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SUPERCONVERGENCE AND EXTRAPOLATION FOR MIXED
FINITE ELEMENT METHODS ON RECTANGULAR DOMAINS

JUNPING WANG

ABSTRACT. Asymptotic expansions for the RT (Raviart-Thomas) mixed finite
element approximation by the lowest-order rectangular element associated with
a second-order elliptic equation on a rectangular domain are derived. Super-
convergence for the vector field along the Gauss lines is obtained as a result of
the expansion. A procedure of postprocessed extrapolation is presented for the
scalar field, as well as procedures of pure Richardson extrapolation for both the
vector and the scalar fields.

1. INTRODUCTION

The aim of this paper is to discuss the asymptotic behavior of the mixed
finite element approximation associated with a second-order elliptic equation.
We take as our model the Dirichlet boundary value problem

(L.1) —div(a(x)Vu(x)) = f(x) in Q,

' u=-g(x) ondQ,
where Q is an open bounded domain in R’ and 9Q the boundary of Q. a(x)
is a positive, continuous function on Q = QU Q. For the sake of simplicity
of analysis, we shall take the domain Q to be a rectangle in this paper. The

results can be extended easily to Neumann boundary value problems.
A mixed form of the problem (1.1) seeks (q, #) such that

fa+YVu=0 in Q,
(1.2) divg=/f inQ,
u=-g ondQ,

where f = B(x) = a_l(x) is the reciprocal of the coefficient a(x).
Let H(div) be the Hilbert space

H(div) = {v: ve L}Q), divve L}(Q)}
with norm defined by
2 2 .2
“V”H = ”vlloyz + ||d1VV||0,2 s
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where L*(Q) = L*(Q) x L*(Q) and | -, , indicates the L’-norm of either
a scalar- or a vector-valued function. Denote by W™'?(Q) the usual Sobolev
space containing functions whose partial derivatives are L’-integrable up to
order m . Let |¢||,, , indicate the norm in W™?(Q) for any function ¢(x) €
W™ ?(Q). Then a weak form of the problem (1.2) seeks (q, u) € H(div) x
LZ(Q) such that

(Bq, v) — (divv, u) = (g, v-n), v € H(div),

(divg, w) = (f, w), w e LAQ),

where (-, :) denotes the inner product in LZ(Q) or LZ(Q) and (-, ) thatin
L (0Q). n denotes the outward normal direction of 9. In what follows, the
two components q and u of the solution (q, %) are referred to as the vector
and the scalar field, respectively.

A mixed finite element method for (1.1) is based on the formula (1.3) and
on finding a pair of finite element spaces Vi x M ¢ H(div) x LZ(Q) associated
with a polygonalization ®, of Q which satisfy the inf-sup stability condition
of Brezzi and Babuska (cf. [4, 1]). In this paper, we shall consider rectangular
partitions for Q instead of a general polygonalization. Some spaces have been
constructed and analyzed for rectangular elements. Among these, we would like
to mention those of Raviart and Thomas [22], Brezzi, Douglas, and Marini [6],
and Brezzi, Douglas, Fortin, and Marini [5]; they are referred to as RT, BDM,
and BDFM spaces, respectively.

Some superconvergence results for the RT method on rectangular domains
have been derived by Nakata, Weiser, and Wheeler [21] in which a discrete L
norm of the error arising from the Gauss points on each element is considered.
One of the main objects of this paper is to discuss superconvergence of the
approximation along the Gauss lines for the vector field q associated with the
lowest-order RT method. Extensions to RT or BDFM methods of any order are
given in forthcoming papers (cf. [11, 9]).

Our second aim 1is to discuss the asymptotic behavior of the approximation
associated with the RT method of lowest order. We intend to establish an
asymptotic expansion for this method. The idea of deriving an asymptotic ex-
pansion for finite element methods is not new. The earliest work, to the author’s
knowledge, is the one presented in Marchuk’s book [20], where an expansion
for the Galerkin approximation of the one-dimensional Laplace equation is de-
rived. However, it is not clear whether the idea in [20] can be generalized to the
Laplace equation in higher dimensions. Recently, Lin and Lu [15] presented
an expansion for the Galerkin approximation for the two-dimensional Laplace
equation under the assumption of uniform triangulation. The crucial idea in
[15] is the use of the discrete Green’s function in the representation of the
Galerkin approximation. Many results have been obtained following this idea,
but few of them made any essential improvement on relaxing the uniformity
assumption for the triangulation. For more detailed discussions we refer to [16,
15, 17, 18, 19, 2, etc.] and references cited therein.

(1.3)




MIXED FINITE ELEMENT METHODS ON RECTANGULAR DOMAINS 479

An analysis of Richardson extrapolation has been given for the mixed finite
element approximation in [23]. It was proved that one can extrapolate the scalar
field for the mixed finite element approximation without using any uniformity
on the triangulation. Continuing [23], we shall further disscuss the extrapolation
for the RT approximation in this paper. We shall illustrate that the uniformity
condition is still required in extrapolating the vector field. The estimates es-
tablished for the discrete Green’s functions in [23] will play an important role
in the forthcoming analysis. We derive asymptotic expansions and also present
and analyze some procedures of extrapolation and postprocessed extrapolation;
they all yield approximations of higher order to the original problem.

The idea behind the postprocessed extrapolation in this paper is the same
as the postprocessing procedure presented in [23] for the lowest-order BDM
method. A general local postprocessing technique (cf. [3]) was proposed by
Bramble and Xu independent of [23]. The idea behind these procedures is the
same; one tries to use the approximation of the vector field, which is propor-
tional to the gradient of the scalar field, to get a better approximation of the
scalar field via Taylor expansion.

The paper is organized as follows. In §2 we study the asymptotic behavior
of a projection operator I, and then establish a general asymptotic expansion.
In §3 we present a superconvergence result as the first application of the expan-
sion. A procedure of postprocessed extrapolation for the scalar field is presented
and analyzed in §4. Finally, in §5 we present and analyze procedures of pure
extrapolation for both the vector and the scalar fields.

