(/)|2

¿5»
¿ft dF*

dt

dx

dt.
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Since

dF)

dt

dF*

dt
<«2

dIi
dt

we get

«ikllfr.) < \Phvh\L\r, < «2kli2(r,)-

Thus, we derive (2.6).   □

Lemma 2.2. For all vh G Vh, the following inequalities, called inverse inequalities,

hold:

(2.7) l»A II *•<!•»)  < — Il O* Il «.(T.). - 1< t  < S < 0.

Proof (A. Bamberger, personal communication). Let us prove (2.7) for / = -1

and s = 0. Thus, we obtain all the other cases by interpolation. We have

(2.8)
o*ll»-'(r4) =

Jr.

*e #'(r»)    Il*lli,r»

Let us construct a particular function ^, which will of course minimize the

right-hand side of (2.8). Let us set

*lr   = *i-
We shall then choose ¥,- such that

• % G //¿(l,,)    (i.e.: %(At) = *¿4/+i) = 0),

*/   %»*-( (vh)\

* [   —r1 ■ -j- = 0   for any v G H¿(Tih) such that f   u • vh = 0.
•/r..    "X     ax Jr..

Such a choice is possible (and unique). Since ¥,- G H0\Tih), we have, for A small

enough,

ll*,IU'<r») < c|*ilij.    (<? constant).

Thus,

|o*llw-'(r») > c-
2 / (»J2

¿*.\2\,/2

and

"AII W-'IT»)

1/,(£)')

(IM
¿*. \2

!,/,(£)
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Let us now consider the function 0¡, the solution of the following problem:

*, e#ô(r»)

(Pi) d\

dx2
'- = Vu   on T.,.

One can easily see that 9i verifies

f   -r-r = 0   for any v G H^TJ such that f   vvh = 0.
Jv.h dx    dx JTm

Thus, ¥, = À,0, with

We then have

M.  .. M
"*lljf-'(r») >c

N

,?iHJ*
Suppose now that we could prove

(2.9)

Thus,

»Jw-'Cr.) >°-

ÊAiA

»■<<?•

I «aII2*-'(rA) > cA2

and we get (2.7).

Let us then prove (2.9).

One can first notice that

\ = Kiio>yii0,nî,iv

But, since 9¡ is the solution of Problem (P,),

S v>-°< f v"1
wiu-.-nJi—<  *« Hjj—

\9AiXm        fleWo'(r,*)     Flu»

On the other hand,

< ello.'Allw-'tr»)-

lkll//-'(r„,)=     max

d»,    dof        a fao<    tU

=     max
»eflJw    |0|i,ra        *6«J(ra)      |*li,ra

< Wi.ru
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Thus

v,'*"w.
< A,  < C2-

V,'AllO,r,„

^All-ix« iI^aII-it«

Now, by using the mapping given by x = (x - x,)/A, and by defining the

functions 9¡ and vh by

êfix) = 9,(x),       vh(x) = «„(x),

we are led to the following problem:

(P) dx2

0,(0) = 9,(1) = 0.

We can then easily derive that

d29.
= h2vh,       xG]0, 1[,

.   ,2lltfAll¿»(0,l)
\ = a;

l0íl«¿(0, 1)

Let us consider the general problem

_£u

(Q) dx2

m(0) = m(1) = 0,

and denote by R(F) the quantity

= F(x),       x G (0, 1),

R(F) =
IF1'2L2(0, 1)

I "I H¿(0,1)

We obtain

(2.10)
A,2

\ =71*03,,).

We suppose now that A, = A for any / = I, . . . , N. The calculations proceed in a

similar fashion in the case where this equality does not hold. Thus,

t5A(x) = vh(x¡ + Ax),       x G]0, 1[.

Since vh = w, + t>0 (we can suppose that a0 = 1),

vh(x) = f, + (x, + Ax)'-1,       x G ]0, 1[.

Let us define the vector space

% = { g,; gi = a + b(ih + Ax)'-1, a, be R}.

We also have

5, = { ft! gi = a + b(i + x)'~\ a, b G R},

which means that i, is independent of A. Hence

R(v„) < i?(S,) = max R(gi).

