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A Linear Scheme for the Numerical Solution
of Nonlinear Quasistationary Magnetic Fields

By Milo$ Zlamal

Abstract. The computation of nonlinear quasistationary two-dimensional magnetic fields leads
to the following problem. There exists a bounded domain € and an open nonempty set
R C Q. We are looking for the magnetic vector potential u( x,, x,, t) which satisfies: (1) a
certain nonlinear parabolic equation and an initial condition in R, (2) a nonlinear elliptic
equation in § = £ — R, (3) a boundary conditon on 3Q and the condition that u as well as its
conormal derivative are continuous across I' = dR N 3S. This problem is formulated in an
abstract variational way. We construct an approximate solution discretized in space by a
generalized Galerkin method and by a one-step method in time. The resulting scheme is
unconditionally stable and linear. A strong convergence of the approximate solution is proved
without any regularity assumptions for the exact solution. We also derive an error bound for
the solution of the two-dimensional magnetic field equations under the assumption that the
exact solution is sufficiently smooth.

1. Introduction. For two media the computation of nonlinear quasistationary
two-dimensional magnetic fields leads to the following problem: There exists a
two-dimensional bounded domain £ and an open nonempty set R C Q. We are
looking for the x;-component u = u(x,, x,, t) of the magnetic vector potential such
that

(l.l) OE: a—x’ Va_x,

i=1

d S 9
4 ( a“)+1 inRX(0,T),0<T< oo,

u(x,, x,,0) = uy(x,, x,) inR,
2
_ 0 du
(1.2) 0= ,-2 P (”_ax,

)+J inSx(0,T), S=Q-R,
=1

u satisfies a boundary condition on 92 X (0, T') and
S du s
(1.3) [ulzr = va RZO on X (0,T), T =0RNJS.

Here the conductivity o = o(x,, x,) is a positive function on R, the reluctivity
v = v(x,, X,,||lgrad ul|,) (lgrad u||3 = 2_,(du/dx,)?) is a positive function on X
[0, 0), J = J(x,, x5, t) is a given current density, u, = uy(x,, x,) is a given initial
value of the x;-component of the magnetic vector potential and n denotes the
normal to I' oriented in a unique way. The derivation of (1.1) and (1.2) from
Maxwell’s equations is, e.g., given in Demerdash and Gillot [10].
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In Zlamal [9] there are given two equivalent abstract formulations of the above
problem. A fully discrete approximate solution is constructed and a weak conver-
gence is proved. The scheme for the approximate solution is nonlinear. In this paper
the hypotheses on relevant spaces and differential operators are strengthened. On
the other hand, the scheme for the fully discrete approximate solution is uncondi-
tionally stable and linear; more exactly the corresponding matrix is the same at each
time step. In case of the Dirichlet homogeneous boundary condition it is derived
from the equation

(1.4) (o%,v)mk +a(u,v) = (J,v)1q), a(u,v) = /é Vau av dx.

which is true for all v € ¥V = Hj(®) (it follows by multiplying (1.1) and (1.2) by v,
by integrating over R and S, respectively, by using Green’s theorem, by summing up
and by taking into account (1.3)). We add the bilinear form

Hu,0)= 3 er§

M=R.S

du av

to both sides of (1.4), where ®,, (M = R, S) are positive constants, and we
discretize in space by the Galerkin method. Denoting by U the semidiscrete solution,

we get
aU _ "
(1.5) (aﬁ,v),—z(m 41U, 0) = w(U, v) + (J, 0) 2@ V¥ E VP,

here w(u, v) = I(u,v) — a(u,v), V" > V is a family of finite-dimensional ap-
proximations of the space ¥ and U € V*. The discretization in time is carried out by
applying the implicit Euler method to the left-hand side and the explicit Euler
method to the right-hand side of (1.5). The final scheme is

(1.6)  (U'= U™, 00) 2z, + A(U', v)
= Atw(U'" ', 0) + At(J 7", 0) 1200y Vo E VH;