2. PRELIMINARIES AND ASYMPTOTIC EXPANSIONS
We shall assume throughout this paper that the domainis Q = (0, 1)x(0, 1).
Let A, and Ay be partitions of [0, 1],

A O=xy<x;<x, < <xy=1,

X

and
Ay O=py <y <y, <--<yy=L

Denote by I; and I}{ the subintervals (x;_,, x;) and (y;_l , y;), respec-

tively. Let A; or ¢; be the half-lengths of 1. and I}{, and let
h= rril?.jx{Zhi » 2t}
Set . ' ' .
D, =[0,1]x1I, and D, =1 x[0,1].

Let ®, =A, xA, = {R} be a finite element partition for the domain 2, where

the element R is a rectangle of the form I; X I}{ for some I)’; €A, and Ii €4a,.
A shape regularity is required for ®, ; i.e., the ratio of the side lengths of Ris
assumed to be bounded by a constant independent of R and 4.
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FIGURE 1
Illustration of rectangular element in %,

Let us recall the definition of the RT space of the lowest order:
h . ' ;
V' ={v: ve H(div), VII;xI;' € PI(I;) x PI(I;)},
A : .
M'={w: wl,, € Py(I, x 1)},

where P, (S) denotes polynomials of degree m on the set S. Let H (div) be
the Banach space

H,(div) = {v: ve L}(Q), divve L'(Q)}
equipped with a natural norm
IVllg, = [Ivllg, o + 1 divvllg ,

where r is any number larger than 2. o
Assume (x;, y;) to be the center of gravity of the element R = I X I; ER,.
A projection operator, denoted by II,, is defined as a linear mapping from

H, (div) to V" for some r > 2 such that on each element R € R,

(2.1) /I'Ihw -nds=/ v -nds, vy € H (div)
e,. e.

for i=1,...,4, where e, are the four edges of the rectangle R and n the
outward normal direction on the e; (see Figure 1).

It can be shown that this operator II, is well defined and satisfies the fol-
lowing commutativity property:

(2.2) div-II, = P} - div,

where P,? is the local Lz-projection operator from LZ(Q) to M" (cf. [22, 8]).
Forany y €H,(div), let IT, ¥ be represented on R =1, x I] by

(2.3) Hh Vv = (al + az(x - x,’)s b[ + bz(y —yj))

The coefficients a, and b;, i =1, 2, can be found through the relation (2.1).
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Lemma 2.1. Let y € [W1 ’ l(Q)]2 NH,(div). Then the coefficients in the projec-
tion I1, ¥ , as defined by (2.3), are given by

(2.4) a, =P (v, + & - x)0:v,),
(2.5) a,=P,(9:v,),
(2.6) L= Pouy + (1=9,)8,w)
(2.7) by = P,(0,,).

Proof. 1t suffices to check that (2.4)-(2.7) solve (2.1). Substituting (2.4), (2.5),
(2.6), and (2.7) into (2.3) gives

My = (P (v, + (€ = x)8:w,) + Py (afwm x)s
Py, + (n—)8,w,) + P, (0,1,) v = ,)).
We want to verify (2.1) for I, ¥ given by (2.8). It follows from (2.8) that

/ M,y -nds = / [Py, + (& = x)0,w,) + PA@:w,) (x — x,)]ds

(2.8)

|€1|{P (v, +(€ - x)6¢w1)+hP (65'//1)}
= le,|P, {0 (& — x)w 1+ o v, }

= |e||Ph {65[( (4 _x,') +hi '//1]}

= 5 [ ae - x) + hywi1dean

2h e, |

=il ds=/ ds,
Rr J, )N

(2.9)

which implies that

(2.10) / I,y -nds=/ v -nds.
€ €
The same argument can be applied for the other three edges to verify the
conclusion of the lemma. O

It follows from Lemma 2.1 that I1, w is defined componentwise. Thus, we
can define the projection of each component of any vector-valued function and
shall denote by I1,y, the ith component of the projection of w .

We are now in a position to derive an asymptotic expansion for the error of
the mixed finite element approximation of (1.3) using an RT space of the lowest
order.

Lemma 2.2. Let q € [P,(R)]" with R=1I, x I’ € ®, . Then,

2
1 h
@11)  Tg(x,y) =4,(x, 7)) - 5(x - x)’9;q, + 297q 68
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and
2 2

1 2,2 h
(212)  Mg(x, ) =405, ¥) = 300 ~¥,)' 8,0, + 30,4, + 2004
Proof. By Lemma 2.1,

I,q, = P,(q, + (¢ - x,)9:4,) + P)(8:9,) (x —x,) on R.

Since
0 1
P&~ %) 0,0) = o [ (€~ x)00, dedn
1 h2
- g L€ - x)'0fa,dedn = “Fola,,
we have
0 0 h
(2.13) 1,9, = Byq, + (x — x,)P, (8;4,) + 3 8

Further, by a Taylor expansion,
1
Pay = g [ o€ mdzan
1
=005, 3)+ o | € =0 dedn d,0,(x, )

1
(2.14) + g (€ =) dzanola, + [ 1=, deanoja,)
= ql(x, yj) + (x,' - x)aqu(x, .Vj)

1 RAPY f
+ i(x—xi) + ? 6qu 6a
Thus, substituting (2.14) into (2.13) gives

1 h:

nhql =4, (x> yj) + (xi - x)axq] (X, yj) + E(x - xi)zaxqu + _6l—ax2q|
£, 0 h
+ gfay a, + (x = x,)P, (9:9,) + 3‘ 9.4,
— P L 252 h 8
=4, (%, y) + (x; = X)0,4,(x, ;) + 5(x = X,)°0,4, + 5
2,
+ gjay ‘11 + (x —x,.)aqu (x,' s ,Vj)
2

| h
= 4,(x,¥)) = (x = x)°0;q, + 5 (x = x)"07q, + 5074, + L0,

2
1 2,2 h?
=q](x’yj)—§(x_x1) OXQI 26 66yq1’

so that (2.11) holds. The same arguments can be applied to verify (2.12). O
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Theorem 2.1. Let q € H (div). Let R, be the partition of Q given at the
beginning of this section. Let B € W2’°°(Q). Then, for any v= (v, v,) € vt

(Bla-Th,a), v 3Eh/ (9,80,4y0, ~ BO}a,v,) dxdy

(2.15)
+3 Zz / (8,80,4,, - B0 a,v,) dxdy + R(Y),

where

(2.16) IR™)| < CAlalls , IVl

provided that q € [W3"’]2 with p>1and 1/p + 1/p' =1.
Proof. Since

(2.17) (Ba-T,q), Z: B(q-T1,q) - vdxdy,

I'xI’

it is sufficient to analyze

(2.18) Ba-11,q) -vdxdy = /ﬂq I1,q) -vdxdy = U, + U,,
I‘xI’

where

(2.19) U = /ﬂ Il,q,)v,dxdy,

(2.20) U, = / B(g, — T1,,)v, dxdy.

