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ON BASE AND TURYN SEQUENCES

C. KOUKOUVINOS, S. KOUNIAS, AND K. SOTIRAKOGLOU

Abstract. Base sequences of lengths n + 1, n + 1, n , n are constructed

for all decompositions of 4/1 + 2 into four squares for n = 19,... , 24.

The construction is achieved through an algorithm which is also presented. It

is proved through an exhaustive search that Turyn sequences do not exist for

n = 18, ... , 27 ; since Turyn sequences cannot exist for n = 28 or 29, the

first unsettled case is n = 30.

1. Introduction

Given the sequence A — {ax, ... , an) of length « , the nonperiodic auto-

correlation function NA(s) is defined as

n—s

(1) -W = £a/fli+í'       i = 0,l,...,n-l.
i=i

n— 1
If A(z) — ax+a2z-\-\-anz      is the polynomial associated with the sequence

A , then

(2) A(z)A(z~x) = ¿¿«,«/"' = NA(0) + J2NA(s)(zs + z~s),        z + 0.

1=1 j=\ s=\

If A* — {an, ... , ax) is the reversed sequence, then

(3) A*(z) = zn-XA(z-X).

Base and Turyn sequences are finite sequences, with zero autocorrelation func-

tion, useful in constructing orthogonal designs and Hadamard matrices [3], in

communications engineering [5], etc.

Definition 1. The four sequences X, Y, Z , W of length n , with entries 0,

1, -1, are called T-sequences if

(i)  l*,-l + \y¡\ + l*/l + Kl =» i,     i = i,...,«,
(4) r o,   s= i,...,«-1,
()     (ii)   Nx(s) + NY(s) + Nz(s) + NfV(s)^\
_ { n,    s -0.
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i

Yang [6] gives another name for T-sequences and calls them four-symbol

¿-codes; he also calls the quadruple Q = X +Y, R = X -Y, S = Z + W,

T = Z - W a regular ¿-code of length n, where X, Y, Z, W are T-

sequences of length n .       ' -

If Williamson type matrices of size w exist, and T-sequences of length n

exist, then Hadamard matrices of size 4nw can be constructed (Cooper and

(Seberry) Wallis [2]).

If X(z), Y(z), Z(z), W(z) are the associated polynomials, then from

Definition 1 and (2) we see that (ii) in (4) can be replaced by

(5) X(z)X(z~X) + Y(z)Y(z~X) + Z(z)Z(z~X) + W(z)W(z~X) = n,        z¿0.

In §2 we develop an algorithm and we construct base sequences of lengths n+1,

n + 1, n , n for n — 19, ... , 24 for all decompositions of 4« + 2 into four

squares. These are given in Table 1. In §3 we use an exhaustive search to

prove that Turyn sequences of lengths n + \, n + \, n, n , do not exist for

« = 18, ... , 27.

2. Base sequences

Definition 2. The four sequences A, B, C, D of lengths n + p , n + p , n ,

n , with entries +1, -1, are called base sequences if

NA(s) + NB(s) = 0,        s = n, ... , n+p-l.

Equivalently, (6) can be replaced by (see (2))

A(z)A(z~x) + B(z)B(z~x) + C(z)C(z~x) + D(z)D(z~x) = 4n + 2p,

z¿0,

where A(z), B(z), C(z), D(z) are the associated polynomials. Base se-

quences of lengths n + p , n + p , n , n , whenever p = 1, are denoted by

BS(2« + 1).

From (7), and for p = 1, if we set z - I, we obtain

(8) a2 + b2 + c2 + d2 = 4n + 2,

where a, b , c, d are the sum of the elements of A , B , C, D, respectively.

BS(2« + 1) for all decompositions of 4«+2 into four squares for n = 1, ... , 18

are given in [1, 4]. Also, BS(2« + 1) for « = 19, 20, ... , 23, 25, 26, 29 and

n — 2al0 26c (Golay numbers), a, b, c nonnegative integers, are given in

Yang [7].

