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ON THE CONTINUITY IN BV(ß) OF THE L -PROJECTION
INTO FINITE ELEMENT SPACES

BERNARDO COCKBURN

Abstract. We show how to obtain continuity in the BV(D.)-seminorm of the

L -projection of us BV(íí) into a large class of finite element spaces.

1. Introduction

In this paper we prove that the L -projection (into a large class of finite

element function spaces, Vh ) of u £ V — BV(ß) is continuous in the BV-

seminorm. The set ß will be taken to be a bounded domain of R." with

Lipschitz-continuous boundary. The space BV(ß) is defined to be the set of

functions of bounded variation in ß [13]. In this paper we shall take n =

1,2,3. For some special spaces Vh we can take n G N.

In the case in which Vh is the space of functions which are constant when re-

stricted to each of the elements of the triangulation £Th (obtained by a Cartesian

product of one-dimensional partitions), the continuity of the L -projection in

BV (R") is a well-known result. It has been used by several authors [14, 6, 16,

4] in the error analysis of schemes for numerically solving conservation laws.

For more general discontinuous finite element spaces Vh no results seem to be

available. The need for this kind of results was prompted by the recent error

analysis of monotone schemes defined in general triangulations [5]. In [5] the

case in which the finite element space Vh is a space of piecewise constant func-

tions is considered. In this paper a general approach which works for a large

class of finite element spaces is presented.

In the two-dimensional case, Crouzeix and Thomée [7] have obtained the
i ° i

continuity of the L -projection into Vh for V = W 'P(Q) for 1 < p < oo,

where Vh c fê (ß) is a standard finite element space of the Lagrangian type.

By taking p = 1 and using a density argument [13], their results can be trivially
o

proved to hold for V — BV(ß), the space of functions of BV(ß) whose trace is

identically zero [13]. This is the single result of the sort available for continuous

finite element spaces.
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The technique used in [7], see also [8, 9, and 10], is based on a careful study

of the decay of the L -projection outside the support of the projected function.

Our technique is rather different in nature. It is based on the following three

basic ingredients:

( 1 ) definition of the BV-seminorm by duality,

(2) the use of the n^-projection introduced in the framework of mixed fi-

nite element methods for second-order elliptic problems (see [1, 2], and the

bibliography therein), and

(3) the classical approximation results in the theory of finite element methods

for second-order elliptic problems [3].

In §2 we state and prove our basic continuity lemmas. They give sufficient

conditions which ensure the continuity of the L2-projection in the BV(ß)-

seminorm. In §3 we consider the case of triangulations made of simplexes.

In §4 we consider the case of a fairly large class of triangulations. Our main

results, Theorems 4.1 and 4.2, are obtained as a slight generalization of the

corresponding results of §3. We end with some concluding remarks in §5.

2. The basic approximation results

Let ß be a bounded domain of Rn which can be expressed as the finite union

of «-simplexes. (This implies that the boundary of ß is Lipschitz continuous.)

The total variation of a function u £ LX(Q) is defined to be [13, Definition

1.1],

,« , x                                / i ̂  ,                      (u, div w)
(2.1) /  \Du\=      sup      ^-'-.

Jn we^0'(ii;R")  llwllL°°(n)

Thus, the space BV(ß) is the space of functions u e Lx (ß) with bounded vari-

ation in ß, i.e., such that fn \Du\ < oo. When ß has a Lipschitz-continuous

boundary, the trace operator, y, is well defined over BV(ß) [13, Theorem

2.10]. We shall need the following density result.

Lemma 2.1 (Density of r°°(ß) in BV(ß)). Let ß be a bounded domain of Rn

with a Lipschitz-continuous boundary. Then, for every u £ BV(ß) there exists

a sequence {";};6N in ff°°(Cl) suchthat

(1) y(Uj) = y(u)Vj£N,

(2) \\u-Uj\\Li{a) ^0asj->oc,

(3) || gradw; ||Li(ß) - Jn \Du\ as j -* oo.

