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FINITE ELEMENT APPROXIMATION
TO INITIAL-BOUNDARY VALUE PROBLEMS
OF THE SEMICONDUCTOR DEVICE EQUATIONS
WITH MAGNETIC INFLUENCE

JIANG ZHU

ABSTRACT. We shall consider Zlamal’s approach to the nonstationary equations
of the semiconductor device theory under magnetic fields, with mixed boundary
conditions. Owing to the reduced smoothness of the electric potential ¥ and
carrier densities n and p caused by considering the mixed boundary condi-
tions, we must use a nonstandard analysis for this procedure. Existence as well
as uniqueness of the approximate solution is proved. The convergence rates ob-
tained in this paper are slower than those previously obtained for pure Dirichlet
or Neumann boundary conditions.

1. INTRODUCTION

We shall consider a system of three quasilinear partial differential equations
in a bounded polygonal domain Q € R?, which form a basic model of the
transient behavior of a semiconductor device in a magnetic field (cf. Allegretto,
Mun, Nathan, and Baltes [1], and Wang [30]):

@ -y =2(p-n+n),
(11) (b) 37~ Ve A V(e ¥ m)] + Ry(n, p) = 0,

0
©) 2 v [ 4,9 (e p)] + Ry(n, p) = 0.

The unknowns are the electrostatic potential y and the electron and hole den-
sities n and p, while ¢ and ¢ are constants (g is the electron charge, ¢ is
the permittivity). The function N is the total electric active net impurity den-
sity or “doping”, and a is a positive constant; R,(n, p) and R,(n, p) are the
recombination rates. The matrices
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_(a;; a 1 1 (-D'p .
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are positive definite nonsymmetric. The reason for the asymmetry of 4; (i =
1, 2) is the presence of a magnetic field B = (0,0, B), where B = B(x)
is Lipschitz continuous. Indeed, if B = 0, then 4; (i = 1,2) are positive
definite symmetric. Since A4; (i = 1, 2) are positive definite and bounded,
there are two positive constants ag and M such that, for any u = (u;, u;),
v =(v;, v)) €R?,

(1.3) aolu)® < (Aiu, u), i=1,2,
(1.4) [(4iju, v)| < Mlu||v|, i=1,2,
with |u2 =Y u?.
We simplify the system, taking a = g/e = 1 and Ry(n, p) = Ry(n,p) =
R(n, p) (assumed Lipschitz continuous). These simplifications are not essen-

tial, neither for the construction of the approximate solution nor for the results
of this paper. We can write (1.1) in the form

(@) —Ay =p—-nN,

(1.5) () 2~ - [4(Vn~ V)] + R(n, ) =0,
(c) ?9—1; =V - [42(VD +pVy)]+ R(n, p) =0.

For simplicity, consider the PDE system (1.5) with homogeneous mixed
boundary conditions:

(1.6) {w,n,p}={0,0,0} onoQpxI,

(1.7) {3—:‘/’,1,,-1/,1,,.1/}={0,0,0} on dQy x I.
Here, the boundary 9Q of Q has been decomposed into the union 8QpUOQy ,
where 0Qp is of positive measure in 9Q, I =[0, T], v is the outward unit
normal vector on 9Q, J, = 4,(Vn—nVy),and J, = 4,(Vp +pVy).

In addition, we have the initial condition

(1.8) n=n%x), p=p°x) inQ.

Remark 1.1. For nonhomogeneous mixed boundary conditions with smooth
data, the problems can be homogenized by Banasiak and Roach’s trace theorem
in [2].

There is much work concerning the basic semiconductor device equations
with no magnetic fields. For stationary problems, Mock {23, 25] showed the ex-
istence and uniqueness of a solution subject to the mixed boundary conditions
(with R = 0). A very similar existence proof was given by Bank, Jerome, and
Rose [4], and effective numerical algorithms were also presented in their paper.
Later, Jerome [17] proved the existence for a more general stationary problem.
A singular perturbation analysis for the problems was given by Markowich [19,
20], Markowich and Ringhofer [21], and Selberherr and Ringhofer [27]. Finite
difference or finite element methods are discussed in Markowich [20] and in ref-
erences therein. Recently, Ringhofer and Schmeiser [26] analyzed an iterative
method and its convergence. For nonstationary problems, Mock [24] was the
first to prove a global existence and uniqueness result, and a more general type
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of the boundary conditions was discussed in Gajewski [13] and Gajewski and
Groger [14]. With regard to numerical treatments, Zlamal [33] has proposed two
fully discrete finite element schemes (one is nonlinear, the other is partly linear)
and discussed the existence (for both schemes) and uniqueness (for the second
scheme) of the approximations. Stability, uniqueness, and convergence (for the
first scheme) of the approximations have been investigated under stronger as-
sumptions in Zlamal [34]. The mixed finite element-characteristic procedure
for the one-dimensional Dirichlet problem was introduced by Douglas, Gamba,
and Squeff [7], and Gamba and Squeff [15], Douglas and Yuan [8], and Dou-
glas, Yuan, and Li [9, 10] have discussed, respectively, the finite difference-
characteristic finite difference procedure, the mixed finite element-characteristic
finite difference procedure, and the mixed finite element-characteristic finite el-
ement procedure for the two-dimensional Dirichlet problem and the Neumann
problem, and have given the convergence analyses under the assumption of a
smooth solution.

However, to our knowledge, there is not much work on problems in the pres-
ence of magnetic fields. A finite element analysis for stationary problems was
given by Allegretto, Mun, Nathan, and Baltes [1], but there was no theoretical
analysis of approximation in their paper. Recently, the author [32] presented
and analyzed the problem (1.1) by the finite difference-characteristic finite differ-
ence procedure, considering nonhomogeneous Dirichlet boundary conditions.

Unfortunately, it is well known (see, e.g., [2, 28]) that in general the solu-
tions of mixed boundary value problems for elliptic equations are not smooth,
no matter how smooth the data may be, and moreover, the loss of smoothness
occurs in the vicinity of dQpNdQy . Hence, the solutions of (1.5)-(1.8) are cer-
tainly not smooth. Similar to the idea of Ewing and Wheeler [12], we shall use
in this paper a nonstandard analysis for Zlamal’s approach. Since the resulting
functions are considerably less smooth than previously assumed, the conver-
gence rates obtained in this paper are slower than those previously obtained.
Recently, Markowich and Zlamal [22] have generalized Zlamal’s approach to
mixed boundary value problems of second-order elliptic equations.