In Table 1 we give BS(2« + 1 ) for all decompositions of 4n + 2 into four

squares for n = 19, ... , 24.
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Theorem 1. // A = {ax, ... , flB+1}, B = {bx, ... , bn+x},  C = {c,, ... , cn},

D = {dx, ... ,dn} are BS(2n + 1), then

(2 mod 4,    5=1,

(9)      a¡+ s + a"+2-s+  n+2-s=\0mod4,   s = 2,...,[(n + i)/2],

Cs + ds+ Cn+l-s + dn+l-s = ° mod 4 > * = 1 , .. • , [n/2].

Proof. We have

n+l-s

NA(s) + NB(s) =  Y, («/«/+, + */*/+,).    * = 1,..., n,
i=i

yVc(5) + /VD(5) = ^>,c,+i + ¿.¿.J,       * = 1,...,«- 1.
;=i

Then

NAis) + NB(s) + Nc(s) + ND(s) = f>A.+J + btbl+s + ctci+s + dtdi+s)

(10) <='
+ an+xan+x_s + bn+xbn+x_s = 0,

s= 1, ... ,n- 1,

and since xy = (x + y - 1 ) mod 4 whenever x, y = ± 1, we have from ( 10)

n—s

F(s) := X>, + al+s + bt + bl+s + c, + cl+s + dl + di+s)
;=i

+ aH+l + an+x_s + bn+x + bn+x_s = 2mod4,        s=l,...,n-l,

or

F(s) = J2(at + b¡ + ct + d¡) + Y^ K + b, + ci + dt)
i= 1 1=5+ 1

(H)

= 2 mod 4,        s=l,...,w-l.

+ an+i+bn+i+an+i-s + bn+i-s

Now

(12) F{S ~ X) ~ F{S) =as + bs + Cs + ds + an+2-s + K+2-s + Cn+l-s + dn+l-s

= 0mod4,        s = 2, ... , n - I,

and for s = n - I we have from (11)

(13) ax+bx+cx+dx+an + bn + cn + dn + an+x + bn+x +a2 + b2 = 2mod4.

Also, from

NA(n) + NB(n) = axan+x+bxbn+x=0

we have

(14) ax+bx+an+x+bn+x=2mod4.
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(15)

From (12)—( 14) we obtain

K + K + an+2-s + bn+2-s) + iCs + ds + Cn+l-s + dn+l-s)

=. 0mod4, 5 = 2,...,«.

If we set n + 2 - s instead of 5 in (15), then

(16)        K+2_, + bn+2_s + as + bs) + (cn+2_s + dn+2_s + cs_x+ ds_x)

= 0mod4,        5 = 2,...,«.

From (15) and (16) we have

(17)
Cs-l + Cs + ds-\ + ds + Cn+l-s + Cn+2-s + dn+l-s + dn+2-s

= 0mod4,        5 = 2,...,«.

For « odd, (17) becomes

(18) Cs+Cn+l-s + ds + dn+l-s = °m0d4>      5 = 2,...,«,

because with 5 = (« + l)/2, (17) gives

C(n-l)/2 + C(n+3)/2 + d(n-\)/2 + d(n+3)/2 = 0mod4;

then set 5 = (« + l)/2 - 1, etc.

From (15) and (18) we have

(19) as + bs + an+2_s + bn+2_s = 0mod4,       5 = 2,...,«.

If we set « + 1 - 5 instead of 5 in (15), then we have similarly

(20) "s + as+l + bs + ts+l + a"+x-s + bn+l~s + a"+2-s + b"+2-s

= 0 mod 4,       5 = 2,...,«-1.

For « even, using the same argument as before, (20) becomes

(21) as + bs + an+2_s + bn+2_s = 0mod4,        s = 2, ... , n - I,

and from (15)

(22) cs + ds + cn+l_s + dn+x_s = 0mod4,        5 = 2,...,«-l.