These results follow from [13, Remark 2.12].

We now make our main assumption: there exists a finite-dimensional space

ThcH (div; ß), and a projection n^ : VF1 (ß) -» Th such that

(2.2a) (uh , div w) = (uh , div Tlhw)       V uh G Vh,

(2.2b) tracee(IL,w)-nan = 0       Vwe?0'(O;R"),

(2.2c) lin^H^^CJIwIl^o^       Vw€f'(Q;M"),
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where ndn is the outward unit normal to öß, and

(2.3) div Th c Vh.

Spaces 2^ and operators n^ satisfying these properties have been introduced

in the framework of the analysis of mixed methods for second-order elliptic

equations, see [ 1, 2] and the bibliography therein. Our first result is the follow-

ing.

Lemma 2.2 (First Basic Continuity Lemma). Suppose there is an operator Tlh

satisfying the conditions (2.2) and (2.3). Then, for u £ BV(ß),

/ \D?vu\ <C, [ \Du\,
Ja        h xJa

1 2
where ¥v : L (ß) -+ Vh is the L -projection into V,.

h

Condition (2.3) strongly restricts the class of spaces Vh. Indeed, in [1] and

[2] the space Vh is always a space of discontinuous functions. To consider

spaces Vh included in fê (ß) we proceed as follows. Let us denote by TA a

triangulation of ß of which ^ is a refinement. We ask that the following

inverse estimate be satisfied:

(2.4) ||divnAw||L»(7.)<c2Âr1||nAw||Loo(r)     vwG^'(r)     vtgta,

and that the finite element space Vh satisfy the following approximation prop-

erty:

(2.5)      ||w-PrK||Ll(r)<C3Â7.||gradK||Li(7.),        u £ W°°(T) V T £ Th,

where hT = max{diam K : T d K £^h} . We have the following result.

Lemma 2.3 (Second Basic Continuity Lemma). Suppose that there is an operator

Tlh and a finite element space Vh satisfying (2.2), (2.4), and (2.5). Then, for
u £ BV(ß),

/ \Dfvu\ < (C, +C2C3) i \Du\.
Ja        h Ja

Notice that the only requirement on the space Vh is that it satisfies the ap-

proximation property (2.5). A large class of finite element spaces satisfy such

a property [3, p. 111 and §3.1]. It is important to point out that the continuity

of the L -projection PK from LX(T) to LX(T) is implicitly required for (2.5)

to hold. In [10] such a property has been obtained under the assumption of

quasi-uniformity of the triangulation {K £ ¡Th: K c\ T} . Using this assump-

tion, the global inverse estimate (2.4) follows easily from the usual local inverse

estimates (obtained by a classical scaling argument [3, Theorem 3.1.2]).

Proof of Lemmas 2.2 and 2.3. First, let us prove Lemma 2.3. Pick an element of

BV(ß),say u. By Lemma 2.1 there is a sequence {",};6N in W°°(Q) converg-

ing to u strongly in L (ß). Since Vh is a finite-dimensional space, the sequence
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{FvUj}jeN converges to Pvu strongly in L*(ß). Thus, by semicontinuity [13,

Theorem 1.9]

/ \DVvu\ <liminf / \DFvuA.
Ja        h J^°° Ja        h J

But, by (2.2a) and (2.2b),

(FvUj, div w) = (FvUj, div nAw)

= (Uj, div nAw) + (FvUj - Uj, div Tlhw)

= -(grad Uj, nAw) + (VvUj - u}, div nAw)

= -(gradu;, nAw) + J2 (fvhuj ~ uj - div n/!W)r'

and by (2.2c), (2.4) and (2.5),

|DP  Uj | <(CX + C2C3) ||grad«. ||L,

Lemma 2.3 follows by combining the two above inequalities and using (3) of

Lemma 2.1.

