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On the Rate of Convergence

for the Approximation of Nonlinear Problems

By J. Descloux, J. Rappaz and R. Scholz

Abstract. This paper shows how to obtain from estimates on linear problems error bounds in

various norms for the approximation of nonlinear problems. The theory developed in this

paper is applied to finite element methods for approximating the problem -Am = \e" and the

Navier-Stokes equations.

1. Introduction. The aim of this paper is to present an abstract theory to obtain

error estimates in various norms for the approximation of solution branches of

nonlinear equations with the aid of known estimates for corresponding linear

problems. We give a general analysis similar to that of Brezzi-Rappaz-Raviart [2]

and apply it to the study of the convergence of finite element methods for nonlinear

elliptic problems. Our analysis applies to regular points and simple limit points but

not to bifurcation points.

In order to illustrate our results, we consider the following model problem. Let ß

be a bounded convex domain in R2 with sufficiently smooth boundary 3ß. We are

interested in approximating the solution of the boundary value problem

(1.1) -Au = Xe"   inß,       u = 0   on 9Í2,

where X is a real parameter. It is well-known (see Amann [1], for instance) that there

exists a maximum value X* of the parameter X such that Problem (1.1) has at least

one solution u e H¿(Si) n L°°(fi); moreover, there exists a unique solution u* e

Hx(Sl) n L°°(fl) of (1.1) for X = X*, and (u*, X*) is a turning point.

In order to parametrize the solution branch of Problem (1.1) which passes through

(u*, X*), a new variable r and a normalization equation are introduced as in Keller

[8]. To this end we take a nontrivial function <p* e //¿(ß) such that

(1.2) -A<p* = A*e"V    inn,

and we choose a continuous linear functional qp on L2(fi) with m(m*) # 0. Then

there exist r0 > 0 and a unique continuous mapping t e (-r0, r0) -» (u(t), X(t)) e

(Hx(tt) n L°°(ß)) X R such that for \t\ < t0:

-Au(t) = X(t)e»"   infi,

K'} <p(u(t)-u*) = t,   u(0) = u*,   X(0) = X*.
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In order to compute an approximation of T = {(u(t), X(t)): \t\ < r0}, we consider

a finite element method for discretizing Problem (1.1). Let Vh be the finite element

subspace of H¿(&) n L°°(ß) of piecewise linear polynomials with respect to a

triangulation of ß with mesh size h > 0. For the sake of simplicity we assume here

that ß is a polygonal domain; in the case of a curved boundary 3ß we use an

appropriate modification of the functions of Vh in the boundary triangles. An

approximation (uh, X) g Vh X R of solutions of (1.1) is defined by

(1.4) D(uh,vh) = X(e»»,vh)0   forall^GK,,

where D(-,- ) and (•,• )0 denote the Dirichlet integral and the L2(ß)-scalar product,

respectively.

Using the general results of Brezzi-Rappaz-Raviart [2], it is possible to prove that

for h < h0 and e > 0 small enough, there exists a unique continuous mapping

r g (-r0, r0) -* (uh(t), Xh(t)) g Vh X R such that for \t\ < r0:

D(uh(t),vh) = Xh(t){e^'\vh)0   Vv„GVh,

<PK(0 - "*) - ',    ll«(0 - «*(0||jf(Q) + IMO - MOI < e.

Moreover, error estimates for \X(t) - Xh(t)\ and \\u(t) - uh(t)\\Hi(a) are obtained;

but by using this theory it is not possible to get optimal error estimates for

u(t) - uh(t) in the L2-norm or the L°°-norm, for example.

In Section 2 we give an abstract setting which permits us to obtain error estimates

in various norms for the approximation of the solutions of nonlinear equations. In

order to justify our formalism we return to the above example by setting V = //¿(ß)

n L°°(ß), W = L2(ß). If T and Th are continuous linear operators from W into V

defined, for/ g W, by

7/= m g F   if D(u,v) = (/, t))0 for allí; g V,

and

T„f=uhe Vh   if D(uh,vh) = (f,vh)0for aAvh& Vh,

if G: V X R -* W is the nonlinear mapping given by G(u, X) = -Xe", then Prob-

lems (1.1) and (1.4) are, respectively, equivalent in finding pairs (u, X) and (uh, X) in

KXR such that

(1.6) F(u,X):=u+ TG(u,X) = 0,

(1.7) Fh(uh,X):=uh+ThG(uh,X) = 0.