here the index i denotes the value of the corresponding function at the time ¢, = iAz¢,
i=0,1,.... The scheme (1.6) cannot be used for i = 1 as the initial value u, is
known on R only. U' has to be computed by the nonlinear scheme (4.4). Let us
remark that the idea of implicit-explicit methods goes back to Douglas and Dupont
who proposed in [4] the Laplace modified method for the solution of the nonlinear
heat equation. Recently, Crouzeix [3] proposed a general scheme of an implicit-ex-
plicit linear multistep method. We prove a strong convergence of the approximate
solution to the exact one in two norms for the abstract variational formulation of the
problem without requiring any smoothness of the exact solution. The conditions of
the main theorem are satisfied for the problem (1.1)-(1.3) if the reluctivity » and the
constants ©,, satisfy (2.4) and (3.1), respectively. Under these conditions we also
derive an error bound assuming, of course, that the exact solution is sufficiently
smooth. The condition ©,, > 1C,, is almost necessary in the following sense: if
v = const, then ©,, = 1 C,, is necessary (as well as sufficient) for the scheme (1.6) to
be unconditionally stable.
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The abstract variational formulation covers the three-dimensional nonlinear quasi-
stationary magnetic field as well. The magnetic vector potential u is now a vector
u = (u,, u,, u;)" withu; = u,(x,, x,, x5, t) and it satisfies (see [10]):

oa—u = —curl(vcurlu) +J inR X (0,T),

(1.7) ot
u(x,, x,, x3,0) = uy(x,, x,, x;) inR,
1.8 0= —curl(vcurlu) +J inS X (0,T), S=Q—R,
(1.8) ( ) (0,T)
u satisfies a boundary condition on 9 X (0, T') and
(1.9) [(curlu)Tn]i =0, [rvcurluxn]g=0 onT X (0,7),
' =9R N 3Ss.

Here n is the unit normal vector to I oriented in a unique way, u X v and u’v (the
superscript T denotes transposition of a vector or of a matrix) denote the vector and
the scalar product, respectively, and » = »(x,, x,, X3, ||curlul|,). For the boundary
condition uly, = 0, the equation corresponding to (1.4) has the form

du
(ogt—’v)(ﬁ(k»-‘ +a(u,v) = (I, V)@,
(1.10)
a(u,v) = / v(curlu) curl v dx,
Q

which is true for all v € V = (Hg(2))>. (1.10) can be derived in the same way as
(1.4). Adding the bilinear form

l(u,v) = Y O, (curlu,curlv) 2y
M=R.S
to both sides of (1.10) and discretizing in space and in time as before, we get the
linear scheme

(1.11)  (AU', av)12ry + AtI(U',v)
= Ato (U™ v) + At(I771,v) 2@y Vo € VH,

where V* - V is a family of finite-dimensional approximations of the space V =
(H'(2))%, w(u,v) = l(u,v) — a(u,v). Again, the conditions (2.4) and (3.1) are suffi-
cient for applying the abstract convergence result.

2. General Formulation of the Problem. First, we introduce some notations.
HX(Q), k=0,1,..., denotes the usual Sobolev space, H*(Q) = {v € L¥Q); D%
€ L*(Q) V|a|< k}, provided with the norm 1ol i+ @y = Z<ill D0l L2g)- HE®Q) is
the closure of (L) in the norm || - || gy, H *(Q) = (H§(R))’ provided with the
dual norm. If X is a Banach space normed by || - ||, and p = 1, we denote by
L?0,T; X),0<T < oo, the space of strongly measurable functions f: (0, T) > X
such that

. T D 1/p
||f||u<o,r;x>=[ / ||f(t)||xdt] < o,

with the usual p = co modification. By C([0, T]; X) we denote the space of
continuous functions f: [0, T] - X normed by || f|lc(o, 7}, x) = Max, o, ll f(ll x»




428 MILOS ZLAMAL

and by C%'([0,T]; X) the space of Lipschitz continuous functions. If u €
L0, T; X), we denote by u’ the weak or generalized derivative of u (see Temam
[8, Lemma 1.1, p. 250]).

Now, we introduce three requirements concerning relevant spaces, differential
operators and data.

A. Let H,,, M = R, S, be two (real) Hilbert spaces with scalar products (-, -),,
(the induced norms are denoted by | -|;,), and let the Hilbert space H = Hy X H
(with elements [vg, 5], vg € Hg, vs € Hg) have the scalar product (-, -) such that
the norm |v|= (v, v)"/? is equivalent with |vg|g + |vg|s. Further, let ¥ C H be a
separable Hilbert space normed by || - ||, and let the vector spaces V,, = {wl w=
v, U € V} be subspaces of the Hilbert spaces B,, C H,, normed by || - ||,,
(C5)y.pr e bilinear symmetric positive (not necessarily definite) forms on V X
Vu» Vi being the closure of V), in B,,. Then ||v||, = [l|vglliz + llosllis]'/? with
loallE ar = ((Vpgs ©ps))1.p IS @ seminorm on V X V. We require that

(2.1) ||vM||1,M < C”vM”M’ ”bR“R +”vs”s < Cllo|, Vo eV
llolly + Aoglz = Bllvl, C,\,B=const>0

We denote by Vy the closed subspace (0] w =vg, v € V,v5 =0} of Vg, and we
assume Vy, to be dense in Hy and ¥ to be compactly imbedded in H.