Now, let us prove Lemma 2.2.   We proceed as above, and notice that if

condition (2.3) is satisfied,

(PK4M;-u,.,divnAw) = 0.

Hence, in this case the hypotheses (2.4) and (2.5) are superfluous. This proves

Lemma 2.2.   D

3. Triangulations made of simplexes

Let ^ be a triangulation of ß c Rn . In this section and in §4 we require

that for every Kx, K~2 G £Th

if the (n - 1)-dimensional Lebesgue measure of S = K, f\K~ is not 0,
(3.1) 12'

then S is a full (n - 1)-dimensional face of both dKx and dK2.

Set
hK

ah = max -^,
h     Ke?h pK

where hK — diam K, and pK — sup{/?: a ball of diameter p is included in K}.

If ah is uniformly bounded, then the family of triangulations {^}A>0 is called

regular [3, p. 132]. Many of the constants C that appear in our continuity

results do depend on ah . It is implicitly assumed that if ah is uniformly

bounded, i.e., if the family {■^h}h>(¡ is regular, the constant C can be taken

to be independent of h. In this section we shall only consider triangulations

made of simplexes.
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Theorem 3.1. Let Vh be the space of functions whose restriction to each K £ ^

is constant. Then, for u G BV(ß),

í \DFvu\<C í \Du\,
Ja        h Ja

where C -n1' ah.

The dependence of the constant C on ah is sharp. To see this, consider the

two-dimensional case and take u to be the characteristic function of [0, 1] .

Take, for example, ß = (-0.5, 1.5)2. It is well known [13, Example 1.4] that

L\Du\ = 4.

Consider a family of triangulations {^h}h>0 made of triangles, see Figures 1

and 2. Let Vh be the space of functions which are constant when restricted to

Figure 1

A typical triangle of triangulation ^.   The size of the biggest

side is h, and the height is (1 - h)/(2n).  Note that for this

triangle ah = v + vV + 1 where v - nh/(l - h).

Figure 2

The relevant triangles of a typical ¡Th. The ' 0 ' represent the

vertices of the square [0, 1] . The function Fvu is equal to 1/2

on the triangles displayed. It is equal to 1 inside the remaining

of [0, l]2, and equal to 0 elsewhere. In this case h = 0.4 and

n = 10.
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each element K g !Th. A straightforward computation shows that

I \DFvu\ = f(h,ah)ah f \Du\,
Ja        h Ja

where

Theorem 3.1 is a particular case of the next result; see also [5]. We shall

denote by P ~X(K) the space of polynomials (defined on the interior of the set

K ) of total degree equal or smaller than k — 1.

Theorem 3.2. Let n be either 1,2, or 3. Let Vh be the finite element space whose

elements belong to P (K) when restricted to the elements K £ ZTh , for some

integer k>\. Then, there exists a constant C > 0 such that for u £ BV(ß)

/ IDP.mI <C [ \Du\.Ja*      h   '"    Ja        '

The constant C depends solely on k, n and ah .

Note that Vh is a space of discontinuous functions. We shall prove the result

for n = 3 . The other cases are proven in an analogous way.

Following Brezzi et al.   [2, equations 2.4], we define the operator Tlh on

%¡{0) as follows:

where UK : Wx(K) ^ Pk(K) (Pk(K) is the vector analogue of Pk(K) consist-

ing of three copies of P (K)) is defined by the following relations:

(3.2a) ((w-TlKyv)-ne K,p)e = 0       Vp £ Pk(e), e £ dK,

(3.2b) (w-nKw,gradw)K = 0       Vu; G Pk~x(K),

(3.2c) (w-njfw,v)JC = 0       VveB*(#),

where

B^) = {u6P^):u.nfJf = 0   Ve£dK,

and(u,gradu>) = 0   Vu; G Pk~X(K)}.

Lemma 3.3 (Brezzi et al. [2]). The projection Uh defined by (3.2), (3.3) satisfies

conditions (2.2a) and (2.3).