We may assume, without loss of generality, that g, (i = 1, 2) are polynomials
of degree not exceeding two on each R. Then, by (2.11),

Ul = /Rﬁ(ql(x,y) —ql(X,yj))vldxdy

+ %/ B (x —xi)zaquvl dxdy
R

(2.21)
h / 862q.v. dxd 4 / 882g.v dxd
2 JP%NY 6 Jx v 41V y
=L +15,-1,-1,
Set
N ; £,
RZA%%{AW-m(é%qﬁwmnyﬂ—muhm)mdmw
(2.22)

2
+§J/Ray(/3 - B)d,9,v,dxdy,
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ij 7 hz
(2.23) R ,(v) = % /R B-B) ((x -x)’ - T') 92q,v, dxdy,

and
v, =¢+c(x-x,),

where f and B’ denote the average and the bilinear interpolant of # on R,
respectively. Note that

(.20 I = /Rﬂ'(ql(x, ) = 4,(x, y;))v, dxdy
+ (88" (0. 9) - 4,0x. 3wy dxdy.

Since for any fixed x, the function ﬂ’ (g,(x,+)—q,(x, yi)) is a polynomial of
degree 3 in y, it is easy to see that

[ B@0x.3) = a,x, 30, dxdy

-/ ( [ ’ﬂ’<q1<x,y)—ql(x,y,.»vldy) dx
X y

i

(2.25) 3
t.
= /x@f(ﬂ'(ql(x, )= a4 (x, y)vlx, y;)dx

2 2
=4S [ g9 dxdy+ 2 [ 860 g0, dxd
Combining (2.24) with (2.25) and (2.22) gives
2 2
1= [ plotqu dxdy+ 2 [ 6. p'6,q0, dxd
1= % RB y vy dxdy + 5 | B 0,q,v,dxdy
(2.26) + [(B=a\0x. ) - (x.3)v, dxdy
2 2
t 2 g i
=< R/iayqlv1 dxdy+§ Rayﬂayqlv,dxdy+R6,l(vl).
As to I,, we observe
/Rﬁ(x—xi)zafqlvl dxdy:/R(x—x,.)z(c0+cl(x—x,.))dxdy Eajq,

_ K _
(2.27) =/R()c—xi)zcoafxdy/ic'))fql = T‘/Rcoﬂa)fql dxdy

- h: o[-
= ?’/Rﬂaqu(co+cl(x—xi))dxdy= —SL/R,Bafqlvl dxdy,
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which together with (2.23) yields
1 [+ 2,2
= E/Rﬂ (x = x;)°0,9,v,dxdy

1 —
+ 5,/,;“3 -B) (x- xi)za)fqlvl dxdy

(2.28) 2 1 - 2,2

= —6’-/R/38xq]v1 dxdy + 5/R(,B - B) (x —x;)°0,q,v,dxdy

hi 2 ij

= F/Rﬂaquvl dxdy + R¢ ,(v)).

Thus, combining (2.21) with (2.26) and (2.28) gives

(2.29) U / 9,80 q,v,dxdy- /R BO%q,v, dxdy+RY (v)+RY ,(v)).

The same argument leads to

/6 Bo.q,v,dxdy

(2.30)
ﬂa 4,0, dxdy +R; | (v,) + R ,(v;),
where
ij I h,~2 2
RY \(v) = [ (B~ B) | 0l + 05,0 9) — ax(x, ) | vy dxdy
(2.31) )
%
+ /R 8,(8" — $)0,4,v,dxdy
and
ij 1 2 0
(2.32) R;j,z(UZ) =3 /R(ﬁ -B) ((y -y - 31) ajquuz dxdy.
Let
2
(2.33) Z )+ Ry ((v)).

i,

It follows from (2.17) togethe th (2.18), (2.29), and (2.30) that

(Bla-Tia),v) = 3Zt | (@,80,0,9, - 88} ayv) dxdy
(2.34) £

3Eh/ (8,88, 4,0, — BO2q,v,) dxdy + Ry(v)

with
(2.35) IRy < Chllall,., IVl
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Now, the conclusion of Theorem 2.1 follows from (2.34), (2.35), and the
Bramble-Hilbert lemma. O

Remark 2.1. Assume that q € [Wz”’ ]2 with p > 1. From the proof of Theo-
rem 2.1 it is not difficult to see that

(2.36) (B(a-T,),v)| < CHllall, IVl veV",

where ' = p/(p — 1) is the conjugate of p.

Two particular choices of v and p will yield asymptotic expansions for either
the scalar or the vector field of the mixed finite element approximation of (1.3).
Therefore, (2.15) can be viewed as a general error expansion for lowest-order
RT mixed finite element approximations.

3. SUPERCONVERGENCE

In this section, we apply the asymptotic error expansion (2.15) to obtain
superconvergence for the approximation of the vector field along the Gauss lines,
rather than only at the Gauss points, as in [21]. We begin with the following
result.

Theorem 3.1. Let (qh, uh) be the mixed finite element approximation of (1.3)
lying in the RT space of lowest order. Assume that q € [W>*(Q)1* with p > 1.
Then

h

(3.1) llq" - H;,ﬂllo,z < Cht”’l”z,p >

where T =min{2, 1 + 2/p'} and p' =p/(p — 1) is the conjugate of p.

Proof. Set v = qh —I1,q and recall that divv = 0. Thus, by relation (2.2) and
the inverse inequality,

h 2
" - MLl , < C(Bv, v) = C(Bv, a - T1,q)
2
(3.2) < Chllally, ,Ivllg,
S Ch2+mln(0, l—z/P)qulz’p“qh _ l-Ihq”O’Z ,

where we have used (2.36) in the second line. Thus, (3.1) follows from (3.2). O

As an immediate consequence of (3.1), we have the following result.