Therefore, (14), (18), (19), (21), and (22) give the required result.   D

In (19) and (21) it is enough to take s = 2, ... , [(«+ l)/2], and in (18) and

(22), 5=l,...,[«/2].
Before describing the algorithm, we need the following:

Given the sequence E = {ex, ... , en}, we define the m subsequences, for

some m — 2,3, ... , n:

E\ = {ei>ei+m"-->ei+s,J   with 5,=

E2 = {e2>e2+m>--->e2+s,-m}      with S2 =

«- r
m

n-2

m

Em = {em>e2m>--->em+s  -m}     WÍth Sn
« - m

m
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or

Ei = {ei>ei+m>--->ei+sl>m}    withsi

with associated polynomials

n - i

m
i = I, ... , m,

Then

or

E,iz) = YzJ'ei+j-m>        i=l,...,m.

7=0

E(z) = Ex(zm) + zE2(zm) + ■■■ + zm-XE(zm)

(23) E(z) = Yz     E^m)

i=i

Theorem 2. If A = {ax, ... , an+x}, B = {bx, ... , bn+x), C = {c,, ... , cn},

D = {dx,..., dn) are (1, -\)-sequences of lengths «+1, « + 1, «, n, then

they are BS(2« + 1 ) if and only if for some m = 2, ... , n+ 1

m

YiA,izm)A¡(z-m) + B¡(zm)B¡(z-m)

;=1

+ Cl(zm)Ci(z~m) + £>.(zw)JD,.(z-m)) = 4« + 2,

m—s

Y(Ai(zm)Ai+s(z~m) + Bi(zm)Bi+s(z-m)

(24)
1=1

+ Cl(zm)Cl+s(z-m) + Dl(zm)Dl+s(z-m))

+   ™ íiAi+m.Mm)^-m) + B^iz^iz-)

i=i

+ C^^C^z-"1) + Di+m_s(zm)Di(z-m)) = 0,

5=1,..., [m/2].

Proof. Writing A(z), B(z), C(z), D(z) as in (23), and equating all coeffi-

cients of z' in (7), where t = 5 mod «7, we find the above relations (24) for

s = I, ... , m- I . By setting z~   instead of z in (24) we see that it is enough

to take 5=1,..., [m/2].   D

For m = 2 we have

(25)

A(z) = Ax(z2) + zA2(z2),

B(z) = Bx(z2) + zB2(z2),

C(z) = Cx(z2) + zC2(z2),

D(z) = Dx(z2) + zD2(z2).
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From (24) and (25) we conclude that there are four isomorphic transformations

for the BS(2« + 1), A, B, C, D, i.e.,

(i) interchange A and B and/or C and D,

.-,. (ii) reverse one or more sequences,

(iii) negate one or more sequences,

(iv) negate alternate elements in all sequences.

Corollary 1. If A, B, C, D are BS(2« + 1) and given m e {2, 3, ...,«+ 1},

W   kim=    ¿2    aj>       rim=    ¿2    bj>
7=1 mod m 7=/modw

Pim=      ¿2      CJ> «im=      ¿2      dJ'
(27)

7=i mod m j=i mod m

(28)
(ii)     Km - iklm> ■■■ ' ^m}' &m ~ {rlm > • ' • ' rmm^ '

"m ~ lP\m ' • • • ' Pmm> > ^m = la\m » • • • > Qmm) '

m—s

r      r
i+s, m '

(29)

(iii)     NKis) = Ykimki+s,m> W = ¿2 rimr>
1=1 1=1

m—s m—s

Npi*) = ¿2 PlmPi+s,m> NQiS) = J2 aimai+s,m >
í=l i=l

then for the given me{2,3,...,n + l),

NK(0) + NR(0) + Np(0) + NQ(0)

-l-2    i_lí-2    4. r2   _i__L r2
i-ir\\ ~K\m^        ^ ^mm^ ' \m ^        ^ ' mm
y      ' 2 2 2 ,2

+ Plm + ■ ■ ■ + Pmm + Q[m + ■ ■ ■ + Qmm

= 4« + 2,

NK(s) + NR(s) + Np(s) + NQ(s) + NK(m - s) + NR(m - s)

+ Np(m-s) + NQ(m-s) = 0,       s= 1, ... , [m/2].