We remark that if (uh, X) g V X R is a solution of (1.7), then uh belongs to the

range of Th and we have uh g Vh. Result (1.5) is a direct consequence of the work of

Brezzi-Rappaz-Raviart [2] and of the fact that limA_0||r- Th\\se(WV) = 0. More-

over, we have the error estimate

(1.8) ¡Mr) - Xh(t)\ + \\u(t) - ii»(0||k< C\\Fh(X(t), u(t))\\v,

with C independent of h < h0 and \t\ < r0, which leads to an optimal error estimate

\\u(t) — M/,(i)||//'(n) < Ch. If we want to obtain optimal L2-error estimates from the

same theory, we would like to set Problems (1.6), (1.7) in H X R instead of V X R,

with H = L2(ß); unfortunately we cannot define G on H X R, and, in Section 2, we

develop an abstract setting for replacing V by H in the error estimate (1.8).
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In Section 3 we apply this theory to the above example and prove quasi-optimal

L2- and L00-estimates for the conforming as well as for a mixed finite element

method. Section 4 is devoted to the conforming finite element method for the

Navier-Stokes problem, using the "stream-function formulation" with optimal error

estimates in the i/^norm.

2. Abstract Error Estimates. In this section, V and W will represent real Banach

spaces; ^(W, V) is the space of bounded linear operators from W to V. If there is

no danger of confusion, the different norms || • \\v, \\ ■ \\w,... will be denoted simply

by || • ||. The norm of a product space of the form V X R will be defined by

\\(v,X)\\v^:=\\v\\y+\X\.

Let T and Th belong to <£(W, V), and let G : V X R -> W be a nonlinear

C''-mapping with p > 2; h denotes a positive parameter, the values of which have an

accumulation point at 0.

In a neighborhood of a point (u0, X0) g V X R, we consider the nonlinear

equations

(2.1) F(u,X) = 0,       Fh(u,X) = 0,

where F and Fh: V X R -» V are nonlinear mappings defined by

(2.2) F(u,X) = u+ TG(u,X),       Fh(u,X) = u + ThG(u,X).

For an intuitive meaning of V, W, G, T, Th, F, and Fh, the reader may refer to the

example of Section 1.

We first suppose:

(2.3) (a)    F(mo,Xo) = 0,

(2.4) (b)    T is a compact operator,

(2.5) (c)     lim ||T- Th\\^WV) = 0.
h-0

Denoting by F'(u, X) g Xiy X R, V), by DuF(u, X) g S£(V, V), and by DxF(u, X)

g áC(R, V), respectively, the total derivative of F at (u, X) and the partial deriva-

tives of F with respect to u and X, we remark that Hypothesis (2.4) implies that

DuF(u, X) is a Fredholm operator of index 0 and, consequently, that F'(u, X) is a

Fredholm operator of index 1.

We next suppose either that DuF(u0, X0) is an isomorphism from F into itself, or

that DuF(u0, X0) has a kernel of dimension 1 and Dx(u0, X0) does not belong to the

range of DuF(u0, X0); in the first case, (u0, X0) is a "regular point"; in the second

case, (u0, X0) is a "simple limit point". This assumption can be written simply as

(2.6) (d)    Range F'(u0, X0) = V.

The following result can be found in Descloux-Rappaz [4].

Theorem 2.1. Under Hypotheses (2.1)-(2.6), there exist h0 > 0 and a neighborhood

of (u0, X0) G K X R such that, for h < h0, and in this neighborhood, each of the

equations F(u, X) = 0 and Fh(u, X) = 0 possesses a unique branch of solutions. These

branches can be parametrized as (u(t), X(t)), (uh(t), Xh(t)), \t\ < r0, r0 > 0, with the

following properties :

(a) (u(t),X(t)) and (uh(t),Xh(t)) are of class C"; (u(0), X(0)) = («0, X0);

u'(0) * 0;
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(ß)  lim^ftsuPjtK,o{||«<*>(0 - <k)(t)\\v + |A(/t)(0 - a(^(OI) = 0,  0 < k <
p — 1, where u<-k\ X(/r>,... are the kth derivatives ofu,X,... with respect to t;

(y) there exists a constant C such that, for \t\ < r0, h < h0, 0 < k ^ p — 1, we have

||«<M(0 - "1m(0|k + |x(4)(0 - W(t)\< c E
/=0

77f*(«(r),X(0)
ar

D

The purpose of this section is to derive error estimates for uik)(t) - uhk)(t) in a

norm different from || ■ \\v. Let H be a Banach space for which we suppose

(e) V c H with continuous injection;

(2.7) (f) there exists a constant C such that along the solution branch of the exact

problem (u(t), X(t)) defined by Theorem 2.1, we have

i-i

(2.8) \\Dk-lD¡JG(u(t),X(t))[vx,...,v!]\\iV^C\\v!\\HU \\v,\\y
i=i

for |r| < r0,1 < k < p - 1,1 < / < k, and for all vx,... ,v, g V.