Lemma 3.4. The projection Uh defined by (3.2), (3.3) satisfies the condition

(2.2b).

Proof. If e G <9ß, then (IL^w • ne K , p)e = 0, V p G Pk(e), by (3.2a). Since

trace jn^w) • ne K belongs to P (e), the property (2.2b) follows.   D

Lemma 3.5. The projection Tlh defined by (3.2), (3.3) satisfies the condition

(2.2c) with a constant Cx which depends solely on k, n, and ah .
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The proof is obtained by classical scaling arguments [3, Theorem 3.2.1] and

the properties (3.2).

Proof of Theorem 3.2. The assertion follows immediately from Lemmas 3.3,

3.4, 3.5, and 2.2.   □

We now extend Theorem 3.2 to the case in which  Vh is a general finite

element space. Set

hT
k. T —   max  r*-,        k. = max/c. ~.

" ' '     TDKefh hK n     Teih  n - '

Recall that hT = ma\{hK : T D K £¿7~h} . Notice that Kh depends on both tri-

angulations ^ and Th . Let us consider the families of triangulations {^,}h>0

and {TA}A>0. If Kh is uniformly bounded, we say that {^/¡}h>0 is quasi-

uniform with respect to {Th}h>Q . Let us justify this terminology. If Th = {ß} ,

and if Kh is uniformly bounded, it is customary to say that the family {^}Ä>0

is quasi-uniform. On the other hand, if Th — ̂ , then Kh T = 1 and Kh = 1

for all h > 0 ; in other words, ^ is always quasi-uniform with respect to it-

self. The interesting case is when Th is neither {ß} nor ^ ; in this case the

boundedness of ah is an indication of a sort of 'local quasi-uniformity' of the

family {^}A>0 • It is implicitly assumed that if Kh is uniformly bounded, i.e.,

if the family {¿7~h}h>0 is quasi-uniform with respect to {TA}A>0 , the constants

C appearing in some of our continuity results can be taken to be independent

of h.

Theorem 3.6. Let n be either 1, 2, or 3. Let Vh be a finite element space

whose functions belong to P ~X(K) when restricted to K £¿7h, for some integer

k > 1. Suppose that Vh satisfies the approximation property (2.5). Then there

is a constant C > 0 such that for u G BV(ß),

í \DFvu\ < C í \Du\.
Ja        h Ja

The constant C depends solely on n, k, Kh, ah, and C3.

Proof. We proceed as in the proof of Theorem 3.2 to show the existence of a

projection Tlh satisfying (2.2). By a classical scaling argument,

II div nAw nL.(iC) < ch'Kx || n„w \\^(K)    vK£^h,

where C depends solely on ah, k, and n. Property (2.4) is thus satisfied

with C2 = Crch . Finally, the result follows from a direct application of Lemma

2.3.   a

4. General triangulations

The results of §3 can be proven to hold for triangulations made of rectangles

by using the finite element methods of Brezzi et al.; see [1, Lemma 5.1] for the
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case n — 2, and [2, §3] for the case n = 3 . In this important case it can easily

be proven that the continuity constant C does not depend on the regularity

of the hypercubes, i.e., on the quantity ah . This is in sharp contrast with the

simplexes case in which the continuity constant blows up when the simplexes

become flatter and flatter.

The case of general quadrangles can be considered by using the finite elements

of Girault and Raviart [12]. Also, triangulations made of prisms can be handled

by using the elements introduced by Nédélec [15, §2.3]. We now show a unified

approach devised to handle more general triangulations.

Let ^ be any triangulation of ß for which there exists a refinement ^

(made only of simplexes) satisfying (3.1) (notice that the triangulation ^ need

not satisfy condition (3.1)). In other words, ^ is any triangulation whose

elements are a union of simplexes. We set

ah = max — ,
Ke^Px

VK£^h:       khK=   max^,

kh = max k. v,
h       Ke^h    h'K

where hK = max{/j~ : K D K £ ¿7~h} . Notice that the refinement ^ is not

unique, and hence the quantities dh and kh could be rendered smaller by a

suitable choice of ^. The following result is a generalization of Theorems 3.1

and 3.2.