One can prove that 5„, for n ^ 0, can be identified to the space

$n = {&,;«, = « + bDn),
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where Dn is defined by

M. DJAOUA

pry»  (^ + ir'-(^ + x)'-1
mW (n + I)'"1 - „-'       •

Dn is a convex function and the sequence {Dn} is a convergent sequence in

C°[0, 1], and £>„ -+ 1 - x uniformly on [0, 1].

Let us define function D by D(x) = 1 - x. Thus, the subspace i„ "converges" and

its limit is

5 = {g;g= a + b-D,a,b&R}.

For any function G of L2(0, 1), we are now led to consider the quantity

R*(G) =    max    R(a + bG).
(a, ¿>)SR2

We can prove that, for a sequence {Gn} in L2(0, 1) such that G„ -» G in L2(0, 1),

we have Ä*(G„) -> Ä*(G!). Thus, for A small enough, we shall have R*(i¡) < c0 for

i ¥* 0 and, for i = 0, /?*0O) = c,. We can deduce R*(%) < c = max(c0, c,). By

(2.10), we then obtain \ < c/A2, which was the desired result.    □

Remark. We also have, by a similar proof,

(2.11) 11^*0*11 who < ttttII/'aüaIUw- -1 < f < 5 < o. n

Lemma 2.3. For all vh in the space Vh, the following inequalities hold:

(2-12) \phvh - rhvh\L2(VX < cA2|üJL2(r),

(2.13) \\Phvh - rhvh\\H-W2iT) < cA3/2|üA|„-,/J(r).

Proof. Inequality (2.19) is obtained as in [6], since vh is an element of L2(Th). To

obtain (2.13), we note that

ll/V* - r*»*lli/-/>(D < I A»* - VbLw < ^2|üJL2(rt).

Using the inverse inequality (2.7) with í = 0 and t = -j, we get

IIpaüa - ^^11//-'/^) < <*2~I/alkll*-»'»(r»)-   □

Proposition 2.1. Assuming the boundary is smooth enough out of the singular

point, and vh, v'h are two elements of Vh, we have

(2.14) \a(phvh, phv'h) - ah(vh, v'h)\ < ch^^v'^^y
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Proof. Using the definitions of ph and of the bilinear forms a(•, ■) and ah(•, • ),

we get

a(phvh,phv'h) - ah(vh, v'h) = -—  2     f    f   ^h(Fih(t)H(Fjk(s))
2w ,.= i ^o   •'o

Log
l*)(0 - Fj(s)\

Fih(t) - FJh(s)\

dFlk

dt

dFjh

ds
dtds.

By M. N. Le Roux [6], we know that

\F((t) - Fj(t)\    ^
L°S TF77\-F7TT K ch >

\Fih(t) - FJh(s)\

thus

\a(PhVh>Ph»'h) - ah(vh> «Á)l < ch2\rhvh\L\r)\rhv'h\L2rT).

By using inequality (2.5), we then obtain (2.14).   □

Theorem 2.2. Ellipticity of the approximate problem. For A small enough,

there exists a positive constant ß such that

(2.15) ah(vh, vh) > ß\\phvh\\2H-vi<r>-

This result leads to the existence and uniqueness (by the Lax-Milgram theorem)

of the approximate solution, which we can "compare" with the exact solution by

using the mappings defined above.

Proof of Theorem 2.2. By using (2.14), we have

ah(vh, vh) > a(phv„,phvh) - ch^v^r,.

Since the bilinear form a( •, • ) is coercive, one gets

a(phvh,phvh) > ax\\phvh\\2H-u2(Vy

Thus, by (2.6),

**(»*. vh) > «ill/>Af/,||2//-./*(r) - <*2|JWJi-«/W

Using now the inverse inequality (2.11), we get

«a(»>a. vh) > (a, - ch3/2)\\phvh\\2H-,/2ir),

so, for A small enough,

ah(vh, vh) > ß\\phvh\\2H-</2{r).   D

2.3. Error Estimates.

Theorem 2.3. Let v be the solution of the exact problem and vh the solution of the

approximate problem. Then, the following estimate holds:

II» - Ph»k\\H-*tHX) < c{ }nl Uv - Ph<\\H-"\T) + hy2H\LHrk)]
(2.16) U'eK*

x+IIt'o- '■at'oaIIw'/w}-



416 M. DJAOUA

Proof. Let v'h G Vh, and let us use (2.15). We obtain

ß\\Ph(»h - v'h)W2 < °a(»a - v'h, vh - v'h),

*aK -  »A. »A -  »A)

= ûa(«a> u* - v'h) - a(v,phvh - pkv'„) + a(v - phv'h,phvh - phv'h)

+ a(phv'h, phvh - phv'h) - ah(v'h, vh - v'h).