Example 1. Let @, R, S be domains introduced in Section 1 with Lipschitz
boundaries. We choose H,, = LA (M), (u, v); = (ou, 0);2(ry, Where o € L*(R),
o =0,>0,

(u,0)s = (u,0)12sy; H=L*Q), (u,0)=(u,0)29, V=H)Q),
I7M = {"-’| w=H'(M),w banam = 0} > ollp = ”D“H'(M)’

2 du dv S ou)’ 2
(M= [, S 55 50de = {fgl_gl (3 dx} .
In three dimensions we take
Hy = (LA(M)), (u,0)r = (ou V) (#,0)s = (W¥)22s) s
= (L3(Q))", (u,0) = (WV)2@r. V= (HJR))
Vi = {lo € (H(M))’; @lhgran = 0}, ol =¥l crcany

((u, U))l m = (curlu, curl v) 22 a7, flully :||Cur1“||(L2(9))3'

As Vp is dense in Hy, Vp is also dense in Hg. We identify H r With its dual space
by means of its scalar product (-, -)z. From the continuous imbedding of ¥V into Hp
it follows that Hy can be identified with subspaces of V, and of V,, and we have
inclusions V; C Hy C Vj, Vi C Hg C V} where each space is dense in the following
one and the injections are continuous. Furthermore, the scalar product (-, - ) . in the
duality between V; and Vy is an extension of (-, ), i.e.

(u,0) g =(u,v)g ifu € Hy,v € Vp.

We denote the scalar product between ¥ and ¥ by (-, -) and between V7 and ¥ by

<"'>S'
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B. Let A™(¢), M = R, S, be gradients of the functionals J™(¢) defined on V,,
and having Hessians H(w). Further, let

(2.2) JMO0)=0, AM0)=0

and

|<HM(W)‘P, 1P>M| < CM”‘P“I.M“\P”LM

| (HY0)9. 0 )y = culloliv

<H5(w)(p,(p>s >0 VweE V,
VoEV,={wlo=0.0E V,0,=0},9#0,0<c, <C, < ow.

} Vw, @,y € I7M,
(2.3)

C.Let fM M = R, S, be functionals from C%'((0, T]; V;,) and u, € Hy.

Example 2. We consider the spaces of Example 1 and the problems (1.1)-(1.3) and
(1.7)=(1.9). In applications, »(x,, x,, §) is of the form »v(x,, x,,§) = vy (§) on M
with »,,(§) € C'([0, ). Then

AM(p) = -

" MN

ai[ w(lerad ol:) S |
(AM(@). ¥ )y = f 2 vy (|lgrad ol )a—q)a_‘l’
M=)

I(@) = [ Fy(lgrad oll,) ax
M
where F,,(¢) = [$sv,,(s) ds. In three dimensions

AM(@) = curl(VM(||curl @|,)curl q)),

(A’"(q)), ¥ >M = vaM(chrl o|l,)(curl q))Tcurl Y dx,

JM(p) = fMFM(chrl(p”z) dx

We shall prove in the last section that B is satisfied if
(2.4) Cy < dig [évy,(£)] <C), VEE[O,0).
The last notations which we need are
We={ulu € LX0,T;V); up € L*(0, T; V) },
a(u,v) = (A%(ug), vp) g + <As(us), vs)s Yu,v €V,
(f,v)= <fR,vR>R+ <fS,vS>S VYo E V.

The abstract problem in which we are interested can be formulated in two equivalent
(see [9]) ways as follows: Find u € Wy such that

(P) up + A%ug) = f*, u(0)g = uy, A(ug) =f*

or

(P) %(uk,vR)R+a(u,v)=<f,v) in®’((0,T)) VoeV, u(0)g=u,.
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If the condition A is satisfied then it is easy to see that the condition 1) of Theorems
1 and 2 of [9] is fulfilled. We shall later show that if also B is satisfied, then the
assumptions 2,3,4,5 of the mentioned theorems are fulfilled (with p =2 and
[v] = |lv|l,)- Therefore, the problems (P) and (P’) are equivalent and there exists just
one solution of these problems.