Corollary 3.1. In addition to the assumptions of Theorem 3.1, let q € [W"(Q)]?
for p>2. Then

2
Cp)h7 lall, ,» I<p<2,

h
3.3 la-d'| s{
@2\ chlall, o +lall, ), p>2.

Proof. Clearly,

h h
(3.4) la—a'lly o < lla—Thally o + M a—a'll -
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By the standard inverse inequality and (3.1),

h -1 h
I11,q—q “o,oo <Ch ||th—q ”0,2

(3.5) 1 -1
<Ch  hildl,,<Ch lal, ,

Interpolation theory and the Sobolev inequality imply that

2
Chilall, 2, 1<p<2,
”q_nhq“(),oo < { L%
Ch”q“l oo ? pZZ,
(3.6) L
- { C(p)h? llal,, » 1<p<2,
~ | chllal; o » P2

Thus, (3.3) follows from (3.4) combined with (3.5) and (3.6). O

With the help of (2.36) we are able to obtain a superconvergence result in
the maximum norm for the vector field of the lowest-order mixed finite element
approximation. It should be noted that all these analyses make strong use of
the L'-error estimates for the regularized Green’s functions (see Theorem 2 of
the Appendix).

Lemma 3.1. Let (qh , uh) be the mixed finite element approximation of (1.3)
in the RT space of the lowest order. Assume that q € [Wz”’ (Q)]2 with p > 1.
Then

2
Ch+"log 4 q p>2
h B D’ ’
(3.7) la” - IT,ally, o < { 2 "
Che ”qllz’p, 151’52,
where p' =p/(p - 1).
Proof. By (A.13),
(3.8) la" - ,all, ., < 1(B(a~T1,0), Gy)I.
Further, by (2.36),
(3.9) (Ba—T1,a), G3)| < Chllall, , IIG3l, -
Thus, it follows from (A.9) that
2
Ch+"log 4 gl p>2
h 1 p’ ’
(3.10)  |(Bla-T,a), Gy)| s{ 5 e
ChP ”q”2,py ISPSZ,

which, along with (3.8), implies (3.7). O

To see how qh approximates q, it suffices to observe the approximation
property of Il, . We already know that Il q approximates q globally to an
order of O(h). However, from (2.11) it is easy to see that the error between




488 JUNPING WANG

1,9, and g, has an order of O(hz) along the Gauss lines [0, 1] x y; on the
element Ii X Ij . Let

(3.11) I =00, 0x{y;; j=1,2,..., M},
(3.12) T, =00, 1x{y}; j=1,2,..., M~1},
(3.13) T ={x;i=1,2,..., N} x[0, 1],
(3.14) L,={x; i=1,2,..., N=1} x[0, 1].
Set

(3.15) r=r,ur,, i=1,2

For any v = (v,, v,) € H(div), v’ = (v, v;) is defined on = l"'l' Ul'Jz‘ as
follows: Define v} on I'' by

(3.16) vix,y)=v,(x,y),  (x,y) e,
and
(3.17) vj(x,¥}) = t—j—_l_—t;:[tjvr(% Y+ V)] (X, y)) € I,

where
+ * .
v, (x,y;)=lim v, (x,y),
[, 3)) = lim v, (x, )

and v, (x, y]) is defined similarly; a function v can be defined analogously

on I'}
Denote by || ¥ ||, a seminorm for piecewise continuous vector-valued func-
tion W such that

2
Il =D 1¥illg, o 1o
i=1

Now we are ready to establish the superconvergence result along the Gauss lines.
Theorem 3.2. Assume the hypotheses of Lemma 3.1. Then

2
Cho"log % llll p>2
hy* 13 D’ ’
(3.18) la— (@)l < { 3 2P
Ch'llll; > l<p<2.
Proof. By (3.7) and the definition of v*, it suffices to check that

(3.19) g, = (1,0,)"llg oo o+ < Ch7 lall, ,,  i=1,2

The following result can be proved easily through an application of (2.11):
(3200 Tq,(x,») =q,(x,y,)+Oh¥)lq,l,, on R=I.xI.
Thus, it follows from (3.20) that

(3.21) g, = (1,0l oo 0 < Ch7 llgyll .

since, by (3.16), (Il,q,)* =I1,q, holds on I, .
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Let (x,y}) €T},. By (3.20) and (3.17),

(nhql)*(xa y;) = [tqu(xayj+1)+tj+1q1(xa yj)]

tj+tj+l
+0(h)lg,ll,.,

= ¢,(x,¥]) + O\l

(3.22)

so that (3.19) holds on l"'l’2 , and the theorem is proved. O

4. POSTPROCESSED EXTRAPOLATION FOR THE PRESSURE

We now investigate the validity of the technique of extrapolation for the
approximation of the scalar field. We first derive an asymptotic error expansion
for the approximation by using the general expansion (2.15), and then define
and analyze a procedure of postprocessed extrapolation.

To derive an asymptotic error expansion for the scalar field, let ®, be the
partition defined at the beginning of §2. Let (qh , uh) be the mixed finite element
approximation of the problem (1.3) in the lowest-order RT space.

Lemma 4.1. Let p be any number in (1, 2] and assume that q € [W3 P (Q)]2
for p<2 and q € [W“(Q)]2 n [W2’°°(Q)]2 for p = 2. Then there exists a
Sfunction Ef'(x) such that

N M
(4.1) u"(x) = P,?u(x)+2:hi2 /D" D,q-G, dxdy+2t12. /Df D,q-G, dxdy+E:'(x)
i=1 x j=1 y

with
A Ch’log} (lally o + llall; »)» P =2,
42 1ENlg 0 < g, ]
C(p)h™ #"logy llall; > 1<p<2,

where

1
(43) Dya= 3(B9;4,, ~0,9.4;)
and

1
(4.4) Dya = 3(89,4,. =9,89,4;)

are two vector-valued functions. (G, 4,) is the regularized Green’s function of
the first kind in mixed form.