Using the Estimates (2.11) and (2.14), and since t> and vh are the solutions of the

continuous problem and of the discrete problem, we derive

fiWPhiPh - v'h)\\2H-"HT)  <   |<*QA> »A ~  «í> ~ (r^M ~ F*»Á>I

+ M\\v - phv'h\\H-,/2/r>\\phvh - PhVÍ.Wff-^r,

+ ch3/2\v'h\L2(Th)\\ph(vh - v'h)\\H-,/2iry

Thus,

IIA«* - PhV'h\\H-"HT) < c{llü -A«4lljr-«/V) + A3/2kL>(r»)

t    KtW »A - Q>>  - (>Po>Ph»h - PhV'h>\ )

\\Phvh -A^ÁII/Y-'/^n F

The problem is then to estimate, for any xh G KA, the expression

MoA.*A>  -  <«tWa*A>I

HA^aII//-"2^)

K*«. *a> - <*<> a*a>I =¿  f M« - *o)(^(0)a**(^(0)
,-1  ■'o

=   2     /    ('A'r'OA -  «/'o) *Phxh dy\
i-i ■'r,

¿F

<ft
<ft

thus

K'/'oa» *a> - (^o-A*a>I < tll'r'o _ ^aIU'/wII A*aII *-'/2(n-

It follows that

ÑAUA - PhV'h\\H-"2(T)

< c{\\v - Phv'h\\H-vHT) + ft3/2klz,»<l\) + H^o - '•a'/'oaIIh'/w},

and

l|o - A»aII < cf   ,inf„ [ll° - A«£IU-«/»XO + A3/2lüÁlí.2(r4)] + ll^o - rA,/'0All//'/:'(n}'

which ends the proof.   □

Remark 2.2. This result can easily be extended to the case of

M

Vh = Wh ©   {>,},

where {v,},_x      u are the M first singularities, and wA is a space of polynomials

over Th. If TA is a union of /^-polynomial arcs, we have the estimate
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II» - PhVh\\h-"\t) < e{  My [||o-FaO»II + ^+1/2|^|z.2(ri)]

+ ll«r'0 - rHlPoh\\H"\r)}-

Thus, we gain precision by fitting the boundary better.

In order to bound each one of the quantities appearing in the right-hand side of

(2.16), we shall use the following result of M. N. Le Roux [6].

Lemma 2.4. Let sh denote the orthogonal projection from L2(T) on Wh. Then, we

obtain the following inequality

(2.17) \\w - s.wWff-^T) < ch*+i/2\\w\\H,iT)

for 0 < s < 1 and w G HS(T).

Theorem 2.4. Let v be the solution of Problem (1.10) and vh be the solution of

Problem (2.4); then,

II» - A»aIU-/»(d < c{hs+l/2\\w\\H,m + A3/2(|a0u0|£2(r) + \w\lHt,)
(2.18)

+ 11^0-  rh%h\\H^HT)}

for -\ < s < 1 and v = a0v0 + w.

Proof. By Theorem 2.3, we have the estimate

II» - A»All//-v2(r) < cl   Inf  [\\v - phv'h\\H->/HT) + h3/1\v'h\LH7li)}

+ II<Í'0-'At'0aI|}-

Let us choose a particular v'h in the following way: v can be written as v = a0v0 +

w. Thus, shwh G rhWh and there exists some wh G Wh such that iAw = rhwh. We

then consider

»i = ao»o + wa.

II» - A«ÁII//-'/2(r) < Ik - Phwh\\h-^(X)

< Ik - ía^IIh-'/W + IkA^A - AwAll//-'/2(r)-

But

IK - •*Awll//-'/2(r) < cA,+1/2||w|ljir(r)   (by Lemma 2.4),

H'a^a - PhwHÏÏH-"Hr) < ch3/2\wh\L2{Th) < cA^kl^D,

since wh G I*/A [6] and rhwh = shw. Thus

II» -A»aIIä-/V) < cAí+1/2|kllry-(r) + *3/2Mz*r>-

On the other hand,

I»ÁIl2(i\) < K»oL2(r,,) + KL2(r4) < l^olz^o + IHz^r)'

since rhwh = shw. We can then obtain

II» - Ph^hWh-'^t) < c{hs+l/2\\w\\H.(r) + A3/2(|a0ü0|rJ(r) + Mz-W

+ Ho~ ^ohWh'/Ht)}-   O
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Theorem 2.5. For all x such that d(x, T) > 8 > 0 and for A small enough, the

following estimates hold, for 0 < s < 1,

I'M*) - *a(*)I < Mr ^{^(kooLtn + Mi*r>) + H*o - rH>Poh\\LKr)
(2.19) «l*, l)