Our main abstract result is contained in the following

Theorem 2.2. We assume that Hypotheses (2.1)—(2.8) are satisfied. Then, for the

exact and the approximate branches of solutions defined by Theorem 2.1, there exist

constants t0, h0, and C andparametrizations (u(t), X(t)), (uh(t), Xh(t)), such that, for

0 < k < p - 2, \t\ < r0, h < h0, we have

\\uik)(t)-uikx(t)\\H + \X^(t)-X^(t)\

d<{ E
1-0 dt

;Fh(u(t),X(t)) + \\Fh(u(t),X(t) \l, D

Remark 2.1. In Theorems 2.1 and 2.2, the parametrizations of the exact (respec-

tively, of the approximate) solution branch are not necessarily identical; however, in

the proofs we shall show that it is possible to choose the same ones.

Remark 2.2. In general, Theorem 2.2 gives better bounds for \X(k)(t) — X(^(t)\

than Theorem 2.1 does.

Remark 2.3. In many examples, Hypothesis (2.8) will be verified by using

regularity properties of the solutions of the exact problem.

Remark 2.4. Hypotheses (2.4) and (2.5) can be weakened by using results of

Descloux-Rappaz [4].

We first prove the following auxiliary result.

Lemma 2.1. Let R g ¿C(W, V), S g se(V, W), a g W, a g R, m e ¿?(F,R); let

A G <£(V X R, V X R) and B G Sf(W X R, W X R) be the linear operators defined

by

A(v, X) = (v + RSv + XRa, cp(v) + aX),

B(w,X)= (w + SRw + Xa, cp(Rw) + aX).

We suppose that A is an isomorphism. Then B is an isomorphism and

\\B-x\\<\+(\+\\R\\)(l+\\S\\ + \\a\\)\\A-x\\.

Proof. We only verify the surjectivity of B. Let g g W, y g R be given; setting

(v, X) = A~x(Rg, y), w = g - Xa - Sv, if follows that B(w, X) = (g, y). From the

expressions of w and X, one deduces easily the bound for ||fi_1||.   □
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In the following, we shall suppose that Hypotheses (2.3)-(2.8) are satisfied. By

(2.6), since F'(u0, X0) is a Fredholm operator of index 1, it follows that the kernel of

F'(u0,X0) has dimension 1. Let (z,w)gKxR be a non vanishing element of the

kernel of F'(u0, X0). By (2.7) and the Hahn-Banach theorem, there exist <p G SC(H, R)

and a g R such that

(2.9) <p(z)+ow#0.

Let us define the mappings F:FxRxR-»FxR and ^IfxRxR-» WxR

by

(2.10) &(u, X,t) = (u+ TG(u,X),<p(u - w0) + a(X - X0) - r),

(2.11) &(w, X, t) = (w + G(Tw, X), <p(Tw - u0) + a(X - X0) - r).

Furthermore, we set w0 = -G(u0, X0) and notice that, by (2.3), we have uQ = Tw0

and, consequently, S^(u0, X0,0) = 0, &(w0, Xo,0) = 0. (2.8) and (2.9) imply that

D{u X)^(u0, X0,0) G J¡f(V X R, V X R) is an isomorphism; setting, in Lemma 2.1,

R = T, S = DuG(u0, X0), a = DxG(u0, X0), we see that A = D(u^(u0, Xo,0)

and that B = D(w X)&(w0, X0,0) g £C(W X R, W X R) is an isomorphism. We next

defineJ^: KxRxR FxRand^: JfxRxR W X R by the right-hand

members of (2.10) and (2.11) when T is replaced by Th. By (2.5) there exists a

neighborhood y of (u0, X0,0) G V X R X R and a neighborhood tT" of (w0, Xo,0)

g H/ x R X R such that, for 0 < k < p - 1, limA^0 J^(/c) = J*"(A) uniformly in "T

and lim^o^*0 = ^<*> uniformly in W. By the classical implicit function theorem

applied to J5" and ^ and by its special version given in Brezzi-Rappaz-Raviart [2]

applied to J^ and &h, we obtain

Lemma 2.2. (a) There exist positive constants r0, h0, and C0, and for \t\ < r0, h < /i0