The paper contains two additional sections. In §2, terminology is developed,
a variational form of the problem (1.5)-(1.8), basic regularity and boundedness
assumptions are presented, and the continuous-time Zlamal’s approach to (1.5)-
(1.8) is defined. In §3, existence, uniqueness, and a priori error estimates for
this approach are obtained. Throughout, the symbols C and § will denote,
respectively, a generic constant and a generic small positive constant.

2. PRELIMINARIES AND DESCRIPTION OF APPROXIMATIONS
Let (u,v) = [quvdx and llull> = (u, u) be the standard L2 inner product
and norm. Let qu(Q) be the Sobolev space on Q with norm

1/q

0% q

6X"

(2.1) lll = | Y

la| <k

L1(Q)

with the usual modification for ¢ = co. If U = (u;, uy), write ||U ||qu in
place of (fluil3, + IquII‘{V;)'/". When g =2, denote [[ulyy = llull g = llullk -
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If k=0, |lullo=|lul|. We also denote by H'*?(Q) (o is a real number with
0 < ¢ < 1) the noninteger Sobolev space on Q with norm (see, e.g., Girault
and Raviart [16])

lulli+o = ltll p1eo (@)

12
LL aa 2
(2.2 {||u||,+ S [ [ o dxdy} ,

lal=1
where |x| denotes the Euclidean norm of R?. Let I =[0, T], and
(2.3) V ={veH (Q);v|sq, =0}

Multiplying (1.5) by a function v € V', integrating over Q, and using Green’s
theorem and (1.7), we have

(a)d(l//,v)=(p—n+N,’U), UEV’
24) () (g—';,v)+u<w;n,v>+<mn,m,v>=o, veV,
(c) (g—’t),v)+n(w;p,v)+(R(n,p),v)=0, vev,
where
d(w,v):/Vq/-Vva’x,
Q
(2.5) viy,n,v)= /Al(Vn—nVy/)-Vvdx,
Q

n(y;p,v)= / Ay(Vp +pVy)-Vvdx.
Q

We are looking for {y,n,p}: I -V xV xV.
Let {y, n, p}, the solution of (1.5)-(1.8), satisfy the following regularity
assumptions:

(@) Wl oo (mrsoy + IRl L2(g1+ey + 1PN L2(p1+0y < C
(2.6) (b) ”n”L°° L) +|IPllLoey < C,

ol 1%

where 0 <o <1 and C are fixed constants, ||u||zecx) = |#llLer;x), 4 =2, o0,
and X is a Sobolev space on Q. In view of [1, 2, 4, 13, 14, 28], the above
assumptions are reasonable.

In this paper we restrict our attention to continuous-time Zlamal’s approach
(nonlinear scheme) to (1.5)~(1.8). We consider a family {7},} of triangulations
of Q. Let K denote an element of T},, hx = diam(K), and h = maxger, Ak -
As in Zlamal [34], we assume that the family {7} satisfies the minimum angle
condition and is of acute type. Thus, if J is the Jacobian matrix of the linear

L2(L?)
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mapping which maps a given triangle K on the reference triangle K, then

Ch*<|detJ| < C7'h? VK e|JTy.
h

We shall use the above implicitly in some places.
With each partition from {7,} we associate the finite-dimensional space
Vy = {v, € C(Q); vy is a linear polynomial on each K € Tj,, v;lsq, = 0}.
We use the same idea as in Mock [25] and Zlamal [33, 34]: the quantities
Ju, Jp,and ||Vy| are approximated by constants on each element K. Let
W, My, Dr,and vy, belongto ¥}, . The discrete analogs of the forms v(y ; n, v)

and n(y;p,v) are

v mes o) = Y Y Uhr{/ A¥(JIT)'DXITVny - V" dx
(27) KeT,r=j,k,m K

—/ ny, AKXy, -Vv’dx} ,
K

Tn(Whs Prson) = Y Y Uhr{/ AXIT)'BKJTYpy, - V" dx
(2.8) KeT,r=j,k,m K

+/ Prr AV yy - Vv’dX} ,
K

where

A,K=(( (IK (_l)ibK>’ i=1,2,

_l)i—lbl( aK

ak = 1/(1+(B%)?), bK = BX/(1+(B%)?), BX = B(xX), and xX is the center
of gravity of the element K. Here, J is the Jacobian matrix of the mapping
which maps K on K insucha way that the node x" is mapped on the vertex
(0, 0) in the reference plane (see Zlamal [33]), vy, is the value v,(x"), v" is
the basis function associated with the node x”, and BX, DX are the matrices

BX = diag(B(Wh1 — Wn2), B(Wn1 — ¥a3)),

(2.9) K )
D" = diag(D(¥n1 — Wn2) » D(Wh1 — ¥h3))-

Here, B({) = {(e* — 1)~! and D({) = €*B({) = B(={), -0 < { < .
Furthermore, W1, Wi, Wi are the local notations of the values of y;, at the
vertices x/, xK, x™ such that w,, = w,,, r=j,k, m.

Remark 2.1. For AX

I

i =1, 2, the inequalities (1.3) and (1.4) are still valid.

The L?(Q)-scalar product (-, -) will be approximated by (-, -), defined in
Zlamal [33] ((u, v), = X9, m;ju;v;, m; >0, g is the number of all nodes
not lying on Qp). Let f; denote the interpolate of a given function f.

Now we can introduce the continuous-time approximation of {y, n, p} as
follows: let {w,, ny, pp}: I — Vy x Vy x V,, be defined by
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(@) d(wn, vp) = (bh — np + N, V), vy €V,

on
( h Uh) +Vh V/h9nh’vh)+(R(nh>ph)’vh)h=0’ ’l);,GV;,,
(2.10) h
( Uh) + 7h(Whs Ph»> V) + (R(p, D)5 UR)R =0, vy €V,
h

(d) my(0) =n?,  py(0) =
The main results of this paper are the existence, uniqueness, and a priori

error estimates for the approximation {w;, n,, ps}. These will be developed
in the next section.