Proof. Since both u" and P,? u are constants on each element R € ®, , we need
only establish (4.1) for x = (x, y) being the centers of the elements in ®, . Let

(gi, y;) be the center of gravity of the element / X Iy’ . It follows from (A.1)
that

(4.5) u"(x,. , yj) - P,?u(xi , yj) = (uh - P,?u, 6{'),
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where élh is the regularized Dirac J-function associated with the space M h
and the point (x;, y j) . By the identity (A.10),

(4.6) u"(x;, ;) = Pulx;, v) + (B0La - 1), G}),

where G’l' is the mixed finite element approximation of G, (see the Appendix

for its definition). Thus, an application of (2.15), with v replaced by G'l' , leads
to

h 0
u (x,',yj):Ph (.X,»,yj)

(4.7) SZh / (8024,(G"), - ,89.4,(G),) dxdy
+§§z§ /%(ﬂajqz( ~9,89,4,(G}),) dxdy - R(G}),

where

(4.8) IR(G))| < Ch ally, Gyl -

By using (4.3) and (4.5) we rewrite (4.7) as follows:

N

h 0 2 h

w(x;,y;)="Pulx,y)+ E h /D" D,q-G/dxdy
i=1 x

(4.9) v ) )
+;IJ/D§D2q-G1 dxdy - R(G")

with

(4.10) IR@G))| < Ch**Fl1oghltllall, . 1<p<2;

here we have used (A.5) to estimate ||G']'||0‘ Y in (4.8). To get the relation
(4.1), replace G'l' by G, in (4.9) and let Ef'(x,., yj) denote the collection of

remainders and other terms. Clearly, it suffices to estimate E f'(xi, ;). By the
Holder inequality we have

h 2 h h
(4.11) |E} (x;, )| < CRIIG, = Gyl o llall, s+ IR(G))I,

where s = £ and s’ is the conjugate of s.

Thus, it follows from (A.3), (A.4), and the Sobolev inequality that
Chlogy llall; o p=2,
C(C(p) +log A7 fall, . 1<p<2
Now, combining (4.11) with (4.12) and (4.10) yields (4.2). O

h
(412) |G, -Gl ¢ lall, ; < {

The relation (4.1) along with (4.2) is actually the asymptotic error expansion
desired for the approximation of the scalar field. It should be noted that u" was
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expanded with respect to P,? u rather than the function u itself. We are then
forced to take appropriate refinements in order to carry out the Richardson ex-
trapolation process for this problem. This section will be devoted to an analysis
of a procedure that uses less expensive refinements. The procedure is effectively
a combination of extrapolation with local postprocessing. In other words, we
shall derive a better approximation by using the superconvergence results for
the vector field along with the technique of extrapolation for the scalar field.
A procedure of pure extrapolation for the approximate scalar field will be con-
sidered later in §5, where different refined grids are needed. But we emphasize
that all the results for the scalar field are valid for nonuniform grids, since the
Green’s function (G,, 4,) has less singularity in comparison with (G,, 4,).
Let A, , and A, y be two partitions defined by

A . O— * * * *—l
axt 0=X) <X <X <Xy <X, < <Xy <Xy =

and
szy: 0=yy <Y, <Y <Py <Py < <Yy <Yy =1,

where x,, y; are the centers of I; and I; , respectively.
Denote by ®, , and ®, , the two refinements for ®, given by A, | x A,

and A x Az’ o respectively. Let Vf X M,.h be the RT space of the lowest

order associated with the partition R and let l'Ii’ , and P,.O‘ e 1=1,2,
be the corresponding projection operators. Let (qi’h , uth ) be the mixed finite
element approximations of (1.3) lying in Vf X Mih fori=1,2.

For any (x;, y,), center of the element 1. x Ii € R, , denote by (G'f’h , i’f’h)
the mixed finite element approximations of the regularized Green’s function
(G, 4)) at (x;, yj) in the spaces V: X M,f, Kk = 1,2, respectively. The
following analogue of (A.3) still holds:

2
: 1
(4.13) S IGY" - Gyllp , < Ch log 7.
k=1

The proof of (4.13) can be accomplished by employing the same arguments as
those used to prove (A.3).
Forany R =1 x I € ®,, there exist two elements R, and R, in ®, ,
such that R =R, UR,, (see Figure 2).
Set
Ey={(x;,»); 1<i<N, 1<j<M};

Le., &, is the collection of centers of gravity of elements in ®, . Let us define
a new approximation, denoted by u: ,on E, to the scalar field u by

1, _1,h
Uy(x;, v)) = 3400

+ 2 (W0, (Ba}) + £0,(Ba)(x,. v,),

+ﬁ2’h) - Suh)(x,‘ s yj)
(4.14)
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R — Ry Ry,

FIGURE 2
Illustration of refinement in the x-direction

where
—K,h 1 K, h
u

g +u

E(u Xl lez)’ k=1,2.

Theorem 4.1. Let uz be defined on E, by (4.14). Let p be any number in
(1, 2] and p' its conjugate number. Then

Chlog}(lall, o +llall; ),  Pp=2,

#
(415)  lu=wylly o 5, < {
=57 ™ og} lall; 1<p<2,
provided that q € [W3”’]2 for p<2 and q€ [W3’2]2 ﬁ[Wz"’°]2 for p=2.
Proof. For any (x;, yj) €E,,let Re R, be the element centered at (x;, yj).

It follows from Lemma 4.1 that the approximate solution u" can be expanded
at (x;,y j) with respect to P,? u in the form (4.1). Let us derive an expansion

for the average of the approximate scalar field u analogous to (4.1). By the
definition of 6{’ ,

@.16) 7", y) - Plulx,, ) = (u
Thus, by (4.16) and (A.10),

@17)  7*x. ) = Pulx,, ) + (B, 4a-q), G
h

The relation (4.17) for ot , I =1, 2, is actually an analogue of (4.6) for u" .
Thus, by applying arguments similar to those used to prove (4.1), we obtain

PP el 1=1,2.

bh, =12

3 -2 &
7 (x,, v)) = Pu(x,, v)) + % th/Di D\q-G,dxdy

(4.18) L1- S’Z’ / DG, dxdy

+E,’l(x,.,yj), l=1,2,

where E,h y» | =1, 2, are the corresponding remainders, which satisfy

Chlog} (lall, o +llall; ), =2,
C)H* 7 og} llall; ., l<p<2

(4.19) |/, (x;,y)| < {
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Thus, it follows from (4.14) together with (4.1) and (4.18) that there exists a
function E;' such that

1

U (x,, v)) = Py, v,) + g ([0, (Ba}) + £8,(Bay))(x;. )

(4.20) )
+E)(x;,9)),

where

Chlog} (lall, o +llall; ;).  p=2,

Co)h* o} lal, . l<p<2.