there exist unique elements (u(t), X(t)) G V X R, (w(r), p(r)) G W X R,

(«A(0. MO) g F X R, (wh(t), nh(t)) £ WXR such that

&(u(t), X(t), t) = 0, ||«(0 - u0\\y + \X(t) - X0| < C0,

&(w(t), n(t), t) = 0, \\w(t) - w0\\Hr + \n(t) - X0| < C0,

*i(«*(0. MO, 0 = o,   IMO - «oilk + MO - xol < c0,

**K(0, MO, 0 = 0'   lk(0 - wqIU + |M0 - Aol < Q;
moreover, all functions u(t), X(t), w(t), p(0»- • - a^ Cp-mappings.

(ß) For O^k^p — Iwe Aaue

lim   sup {\\u^(t)-uikx(t)\\v + \X^(t)-X<kx(t)\
h^O

'K'o

lk*>(0 - <»(0lU + kw(0 -m(*a,(0|} - o.
(y) There exists a constant C such that, for 0 < k < p - 1, |r| < t0, and h < h0, we

have

1-0

K>(0 - wlk\t)\\w + |u<*>(r) - M<*»(/)| < C E
/=o

J'

¿r
7J^(u(r),X(r),r)

KXR

57sr»(w(0,M(0.0
ar

. D
WXR
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Note that, in Lemma 2.2, r is a pseudo-arclength parameter, as in Keller [8].

Clearly Theorem 2.1 is a direct consequence of Lemma 2.2, and we now proceed to

the

Proof of Theorem 2.2. We remark that &(-G(u(t), X(t)), X(t), t) = 0 and

&h(-G(uh(t), Xh(t)), Xh(t), r) = 0 for |r| < r0; by the uniqueness of the quantities

u(t), X(t),... in Lemma 2.2, we deduce the following key relations:

(2.12)

'w(t) = -G(u(t),X(t)),       u(t)=Tw(t),

MO = -Gh(uh(t), Xh(t)),       uh(t) = Thwh(t),

>(0 = MO,MO = MO  forl'l < l^h < V

In the following, C will denote a generic constant.

Since G is a map of class C, we can assume, without loss of generality, that for

\t\ < r0, h < h0, (Tw(t), X(t)) = (u(t), X(t)), and (Thw(t), X(t)) belong to a convex

neighborhood fc V X R of (u0, X0) for which we have

(2.13) sup    || G
(«,X)e^

(*) (u,X)||<C,       O^k^p,

where || • || represents the norm of the ^-multilinear operators from ( V X R)* into W.

Since ^(w(t), ¡i(t), t) = 0, we obtain, by Lemma 2.2 and (2.12) for 0 < k < p — 1,

|r|< t0,h^h0:

KHO-^HOIU + I^O-WOI

(2.14)
<cE

/=o iÙ
-(G(rAw(r),X(r))-G(rw(r),X(r)))

w

+ \\(Th-T)w«\t)\\„  ,

where we have used Hypothesis (2.7) and the fact that <p g „S?( H, R). Furthermore,

by (2.7), (2.12) and the uniform boundedness of the operators Th e.£P(W,V), we

have

(2.15)
!«<*>(/) - «HOI* <||(rA - 7><*>(r)||„ + |t;(w<*>(0 - *iA)(0

< ||(rA - 7><*>(r)|„ + c|K»(0 - <)(/)|

Clearly, the relation &(u(t), X(t), r) = 0 implies F(w(0, MO) = 0 (see (2.2)), and

by (2.12) we have Fh(u(t), X(t)) = (T - Th)w(t); consequently, by (2.14) and

(2.15), the proof of Theorem 2.2 will be completed if we establish that, for

0 < k < p — 2, |r| < r0, and h < h0, we have

(2.16)

k

E
/ = 0 dt

7(G(7-Aw(/),X(i))-G(T-w(0,X(r)))
w

<C{E %Jh-TW>\t)\H + \(Th-T)w(t)
1 = 0

For the sake of simplicity, we verify (2.16) only for k = 0 and k = Í. We shall use

the notations V= V X R, H = H X R, G(v) = G(v, X) for v = (v, X) e. V, and we
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set u(t) = (u(t), X(t)) = (Tw(t), X(t)), vh(t) = (Thw(t), X(t)). For k = 1, k = 2,

Hypothesis (2.8) implies

(217) l|G'(y(0)dL<etel/i.
||G"(w(0)[t?i,ti2]|U< ciiüiiiji^ii^

for all v, vx, v2 g Fand all |r| < r0. By (2.13), (2.17), and Taylor's formula, we get

(2.18) \\G(v_h) - G(u)|U< C{hh - da + Un ~ u\\l),

where, from now on, we simply write u(k) and v[k) for u(k)(t) and v[k)(t). (2.18)

proves (2.16) for k = 0. With the same arguments we obtain

d
it(G(v_h) - G(u)) = \\G'(vh)v'h-G'(u)u'\\w

w

w(2.19) < \\(G'(vh) - G'(u))v'h\w + \\G'(u){v'h - u>)

^ ||C7"(w)[^, ̂ A — «] ¡|^ -r- CH^^IUI^,, — w|||, -f- ||c?'(m)(^; — w')||^

< C{\\vh- u\\„ + \\vh- «'||Ä + ||üA- u\\2y),

where we have used the boundedness of \\v'h\\v and relation (2.13) for k = 1,2,3;

(2.19) proves relation (2.16) for k = 1.