Theorem 4.1. Let n be either 1,2, or 3. Let Vh be the finite element space of

functions which belong to P ~X(K) when restricted to K £ £Th , for some k > 1

(if k = 1, then n can be an arbitrary natural number). Then there exists a

constant C such that, for u £ BV(ß),

/  \DFvu\ <C [ \Du\,
Ja h Ja

where C depends on n,k ,dh, and kh.

Proof. First, notice that since u £ Vh, its restriction to K £ U~h belongs to

Pk~x(K). Thus, Vh c Vh , where Vh is the set of functions whose restriction

to K £ ^h belongs to P ~X(K). Proceeding as in §3, we easily see that the

conditions (2.2) are satisfied (notice that (2.2a) holds for every uh £ Vh d Vh !).

The condition (2.4) is satisfied with Th = ^ and a constant C2 which

depends on dh. Moreover, since

C2 h~  < C2 kh hK ,

condition (2.4) is also satisfied with Th = i^, with the "new" C2 depending

on kh and öh .
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To obtain condition (2.5), we proceed as follows. From the continuity of

the (restriction to each element T £ Jh ) L2-projection in Lx and classical

interpolation results [3, Theorem 3.1.4], we get

\\u-Fvu\\ü(K) <CKhK\\gradu\\L,{K),        VK£^h,

where the constant CK depends on the shape of the element K. If all the

elements are affinely equivalent to a single reference element, all the CK can

be taken to be equal to each other. In this case, C3 = sup^^- CK is thus

independent of h . This fact remains true if the number of reference elements

is finite. However, since the elements K are constructed as general unions of

simplexes, the number of reference elements could grow unboundedly as h goes

to zero.

To deal with this case, we can use the approximation results obtained in [11].

We shall only outline how to use such results: First, we write the projection

Pv \K as a convex combination of local projections defined on the restriction of
h

u to open sets which include only one or two adjacent elements K. Second,

we apply [11, Theorem 3.2] to each of those local projections. Third, we apply

[11, Theorem 7.1] with our local projections playing the role of the operators

¿f in [11]. (Notice that K is connected, and that the number of elements K

is finite (and depending on ah and kh ).) Finally, we use the triangle inequality

to obtain the estimate for the initial projection. In this way the constant C3

can be proven to depend solely on n,k, dh, and kh.

We can now apply Lemma 2.3 to obtain our result.   D

Our final result generalizes Theorem 3.6. Its proof is similar to the proof of

Theorem 4.1.

Theorem 4.2. Let n be either 1,2, or 3. Let Vh be a finite element space of

functions which belong to P (K) when restricted to K £¿7~h, for some k > 1

(if k = 1, then n can bean arbitrary natural number). Suppose that Vh satisfies

the approximation property (2.5). Then there exists a constant C such that, for

u £ BV(O),

/ \DFvu\ <C i \Du\,
Ja        " Ja

where C depends on n,k ,ah,kh and C3.

We end this section by pointing out that all the results of this paper can be

extended to the case in which the domain ß has a curved boundary, provided
o

u £ BV(ß) ; see [1, equations (2.4)] for the use of triangles with one curved

edge, [1, equations (5.5)] for rectangles with one curved edge, [2, equations

(2.2)] for tetrahedra with one curved face, and [2, equations (3.6)] for cubes
o

with one curved face. The reason for taking u G BV(ß) is as follows. When

ß has a curved boundary, the condition (2.2b) does not hold for the (known)

operators Tlh. Notice that if e £ dQ, then the function trace€(nAw) -nK e is
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not a polynomial in general; moreover, the argument in the proof of Lemma 3.4

cannot be used because the definition of the projections Uh in [1], [2] is different

from the definition (3.2) in that (3.2a) holds now only for e £ dK \ öß. The

missing condition is replaced by a condition involving values of w in the interior
0

of K. If u £ BV(ß), i.e., if y(u) = 0, the condition (2.2b) is unnecessary for

our Basic Continuity Lemmas to hold.