Further, by the superconvergence result (3.18) we can find a function E;’ such
that

h
ES(x,,v))| < {

(h0,(Bay) +1:0,(Bay))(x;, ¥,).
(4.21) = (h10,(Bay) +1:0,(B4))(x;, ;) + Ey (x;, ¥;)
= —(h} Blu(x;, p;) + 12 B2u(x;, ¥)) + Ey (x;, 9,),
where, by the Sobolev inequality,

\ Chlog} llall, 4 p=2,
’E3 (xi ’ yj)l < 243 q
Ch plogyllqllzrzL, l<p<.
> 2-p

3 { Chlog lall, o0 » p=2,
- 2

Co)h* 7log} lall,,, 1<p<2.
Thus, combining (4.20) with (4.21) gives

0 2,52 2,2 h
(423)  uh(x,, ) = Byulx,, ;) - §(h0u+10]u)(x,, ) + E*(x;, v)),

(4.22)

where the remainder E” can be bounded by the right-hand side of (4.2).
It is not difficult to verify that

0 2,52 2,2
(4.24) PYu(x,, ;) = u(x,, v,) + L(h20%u+ Colu)(x;, y)) + OK™ F)\ull; -

]
Hence, (4.15) follows from (4.23) and (4.24). O

Remark 4.1. It is clear from the definition of the regularized Green’s function
that the so-called regularized Green’s functions contain the mesh size 4 as
a parameter. However, this dependence does not affect the estimate in the
extrapolation, since we can always choose the same regularized Dirac d-function
for the approximations used in the extrapolation. One may want to use the true
Green’s function in doing the expansion rather than the regularized one. The
difficulty of doing so is that one has to deal with the singularity caused by
the J-function. Doing the estimates for the regularized Green’s function is
much easier than for the true Green’s function. This idea can be applied to the
expansion for the standard Galerkin approximation for the Laplace equation.
This remark is also applicable to the vector field in §5.
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As in [20] and [3], a local postprocessing procedure can be applied to produce
an approximation defined globally, which has the same accuracy as u: on E,.
This result is stated as follows. For any x € R = I x I; ,let X=(x,,y;) be

the center of gravity of R. Define uz(x) by
(4.25) U (x) = 4y (%) - B(®) "h‘f) x-%)
-3(x-%)V(fq)(X) (x-%X), XER,

where ' indicates the transpose of the vector ¥ .
Theorem 4.2. Under the assumptions of Theorem 4.1,
3
Ch” log 3 (llall, o + llall; 5)> p=2,

#
(4.26) llu), — u”o,oo < { 2
C(p)h™ 7 1og} llalls 1<p<2,

where p' =p/(p - 1).

The superconvergence result of Theorem 3.2 plays an important role in de-
riving (4.26). As the proof of Theorem 4.2 is quite simple, we omit the details.

5. EXTRAPOLATION FOR THE VELOCITY

It is well known that the technique of extrapolation is contingent upon the
existence of an adequate asymptotic error expansion for the approximation
considered. Therefore, we begin with the derivation of an asymptotic error
expansion for the RT approximation of the vector field.

Let 8, = A x Ay be the rectangular partition of Q. We shall assume
throughout this section that A, and A, are two uniform partitions of (0, 1).
In order to describe two sets of points on which the approximate vector field can
be extrapolated, let R= (=1, 1) x (=1, 1) be a reference element. Introduce
two sets of points on R by setting

g ={(-1,0),(-4,0),(0,0), (4,0, (1,0}

and

[

»={(0,-1),(0,-4),(0,0), (0, 3), (0, )}.

For each element R =1, x I; € R, , let F be the affine mapping
F: R—R

Then we can introduce two sets of points on each elemernt by setting

E,=F@E) and E, =F(E).

Let £, , and E, , be the collection of ="} and =y}, respectively; i.e.,

E‘l,h={E‘1-:j}.1; 1<i<N, 1<j< M}
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We shall extrapolate the approximations of two components of the vector field
on the sets E ., and Ez’ » » Tespectively. For the sake of simplicity of analysis,
we shall confine ourselves to the treatment of the first component of the vector
field, as the analysis of the second component is similar.

Lemma 5.1. Let (qh, uh) be the mixed finite element approximation of (1.3) in
the RT space of the lowest order. Let q € [W*? (Q)]2 with 1 <p <. Then,

(5.1) q{’(x)=nhql(x)—hf/QDIq.Gg’dxdy-zf/ﬁqu.Gg’dxdy+R7(x)

with

—2
(5.2) IR, o, < { Ch*logjlal ,,  2<p<co,
) 10,00 S

Ch* % lal; . 1<p<2,

where D,q and D,q are two vector-valued functions defined by (4.3) and (4.4),
respectively.

Remark 5.1. Since the partitions A and Ay are uniform, we can denote by
h, and ¢, the mesh sizes in the x- and y-directions, respectively. Moreover,
the terms of second order in the expansion can be represented as single integrals
rather than sums of integrals over elements.

Proof of Lemma 5.1. For any point x € Q, it is easy to see that
h h h
(5.3) g, (x) - I,q,(x) = (¢" - I,q, 8,),

where & 2’ is a regularized Dirac J-function at x. Let (Gg’, lg) be the mixed
finite element approximation of the regularized Green’s function (G,, 4,) as-

sociated with & '2' . By (A.11),

(5.4) (a"-T,q, 6%) = (B(a-T1,9), G).
It follows from (5.3) and (5.4) that
(5.5) g'(x) -, q,(x) = (B(a—TT,q), G").