3. Approximate Solution, Convergence. To define the approximate solution we
discretize (P’) in space and in time. The discretization in space is carried out by
means of a generalized Galerkin method (see Necas [7,p. 47]). To this end we
assume that there exists a family {V'*}, 0 <h < h*, h* >0, of finite-dimensional
subspaces of V such that

D. lim,_q, dist(V",v) =0Vv €V
(see three remarks following Eq. (3.22) in [9]). We also consider a partition

0=1t,<t <t,<t, =T of the interval [0, T], where ¢, = iAt, i =0,...,r, At =
T/r. We choose the constants 0,, to satisfy

(3.1) 0, >1C,,.

We denote

(3.2) {I(u, v) = O((ug, vg)), g + Os((ug, v5)), s

w(u,v) =1l(u,v) — a(u, v)

and we write (P) in the form

%(uR,DR)R + 1w, 0) = w(u,0) + (f,0) nD((0,T)) Vo€V,
u(0) g = u,.

Discretizing in space and integrating the left-hand side of (3.3) by the Euler implicit
method and the right-hand side by the Euler explicit method, we get a scheme which
is linear:

(3.4 {

(33)

(Ui — Ui vg) g + AU(U', v) = Atw(U' ™Y 0) + At { f71, v)
YoE V" i=2.

The existence and uniqueness of U’ € V* follows from the fact that the quadratic
form (vg, vg)g + Atl(v, v) is bounded from below by cAt||v]|? (in the sequel, ¢ and
C denote generic positive constants which do not depend on § = (A, At) and which
are not necessarily the same at any two places). The boundedness is a consequence
of the inequality

2 2 2
(3.5) loalz + CiAtllolly = ¢/(C,, B)Adlo|” Vo€V,
which is true for any C, > 0 and for At < ¢,(A, C)) owing to the third inequality of
(2.1).

In (3.4) we cannot choose i = 1 as u(0)g is not given. Therefore, U' must be
defined in a different way. Before doing this we introduce the last assumption.

E. The initial value u, belongs to Vg, i.e. there exists g € V such that u, = gg.
Evidently, if E is satisfied, then from D it follows that there exists g € V* such that
|uo — 8hlr = 0, 118"l < Cfor 0 < h < h*.
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U' is defined as follows:
(3.6) (Up— UR,vp) g+ Ata(U',v) = At(f',0) VoeE V" Ul =gh.

(3.6) is a nonlinear scheme considered (for arbitrary i = 1) in [9]. Hence, the
existence and uniqueness of U' follows from Theorem 2 of [9].

Remark. In computations we do not need to know the extension g of #, which one
can see at first glance from (3.6). We need g only, and we can choose gk = the
interpolate of u,,.

We extend the approximate solution on the whole interval [0, T']:

. t—t._ . . .
vd=ui! +—Tt’—'(U’ - U™ in[t_, ] i=1,...,r,

U®=gh 6= (h,Ar).
Evidently U® € C([0, T]; V).

(3.7)

THEOREM 3.1. Under the conditions A, B, C, D, E and (3.1) the approximate solution
U? is uniquely determined by (3.4), (3.6) and (3.7), it belongs to C([0, T]; V') and

(3.8) luz = URllcaoriime = 05 Ml = UPll2oz0y = 0 if 8 05
here u is the unique solution of the problem (P’ and u € L*(0, T, V).
Proof. (a) We use the compactness method (see Lions [6] and the references given

there). We show that from any sequence {U%} of the family {U®} with 8, > 0 one
can choose a subsequence U% such that

8y =0, |lug — Ul cqo.ryitty = 0, llu = U] 20,0y = 0

J

and that u is a solution of the problem (P). As (P") has a unique solution, (3.8)
follows.

(b) From Taylor’s formula (see, e.g. Céa [1, p. 52]) and from (2.2) it follows that
T(@) =1 (H"(99)p,9)y,, O0<d<l.
Hence by (2.3)

2 2
seullelim <IM(@) <iCyleli -

Setting J(v) = J®(vg) + J5(vs), we see that
2 2
(3'9) %CO"v"l <"(v) < %CO”O”I V‘U € V?
co =min(cg, cg) >0,  Cy = max(Cy, Cs).
Further,
a(e,¥) = (4M(9), ¥ )y = (HY(B9)p, ¥),,, 0<H<I.
Therefore,