+ **+IM*in + A1/2ll*o - ^0All//'/2(n}'

|Z)^(x) - Z)^(x)|

(2'20) < ^ <LM{*a(l<wJ¿'m + l"W + *,+VHjrm
¿(x, r)1

+ 11*0 - ^OaIIlW + A1/2||)fo -  ^OaII^iT)}-

Froo/. First, we shall bound \\v — Ph^>h\\H-'(r):

II II <»  - A»A. *)ll»-A»All/v-(r)=     sup    -—-.
♦ ew'<o       11*11 »'(H

Since the singular function v0 G L2(r), the mapping

1     Ç
A:v^>- — J  v(y)Log\x - y\ dy(y)

defines an isomorphism from L^(T) = L2(T/) n H0~ t/2(T) onto H 1(r)/R. There-

fore,

„                  „               .                     K» ~A»A>^g>l
II» - A»aII/r-'(T) < c   sup    -—-

gE¿¿(r) llgllz.2(r)

.      eil„    |a(o - A »a» g)\

<   C       SUP        -ÍTrTÑ- •
geLè'r)        \\g\\L\r>

Let shg be the projection of g on rA P/A. Then, shg = rAGA, GA G Wh; thus,

«(» - A»a> g) = a(v - A»a. g - PhGh) + «(» - A»a> Aga)-

By using (2.13), we get for the first term

K» - A»a» g - PhGh)\ < chï/2\\v - ^»JI^-v^DlIglI^n-

The second term can be written

«(» - A»a. A^a) = <*» A<»*> - <*oa> Gh> + ah(vh, Gh) - a(phvh,phGh)

= <*o - rh^oh'PhGh> + a„(vh, Gh) - a(phvh,phGh).

Thus, by using (2.14), we obtain

l«(» - A»a.A^a)I< ll*o - OAaIIlwIIGJIz.^) + ch^W^rJG.W^^y

Then

II» - A»All/f-'(r)

^•21) < c{hl/2\\v - pHvh\\H-lfHx> + ||*0 - r„t0h\\L2(r) + A'lltfcH^)}.

We can now write

» = <*o»o + w,       vh = a0hv0 + wh,

If If
*(•*) - *a(*) = - 2¿ j w(.v)Lo8l* ~y\dyy + -^J wA(y)Log|x - y\ dyh(y)

- -^-(ao - aoh) j v0(y)Log\x - y\ dy(y).
¿.IT Jr
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By an easy computation using replacement of variables (defined by functions F¡

and Fih), we obtain

fi     ,„,A*.       \x-Fih(t)\\dFlk

*(*) - *a(*) - ~2^f(v ~~ A»A>(>')Log|x - y\ dy(y)

1   V   f1    IV (t\\\  ~ I* ~ F*^)i
<ft

<//.

Using the fact that d(x, T) > S > 0, we get

I* - Fih(t)\
Log-

x - F,(t)\
<ch2

d(x, T)

and

^(011   v   fl    íf/<«i    i* ~ r.-A^;i ¿F»

<ft
A

cA2
W     ,2,

On the other hand,

J' 2

and

- / (» - A»a)(.v) Logl* - .vI'M.v)
7T Jr

d(x, T)

< II» -AÜAllw-'íDlILogl* -

L2(r>-

ltf'(I>

||Log|x -.villar) <
d(x, T) '

by the Taylor formula.

Regrouping all these results and using (2.21), we obtain

\i(x) - ^(x)| < ^-£_{A'*»Mtf-(r> + ä,/2||*o - r.*»ll*>A(n

+ ll*o - ^oAllitr) + h2(\a0v0\L2IT) + kL2(r))}'

which is the Estimate (2.19).