Thus, applying (2.15), with v replaced by G'z' , leads to
(5.6) af (x) - T,q,(x) = —h /Q Dlq-Ghdxdy -1} /Q Dlq-Ghdxdy + R (x)
with
h 3 h
(5.7) IRy (x)| < Ch7lldll; ,IG,lly

where D,q and D,q are two vector-valued functions defined in (4.3) and (4.4),
respectively. To estimate (5.7), we apply (A.9) to obtain

—2
A {czﬁ *log tlall; , » 2<p< oo,

(5.8) IR, (x)] < 42
ch 4l ,, 1<p<2
Thus, it follows from (5.6) and (5.8) that (5.1) and (5.2) hold. O

If we restrict the point x to vary along the Gauss lines in the x-direction,
we shall obtain an asymptotic error expansion of the following form.
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Lemma 5.2. Let q € [W>?(Q))* with 2 < p < co. Then for any (x,v;) €
Il x Ij, there exists a function R;’ such that

2
h 1 t
q, (xs yj) = ql(x’ yj) + E[hlz - (X ——xi)z]a)fql(x, yj) + glayqu(x, yj)

(5.9)
—hlz/Qqu-szxdy - tf/Qqu-szxdy+R£'(x, yj)
with
h 1 3-2
(5.10) RiGx, 3l < € (Co) +1og ) W7l

Proof. Since the point (x,y ;) lies on the Gauss lines of the element I; x ij ,
it follows from the assumption and the expansion (2.11) that

1,2 2:42
I,q,(x, ;) = q,(x, y)) + 51k = (x = x,)10,4,(x, ¥))
(5.11) 2
2 3-2

+30,4,(x, ;) + O )il -
Here, h, and ¢, represent the mesh sizes in the x- and y-directions, respec-
tively. Note that the partition is uniform in both directions. Thus, combining
(5.1) with (5.11) yields

2
h 1,2 2.,2 t

ql (X, yj) = ql(x, yj) + ’2'[}11 - (X _x,') ]6qu(x, yj) + Elayqu(xa yj)

(5.12)
—hlz/Qqu-ngxdy—tf/Qqu-ngxdy+R'3'(x,yj),
where
-2
(5.13) Ry(x,¥,) = Ry(x, ) + Ok ")ldll; .

To deal with the integral terms in the right-hand side of (5.12), we observe that
/Qqu-Gg dxdy = /Qqu-G2 dxdy + /Qqu-(Gg -G,)dxdy.

Thus, by (5.23) below,

(5.14) /Qp,q.cg dxdy = /Qqu-Gz dxdy+0(h'"*)(C(p) +|loghl*)ldll; -

Similarly,

(5.15) /QDZq.G;' dxdy = /QD2q~62 dxdy+O0(h'"$)(C(p)+loghl)lall .

Thus, it follows from (5.12) together with (5.14) and (5.15) that there exists
Rj(x,y,) satisfying (5.9) and (5.10). O

The relation (5.9) is in fact the asymptotic error expansion for the approx-
imation of the first component of the vector field. It should be noted that the
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R — Ry Ry, Ris

FIGURE 3
Illustration of refinement in the x-direction

point (x,y j) can vary along the Gauss lines in the x-direction. But we shall be
interested in those points on which the terms of second order in the expansion
(5.9) can be extrapolated out. It will be seen that these points form the set
li;efore presenting any procedure of extrapolation for the vector field, we
describe two different refinements for the original partition ®, = A, xA, . Letus
subdivide each interval of A, into three equally sized subintervals, and denote
by A, . the corresponding reﬁnement of A, . Then a refinement of ®, can be
deﬁned tobe R; , =4;  xA,. Similarly, 1f A, , is an analogous refinement
for A,, then R, , =A, xA;  can be defmed as another refinement to ®, .
Let R be any element in §Rh ; then there must be three elements R, |, sz’

and R ; in R,  , suchthat R=R,  UR,,UR,;, k=1, 2 (see Figure 3).
Let Vﬁ X M: be the RT spaces of the lowest order associated with the parti-
tions ®,_ ,, k =3, 4, respectively. Denote by (@°*, u*'") the corresponding

finite element approximations of (1.3) lying in Vﬁ X M: , Kk =3,4. An extrap-
olation procedure for the first component of the vector field can be described
as follows. Let x € £, b and define a new approximate solution to ¢g,(x) by

# h
(5.16) q,(x) = '(9(41 +q, " - 10g, )(x).
The following theorem provides an error estimate for this new approximation.

Theorem 5.1. Let qf be defined on 31, » by (5.16), and assume that q €
[W*2(Q)) with 2<p < oo. Then

1 -2
611 1= alo s, <€ (Co)+ 1087 ) 7Pl

Proof. Since any point x € Z, , is on the Gauss lines of the partitions ®,,

R, ,, and R, , , we can expand qf'(x), qf‘h(x) and qf’h(x) in terms of g, (x)
and powers of the corresponding mesh sizes. The main purpose of the procedure
(5.16) is to eliminate the terms of second order from the asymptotic expansion
for the error. More prec1sely, let x be any point in -'1 - According to the
definition of the set =, ,, we can have the following conﬁguratlons for x:

(1) x=F[(0, 0)],
(2) x=F[(-1,0)] or F[(1, 0],
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(3) x=F[(-3,0)] or F[(3,0)].
Here, F is the affine mapping from the reference element onto elements in ®, .
Let us deal with the first case; the second and third can be analyzed similarly.
Thus, the point x is the center of an element in ®,. Assume, without loss

of generality, that x = (x;,y,) is the center of the element I, x I/ € R, .
Applying the asymptotic error expansion (5.9) at (x;, y;) to q:', qf,h, and
Qf’h , respectively, yields

2 2
h hi 52 {
q, (x,-a yj) = ql(xi’ yj) + ?laqu('xi’ yj) + 'Bl-ayqu(xi’ yj)
(5.18) iy /Q D,q-G,dxdy - 1 [Q D,q-G,dxdy
h
+R2(x,'a yj)a

2

2
3,h hi 2 7 2
q, (x,., yj) = ql(x,', yj) + TlS’aqu(X,'s yj) + g'c')yql(xi, yj)

2
(5.19) —%‘/qu-szxdy—tf/qu-szXdy
Q Q
3,h
+R2 (xi,yj)a
and
4,h hf 2 t? 2
ql (x’,’ yj) = ql('xi’ y]) + 78qu(xi, yl) + 5—46yql(xi’ .VJ)
(5.20)

2
2 t
—hl/Qqu-szxdy—El/nqu-szxa’y
+ Ry (x,,9)),

where R;’h and R;’h are the corresponding remainders. It is obvious that
their maximum norms can be bounded uniformly from above by the right-hand
side of (5.10). Thus, combining (5.16) with the relations (5.18), (5.19), and
(5.20) yields

1 _2
la{ (x;, ¥;) = 4,(x;, ¥ < C <C(p) + log ;) K “llally, >

which establishes Theorem 5.1 in the case (1). O

A similar result can be derived for the second component of the approximate
vector field. To do so, let us define a new approximation to g, on the set £, ,
by setting

, h h -
(5:21)  gy(x,»)=340(e" +4;") - 10g)(x),  x€E,,
Theorem 5.2. Let q;' be defined on E, , by (521), and assume that q €
(WP (Q))* with 2<p < oo. Then

1 —2
522 1a-allow s, <C(C0)+logg ) #* Hal,
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To complete the proof of Theorem 5.1, we still need to establish the following
lemma.