3. EXISTENCE, UNIQUENESS, AND A PRIORI ERROR ESTIMATES

Similar to the idea introduced by Ewing and Wheeler [12] for miscible dis-
placement problems, we first define the L? projection {7, p} of {n, p} into
Vi x Vi by

(@) (n—n,v,) =0, v, €V, or

(b) (8” ‘9—",vh)=o, vn € Vi
(3.1) ot

()(p—p,vp)=0, vy €V, or

Op Op _
(@) (5 at,vh)-o, o € Vi

We are led to use the L2 projection of {n, p} into V} x V}, instead of the now
more standard H! projection, owing to smoothness restrictions on n and p.
Since we assume that 42 and %’f are only in L2(I; L?), we are not able to treat
terms like %(n —n) and [,%(p — P) in the usual fashion. Thus, we have used
{n, p} in (3.1b, d) to remove this problem. Using the theory of interpolation
spaces, we obtain (see, e.g., Ewing and Wheeler [12])

Lemma 3.1. There exists a positive constant C such that, for each t € I,

(@) ln—nll + hlln - all; < Clinlls,h™, 1<si<1+0,

(d) llp - pll + Allp - plli < Cllplls, ™, 1<s1<1+0,
(3.2) () In—nAlle < Clinllyh™,  0<s <1,

(@) llp = Plle= < Cliplly2h™,  0<s2<1,

(e) llv —vill + hllv —v]ly < Clv|ls;* Yv € H*(Q), 1 <s3<1+0.

Assuming that the family {¥}} satisfies the following inverse inequalities (see
Ciarlet [5] and Thomée [29]), we also have

Lemma 3.2. There exists a positive constant C such that, for any v, € Vj,
(@) valle < CRY7Yjuyll,  2<g < oo,

(b) IVvhlle < CHY47 V)|,  2<g <0,

(© llvalli < CA™ vl
(

(3.3)

d) lvaliz= < Cllogh|'2|[Vuy].




APPROXIMATION OF THE SEMICONDUCTOR DEVICE EQUATIONS 45

Finally, we need (see Ciarlet [5])

Lemma 3.3. There exists a positive constant C such that, for all real q with
1<g <o,

(@) 0]l 0z, < Chx " I0llLay Vo € LK),
(6) V9l o z) < Chy " IIVollLex) Vo € W) (K),
where 9(0) = v(x(0)), X({) = L)k, m X¥V"(0).

We shall prove the main results of this paper similarly as was done by the
author in [31]. By elementary, but tedious computations, we can write the form
v, as follows:

(3.4)

(3.5)  vh(wns np, vn) = ar(Wa; nn, Vn) — aa(Whs iy, Up) — (Wi s My, Up),

ay(Whs mws vn) = Y, @ {aX bk (m — 1) (Vhm — k)

(3 6) KeT,
' + of bjm(nnj = M) (Vhj — Uhm)
+ af bj(Mp — npj)(Unk — vn))},
1
@ (W3 nh, Vn) = 5 > b5 bk (Rhm — 74k) (Vhm + Vi)
(3.7) KeT,
+ bjm(Mhj — Npm)(Vnj + Vpm)
+ b j(Mak — npj) (Vak + vpj)}
(3.8) c(Wns np, vp) = c1(Wns ny, Vp) — C2(Whs Ny, V),
(3.9)
1
ct(Wns M, Vi) = 5 > a®{ X (Whm — Wak) Bpm + M) (Vhm — Vi)

KeTy
+ af (Whj = Whm)(Mhj + Nhm) (Vhj — Unm)
+ ok (Wi = wnj) (M + 1) (Vi — vi))} s

1
2(Whs > Un) = 5 > b5 {(Whm = Winke) P + Pic) O + Vi)
KeT,

(3.10) + (Whj — Whm)(Phj + Ppm)(Vpj + Uppm)
+ (Whk — Whj) Pk — Npj) (Vpi + Vpj) }

Here, of = %cot 0,, r=j,k,m,where 6, denotes the measure of the angle

of K lying at the vertex x”, and by = by = 5(B(Wir — Wis) + B(Wis — ¥ir)) -
From the acuteness and the minimum angle condition it follows immediately
that

(3.11) 0<of<C, r=j,k,m, ¥Ke|JT.
h
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It is furthermore known that (see Zlamal [34]) b,; > 1. Therefore,
(3.12) ar(Whs v, vp) = a1(0; vy, vy) > aol| VUl Yoy € Vi

In a similar way we can derive

(3.13) Th(Whs P> Un) = a1(Whs Prs Un) + @2(Whs Ph > Vn) — S(Wh's Dh s> Vn),
(3.14) C(Wns Ph> Vn) = 1(Wns P> Vi) + C2(Whs Di s Up)-

Theorem 3.1. The problem (2.10) has a unique local solution {yy,, ny, py}, i.e,
there exists a positive constant T* (defined by (3.28)) such that the problem
(2.10) is uniquely solvable for t € [0, T*].

Proof. (1) Existence. Let {n,,p,} € V, x V, be fixed. Then there exists a
unique ¥, € ¥, such that

(3.15) d(Wy, vy) = (Pn — np + Ni, Up)n s Uy € V.

Let v, = w;, in (3.15), and note that

(3.16) lvnll < llvnllh < Cllonll Yo, € Vi
We obtain
(3.17) IVwrll < C{lInall + llpall + 1}

We denote by P the mapping from V), into itself, assigning u, = {n;, ps}

to wy = {w,(ll) , w,(lz)} such that

ow!V
(a) (7;’— vp | +an(wnswy, vp)
h

= axy(Wn; nu, Vp) + c(Whs By, vy) — (R(My, Dr) > Vs

vy € Vy,
3.18 ow'?
( ) (b) ( b ,Uh) +a1('//h;w},2),vh)
h

ot

=—a(Wn; Pn> Vn) +C(Wn Dns V) — (R(Mp, Di) s Undns
vy € Vi,

© w0 =n), w0 =py.