2
la™(@, ¥)| < Cyllelliallvll a a"(9, 9) = cplloll -
Also

a"(p, @) — a"(y,0) = (H"(¥ + (¢ = ¥))(@ — %), @ ).
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Thus
|0M(‘P’ w) - aM(‘P, ‘0)| < CM“‘P - \P“LM”‘*’”LM
and
2
a'(p, 9 —¥) —a(y, 0 —¥) = cplle — ¥lliar,
so that a™(g, ¥) are monotone and a>(g, ¥) fulfils (3.7) of [9]. It follows that
2
la(u, o)< Gollulillolli,  a(u, v) = collull,

(3.10) a(u,u—v)—a(v,u—v)>c0||u—v||?,

< Gollu = olhllwly Vu,0,we V.

la(u,w) —a(v,w)

Obviously, the assumptions 2,3,4,5 of Theorems 1 and 2 of [9] (with p = 2 and
[v] = |lv]l,) are satisfied. Further,

a"(@, ¥ — @) + JM(@) —JM(y) = (AM(@), ¥ — @)+ TM(p) — JM(y)
=-3(H"(o+ 34— @)y —9),¥—9),, 0<d<I.
Hence
a"(p, 4 — @) + IM(9) — JM(¥) = -1 Cylle — ¥l urs
so that

2 2
(3.11) a(v,u—v) +J(v) —J(u) = _%[CR”uR - vR“I,R + Gllus — Us”l,s]-

We set

(3.12) Ky = 0y — 3Cy,.
We have k,, > 0 owing to (3.1), hence

(3.13) Ko = min(kg, kg) > 0.

From (3.11) it follows that
(3.14) Hu—v,u—v)+a(v,u—0)=«ku-— v||? +J(u) —J(v) Yu,v€ V.
(c) First, we prove that

(3.15) Ul < c.
Choosing v = U' — g" in (3.6), we get (using the inequality ab < 194> + 19-'p2
8>0),

2

|Up — gh|z + Ata(U' — g", U' — g*)
= Atfa(U' — g",U' — g") — a(U', U' — g")]

2
, 4> 0.

+C9'At + CHAL|| U — g
From (3.10) and from the assumption E it follows that
2 2 2
|Ug — gilx + oAU = "} < $c,Ar| U — g"[} + C#~'Ar + COAL| U — g””2.
By (3.5)

AUt — ghl* < Co-Ar + Gl U — g
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Setting & = ¢, /2C,, we get [[U' — g"||* < C. (3.15) is a consequence of this estimate
and of the assumption E.
Now, we prove the following inequality:

(3.16) AU, + cAr
=2

- 2 2
[AU[]” + cAdlU™|
t

1 1

<car+ Al S, 2<m<r
i=2
here, AU' = U' — U'~" and the positive constants ¢, C do not depend on § and on
m. We choose v = AU' in (3.4), write this equation in the form
|AUZ| z + Ad(AU', AU') + Ata(U'™', AU') = At (f'7', AU ),
and we use (3.14). We get

AU + xoAAU} + A[J(U) = J(U )] < Ac( 71, AU ).

Applying (3.5) to 3 {|AU; | % + 2K,Af||AU’||}}, adding to both sides (AU, Up), and
summing up, we get easily
1 {i 2
E 2 |AUR|R + C,AI
=2

1

“’ 2 2 2

18U + AUz T + 2(U™) = 3|0~ (U]
=2

<A Y (AU UR) g +Ar Y (f74, AU ).
i=2 i=2

By (3.9), (3.5) and (3.15)

2
Uil +J(UY) < clu'|’ < c.
Estimating the first term on the right-hand side by

2 2
HUR R +J(U™) = U™, 2

1 m 2 m n
7 2 AU + cat Z U
i=2 i=2
we come to the inequality

n ) 2 m ) 2 2
(3.17) > |AUL[ g + cAt X AU + e, Ad|U™|
i=2 i=2

1

<A S U + CAr
=2

i

<fi_|,AUi>.
=2
As
m m—1
At 2 <fi_],AUi>= —At<fl,Ul >+ At<fm_|,Um>—At 2 <Afi’Ui>
i=2 i=2
and f € C*Y([0, T]; V"), we have

m m—1
AtS (70 AU )< €O+ Caad U + car 3 U

i=2 i=2

Setting ¢ = ¢,/2C,, we arrive at (3.16).
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(d) The first consequence of (3.16) is that |[U™||> < C + CAtZ",||U’||%. By the
discrete Gronwall inequality and by (3.15) |[U™|| < C for | < m < r, hence

(3.18) |[U(r)|<c veelo,T].
Further,
(3.19) Ar'S AU < CAr

i=2
and 3™, |AUg|% < CAt. This does not mean anything other than

(3.20) fo 4

8
ar Ur

We shall consider sequences of functions from the family {U®} and their subse-
quences. We shall leave out subscripts and use always the same notation {U?®)} for
these subsequences, and always 8 is such that § — 0.