3. Application I: A Second-Order Boundary Value Problem. Let ß c R2 be a

bounded convex domain with sufficiently smooth boundary 8ß. We consider the

nonlinear boundary value problem

(3.1) -Aw = Xeu   inß,       m = 0   on 3ß.

We will show that the abstract results can be applied in the context of approxima-

tion of branches of solutions of (3.1) by conforming and nonconforming finite

element methods.

First we will consider the case of conforming finite elements. We use the standard

notation of Sobolev spaces Hx(ü), Hm(ti), Wm-p(ti),... and set V:= //¿(ß) n

Lx(Sl\ W := L2(ß). A weak formulation of (3.1) is

Find(«, X) g Fx Rwith

(3.2) D(u,v) = X(e",v)0   for all v g V,

where D(-,- ) and (•,• )0 denote Dirichlet's integral and the L2(ß)-scalar product,

respectively.

We define the operator T G £?(W, V) by

Tf=u   if D(u,v) = (f,v)0 for alive V

holds, and the nonlinear operator G:  V X R -» W is given by G(u, X) — -Xe".

Then (3.2) is equivalent to the following problem:

Find(M, X)g FX Rwith

(3.3) F(u,X):=u + TG(u,X) = 0.

To determine approximate solutions of (3.3) we consider subspaces Vh c V, which

consist of continuous, piecewise linear functions with respect to regular triangula-

tions of ß with mesh-size h > 0. (In the case of a curved boundary 9ß we use an

appropriate modification of the functions of Vh in the boundary triangles. See
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Zlamal [16], for example.) With respect to the approximation properties of the

spaces Vh we refer to Ciarlet [3], for example. We define Th g £C(W, Vh) by

Thf=uh   if D(uh,<p) = (/,m)0forall<pG Vh.

The following estimates are known:

(3.4) ||(T- Th)f\\LHü) + h\\(T- rA)/||„l(0)< CA2||/||L2{0);

(3-5) \\(T-Th)f\\L„(Q)^Ch\\f\\L,w;

(3.6) \\\T-Th)f\\L„(Q)*¿Ch2\hih\\\Tf\\W2M(Q)    ifr/G W2-«(G) holds.

Here C denotes numerical constants which are independent of/and h. For proofs of

(3.4) and (3.6) we refer to Nitsche [10], [11]. Estimate (3.5) follows from (3.4) and

inverse estimates. An immediate consequence of (3.4) and (3.5) is

(3.7) \\T-Th\\^y)^Ch.

The Galerkin problem to approximate the solution of (3.3) is formulated as follows:

Find(«A, X)g VX Rwith

(3.8) Fh(uk, X) := uh + ThG(uh, X) = 0.

Note that if (uh, X) is a solution of (3.8), then uh belongs to the range of Th and

we have uh G Vh.

Assume (u0, X0) G V X R fulfills (2.3) and (2.6). First of all, by Theorem 2.1, we

have:

For |r| < r0, h < h0, there exist branches (u(t), X(t)), (uh(t), Xh(t)) of solutions

of (3.3) and (3.8), respectively, with (u(0), X(0)) = (u0, X0) such that, for k g N,

(3.9) \yk\t) - u<*>(0|U(8)nt.(0) + |X<*>(f) - W(t)\ < Ckh

holds, where Ck is independent of h and r.

The proof of (3.9) is an immediate consequence of (3.7) and the fact that G is of

class C00. Applying Theorem 2.2, we get

Theorem 3.1. For the branches (u(t), X(t)), (uh(t), Xh(t)) as above, the estimate

(3.10) ||«<*>(0 - uA*>(0|Uo, + |xw(0 - Mf>(0| < Ckh2

holds for all k = 0,1,2, — //, moreover, u is a Cp-mapping of[-t0, r0] into IF2'°°(ß),

p > 2, then, for 0 < k < p - 2,

(3.11) \\u<kx(t)-u¡,kx(t)\\L„m^Ckh2\lnh\

holds. Here Ck denotes constants which are independent oft and h.