Proof. If we set zm = 1, then ^.(zw), Bt(zm), C^z"1), D((zm) give

4(0-**.,      BiM = rim>      Cl(l)=P,m>      W)*1*>

and (24) becomes

m
2 2 2 2

i=i

m—s

/ ; {   im   i+s, m        im i+s, m + PimPi+s , m + "im"i+s , m >

s

/  A   im   ¡+m—s  m im i+m—s,m"im"i+m—s,m^im"i+m—s,m'~     '

1=1

1=1
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. 2mod4   ifn^Omodm,
klm + rim + kn+l,m + rn+l,m = [ 0mod4     ifn = 0modm,

(33)

that is,

NK(0) + NR(0) + NP(0) + NQ(0) = 4« + 2,

NK(s) + NR(s) + Np(s) + NQ(s) + NK(m - s) + NR(m - s)

+ Np(m-s) + NQ(m-s) = 0,       s = 1,..., [m/2].   D

Note that

,--,       k}m ~    j ,2m + ^j+m^m '      rjm ~ fj,2m + rj+m ,2m ' .
(31) ) — i, ... ,m.

Pjm = Pj, 2m + Pj+m, 2m '  °jm  *~ °j, 2m + aj+m, 2m '

From (9) we can find further restrictions for kim , rim , pjm , qim , as noted in

the following theorem.

Theorem 3. If A, B, C, D are BS(2« + 1), then for a given m e {2, 3,... ,
n+l),

=-{

kjm + rjm + kn+2-j,m + rn+2-j,m=0moá4> J = 2> > ™ >

Pjm+QJm+Pn+i-j,m+^n+l-j,m=0moá4' j=l,...,m,

where kim , rim , pim , qim are defined in (27).

Proof. Summing all relations in (9) with s = ;'mod«î, we obtain the above

result.   D

The Algorithm. Since it is difficult to find directly the values of ax, ... , an+i,

bx.bn+l, cx, ... ,cn, dx, ... , dn , we find the values of

k\m > ■ • • ) kmm> rXm, ... , rmm , pXm, ... , pmm, qlm , ... , qmm

as defined in (27). Our algorithm relies on Corollary 1. To avoid calculating

isomorphic BS(2« + 1), on the basis of the four properties given in (26), we

can always take

(34) rcn>ru>0,       />!,><,,, >0,

where klx, rxx, pxx, qxx is the sum of the elements of A, B, C, D, re-

spectively. If « is odd, then kx2 > k22 > 0, r12 > r22. If « is even, then

Pl2>P22>0, qx2>q22.

Step 1. Find all kxl , r,, , pn, qxl satisfying

rcn>rn>0,    pu>qn>0,    k2l+r2x+p2l+q2x=4n + 2,

and for

(i) « even, take kxx , rxx odd,

pxx, qlx even,

(ii) « odd, take kx,, r,, even,

pxx, qxx odd.
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Step 2. For every quadruple kxx, rxx , pxx , gn and given m e {2,3,...,

«+1}, find kXm, ... , kmm, rXm, ... , rmm, /?lTO, ... ,pmm, qXm, ... , qmm sat-

isfying

W    *11=*I*+ ■■■ + *«*.   rn=rim + --- + rmm> Pi 1 = P\m + ' ' ' + Pmm >

#11 = #lm + ■" + imB| '

(ii) /c;m , rjm are both odd (even) if [(« + 1 - j)/m] + 1 is odd (even) and

\kjj <
n + l-j

m + 1.      lOml^
n + 1 - j

m
+ 1,       j = 1,..., m,

Pjm ' Qjm are DOtn °°-°- (even) if [in - j)/m] + 1 is °dd (even) and

\P-  \<
n-j

m
+ 1.     lí;J<

«-;
77!