From (3.18) and from the well-known compactness theorem (see, e.g., Céa [1,p.
26]) it follows that there exists a subsequence {U®)} and an element u € L®(0, T; V)
such that

(3.21) U - u inL*=(0,T; V) weakly*.
From (3.20) it follows that

|Ul§(12) - Ulg(tl)lR =

2
dr<C.
R

< (lt, — l,,l/z Vi,,1,€[0,T];
R

121 s
f:, 7 Ug(t) dt

therefore the sequence U,g(t) is equicontinuous on [0, 7'] in the norm | - |z. Owing to
(3.18) it is bounded in VR, NUR(t)|g < C Vit €[0,T]. As the imbedding of VR into
H, is compact (see A) the set {UR(1)} is relatively compact in H for any ¢ € [0, T].
According to the generalization of the Arzela-Ascoli theorem (see, e.g., Kufner,
John, Futik [S, p. 42]) there exists a subsequence U such that ||l = Ull¢o.7). 11,y —
0, where w € C([0, T']; Hg). With regard to (3.21) w = u,, i.e.

(3.22) lug = Udllcqo.rym = O

Further, a(U?, -) € V7, and if we denote it by (x?, -), we conclude from (3.10) and
(3.18) that x® € L0, T; V') and ||x®|| ;0. 7.1, < C. Similarly, a™(U},, -) € V}, and
denoting it by (x™?, -, we find x** € L=(0, T; V},) and Ix™ 2077y < C.
Therefore, there exist subsequences {x°}, {x*®} such that

x® = x in L®(0, T; V') weakly*, x € L*(0, T; V"),

3.23 _ _
(3:23) {x’“ —x™ in L*(0, T; V;,) weakly*, x™ € L*(0, T, V},).

(e) Consider a function h(t) € D((0, T')), and let us define the function
hy,=h in(t,_,,t], i=1,....r,h"=h(t,).

i—1 %
For a given z € V we choose {z"} such that z* € V", ||z — z"|| - 0, we set v = z"h’
in (3.4), v = z"h' in (3.6) and we sum up. We get
(324) 3 (AU, zh) h' + Ata(U', 2")h' + At 3 a(U'', 2")h'

i=1 i=2

= -At F AU, 2R+ A f ") + Ay (0 2R
=2 i=2

1
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Concerning the first term on the left-hand side we have

: iR\ i — T(f_ ) h)
El(AUR,zR)Rh fo g Uk 2h) hasa
d d
:/OT(EU}:,ZR)tht+LT(EU,§.Z§§—zR)tht
T(d s h) _
+/0 (dtUR.zR (hs, h)dr.

The last two terms converge to zero and

T( d T ’ - /
fO(EUg’zR)thz:-/ (U3, zz) h d,_._fo (ug. zg) ' dt.

0
Further,
Ata(U', ") + At Y a(U'". M)A =/Ta(U8. "), dt + R,
=2 0

where

R :h'/tl{a(U'.zh) —a(UO+Krt—AU'.:")} dt
0

- i-1 _hy _ i1 P liog i h) N
+,~§3/1, I[a(U L zM) a(U +— AU', 2" | Yhy,dt - 0
owing to (3.10), E, (3.15) and (3.19). As
T 118 _h —(T/.8 _n T
foa(u .z )hA,dz—fO (x%. z >hA,dt—»j(; (x.zYhd,

the left-hand side of (3.24) converges to

_/T(uk,zR)Rh'dz+fT<x,z>hdz.
0 0

From (3.19) and from f € C%!([0, T]; V") it is easy to prove that the limit of the
right-hand side of (3.24) is [ { f, z) h dt. Therefore, we have

(325)  S(upzdet (x.2)=(fiz) nV(O.T)VzEV.

In the same way as in [9] (see the text following (3.50)) we prove that u € Wy,
up + x®=fR u0)g = uy, x5 = 5 and that

(3.26) f()’(x, w) dt = Hugls — Hu(T)al +jOT< fou) dr.