Proof. First we set H := L2(ß). Then Assumption (2.7) is trivial; to apply

Theorem 2.2 we have to prove (2.8). Since we can write G(u, X) = XG(u) with

G(u) = e", we only have to show

/-i

(3.12) \\r>lG(u)[vx,...,v,]\\w^C\\vl\\HU |H|„
; = 1

with W=L2(Ü), F=7701(ß)nL°°(ß). Since D'G(u)[vx,...,v,] = eu • vx ■ ■ ■ v,

holds, (3.12) follows with

C-(Btp(Mi-(0))-
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Now (3.10) is a direct consequence of Theorem 2.2 and estimate (3.4). To show

(3.11) we set H := L°°(ß). Then (2.7) and (2.8) are trivial and the result follows by

combining Theorem (2.2) and estimates (3.4) and (3.6).   D

Next we will apply a mixed finite element method to get approximations of a

branch of solutions of Problem (3.1). In this case we set V := L°°(ß) X L2(ß)2 and

W := L2(ß). Furthermore, let //(div; ß) be the subspace of those elements z g

L2(ß)2 with divz g L2(ß). Using these notations, another weak formulation of (3.1)

is:

Find ((«!, u2), X) g V X R with

-(M,,divz)0 = (u2, z)Q for all z g //(div; ß),

-(div u2, w)0 = X(e\ w)0    for all w g L2(ß),

where ( ■, • )0 denotes the scalar product in L2(ß) as well as in L2(ß)2.

In this case the operator T: W -» V is defined as follows. For / g W denote by

u = (ux, u2) g L2(ß) X //(div; ß) the solution of

-(M,,divz)0 = (u2, z)0   for allz g //(div; ß),

-(div u2, w)0 = (/, w)0   for all w g L2(ß).

Using shift theorems and Sobolev's imbedding theorem, we get Tf = u g V.

Further, let G: V X R -> Wbe given by G(u, X) := -Xe"K Then Problem (3.13) is

equivalent to:

Find(«, X)G VX Rwith

(3.14) F(u,X):=u+ TG(u,X) = 0.

To determine approximations of the solution of (3.14) by a mixed finite element

method, we use the subspaces introduced by Raviart-Thomas [12]. With respect to a

quasi-uniform triangulation of ß with mesh size h > 0, we denote by Sh the space of

piecewise linear functions without any boundary conditions on 8ß or continuity

requirements across interelement boundaries. Hh are subspaces of //(div; ß) which

consist of pairs f = (f,, f2) such that $x and f2 are special polynomials of degree 2.

We set Vh :— Sh X Hh; the operator Th: W -* Vh is defined by Thf = uh = (uxh, u2h)

if

-(uM,divf)0 = (u2h,Oo    foralUG//A,

-(divM2A,w)0= (/, to)0       forallwG5A.

The following estimates for u = Tf and wA = Thfart known:

(3.15) II«! - Hi.Ji^tu + A||«2 - m2,JIt.2(S2)2 < Ch2\\f\\Liiü),

(3.16) ||"i - «i,A||/.-(o, < Ch\\f\\Li(a).

For a proof of (3.15) see Raviart-Thomas [12], Scholz [13]; (3.16) follows from (3.15)

and inverse estimates. A direct consequence of (3.15) and (3.16) is

(3.17) llr-rJ^^CA.

The Galerkin problem corresponding to (3.14) is defined by

(3.18) Fh(uh,X):=uh+ThG(uh,X) = 0.
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If (2.3) and (2.6) are satisfied, for |r| < t0, A < A0, A: g TV, according to Theorem 2.1

there exist branches ((ux(t), u2(t)), X(r)) and ((ux h(t), u2h(t)), Xh(t)) with

\Hk)(t) - u[kx(t)\\LX(Q) + \\u2k\t) - u2%t)ym,

(3.19)
+ |X^(0-^)(0|<QA,

where Ck is independent of r and A.

To get a better order of convergence for the approximation of ux in the L2(ß)-norm,

we need

Lemma 3.1. Let f g W be given and set u = (ux, u2) = Tf and uh = (ux h, u2h) =

Thf. Then the estimate

(3.20) ||w2 - «2.Jh-'(0)í < CA2||/||¿2(Í2),

with H~X(Q) = //¿(ß)*, holds, where C is independent of f and h.

Proof. By definition we have

(u2- «2>A,z)0

ll«2 - "2,/,ll/r'(a)2 = SUP"
IZII//J(Í2)2

where the supremum has to be taken over all z g //¿(ß)2. Let z be fixed. In

Raviart-Thomas [12] a linear operator nA://1(ß)2->//A has been constructed with

Ik ~ nAz||¿2(r¡)2 < ca||z||wi(S2)2

and div Ylhz = Phdivz, where Ph: L2(ß) -» Sh denotes the L2(ß)-projection. Using

the defining relations of T and Th, we therefore get

|("2 -  "2,A»2)ol<l(«2 - «2.A, 2 -  nAz)J + \(ux  -  Ulth, P^divz^l

< C{A||m2 - u2h\\L2(Q)2 +\\ux - uxh\\L2{ü)) •||z||äi(0)j.