+ 1,       j=l,...,m,

(iii)

^lm + ,"lm +kn+\,m + T
• = J
n+\,m ~  I

2 mod 4   if « ^ 0 mod m,

0 mod 4   if n = 0 mod «z,

kJm + rjm + kn+2-j,m + rn+2-j,m = ° m°d 4 > j = 2 , ... , m ,

Pjm + ajm +Pn+\-j,m + Qn+\-j,m = 0 mod 4 , j = 1 , . . . , m ,

(iv) ^2w + - • .+k2mm+r2Xm + - ■ .+r2mm+p2m + - ■ .+p2mm+q2m + .. .+q2mm = 4«+2 ,

(v) NK(s) + NK(m-s) + NR(s) + NR(m -s) + Np(s) + Np(m -s) + NQ(s) +

NQ(m -5) = 0, 5=1,..., [m/2], where

NAS) = J2 kjmkj+s,m> NRÍS) = ¿2 rjmrj+s,n,
7 = 1 7=1

m—s m—s

NP(S)=Y PjmPj+s ,m> NQiS)=J2 QjmQj+s ,,
7=1 7 = 1

Step 3. (i) For every kXm, ... , k, rXm, ... , rmm, p.m, ... , pmm, q.m,

amm   f0Und in SteP 2' find  kl ,2m ' • • ■ >k2m,2m >  h ,2m > ■ ■ • ■>

P2m,2m>   °X, 2m > • • • ' <?2m ,2m   Satisfying

jm = *;' , 2m + kj+m , 2m '      '"jm ~ Yj, 2m + '"j+m , 2m >

"jm ~ Pj, 2m      Pj+m , 2m '      "jm ~ "j , 2m      "j+m, 2m

(ii) Go to Step 2(ii)-(v), setting 2m instead of m .

mm '  ^\m

,P\'2m,2m ' ^1 ,2m

j=l, ... ,m.

Step 4. Stop when m > « + 1 and examine if

NK(s) + NR(s) + Np(s) + NQ(s) = 0,        i=l,...,w-l,

because for m > « + 1,

^« = 0,1,-1,       rjM = 0,l,-l,

^ = 0,1,-1,       «.., = 0,1,-1.
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Table 1

Base sequences BS(2« +1 ) A , B, C, D of lengths n + l, n + l, n , n or Suitable

sequences SS{2n + l)(A + B)/2,  (A-B)/2, (C + D)/2, (C-D)/2

Sum of Squares
Length     for Suitable Sequences Sequence

19     2n + 1 = 39

n = 20

{- + - +-+ + +-+ + + + +-}
{+-+-+-+ + + - + + + + -+-}
{+- + + + + + - + + +-+ + - +-}
{+ + + + + +-+ - + - + + + - + + -}

19     2n+\ = 19 = y + y + 2l + V     {+ + + + -- + - + + - + + - + - +-}
+ - + - +-+ + - + + + + +-++}
+ + + +-+ + + - +-+ - + +}
+ +-+ +-+ - + + + + + - + + +}

see [ 1 ], or

•I-+ + - + + + +-+ + + - +-+ -}

{+- + - + + + + + + - + +-++}
{+ + + + + - + + + - + + + - + - +-+ }
see [7], or

{-+ + +-+ + + - + + - + + - + + -+}
{+-+ + + + +-+ + + -H-+ + -+}
{- + + - + - + + + + + + +-+ - +-}
{+-H- + + + + + + +-+ + - + }

20     2n+1 =41 =62+ 22 +l2+02     {+ + - + -- + -- + + + -- + + + - +

: 20     2n + 1 = 41

f-+ - + + - +-+ - + + + + H-+ +}

{+-+ + - + + +-+-+ + + + +}
1+-+ - +-H-+ + + -+ ++}
{+-+ + +-+ + + + - + -+ + + - ++}

21     2n+1 =43 = 5i + 4' +1'+ 1'     {- + + + -- + + + + -- + + ■
{+ + + + + +-+-+ + + ■