(f) We choose v = U' in (3.6) and v = U' in (3.4). Summing up we get
g

S (AU, Ug) g + At
i=1

a(U',U") + 2 a(U"—',U")]

i=2

= -At 3 I(AU',U") + At
i=2

1

<fl,Ul>+ '§2<fi_],Ui> .
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Now, taking into account (3.20) and (3.22), we see that

r 2 2 r 42

2 (AUR, Ug) o = HUM(T )alr = 1]UP(0)g[ % + 1 2 |AUK[&

i=1 =1
*%Iu(T)RrR-%uol}-

Further, it is easy to show that

Atla(U',U') + > a(U"'.U’)] —fTa(U‘s,U‘S)dt—>0,
=2 0

(U + :éz(f'*,m] —»for(f,u>dt.

—At Y (AU UY) + At
=2

Thus, with regard to (3.26)

(27) [la(UsU%) di =l = 4l T) el [1(ou) de= [ (xu) ar

From (3.21), (3.23) and (3.27) it follows that

lim fr[a(u, u—U®) —a(U®, u— U's)] dr = 0.
0

6§—0

Asa(u,u— U®) — a(U%, u— U®) = ¢ llu — U%)? (see (3.10)), we have

T
tim [l ~ US|t de = 0.
6070

(3.22) gives
tim [uy — Ul de =0,
8§—-0Y0

and by means of the last assumption in (2.1) we get (3.8). Also, we have
. T
‘fr[a(u, v) — <x8, o)] dt\ :{/ [a(u, v) —a(U?, v)] a'l‘
0 0

T
< Gof = Ulilloll e — 0,

ie.
fT[a(u, v) — (x,v)]dt=0 Vo€ L®0,T;V).
0
Setting v = zh(t), z € V, h € 9D((0, T)), we get (x, z)=a(u,z) Vz € V, hence u
is the solution of the problem (P’) (see (3.25)) and the proof is finished.

4. Nonlinear Magnetic Field. We consider the problem (1.1)-(1.3), and we specify
the boundary condition:

(4.1) u=0 ondQ X (0,T).

We assume that 02 and dR are polygons. The condition A is satisfied, and || - ||, is a
norm on ¥ = H}(Q) (see Example 1). Let »(x,, x,, £), ¢ and the operators AM(¢),
M =R, S, be of the form introduced in Example 2. We also assume (2.4) to be
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fulfilled, and we want to prove that condition B is satisfied. We have

2 2 2
@3 B i 3 i S e i

£ = ||grad wll,.
If @ and ¢ denote the vectors grad ¢ and grad ¢, respectively, and 4 denotes the
matrix
aw ow
Bx ax ’
i.j=1
then

(4.2) <HM(w)(p,\]/>M=f(pTB\]/dx‘ B = al + BA.
M

a=vwy(¢), B=¢"v,(¢).

(1 is the unit matrix). We easily find the eigenvalues of B:

NECERIVR S
M la+ (B 1B

If »'(£) < 0, then

A= Ia:VM(g)
T e+ B =[en(9)]:
if »’(£) = 0 then
A= {[va(s)]’,
T | vm(8).
From (2.4) it follows that
(4.3) cy<vy(§)<C, VEE[0,0),

and we easily get that || B||, = max|A,|< C,,. From (4.2) follows the first inequality
in (2.3). Concerning the second inequality it is also true because

2
(H"(w)p.9) =/M{VM(§)||grad q)||§ + g-lyl,w(g)[ ; a_uia_(p] }dx

and the integrand is bounded from below by

2 2 .
VM(g)"grad (p"2 = CM”gIad (P”2 ifr'=0
and by

“1., 2 .
(70 (&) + &9, (£)¢]lgrad 9|l = ¢, llgrad ofl; if »” < 0.
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The third inequality in (2.3) is obvious. In three dimensions we easily find that
(HM(w)p,¥)= fM{VM(g)(cun ) curl @ + £710;,(£)

X [(curl w) curl (p] [(curl w) curl :[/] } dx,

where £ = ||curl w||,, and the proof of (2.3) is similar to that given above.

We will assume that J € C*'([0, T]; L*(R)) and u, = g|, where g € H)(Q).
Further, let us consider a regular family of triangulations which consist of triangles
belonging either to R or to S, and let us take, for simplicity, piecewise linear
functions (belonging to C() N HY(R)) as trial functions. The approximation g” is
determined according to E. Obviously, the conditions C, D, are also satisfied. The
approximate solution U? is determined by (3.7) and by the equations

(4.4) (AU, 00) 2y + Ata(U', v) = At(J', 0) 129y Yo € VI, U R = g" ks
(4.5)  (AU', 00) gy + AU(U', v)
=Atw(U",0) + A(J'7' 0) 120y YVOE V", i=2,

where again w(u, v) = l(u, v) — a(u, v),
2, du 9v
alu,v) = 7 rad u — —dx,
(u0) =3 [ nlgrad uls) B 5057

2
du dv
(u,v) =)0 — ——dx,
(u,0) % M‘/M,2| dx, dx,

and we assume 0,, to satisfy (3.1). From Theorem 3.1 we get
THEOREM 4.1. Under the above conditions we have

lu — U|lcqoriitzry — 0, |lu — UP|l120.7. 130y — 0.