Together with (3.15) the assertion follows.       D

Using this result, we get

Theorem 3.2. With the same notations as above, the estimate

\\u[kx(t) - rOOlUn, + K»(0 - «ÖKOIjtW

+\x^(t)-xr(t)\^ckh2

holds, Ck independent of h and t.

Proof. We set H := L2(ß) X //"l(ß)2 and again apply Theorem 2.2. By (3.15) and

(3.20) we get

||(r-rj/||„<CA*||/|L

for / g W, W = L2(ß). The inclusion (2.7) is trivial, and (2.8) is shown in the same

way as in the proof of Theorem 3.1; so the assertion follows.   D

Remark 3.1. If the solution of (3.14) is sufficiently smooth, an estimate analogous

to (3.11) can be proved, using L°°-estimates for the mixed finite element method.

(See Johnson-Thomée [7], Scholz [14].)
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4. Application II: The Navier-Stokes Problem. In this section we consider the

Navier-Stokes equation (stream-function formulation) for an incompressible viscous

fluid. Let ß c R2 be a convex polygonal domain. For g g H'2(ü) we consider the

problem

vtfy + xbxAxLy - tf,yA+x = g   in ß,

i// = t|/„ = 0   on 3ß,

where v > 0 is the viscosity coefficient; Ai// is the vorticity. (Again we use standard

notations of Sobolev spaces; especially, we denote //_/c(ß) := Hq(ü)* and

W-kp(Q) := W0k-*(Q)*, k g N, 1 < p < oo, 1/p -I- \/q = 1.) A weak formulation

of Problem (4.1) is:

Find \p g //02(ß) such that

(4.2) v(A,p,Av)+(,pMv-,pMx>») = (g>v)    foralluG/Z^ß),

where (•,• ) denotes the L2(ß)-scalar product of the pairing between elements of

W~k-p(ü) and W0k-«(Q). (For details we refer to Girault-Raviart [5] or Teman [15],

for example.)

For functions u, v g C0°°(ß) we find, by

uxAuy - uyAux = (uxAu), -(uyAu)x

and integration by parts, that

(4.3) {uxAuy - uyAux, v) = (vxuy - vyux, Au);

this means for u g //02(ß) we have uxAuv - uyAux g W~lA/3(Q). Since the opera-

tor T: //2(ß) -» //02(ß), defined by

Tf=u   if (Am, Au) = (/, u)foralli;G//02(ß),

is also continuous from W~XA/3(Q) into W3A/3(U) (see Grisvard [6]), the solution of

the Navier-Stokes problem fulfills the regularity condition tp e //02(ß) n !F3-4/3(ß)

for g g W~XA/3(Q). If, moreover, g g //_1(ß) holds, the regularity result ^ g

//02(ß) n //3(ß) follows by Sobolev's imbedding theorem and the fact that Tis also

continuous as an operator from //_1(ß) to //02(ß) n //3(ß). (Consult also Kellogg-

Osborn [9].)

We want to show that the general theory of Section 2 can be applied if we choose

W:=H-2(Ü), V:=WXA(Ü), and H := //¿(ß), and if the right-hand side g of

Problem (4.1) is regular enough. The crucial point for further analysis is the

following

Lemma 4.1. Let u, v g C™(ü) be given. Then

(4.4) {uxAuy - uyAux, v) = (uxuy, vyy - vxx) +{u2x- u), vxy)

holds.

Proof. First we use (4.3) and get

(uxAuy - uyAux, v) = (vxuy - vyux, Au).
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Now we write

(vxuy, Au) = (uyuxx + uyuyy, vx) = {(uxuy)x - Wx]y + \u2y[y, vx)

= -(uxuy, vxx) + 2(u2x- «2, vxy).

By the same argument we get

(vyux, Au) = -(uxuy, vyy) + \{u2y - u\, vxy),

and the result follows.   D

Let g g //-2(ß) be fixed. We get G: V X R -> IF with

G(u,X) :=X(uxAuy - uyAux - g).

Using Lemma 4.1, we see that G is well defined. Further, Problem (4.2) is equivalent

to

(4.5) xb+TG(xP,X) = 0,       X=\/v.