• +-+-}
- + --+-}

-- + + +-+ - + + + + + - +-+ -}

{+- + + + - + - + - + + + + - + + - + + +}

« = 21     2n+ 1 =43 = 52 ■ *2 + 32 + 02     {+ + + + + -- + -- + - +-+ + --+}

{+ + - + + + - + + - + - + +-+ + + + —}
{- +-+ + + + + +- + + - + - + + +-}
{+-+ + + + + +-+ - + - + - + + +}
see [7], or

n = 21      2n+l=43 = 42 + 32 + 32 + 32     {-- + - +-+ + + + + +-+ -++}
{-+ + - + -+ + + + + + + + -+ +-H—}

{-+ + +-+ + - + + - + - + -++-}
{+-+ + +-+ + - + - + + + + +-++}

- + + + +}

+ + -+}

{+ + - +-+ - + + + - + + + -+- + + H—I
{- +-+ + +- + + + - + + +-+ -+ ++>

22     2n+l=45 = 6' + 3+0' + 0'     {+- + -- +-+ - + + + + +
■ + +-+ + + + - + + + + •

22      2n + 1 = 45 = 6' + 2L + 2Á + V     {-- + - + + + --
{+-+ + +-

-+ - + + - + + +-+ +}

+ - +-+-+ + + + + +}

{+-+ + - + - + - +-+-+ + + + ++}
{+ + + +-+ + + + + - + + + - + - +-+ }

n = 22     2n + 1 = 45 : {- +-+-+ + + + + + +-+ + + + -+>
{+- + - + - +-+-+ + + + + + + - + +}
{+- + -++-+ + +-+ + - + + +-}
{+- + +-+ + + - + + + + +-+ - + +-}
see [7], or

22 2n+l=45 = 42 + 42 + 32 + 22     {+-+ + - + + + + - + - + - + +-+}
Í- +-+ - + + - + + + + + - + + +-+ +}
{+ + +-+ - +-+-+ + - +-++}
{+- + + + + + + + - +-+ + + + +-+ }

23 2n + l=47 = 62 + 32 + l2+l2     {+ + +-+-+ - + + - + + - + ■

{+ + - +-+ + + + - + + +-+ + -
{+ + +- + - + + + +-+ +-+ + -+}
{+- +-+ + -+ + + + - + + + - + + + + +}

see [1], or

23     2n+ 1 = 47 = 52 + 32 + 32 + 22     {-+ + + - + - + + + +-+ + - + + +-}

{- + + - + + - +-+ + + + + - + + + - + ++}
{+ +-+ - + + - + - + + + - +-+-+}
{-+ + +-+ + - + + + + - + + + + - + -}

T-+--r1
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Table 1 (continued)

Sum of Squares
Length     for Suitable Sequences Sequence

-+ + + - + + - + + + + + + + + - + - + -+}

+-+ + + + + + + +-+ + - + - + + + -+}
I —+ — + — + + —H-+ +-+ + - + + +->
{+ + - +-+ - + +-+ + +-+ +-h}

« = 24     2n + l=49 = 62 + 32 + 22 + 02     <- + + +-+ + - + + + + + + - + - +-+}
Î+- + -H-+ + +-+ + + + - + +-+ +}
{+ + + + - + + - + + + +-+-+ - + - +-}
{+ + -+ +-+ + + + +-+ - + + - + + + +-}

n = 24     2n +1 =49 = 52+42 + 22+ 22     {- + - + - + + + + + + +-+ +-+-+ +}

{+ + + + + + - + - + - + + - +-+ +-+ + +}
{-+ + +-+ + - + + - + +-+ - + - ++}
{+ + + + +-+ + - + + + + - + + - + - +-}

n = 24 2n + 1 = 49 {+ + + + +- + +-H-+ -+ + - + -++-}
1+- + - + + +-+ + + -+ + + H-+ + +}

{+- + + +- + + -+ +-+ -++-+}
{+ +-+ - + -+-+ + + + -+ + + -+ + ++}

Remark. C. H. Yang and J. Yang (private communication) have constructed

the equivalent of the sequences shown in Table 1 by constructing base, normal,

or near normal sequences.