It is easy to see that the problem (3.18) is uniquely solvable. We shall prove
the solvability of (2.10) by showing that P has a fixed point. Let v;, = w},” in
(3.18a), integrate over 7 in [0, ¢], and note (3.12) and (3.16); the left-hand
side of the resulting equation is then bounded below by

t
(3.19) Hiw P @112 = llw; " (0)1*} + ao /0 IVw;" (1)) d.
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Next, we consider bounds for the terms on the right-hand side. Since (see
Zlamal [34])

(3.20) X< 3 Ve (~o0, ),

where x(() = $[B({) + B(—-{)1= 1{(ef + 1)/(e* — 1), and x(0) =1, it follows
from (3.7), (3.4), (3.17), and (3.3) that

! 1
h

<€ [ 5 U900 19 04
KeT,

+ [Vl }de

L2 K)” ”LZ(E)

< C/ Z {(IVwrll L2k ||Vnh||L2(K)||w;, | oo x)

KeT,

+hg! ||Vnh||L2(K)||w;(,l)||u(l<)} dt
(3.21)

t
<cC fo Ul 197l Pl + A gl )} d

t
< C/O {h="log h|'2(||nall + llpall + Dllnall [V}l
+h72 ||yl lwi |1} d o

/ (Ul + oAl + 1) d7 + 2 / IV ()2 d
/ {lun(@)1* + 1y e+ 5ag / Ivw(0)|? de.

By (3.9), (3.3), and (3.17),

t
‘/ (s mi, wy)dt

1
<5 [ Xt tvam = vilan + sl — i)+ o
KeT,

(322) <cC /0 4]l 1V il [ Vw0s | d e

t
< Ch™! /0 Il (sl + lpall + DIVl 7

() [0+ 1) de + zan [ 190} (o) de.
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From (3.10), (3.4), (3.3), and (3.17), we get

t
‘/0 ea(wns i, wi)de

1 ! | ]
= Z/o S K Whm — Wikl Pam + nicllwiy + wi)] + -+ b dT
KeT,

t
~ ~ ~(1
<C [ 5 190 il 14 e iy
(3.23) KeT,

t
-1 1
<O [ 19l Il g e
KET,

t
< Ch™"[logh|!2 /0 IV wall sl 19" 7

t 1 t
< C(h) /0 {lun(0)1* + 1} d7 + a0 /0 IV (D)l d.

Noting that R(n, p) is Lipschitz continuous, and using (3.16), we obtain

t
/0 (R(np, pn)» wiV)y d

t
(3.24) <C /0 {I7all + llpall + 1} {lw "l dz

t 1 t
< C [UmlP+ P + 1} de + zao [ 190 (0l de.
Thus, by (3.18c) and the fact that
w0l < Clin°|l,

we have
lwi ()2 < lwP ()12 + C(h) /0 {llun(0)|* + 1} dt
(3.25) <l + ) | a1 + 1} de
< Ci(h)+ q(h)/o Hlun(D)I1* + 1} dz.
Similarly,
t
(3.26) lwP(@)|> < Ca(h) + Ca(h) /0 {llun(r)|* + 1} d.
By (3.25) and (3.26),
(3.27) lwi(8)|2 < C*(h) + C*(h) /0 {llun()|* + 1} d7,
where C*(h) depends on ki, ||n°||, and |p°|.
Let
(3.28) ™ ! 0

ST7aC R~
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and
(3.29) @ = {up € Vyy x Vi |lunl* < 2C*(h)}.

Then, by (3.27), for 0 < ¢t < T*, we can prove that P(¢) C €. By usual
arguments one can show that P is continuous. Therefore, the Brouwer Fixed
Point Theorem yields the existence of a fixed point of P.

(IT) Uniqueness. Let {yy, ny, py} and {y,, Ay, py} be solutions of (2.10)
for te [0, T*],and let ¥ =y, — W,, i =n, —n,,and p = p, — p,. Then
(3.30) IVl < C{liall + 1511}

and
( ’U) +ai(yy; f, vy)

(3.31) =a\(Wn; Ap, Vp) — ar(Wns Ap, Up)

+ ay(Wn; Ap, Vp) — @2(Whs My, Ug) + C(Wh; Ay, )

—¢(Wh; nn, Up) — (R(ni, Pr) — R(Ap, Pr) s Vna s Uy € V.
Let v, = 71 in (3.31); then, by (3.12),

17115 + aollVAI® < la1 (@i A, 7) = a1(Wns A, )]

+ |a2(Wh 5 Ap, A1) — aa(Wi 5 ny, 1))

+1c(¥n; A, ) — (W ny, 7))

+ |(R(ng s pr) — R(Ap, Pr) > A)al
=L+0L+1+ 14

We integrate (3.32) over 7 in I, = [0, ¢] for ¢t € I* = [0, T*] and note
that #(0) = 0 and (3.16); then the left-hand side of the resulting equation is
bounded below by

1, . b

(3.33) IO +ao [ VAP e

On the right-hand side of the resulting equation, we have, by (3.6), (3.20), (3.3),
(3.30), and ||Ap]l poo(s- 12y < C(h), that

/11d7</ > a® {0 bk = bouic||Pnm — Pnicl|Fom — x| + -+ } dT

KeT,

&.lg_

(
1
24t

(3.32)

<C/ > {m = 9l Pnm = nlliim — | + -} dT

KeT,

(3.34) <cC /0 IV [ Aall= V7] d 2

t
< Ch! /0 IV 174l IV 7] d7

L . a [',.o.
<) [ AR+ 101y e+ 2 [ vae d.
Noting (3.7), (3.20), (3.3), (3.30), and
(3.35) IV @nllLoo(re: L2y + PRl Loore s 12y < C(R),
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we get
t t
/0 Ldt< /0 {laa(@n s Ay, 1) — a2 (@ ;s ny, 7)|
+ |a2(@p s ny, i) — ax(wp; np, 7)|} dt
t
<C [ S 000hm = Onelli = il + 0] 4]
0 ker,
+ [|ﬁm - ﬁk”ﬁm + ﬁkl + ]
+ | Fnm — Onic||Bhm — Pkl |Pom + x| + -+ - 1} dT
(3.36)

<€ [Uvwl 19l = + A 1311931
+IVG IVl =) d2
< cn! [avet 19l 1ol + 1 193]
+ {10 A 2|V 3] Imgll VA1) dx
< cth [ (e + 1oy s+ 2 [ jonipas

Breaking I3 into two parts, we have

Iy < |c(Wns Ay B) — c(Wns na s )|+ [c(Whs np s ) — c(Whs B, )
= |c(@ns; R, B+ |c(@ 5 ny, R)| = I3y + I3y,
From (3.8)-(3.10), (3.4), (3.3), and (3.35), we obtain

t t
/ Lydt< c/ S (ko — Fnicllitm + g — | + -]
0 0 KeT,

(3.37)