By the regularity results mentioned above, we find G(t//, X) g !F"1,4/3(ß) for

g g lF""4/3(ß), andG(t//, X)g //"'(ß) for g g H~\U).

Let Vh, 0 < A < A0, be a family of finite-dimensional subspaces of //02(ß) with

the following approximation property:

For u g //02(ß) n H/3?(ß) there exists uh g Vh with

(4.6) ||k - uh\\w,P(ü) < Ctf-k-W-l^\\u\\w>.Ha),

0 ^ k ^ 2, I < q 4: p < oo, where C is independent of u and A.

Remark 4.1. Approximation property (4.6) is typical for conforming finite element

subspaces with respect to regular triangulations of ß with mesh size A > 0. (See

Ciarlet [3], for example.)

The operator Th: W -* Vh is defined by

FJ=uhe Vh   if(AMA,A<p) = (/,<p)forallmG Vh.

The discrete analogue of Problem (4.5) is

(4.7) ^+rAG(^,X) = 0.

To apply the general theory of Section 2 we need the following lemmas.

Lemma 4.2. The estimate

(4.8) \\T-Th\\^^V)^Ch^2

holds with C independent ofh.

Proof. Let / g W be given. By definition we have

For z G H/-i.V3(ñ) fixed there exists w e //02(ß) n lF34/3(ß) such that A2w = z

and

(4.9) HLW3(Q)<  C||z||„,-1.4/3(0)

holds with C independent of z. We get

(u- uh,z) = (A(u - uh), Aw) = (A(u - uh), A(w - <o)),        to g Fa,
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where we used the defining equations of u and uh, respectively. If « g Vh is

especially chosen as the orthogonal projection of w onto Vh with respect to the scalar

product (A -, A •), we get

(A(m - uh), A(w - a)) = (Au, A(w - «)) < C||«||ff2(8) inf   \\w - w||W2(8).
weKA

Using the approximation property (4.6) with k = 2, q = 4/3, andp = 2, we find

inf   ||w - w||„2W < CA1/2H| wwm.
w<=VH

By (4.9) and the a priori estimate

ll"L¿<Q)< CW/Wh-HQ) = c\\f\\w,

we finally get

\\(T-Th)f\\v<Chx^2\\f\\w,

and (4.8) is shown.    D

Remark 4.2. With the same duality arguments, for/ g //_1(ß) one can prove

(4.10) \\{T-Th)f\\v<Ch3/2\\f\\H-iiä)

and

(4.11) IK?--rj/||„<cA2||/||w-1(û),

V = WXA(Q) and H = HX(Q).

Lemma 4.3. Let \p be a solution of (4.5) and assume g g W~XA/3(Ü): i.e., \p G

//02(ß) n W3A/3(Ü). For all u g //¿(ß) the estimate

(4.12) \\DfíU, X)u\\¡v*í C\X\ |MLw3(0JM||„

holds, C independent ofxp, X and u.

Proof. Let v g //02(ß) be fixed. Using Lemma 4.1 we have

(G(t, x), v) = x[(.My V - O +(rê - V,, Vx?) -(g, »)].
and, consequently, we find

(£>^G(^, X)u, v) = X(xpxuy + xpyux, vyy - vxx) + 2X(xPxux - ^yuy, vxy).

We therefore get

(4.13) \(DfiU, X)u, o)| < C|X| ||^IL..-(0)||o||i/¿(0)||m||wi(b,.

By Sobolev's imbedding theorem we find

ll'r'IL'--(ö) < Cll»r'lln/-,-4''-',(S¡);

together with (4.13) we get (4.12).   D

Now let (t//0, X0) be a solution of (4.5) such that (2.3) and (2.6) hold, and let

(i'(t), X(t)) and (^¿(f), Xh(t)) be branches of solutions of (4.5) and (4.7), respec-

tively, according to Theorem 2.1. For simplicity we assume g g H~x(£l), i.e.,

»KO G #o2W n #3(ß)- Then we get

Theorem 4.1. For \t\ < r0, h < h0 the estimate

(4.14) ||^>(0 - ^(Ol^o, + |*w(0 - ^(01 < QA3/2,
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k g N, holds. Moreover, for k = 0,

(4.15) u*(0 - M0lk<a, + IMO - MOI < ch2

holds.

Proof. (4.14) is a consequence of Theorem 2.1, Lemma 4.2, and estimate (4.10).

Lemma 4.3 shows that Assumption (2.8) of the general theory is fulfilled forp = 2;

(4.15) therefore follows by Theorem 2.2, (4.10), and (4.11).   D

Remark 4.3. Estimates analogous to (4.14) and (4.15) can be derived if only

g g W~XA/3(Ü) is assumed.
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