(2.20) is obtained in the same way, by remarking that

grad <>(x) - — f v(y)-^—^- dy(y),
¿it Jr \x - y\y\2

grad <t>h(x) = —{   tfcOO-p—\ dyh(y).   U
2trJTli \x-y\2

Remark 2.3. By a better fitting of the boundary (by piecewise /7-polynomial

functions), if we use the approximation space Vh = Wh 0J1, {v,}, with a suffi-

cient number of singular functions and if Wh is the space of piecewise &-poly-

nomial functions over Th, we obtain an order of error in hp+x + hk+2. The optimal

error is then obtained when/? = k + 1 (in our case,/» = 1, k = 0).

Remark 2.4. We have no error estimates in the vicinity of the boundary. That is

because grad \¡/ is discontinuous at the points of T, while grad \ph is discontinuous at

the points of Th.

3. Approximation of the Lifting Flow. The stream function \¡/ of the flow is the

solution of the following problem:

At|/ = 0    in ß',

\p = ip0    on r.
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Since the lift is nonzero, the behavior of the stream function is logarithmic at

infinity. We can then try to solve this problem in a space allowing such a behavior.

First, we prolong * to ß by the solution of the interior problem, and we try to

solve simultaneously both problems

A* = 0    in ß and ß',
(3.1) 1 * = *o     on T.

The following space, introduced by Giroire [7], allows logarithmic behaviors

^i,(R2) = L g öD'(R2); ——2 g l\r2), (i + r2yx/2^ e l2(r2)' ' = i> 2}.

In Section 1, we solved Problem (3.1) in the space WX(R2) by integral equations.

But in the space W\_ X(R2), Problem (3.1) has an infinity of solutions. One of them is

the (unique) solution which is in WX(R2). Let us denote it by \\>L.

We consider now the particular function <b, defined by

1    c
</>(•*) = - 2^ J  Log|x - y\ dy(y).

<b is not in WX(R2). Let <f> be the unique solution, in WX(R2), of the problem

,     „ Í A<f> = 0    in ß and ß',
(3-2)

[ <f> = <i>      on L.

<b — ̂  is a nonzero function of Wx_ ,(R2). The following result, due to Giroire [7],

enables us to find all the solutions of Problem (3.1):

Theorem 3.1. Each solution xp of Problem (3.1), in the space W]_X(R2), can be

written as follows:

(3.3) * = *L + % - ¿).

The problem is then to determine the value of X corresponding to the physical

solution of the lifting flow problem.

By the regularity results of Theorem 2.1, we know that

a

\pL = arx/a sin — + <bL     in ß',

9
<f> = brx/a sin - + <|>reg   in ß',

where air is the exterior angle and <¡>L, <>reg G Hj^JQ'). <j> is regular (i.e., in Hx2oc(il')

and //_2(ß)), since we have [8</>/3/i] = 1. (3.3) then takes the following form:

(3.4) xp = $L + \(<j> - <i>reg) + (a - Xb)rx/a sin -    in ß'.

On the other hand, \p G H2(Sï), since the interior angle is less than it.

The existence of the singular part in (3.4) leads to infinite velocities near the

corner (the velocity behaves as r(1/a)_1), which are not physically feasible. The

well-known Kutta-Joukowsky condition can then be stated as follows:

Theorem 3.2. There exists a unique flow, determined by the value of its lift, which

leads to a finite velocity at the corner.
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The proof of this theorem can be found in the Appendix.

This result means that b =£ 0 and X = a/b. The first way to calculate the

solution is to solve both Problems (3.1) and (3.2) in W'(R2), deduce the value of X,

and then, by (3.4), the solution \p of the lifting flow problem.

But, in order to avoid division by b (which can be small) and to solve one

problem instead of two, we shall use another way.

Let us consider the jump of the normal derivative of the solution

_cty

dn on
+ X

dn
-X 3<f>

on

We know that [d<b/dn] = 1, and that

3*z.

dn

d$

dn
H0-l/2(T).

We then have [3>/>/3w] = v + X, where we denote by v the quantity [d\pL/dn] -

X[3<|>/3n]. v is then the unique solution of the integral equation problem, in
H0-X/2(T),

- 2¿f / »(x)t/(>0Log|x - _,,) dyxdyy = <t/, if/0 - X<J>>.