+ [ Fhm — Onic||Fim + g2 + -1} d7
t
(3.38) <cC /0 (VG il + B~ IV Gl 1A 7] 20 } d7
t
< C(h) /0 IV gl IV 7] 172 d
t aO t
< C(h) / |l dr+ % / IVl dr.
0 5 Jo
By noting (3.30), we get
t t
/ Indt < c/ S {01 = Gl + Pl — i + ]
0 0 ker,
+ [|¥m — || hm + k|| + x| + -1} d7

t
(3.39) < C/O UVl Ivalinglic> + A~ IV@lIA Ingll=} dT

t
< C(h) /0 Va1 V7] Ingll d

t t
<) [P+ 1pPyac+ G [ vapde
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Noting that R(n, p) is Lipschitz continuous, and using (3.16), we easily see
that

(3.40) [raz<c [un s iy

From (3.32)-(3.34) and (3.36)—(3.40), we have, for each ¢ € I*,
(3.41) I1A(8)|1? < C(h)/ot{llﬁll2 + 81} d.
Similarly,

(3.42) 15> < C(h) /Ot{llflll2 + 161’} dz.

By (3.41) and (3.42),

IO + 15O < C(h)/0 {Ial* + 11511*} d.

Gronwall’s Lemma and (3.30) now complete the proof. O
Let ey =y —yp, ex=n—np=n—n+n—ny=n,+&,,and e,=p—p, =
p—P+P—pyp=np,+<& . Then we have

Theorem 3.2. With T* defined by (3.28), there exists a positive constant C
such that, for h sufficiently small
€l Loore: 12y + €pllLoere ; 12)
+IVEnllagre 12y + 1VEpll L2+ ; 12y < CAY.
Proof. Subtract (2.10a) from (2.4a) to obtain

(3.43)

dey,vy)=(p—n+N,v,)—(pp—np+ Np, vp)y
:(ep—en+N"'N1,vh)+(ph_nh+Nla'Uh)
= (o —np+ Np, vp)p, vy € V.

From Lemma 4.3 in Zlamal [34], (2.6), and (3.2), we have, for each v, € V},,

d(ey , vp) < {lleall + llepll + IN = NilHvall + Ch{l|nall + lloall + INLHI Vg
< {llenll + llepll + | = Nyl }Hvall
+ Ch{l + llexll + llepll + IV — Nil[}[[ V|
< {l€nll + licpll + 1mall + Nmpll + 1N = Nrli}vall
+ Ch{l + [lCall + licoll + Mall + 171l + IN = Nil}IV sl
< {ISnll + 1S + A}Ivall + CALL + NIEall + 11€p 1l + AHIV ORI

Thus, by (3.2e),

Ve, = d(ey . ey) =dley, w - yi) +d(ey, w1 — wi)
< Vel + C{UIV(w = wn)lI> + [1Eall2 + 15117 + 42}
< VeI + C{IEAI> + 11& 117 + h*}.
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Therefore,

(3.44) IVeyll* < CLIEl + 1IEp 112 + A2}

To estimate &, , subtract (2.10b) from (2.4b). Letting

(3.45) AX(n, v) = (4Xvn, vv),
(3.46) vE(y; n,v) = A5 (n, v) - (nAfVy, Vv),

and noting (2.5), (3.1), (3. ), and a,(0; A, vy) — a(0; 7, vy) = AK(n, vy)
(obtained by (2.7), (3.5)-(3.10), (3.45)), we have, for each v, € V},,

(d;tn Uh) +ay(wn; En, Un)

_ (27 on K(y - :
—(atavh)h (Eavh)-{_y (V/’n7vh) V(W’n,vh)

+ai(yn; 0, vp) —ai1(0; A, vp) — {@2(Wn; ny, va) — a2(0; A, vp)}
+ (nAXVy, Vo) — (n, Af Vi, Vop)

+ (npAF Vg, Vo) — c(Wns ny, v)

— AX (M, va) + (R(n, D) > vi)w — (R(n, p), vp).

(3.47)

Let v, =&, in (3.47), and note that

ay(0; &, &) = Zb"[ & =)+ (& -8+ (- E=0

KET;,

so, a»(0; 7, &,) = ax(0; ny, &) ; then by (3.12), we have

3 L1l + aol VI

on on
S (E’ én)h - (5;9 fn)
+lar(Wns 1, &n) —ai(0; 7, En)l + a2 (Wi s nas Gn) — @2(05 ny, Gn)l

+ I(nAfV'// ) Vén) - (nhA{(V‘//h 5 Vén)l
+ |[(npAFV iy, VE) — c(wns ny, &)

+ Wi n, &) —v(w;n, &)

(3.48)

8
+ A (1 > &)l + |(R(7h PA) 5 En)n — (R(n, p), z

Integrating (3.48) termwise over t in [, = [0, ] for ¢t € I*, we find that the
left-hand side of the resulting equation is bounded below by

(3.49) S ON; = 1€a(O)IF} + a0l VEnllZag,  L2)-
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Next, we consider bounds for the terms on the right-hand side of the resulting
equation. Using Lemma 4.3 in Zlamal [34], (3.1b) and (2.6¢), we have

t t =
(3.50) / Fidt< Ch / on
A ST

o
V&l d7 < TEIVEnlFaq,: 2y + CH2.

By (2.5), (3.45), and (3.46), and noting that f(x) is Lipschitz continuous, and
(2.6), we get

t t
/ Fdr < /
0 0

t
< Ch/o > VR = 0Vl IVERl k) dT

KeT,

> |A1—A{<||Vn—nvm|v¢,,|dx} dv
K

KeT,

(3.51) .
< Ch / IVn — nVy | [ V&l dt
0

t
< Ch /0 (9l + V@] 2]l HIVEA] d
ap
< Tg”vén"%}([[;l}) + Ch2

From (3.6), (3.20), (3.4), (3.3), the Sobolev Imbedding Theorem, (3.2), (3.44),
and (2.6), we deduce

t t
/OFsdts/O S @5 b = 1l = P llum — gt + -+ }dT

KeT,

t
<C [ 5 {10 = el = 1l + V= 1]