Lemma 5.3. Let (G;’ , /1;') be the mixed finite element approximation of
(G,, 4,). Then
-2

(5.23) (5, G, = Gy)| < C(C(p) + [loghl )" 7],
provided that s € [W"?(Q)]* with p > 2.
Proof. Let (6, 1) be a vector-valued function defined by the equations

Be+VT=s in Q,
(5.24) dive=0 inQ,

7=0 ondQ.

Let I1, 6 be the projection of ¢ into the finite element space V' Ttis easy
to see that

(5.25) (BT,0,G,—-Gh) = (div(ll, @), 4, - A%) = 0.
Thus, by (5.24) and the fact that divG, = divG: =0,
(5.26) (s,G, -G =(8 a,G,-Gh).

Combining (5.26) with (5.25) gives
h h
(s, G2 —Gz) = (ﬂ(d’ —l'I,,a), Gz _G2)°

Thus,

h h
I(s, G, — G,y)| < Cllo - Hha”()’p IG, - Gz“o,p'
(5.27) A
< Chllall, ,IIG, = Gylly

where p' = p/(p — 1) is the conjugate of p. An a priori estimate in L (cf.
[14]) implies that

(5.28) lell, , <Colsl, ,-
Thus, combining (5.27) with (5.28) and the estimate (A.8) gives
h . 2
(s, G, — G5)| < C(C(p) + | log ') 7 Is], .,

which verifies the conclusion of the lemma. O

We conclude with a result on the approximation of the scalar field. In §4, we
have presented a procedure of postprocessed extrapolation for the scalar field.
It is clear that the refinements given in §4 are cheaper than those stated in this
section, since fewer unknowns are possible there. However, if one is interested
in the refinements of this section (this is the case for extrapolating the vector
field), a procedure of pure Richardson extrapolation can be obtained for the
approximate scalar field.
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Define on E, a new approximate solution to the scalar field as follows:

(5.29) wx) =100+t - 100 (x),  xeg,

where Z, is the collection of centers of elements in ®, . An error estimate for
this new approximate solution is given in the following theorem.

Theorem 5.3. Let u, be defined as in (5.29). For some real number p with
1 < p <2, assume that q € [W“’(Q)]2 for p <2 and q € [W3’2(Q)]2 n
(W °Q)) for p=2. Then

Chlog (llally o +llall; 5), P =2,

(530)  fu—-ujlly oo 2 s{
57 eV iog llall; 1<p<2,

where p' = SE; is the conjugate of p.

The proof of Theorem 5.3 is a consequence of the expansion (4.1) combined
with the expansion (4.24). It should be noticed that any point in £, is also a
center point of two elements in §R3 , and §R4 » » Tespectively. This allows us
to use the expansions (4.1) and (4. 24) dlrectly to extrapolate out the terms of
second order from the expansion.

APPENDIX

To make the paper self-contained, we present here the definitions and some
basic estimates for the so-called regularized Green’s functions. A more detailed
treatment can be found in [23].

Let %, be the given rectangular partition of the domain Q. For any point

x€Q let R= I; x Ij € R, be the element containing x. Denote by 5{' a
function defined by

L el xI’,
(A.1) a”(t,x>={”’7f el

0, otherwise.
It is obvious that the function Jf’ is a smoothed Dirac J-function associated

with the point x. Thus, a regularized Green’s function (G,, 4,) of the first
kind can be defined as the solution of the following linear system:

BG,+VAi =0 inQ,
(A2) divG, =4; inQ,
A4 =0 on 9.

Let (G’l', l'l') be the mixed finite element approximation of (G, 4,) using
the RT methods. Then the following results can be established (cf. [23]).

Theorem 1. Let (G, 4,) and (G'l', A']’) be the solution and the mixed finite
element approximation of (A.2), respectively. Let p' be any number in (1, c0).
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Then
1
(A3)  I6,-Gjll,, < Chlogy,

(A.4) IIGI—G:’HO,I,,5C(C(p)+log%>h"§, L <p <o,

(A.5) G, < CA™ @ F D1oghlt,  1<p <o,

where p = ;{'—l is the conjugate of p' .

Similarly, a second regularized Green’s function can be defined by a different
use of a smoothed Dirac J-function in the differential equation. This can be
done as follows: Let 6;' be a smoothed Dirac d-function at the point x. Define
a second regularized Green’s function (G,(§ , x), 4,(§ , x)) as the solution of
the following linear system:

BG,+Vi, =8 inQ,
(A.6) divG, =0 in Q,
A, =0 on 0Q,
where 87 = 8%(¢&, x) iseither (67, 0) or (0, 6%); 67 can be suitably adjusted
to meet various needs of the analysis in §5. Assume also that the vector-valued
function 5: € H(div) has compact support in Q. Let (Gh , lg) be the mixed

finite element approximation of (G,, 4,) in an RT space. Then the following
theorem is valid.

Theorem 2. Let p' be any number in [1, o0]. Then
h
(A7) 1IG,~Gjlly,, < Clloghl®,
(A8) 116, ~Ghlly ;» < C(Cp) +]loghHh™?,  1<p <o,
Ch™flog}, 1<p <2,
Ch, p'>2,

where p is the conjugate of p’ .

(A.9) IG3lly ,» < {

It follows from the definitions of the regularized Green’s functions that the
following identities are true:

(A.10) " - Plu, ') = (B(,q-q), G
and
h h h
(A.11) (@ -ILg, 6,)=(Bq-11,q), G,).
Thus, it follows from (A.10) and (A.11) that the following relations are valid:
(A.12) " — Pyl o0 < 1(B,a - ), G,

(A.13) la" - M,ally . < I(B(a-T1,q), Ga)l.
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