We use the discretization introduced in Subsection 2.2. The discrete problem can

be written as follows:

(3.5)

Find vh Vh such that

1

2-it
-[   ( »A(*)»A(>0Log|* - y\dyh(x)dy„(y)
it Jr. Jr.

= <»*. *oa - **>,    Vej¡ G Vh.

Since Vh = {vQ} © Wh, let us denote by {u,},_,„_, a basis of Wh,

n-l

»A  = «0»0 +    2    «¿»i-
1-1

By writing (3.5) for each element of the basis of Vh (i.e., for each u,,  j = 0, 1, ... ,

n — 1), we have

n-l

(3.6)        2   «,A(»„ »,) + Kvj, <i>> = <»,, *oa>»   fory = 0, 1, ...,«- 1.
<-o

The discrete problem is then a linear system of n equations with n + 1 unknowns,

since X is unknown. But, by the Kutta-Joukowsky condition, we know that a0 has

to vanish since a nonvanishing a0 would lead to infinite velocities at the corner. By

setting Oq = 0, we get a linear system of n equations with n unknowns, but we lose

the symmetry of the problem.

Remark 3.1. The flow studied in this paper is the perturbation flow. The stream

function of the total flow \pT is then

*7- = * +  *oo-

The tangential component of the velocity (which represents the entire velocity since

the normal component has to vanish at the boundary) is given by the normal
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derivative of the stream function. Let us denote it by m :

9*ao     ,     3* 9*

dn + tn = dn

3*

dn

3*,

3«

where \pint is the stream function of the interior flow, xp^ is the solution of the

following problem:

A* = 0       in ß,

* = -*«,   on r.

We have then \piat = -xp^ in ß, because of the uniqueness of the interior Dirichlet

problem. Thus,

9*00    . 3*
dn

3*«

3«  '
M =

3»J/
3«

The jump of the normal derivative of the stream function is the velocity of the flow.

This very important result shows that, by this method, we compute both the

velocity of the flow and its lift, by solving a unique problem.

4. Some Numerical Results. The greatest numerical difficulties arise in the

calculation of the first row (and first column) matrix coefficients. These coeffi-

cients, which depend on the singular basic function t>0, lead to the calculation of

the following integrals:

(4.1)

(4.2)

f    Log|i - r| dt.
JAB

[    ¿x/a^-xLog\s - t\dt.
Já n

These integrals have to be calculated as precisely as possible, even exactly if

possible, since we have to integrate these quantities over a segment a second time.

We also note that the error estimates we obtained in Section 2 assume that there is

no error in the computation of the coefficients.

The details of these calculations can be found in [3]. Let us just say that we use

an analytic calculation when it can be performed (for (4.1)), and a very precise

numerical integration-with mesh refinements-otherwise. These calculations con-

stitute the greatest part of the computational time.

We first solved numerically our problem in a domain ß for which the boundary

T was constructed by connecting smoothly two segments making an angle with a

circular arc.
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The solution xp0 being given on the boundary T, we cannot generally know the

exact solution anywhere else. We have no error estimates on the boundary.

Estimates (2.19) and (2.20), and a previous work [8], allow us to think that the

greatest imprecision will affect the computed values on the boundary.

Thus, we compare the exact values and the computed ones on some points of the

boundary, and we compare as well the exact values and the values computed

without the use of a singular basis function. In this last case, the error is much

worse on the corner point than on the other points. By using the singular basis

function, we bring the value of the error on the corner point near its value on the

other points.

Table 4.1

Angle of 18 degrees

with the singular

basis function

without the singular

basis function

Nb. of F. E. in the
discretization

error on

the corner

average
error

error on

the corner
average

error

15

25

50

3.3%
1.3%
2.5%

0.5%
0.17%
0.1%

14.6%
10.6%
7.5%

1.6%
0.75%
0.26%

The improvement due to the introduction of a singular basis function is then

very important on the corner. This can be easily seen for an angle of 9 degrees: the

error with 8 Finite Elements using a singular basis function is the same as that with

100 Finite Elements without using the singular basis function.

Table 4.2

Angle of 9 degrees. Error on the corner point

Mb. of F. E.
with sing,

basis funct.

without sing,

basis funct.

8
15

25

50
100

5%
0.5%
0.71%

0.58%
0.43%

19.4%
15%

10.5%

7.8%
5%

The second type of domain is a Karmann-Trefftz one, obtained by transforming

a circle by a conformai mapping. Trivial harmonic solutions of exterior problems

are given by logarithms. Their transformation by a conformai mapping leads to

singular solutions.