KeT,

X |énm_énk|+"'}d1

t
<C [ S UVl 190 Vo

KeT,
+ IV 0l 2 IV )il o ) 19l o )} AT
t
(3.52) <C /0 S hc {1Vl 2 IV 1 -0 0 |Vl ey
KeT,

IVl L2 IV () 1l L2 i) 1V Enll Lo (k) } AT

t
< Ch/o IVUl{IV Ll L2r0-0 IV Enll 2o + IV 71nll IV EnlLoo } d T

t
SC/O {IVwll + IVe, [IHAIVAl 200 + [V AR HIVERll dT

t
<Che /0 (W lise + 19, 3110l VE] dT

a0 2 2
< R”an”u(l,;u) + Ch a{”én”iw(l,;u) + "ép”iw(l,;u) + 1}
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Breaking F, into pieces, we have

1
Fy <5 ) b%{lbmi = Ulntnm — nuil|am + Enel + -}
2 e,

<C Z {lvlhm - V/hk”nhm - nhk”énm +fnk| +}
KeT,

<C Z {ll¥m — willnm — nic||&nm + Enic| + -+ -1
KeT,

(3.53) + UWm — Will€nm — Enkl|nm + Enkl + -+ ]
+ ¥m — WillMnm = i |1Enm + Eni| + -]
+ [leym — ey/k”nm — ni||nm + Enicl + -]
+ [leym — eyill€nm — Enicl|Enm + Enr| + -1

+lleym — e'//k”n"m = Nk ||&nm + Skl + -+ 1}
6
= Z F4i.
i=1
By (3.4), the Sobolev Imbedding Theorem, (3.3), and (2.6), we get

t t
[ Fade < [ 5 (v = vilinm = nellam + ol +--- o

KET,

l -
<C [ SN0 IVl Vol 82
KeT,

t
S C \/0 E ”VWIHLZ/(I—(;)(E) ”VﬁluLZ/(l—a)(;{)”én ”Loo(;(\) dT
KeT,

t
< Chza/o > IVl =o)L gar-0 k) 1Enll oo i) AT

(3.54) KeT,

t
< Chzo/O Z N N o iy 1l o i) 1€ 1 oo (k) AT

KeT,

t
< Ch¥ /0 Wil nllisoliEallz= dT

t
< CH®|logh|'? /0 W lsolinllsolVEN d

a
< %”Vén“%}([,;]dz) + Ch46| logA|.
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Using the Gagliardo-Nirenberg Inequality

(3.55) [vllze < C(@)lvIP Vo) @=2,  veV, g>2,
and Young’s Inequality

(3.56) ab< C(0,q)a? +ob9/'=9 4 b>0, ¢g>1,

we have (let ¢ = 2/0)

t t
AF42dTSC/O Z{l‘/’m—'/’k”énm—énk||énm+énk|+"‘}d‘f

KeT,

t
S C/O Z ”Vy}I“LZ/(l—u)(E)”Vc"“LZ(E)“&"”LZN(E) dT
KeT,

t
< C/o Z IV il L= ) I VR L2k 101l 270 (k) AT

(3.57) Kety

t
<C / IV a0 V&l [Eall 0 dT
0
t
<cC /0 Wl 1eo lEall [V ER]120 d
ap 2 2
< —lgllvé””Lz(l, :L2) + C“én"LZ(L;LZ) P

and by (3.4), (3.2), and (3.3),

t t
[ Fiade <€ [ 5 1m = vilitm — il lom + il +- 1

KeT,

t
S C/O Z ”VWIIILZ/(l—u)(?)”V(ﬁn)l”LZ(k\)”én"LZ/a(E) dT
KeT,

t
< C/ Z IV Wil Loro-o ) IV () 1| L2y 16 | 270 (k) A T
(3.58) 0 ket

t
<cC /0 IV W 20019l 1l 20 T

t
<cC /0 1010Vl [VEa] 2

o 2 2
< Rllvé"”Lz(l,;Lz) + Ch™.
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From (3.4), the Sobolev Imbedding Theorem, (3.3), (2.6), and (3.44), we get

t t
[ Fudr<c [ 5 tlegm = epullnm = mullen + &l +--- e

KeT,

t
<C [ 5 IV @l 19l ey 45
KeT,

t
<€ [ S V@i 19l -l iy

KeT,
t
(3.59) < Cha/ Z IV (ep)1ll L2y IV Bl L2ra-or ey 1€ | oo (k) A T
0 KeT,
t
< [ 3 19l lenlmo do
KeT,

t
< Ch*|logh| /0 Ve, | 17110l VEl dt

a0
S Envén"%}(h . L?)

+ Ch?|log h|{||&nllF oo s, 12) + o1 o0 s, 12y + A2}

t t
/0F4sd15C/0 S {leym — eyillEnm — EnillEum + Enil + - Y d

KET,

t - -~
<C [ 30 IV @l IVl Vol o 4

KeT,

t
(3.60)  <C /0 S 19l 1 VEnll 2o Inll o A7
KeT,

t
< [ 1vel19& 0 1l= dv
< Cllog h|'2{||€nll ooz, 12 + Epll Loz, s £2) + ha}”an”iz(I,;u) )

t t
/(;F46dTSC/0 Z{levlm_eu/k“”nm_”nk”énm*'énkl“}'”'}df

KeT,

I ~
<C [ % U@ 900 Vol
KeT,

t
(3.61) < C/o Z IV (ep)ill L2 IV ()1l L2 (k) IS Lo (k) A T

KET,

t
<cC /0 Ve | 197l €l dT

o
< Rllvén"%}(,’ :L2)

2
+ Ch20'| loghl{”én”im(ll;lj) + ”ép“ioo(l';LZ) + h U}.
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In order to estimate Fs, we shall break it into pieces as follows:
Fs = |(AfeaVy , V&) + (AF Ve, , VE)| + (A€ Ve, , VE)|
= I(AKénV'// VEn)| +I( Al MV, V)|
+ | A{‘nVe,,, s Vén)l +|( Af‘fnvew s Vén)l
= F51 + Fsy + Fs3 + Fsy.