Now we derive error estimates under the condition that the exact solution is
smooth in R and in S. For the initial value U°|; we can take u, or any approxima-
tion u{ such that |luy — uf|l 2, < Ch.

THEOREM 4.2. Besides the above conditions we assume that
ulm € C([0,T]; H*(M)), M=R,S, v € L*0,T; H(RQ)),
u”|r € L*(0, T; V).

Then we have
r 1/2
(4.6) {A:El u(t;) — U'lli,é(m} = O(h + At).
Proof. First, we estimate the Hessians K™ of the functionals

2 2
1y lellu — 7(9) = [ [0y lerad ol ~ F¥(lgrad )] .

We have

<KM(W)(p, ¢>M=/M¢TD‘de’ D= G.)MI_ B.
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The eigenvalues p of D are of the form p = ©,, — A, where the A’s are eigenvalues of
B. As ¢, < A < C), (see above) and 0,, > 3 C,,, one can easily prove that

(4'7) |l"| <('E)M_YM, Y = min(cM,2(G)M— %CM))» 0<YM<®M~
Hence

I<KM(W)<P» 4’) M| < my il mll¥lli ars 0<my=0y—1y<0y
and

48)  |oM(p.w) = ™(y. W) < 7ille = ¥l mlwlhne Vo9, wE V.

We denote by #' a modified Clément approximation of u(z;) (see [9, Section 4]).
For i = 2 we have

(Ad', ov) 12r) + AL(#, v)
=Atw(a'™', 0) + At(J7Y, 0) 1) + AL(ATY, 0) 12,
+ (Au' = Anu'(1,), 00) 12 ry +(A(2 = u'), 60) 12(r)
+Arfw(@, ) — w(2", 0)] + Atla(@', v) — a(u’, v)].
If we prove that AtZ/_ ||€'||} = O(h? + At?) where ¢ = &' — U’, then (4.6) follows
by means of Lemma 3 of [9]. Subtracting (4.5) from the above equation and
choosing v = &', we get
(A€, o) 12r) + At{l(e‘, e) — [w(ﬁ’_', ) — (U, ei)]}
= (Au' — Ar'(1,), 0€') 2y + (A(@' — u'), 0€") 12(gy
+At[a(ﬁ', e) —a(u', e‘)] + At(AJT', ) 2y + At[w(ﬁ‘, e) —w(a ™!, e’)].
By (4.8) the second term on the left-hand side is bounded from below by

AIE {@Mllei'ﬁ_M - %TM[Ilsi—llﬁ.M + HfllﬁM]}
M
= Iy Ale} + 3Ar Y [GM”‘?ilﬁ,M - TM”‘:J_I”%,M]’ Yo = min(yg, ys) > 0.
M

Therefore, if we sum up from i =2 to i = r, we find that the left-hand side is
bounded from below by

r 5
—3(e' 0e') pary + 37001 X €l — 3 Adlell, = max(g, 7).
i=2
The first three terms of the right-hand side are equal to the right-hand side of the
equation (4.21) in [9]. After summing up we get as in [9] the following bound from
above:

1081 2 [} + C(h* + Ar?).
i=2

Here, the constant C depends on u. The same result is true for the remaining terms
of the right-hand side. It follows that

(4.9) At 3 [l < C{lle'z2r) + Adlle'l} + A2 + Ar2).
=~

{
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Fori =1 we have
(Ad', ov)2ry + Ata(id', v)
= (Au' — Ar'(1)),00) 2 g, + (A(E' — '), 060) 12z
+At[a(12', v) —a(u', v)] + At(J', 0) 12q).
In a similar way we obtain
(A€, 0€") 2r) + At[a(&', e')—a(U', e')]
= (Au' — An'(t)), 08") 25, + (A(E' — u'), 0€') 2z,
+Atfa(a', e') —a(u', ).
By (3.10) and the assumption ¢ € L*(R), 0 = o, > 0 we easily get

L + R+ AC] + L A,

oolle' 22 x, + cotlle'2 < C[[1e°]
so that
”EI“%}(R) + At|l€']]? = O(h? + Ar?).

This together with (4.9) proves the theorem.
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