The use of the singular basis function greatly improves the computed solution;

see Table 4.3.
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Table 4.3

Karmann-Trefftzprofile with interior angle of 9 degrees

error on the

corner point

error on the

next point

average

solution with
sing, basis funct.

5.3%

0.76%

0.7%

solution without

sing, basis funct.

24.6%

4.1%

2.6%

In conclusion, we can say that this method gives a precision which is comparable

near or far from the corner.

The numerical results show very important improvements near the corner. These

improvements are more important when the corner is sharp, which is the case of

the physical problem. Therefore, it is worthwhile to carry on these numerical tests.

Appendix. Proof of Theorem 3.2. We obtain the desired result if we prove that

¿£ Hx2JSl'), (i.e., that ft ¥=0).

By denoting 5> = r> - <ji>, we notice that í> is a solution of the following problem,

in the space Wx_x(9,'),

(P)
í AO = 0    in ß',

1 $ = 0      on r.
By applying Theorem 3.1, we can easily see that all the solutions in WX_X(Q,'), of

Problem (P), are multiples of i>. Actually, if i>, is a solution of (P), Theorem 3.1

shows that i>, = $L + X<E>, where <bL is the solution of (P) in W¿(Q'). Thus, $L = 0

and $, = X<&.

If we consider now the unit circle y and its exterior domain w', we have the

function p defined by p(z) = Log|z|, which is a solution of the problem

, . f Ap = 0    in io',

( p = 0       on y.

p is the real part of the holomorphic function i\(z) = Log z.

There exists a conformai mapping H from the exterior domain a' onto the

exterior domain ß'. Moreover, we can expand //""'at the vicinity of the corner

(z = 0) in the following way [9]:

H'x(z) = 1 + axzx'a + with a, ¥= 0.
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The function ß(z) = r¡ ° H   x(z) is a holomorphic function. Its real part is then

harmonic and vanishes on the boundary T, since n vanishes on y. Then

& = Re(/3)

is a solution of Problem (P), in the space W]_X(Q'). Thus, Ó = XO, \?fc0. We can

even assume that Í» = <ï>. Thus,

$ = Re(n o H~x(z)) = Re(Log(l + a^1/« +...)),

$ = Re(<j,z1/a +...).

The singularity coefficient of the function does not vanish since a, ¥= 0. Theorem

3.2 is then proved.    □

Centre de Mathématiques Appliquées

Ecole Polytechnique

91128 Palaiseau, Cedex, France

INR1A
B. P. 105
78150 Le Chesnay, France

1. P. G ris v ARD, "Behavior of the solutions of an elliptic boundary value problem in a polygonal or

polyhedral domain," Numerical Solution of Partial Differential Equations III, Synspade 1975 (Bert

Hubbard, Ed.), Academic Press, New York, 1976.

2. J. L. Lions & E. Magbnes, Problèmes aux Limites Non Homogènes et Applications, Vol. 1, Dunod,

Paris, 1968.
3. M. Djaoua, Thèse de 3ème cycle, Université de Paris VI, 1977.

4. M. N. Le Roux, Résolution Numérique du Problème du Potentiel dans le Plan par une Méthode

Variationelle d'Eléments Finis, Thèse de 3ème cycle, Université de Rennes, 1974.

5. J. C. Nedelec & J. Planchard, "Une méthode variationnelle d'éléments finis pour la résolution

numérique d'un problème extérieur dans R3," R.A.I.R.O, v. 7, 1973, pp. 105-129.

6. M. N. Le Roux, "Méthode d'éléments finis pour la résolution numérique de problèmes extérieurs

en dimension 2," R.A.I.R.O. Anal. Numér., v. 11, 1977.

7. J. GrROlRE, Formulation Variationnelle par Equations Intégrales de Problèmes aux Limites

Extérieurs, Rapport Interne no. 6 du Centre de Mathématiques Appliquées, Ecole Polytechnique, 1976.

8. M. Djaoua, Méthode d'Eléments Finis pour la Résolution d'un Problème Extérieur dans R3, Rapport

Interne no. 3 du Centre de Mathématiques Appliquées, Ecole Polytechnique, 1976.

9. P. Germain, Mécanique des Milieux Continus, Masson, Paris, 1962.