3. TURYN SEQUENCES

Our algorithm requires too much computer time for the construction of

BS(2« + 1) for « > 25. It is desirable to construct BS(4« + 3) from BS(2«+1).

Theorem 4. If A, B, C, D are BS(2« + 1), and their associated polynomials

satisfy

(35) A(z)C(z~X) + zC(z)A(z~X) = 0,        z/0,

then the sequences

(36) X = {l,A\C),     Y = {-l,A\C),    Z = {5|D},     W = {B\ - D)

are BS(4« + 3), where

A\C = {ax,cx,a2,c2,...,an,cn, an+l},

B\D = {bl,dl,b2,d2,...,bn,d„,bn+1}.

Proof. The polynomials associated with X, Y, Z , W are

X(z) = 1 + z(^l(z2) + zC(z2)),        Y(z) = -1 + z(A(z2) + zC(z2)),

Z(z) = B(z2) + zD(z2),        W(z) = B(z2) - zD(z2).

Then

X(z)X(z~X) + Y(z)Y(z~X) + Z(z)Z(z~X) + W(z)W(z~X)

= 2 + 2(A(z2)A(z~2) + B(z2)B(z~2) + C(z2)C(z~2) + D(z2)D(z'2))

+ 2z~x(z2C(z2)A(z~2) + A(z2)C(z~2)) = $n + 6,        zfO.       D
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If we define the cross correlations

n—s n+l—s

(37) NAC(s) = J2aici+s.     ncaÍs) =  5Z ciai+s>        5 = 0,1,...,«,
i=i ¡=i

then

C(z)A(z-x) = J2NAC(s)zs + YNCA(s)z-s

s=0 j=l

and

zC(z)A(z~X) + A(z)C(z~X) = ÍT(NAC(s - 1) + NCA(s))(zs + z~s+l).

i=i

Therefore, zC(z)A(z~x) + A(z)C(z~x) = 0 is equivalent to

(38) NAC{s-l) + NCA(s) = 0,        5=1,...,«.

Definition. If the sequences A, B, C, D are BS(2« + 1) and satisfy

NAC(s - I) + NCA(s) = 0,        5=1,...,«,

then they are called Turyn sequences (abbreviated as TS(2« + 1)).

Theorem 5 (see also [3, pp. 139-142]). If A, B, C, D are TS(2« + 1), then

(i) For « odd,

A = {Al,-A\),        B = {bx,Bx,-B\,bx),

C = {C,, f(n+1)/2, C, },        D = {Dx, a(„+1)/2, Dx},

where

Ax- \ax,..., a(„+1)/2}>       Bx = {b2,..., b{n+Xy2j,

Cx= {cx, ... , c{n_Xy2},       Dx = {dx, ... , «(„_1)/2}-

(ii) For « even,

A = {AX, an/2+x ,A\},        B = {bx,Bx, bn/2+x ,B\,-bx),

C = {C,,-<},        D = {DX,-D*X},

where

Ax = {ax,..., an/2},       5, = {b2,..., bn/2),

C, ={cx,...,cn/2},       £>, = {dx,...,dn/2}.

Proof. From (38) and from x ■ y = (x + y - 1) mod 4 when x, y = ±1, we

have

rt + l-s n+l n+1-5 ii

F(5):=  ^ û,+ Sai+Xl Ci+X]ci = 2(«+l-5)mod4,        5=1,...,«;
(=1 l=i+l 1 = 1 i=s
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for 5 = « + 1, (37) gives

al+an+x+cx+cn = 2mod4.