From Remark 2.1, (2.6), and using the Sobolev Imbedding Theorem, the Gagli-
ardo-Nirenberg Inequality (3.55), and Young’s Inequality (3.56), we have

t t
/0 Fadi<M /0 1enll e IV Wl -0 [ VEnl 2 dT

(3.62)

t
(3.63) < ClWlpogiee /0 IEal V&I~ dx

a
< TEIVEll 312y + Cléalag, 1oy
16 (I3 12) (15 L2)
Furthermore, by (3.2),

t t
/0 Fadi<M /0 1all o 19 W L2100 [Vl 2 7

t
(3.64) < C“l//”Loo(HHv)/ VARl 1VEnll d7

_gllvén”u 112 + Ch*,
by (3.44),

t t
[ Fade < [ jalln e, 1191 e
t
< C||n|lpoo(ro / Ve, || IVELl dT
(3.65) S Clnlleor=y [ IVeyll V&l
= 16"Vé"”L2(l, . L2) +CIIV€w||Lz(1 :L2)
— -1—6”V€n”1‘2(l';l'2) + C{”é"”LZ(L;LZ) + ”éplliz(l,;LZ) + th} R
and by (3.3),

t t
/0 Fsedt <M /0 allz= [ Vey || [VE,]| dt

(3.66) < Clloghl (||l L. 12y
+11€pllLooqr;22) + ha}”an“izu,;u)-
Since
Ay, &)= 3 / ATy, -V dx = Y area(K) 4KV, - VE,
KeT, KeT,
and
Af (W, &) = vn(0; Wi, &) = Y a¥ (0K (Whm — Wik) Enm — Enie) + -]

KeT,

1
- 5 Z bK[(Whm - th)(énm +énk) + - .],

KET,
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we get
area(K)Af Vi, « V&, = a®[of (Whm — W) (Enm — Eni) + -]
— SO Wi~ i) G+ &)+

and

Fo=|c(Wn; nn, &) — Y 2area(K) A} vw,,-v@,/Aﬁ,,dg
KET, K

= | 5 {0 = &0 [+ 00 =2 [ n ] -}

KeT,

=5 3 5 = v o + €0

KeT,
X I:'I‘(nhm+nhk)_2/\ﬁthJ +}’
2 I
1

5 z a® X (Wnm — W) Enm — En)[(Mhm — 1pj) + (Mg — np )] + -+ }
KeT,

—% D b5 (Whm — W) Enm + Eni)[(Rhm — 14j) + (M = mp)] + -+ }\
KeT,

< C Z {l'//hm - th'[lénm - énk| + Iénm +énk|]
KeT,

X |(Rpm = npj) + (Rpie — npj)| +--- }.
Similarly to the treatment of F,, we can show that
/ Fedt < ”V'fn“u(/, )t C"én”u([ i L2)
(3.67) + Ch*| lOghI{”én“Loo ;L T “ép”Lco(l ) T h*?}
+ Cllog h|"*{||Enll Lo (1, £2) + IEpll oo, 12y + ha}“anlliz(z,;u)-
By Remark 2.1 and (3.2),
(3.68) / Frdt<M / 19 191 d7 < L2198, 12y + CHY.

Using Theorem 4.1.5 in Ciarlet [5], we have

|(R(n, p), &n)n — (R(n, p), &)

< C Y hx(area(K))"”*||R(n, Pl wlIVenllzx)
KeT,

< Ch(area(Q))°/?|R(n, p)|lw: Vel

2/(1—

< Ch{linllivo + IPlli+o + l}IIVénII,
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where, in the last inequality, we have made use of (3.13) in Zlamal [33] and the
Sobolev Imbedding Theorem. Hence, by (3.16), (3.2), and (2.6),

/ Fydt< / (IR, p), Enn = (R(n, D), &)
0 0
) +|(R(my, i), En — (R(n, D), Enl} dT
< DUl 22y + CUEMR a1 + uéanz oz + ).
Combining (3.48)-(3.54), (3.57)-(3.69), and noting (3.16), [&.(0)] <

|n® = nd|| + |n® — A% < Ch°, and C|logh|'/?h® < ag/16 for h sufficiently
small, we have

(3.69

SR O + ST, .
(3.70) < Clloghl (€l ot,: 12) + Ipll oot ) HIVEnlZagr,; 12y
+ C{Hén”izu, Lyt ”'f!’”iz(lf oyt hza}
+ Ch? | 10g Al{[IEall o 1, 12y + o100 s, 12)}-

Similarly, we have

SNEOI + T19E R,
(3.71) < Cllog h'*{1Iall oo 1, 12y + Wpll Loz, L) HIVEpN T2, 12)
+ C{lCnllTas, 12y + 1€oN 720, 12y + B2}
+ Ch*|10g A{[1CnllF o s, 12) + o110 s, 12)}-

Let & ={&n, &p}; then
1 a
SIEOI + Tl VEZa, 1y

(3.72) < Cllog h|"||El| ot ) IVEN22(r, . 12y
+ C{“é”LZ(h t +h*} + Ch20|logh|||f||Lm(,' L)

As in [6, 11, 31], let us make the induction hypothesis that
(3.73) Clloghl' | ElLey- 12 < 33

Obviously, (3.73) holds for ¢ = 0. Thus, (3.73) will hold for ¢ < ¢* for some
t* > 0. We shall show for # sufficiently small that (* = T* and that (3.43)
holds.

It follows from (3.72), (3.73), and Gronwall’s Lemma that

(3.74) IR re 12y + V€2 e 13y < CH27,

where C is independent of 7*. Note that (3.74) implies that the induction
hypothesis (3.73) holds for small #, so that the entire argument is validated. O
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From Theorem 3.2 and (3.2), one easily obtains the following corollary.

Corollary 3.1. Let
(3.75) M= {lInllLso 2y + 1PN Loo L2y} + 15

then
l7all Lo re : L2y + PRl Loore 12y < M.

If we substitute M defined by (3.75) for ||n°||.. and ||p°||;. on which C*(h)
(in (3.27)) depends, then T* defined by (3.28) depends only on 4. Thus, for
h fixed, T* is a fixed constant, and we can show that the problem (2.10) has
a unique global solution by extending gradually the local solution defined by
Theorem 3.1. Therefore, Theorem 3.2 holds for 7 instead of I*. Noting (3.2)
and (3.44), we have the following main results of this paper.

Theorem 3.3. Problem (2.10) is uniquely solvable. Let {y , n, p} satisfy (1.5)-
(1.8) and {wy, ny, py} satisfy (2.10). If the regularity assumptions (2.6) hold,
then there exists a positive constant C such that, for h sufficiently small,

ln = nall ooy + 1P = Pall o2y + IV(W = Wi)ll oo (2
+IV(n = np)ll 22y + IV = Pr)ll 22y < CH°.