5. Concluding remarks

In this paper we have shown how to obtain the continuity of the L2-projection

(into a large class of finite element spaces) in the BV(ß)-seminorm of functions

u £ BV(ß). We use a new technique based on duality. It involves the use of the

n^-projection used in the framework of mixed methods for second-order elliptic

problems [1], [2], [15]. Our basic results are Lemmas 2.2 and 2.3. Our main

results are Theorems 4.1 and 4.2. This continuity result has already been used

(with k = 1 ) in the analysis of the convergence of monotone schemes (defined

in general triangulations) for scalar conservation laws [5]. We believe that the

results of this paper will be useful in the framework of the error analysis in

L°° (L ' ) of discontinuous or continuous finite element methods for conservation

laws.

Acknowledgments

The author wants to thank Ricardo Duran, Franco Brezzi, and Hans Wein-

berger for helpful comments that led to a better presentation of this paper.

Bibliography

1. F. Brezzi, J. Douglas, Jr., and L. D. Marini, Two families of mixed finite elements for second

order elliptic problems, Numer. Math. 47 (1985), 217-235.

2. F. Brezzi, J. Douglas, Jr., R. Duran, and M. Fortin, Mixed finite elements for second order

elliptic problems in three variables, Numer. Math. 51 (1987), 237-250.

3. P. Ciarlet, The finite element method for elliptic problems, North-Holland, Amsterdam,

1975.

4. B. Cockburn, The quasimonotone schemes for scalar conservation laws. Part I, SIAM J.

Numer. Anal. 26 (1990), 1325-1341.

5. B. Cockburn, F. Coquel, and P. LeFloch, An error estimate for finite volume methods for

conservation laws in several space dimensions (in preparation).

6. M. Crandall and A. Majda, Monotone difference approximations for scalar conservation laws,

Math. Comp. 34(1980), 1-21.

7. M. Crouzeix and V. Thomee, The stability in L and W of the L2-projection onto finite

element function spaces, Math. Comp. 48 (1987), 521-532.

8. J. Descloux, On finite element matrices, SIAM J. Numer. Anal. 9 (1972), 260-265.

9. J. Douglas, Jr., T. Dupont, and L. Wahlbin, Optimal L^ error estimates for Galerkin

approximations to solutions of two-point boundary value problems, Math. Comp. 29 (1975),

475-483.

10. J. Douglas, Jr., T. Dupont, and L. Wahlbin, The stability in Lq of the L -projection into

finite element function spaces, Numer. Math. 23 (1975), 193-197.



CONTINUITY IN BV(£Î)  OF THE Û-PROJECTION INTO FINITE ELEMENT SPACES 561

11. T. Dupont and R. Scott, Approximation by polynomials in Sobolev spaces, Math. Comp. 34

(1980), 441-463.

12. V. Girault and P. A. Raviart, Finite element methods for Navier Stokes equations, Springer

Verlag Series SCM, vol. 5, 1986.

13. E. Giusti, Minimal surfaces and functions of bounded variation, Birkhäuser, 1984.

14. N. N. Kuznetzov, Accuracy of some approximate methods for computing the weak solutions

of a first-order quasi-linear equation, USSR Comput. Math, and Math. Phys. 16 (1976),
105-119.

15. J.C. Nédélec, A new family of mixed finite elements in E3, Numer. Math. 50 ( 1986), 57-81.

16. R. Sanders, On convergence of monotone finite difference schemes with variable spatial dif-

ferencing, Math. Comp. 40 (1983), 91-106.

School of Mathematics, University of Minnesota, 127 Vincent Hall, Minneapolis,

Minnesota 55455