Then

F{S ~ i] ~ F(S) = a"+2~s + Us + Cn+2-s + Cs~l - 2mod4'
(3y) 5 = 2,...,« + 1.

Proceeding as in Theorem 1, we obtain from (39) and (9)

(i) For « odd:

as + an+2_s = 0 mod 4, 5=1,...,«+1,

cs + cn+l_s = 2mod4, 5=1,...,«,

(2 mod 4, 5 = 1, « + 1,

*      "+2-i=l0mod4, 5 = 2,...,«.

(ii) For « even:

as + an+2-s = 2mod4, s=l, ... ,n + l,

0 mod 4, 5 = 1, « + 1,

2 mod 4, 5 = 2,...,«,

cs + cn+x_s = 0mod4, 5=1,...,«,

^ + ¿„+1-5 = 0mod4, 5=1,...,«,

which proves Theorem 5.   D

Our algorithm in §2 can now be modified to give TS(2« +1 ). From Theorem

5 we have:

bs + bn+2_s = {

(i) For « odd:

kjm = -kn+2-j,m> J = l » • • • • m '

r\m + Tn+\ ,m ~ 2,

rjm = -rn+2-j,m> j = 2,...,m,

Pjm=Pn+\-j,m> j=\,...,m,

qjm = qn+x_j,m, j=l,...,m.

(ii) For « even:

kjm = K+2-j, m ' j - I, ... , m,

rjm ~ rn+2-j, m ' J = 2, ... , m,

r\m-rn+\,m = 1 for « ^ 0 mod 4 ,

Pjm = -Pn+l-j,m> j=\,...,m,

qjm = -Qn+\-j,m> j = I , ■ ■ ■ , m.
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It is known that TS(2« + 1) exists for « < 7 and « = 12, 14; they cannot

exist for « = 10, 11, 16, 17, and for « = 8, 9, 13, 15, TM(2« + 1) might
exist but an exhaustive machine search showed that they do not exist (see [1; 3,

pp. 142-143]).
In this paper, applying our algorithm, we have done an exhaustive search,

and we showed that TS(2« + 1) does not exist for « = 18, 19, ... , 27; of

course, for « = 28, 29, TS(2« + 1) cannot exist.

Acknowledgments

We thank the referee for his thoughtful comments.

Bibliography

1. G. Cohen, D. Rubie, J. Seberry, C. Koukouvinos, S. Kounias, and M. Yamada, A survey

of base sequences, disjoint complementary sequences and OD(4t; t, t, t, I), J. Combin.

Math, and Combin. Computing 5 (1989), 60-104.

2. J. Cooper and J. Wallis, A construction for Hadamard arrays, Bull. Australian Math. Soc. 7

(1972), 269-277.

3. A. V. Geramita and J. Seberry, Orthogonal designs: Quadratic forms and Hadamard matri-

ces, Marcel Dekker, New York-Basel, 1979.

4. C Koukouvinos, S. Kounias, and J. Seberry, Further results on base sequences, disjoint

complementary sequences, OD(4t; t, t, t, t) and the excess of Hadamard matrices, Ars

Combin. (to appear).

5. R. J. Turyn, Hadamard matrices, Baumert-Hall units, four-symbol sequences, pulse compres-

sions and surface wave encodings, J. Combin. Theory Ser. A 16 (1974), 313-333.

6. C H. Yang, A composition theorem for ô-codes, Proc. Amer. Math. Soc. 89 (1983), 375-378.

7. _, On composition of four-symbol ô-codes and Hadamard matrices, Proc. Amer. Math.

Soc. 107(1989), 763-776.

Department of Mathematics, University of Thessaloniki, Thessaloniki 54006, Greece

(Koukouvinos and Sotirakoglou)

Department of Mathematics, University of Athens, Panepistemiopolis 157 84, Greece

(Kounias)