Corollary 3.2. Theorem 3.3 holds for the case when B = 0, considered by
Zldmal 33, 34).

ACKNOWLEDGMENT

The author thanks Professor Yuanming Wang for introducing this subject to
him and for some helpful discussions. He is also grateful to the referee for
very valuable comments and suggestions. The work was partly supported by the
National Natural Science Foundation of China.

BIBLIOGRAPHY

1. W. Allegretto, Y. S. Mun, A. Nathan, and H. P. Baltes, Optimization of semiconductor
magnetic field sensors using finite element analysis, Proc. NASECODE IV Conf., Boole
Press, Dublin, 1985, pp. 129-133.

2. J. Banasiak and G. F. Roach, On mixed boundary value problems of Dirichlet oblique-
derivative type in plane domains with piecewise differentiable boundary, J. Differential Equa-
tions 79 (1989), 111-131.

3. R.E. Bank, W. M. Fichtner, Jr., D. J. Rose, and R. K. Smith, Transient simulation of silicon
devices and circuits, IEEE Trans. Computer-Aided Design 4 (1985), 436-451.

4. R. E.Bank, J. W. Jerome, and D. J. Rose, Analytical and numerical aspects of semiconductor
device modeling, Proc. Fifth Internat. Conf. on Computing Methods in Applied Science and
Engineering (R. Glowinski and J. L. Lions, eds.), North-Holland, Amsterdam, 1982, pp.
593-597.

5. P. G. Ciarlet, The finite element method for elliptic problems, North-Holland, Amsterdam,
New York, Oxford, 1978.

6. J. Douglas, Jr., R. E. Ewing, and M. F. Wheeler, The approximation of the pressure by a
mixed method in the simulation of miscible displacement, RAIRO Anal. Numer. 17 (1983),
17-34.




7.

8.

9.

10.
1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

30.

31

APPROXIMATION OF THE SEMICONDUCTOR DEVICE EQUATIONS 61

J. Douglas, Jr., I. M. Gamba, and M. C. J. Squeff, Simulation of the transient behavior of a
one-dimensional semiconductor device, Mat. Apl. Comput. 5 (1986), 103-122.

J. Douglas, Jr. and Yirang Yuan, Finite difference methods for the transient behavior of a
semiconductor device, Mat. Apl. Comput. 6 (1987), 25-38.

J. Douglas, Jr., Yirang Yuan, and Gang Li, 4 modified method of characteristic procedure
for the transient behavior of a semiconductor device (preprint).

—, A mixed method for the transient behavior of a semiconductor device (preprint).

R. E. Ewing, Time-stepping Galerkin methods for nonlinear Sobolev partial differential equa-
tions, SIAM J. Numer. Anal. 15 (1978), 1125-1150.

R. E. Ewing and M. F. Wheeler, Galerkin methods for miscible displacement problems with
point sources and sinks-unit mobility ratio case, Lectures on the Numerical Solution of
Partial Differential Equations, University of Maryland, 1981, pp. 151-174.

H. Gajewski, On existence, uniqueness and asymptotic behavior of solutions of the basic
equations for carrier transport in semiconductors, Z. Angew. Math. Mech. 65 (1985), 101-
108.

H. Gajewski and K. Groger, On the basic equations for carrier transport in semiconductors,
J. Math. Anal. Appl. 113 (1986), 12-35.

1. M. Gamba and M. C. J. Squeff, Simulation of the transient behavior of a one-dimensional
semiconductor device. 11, SIAM J. Numer. Anal. 26 (1989), 539-552.

V. Girault and P.-A. Raviart, Finite element methods for Navier-Stokes equations. Theory
and algorithms, Springer Ser. Comput. Math., vol. 5, Springer-Verlag, Berlin, Heidelberg,
New York, Tokyo, 1986.

J. W. Jerome, Consistency of semiconductor modeling. An existence/stability analysis for
the stationary Van Roosbroeck system, SIAM J. Appl. Math. 45 (1985), 565-590.

—, Evolution systems in semiconductor modeling. A cyclic uncoupled analysis for the
Gummel map (to appear).

P. A. Markowich, A singular perturbation analysis of the fundamental semiconductor device
equations, SIAM J. Appl. Math. 44 (1984), 896-928.

—, The stationary semiconductor device equations, Springer-Verlag, Wien-New York,
1985.

P. A. Markowich and C. Ringhofer, 4 singularly perturbed boundary value problem mod-
elling a semiconductor device, SIAM J. Appl. Math. 44 (1984), 231-256.

P. A. Markowich and M. A. Zlamal, Inverse-average-type finite element discretizations of
selfadjoint second-order elliptic problems, Math. Comp. 51 (1988), 431-449.

M. S. Mock, On equations describing steady-state carrier distributions in a semiconductor
device, Comm. Pure Appl. Math. 25 (1972), 781-792.

—, An initial value problem from semiconductor device theory, SIAM J. Math. Anal. 5§
(1974), 597-612.

—, Analysis of mathematical models of semiconductor devices, Boole Press, Dublin, 1983.
C. Ringhofer and C. Schmeiser, An approximate Newton method for the solution of the basic
semiconductor device equations, SIAM J. Numer. Anal. 26 (1989), 507-516.

S. Selberherr and C. Ringhofer, Discretization methods for the semiconductor equations,
Proc. NASECODE III Conf., Boole Press, Dublin, 1983, pp. 31-45.

E. Stephan and J. R. Whiteman, Singularities of the Laplacian at corners and edges of three-
dimensional domains and their treatment with finite element methods, Math. Methods Appl.
Sci. 10 (1988), 339-350.

V. Thomée, Galerkin finite element methods for parabolic problems, Lecture Notes in Math.,
vol. 1054, Springer-Verlag, 1984.

Yuanming Wang, Mathematical model and its analysis for the carrier transport in semicon-
ductor devices, Appl. Math. J. Chinese Univ. 2 (1987), 228-240.

Jiang Zhu, The finite element methods for nonlinear Sobolev equation, Northeast. Math. J.
5 (1989), 179-196.




62 JIANG ZHU

32. Jiang Zhu, Finite difference methods for the semiconductor device equations with magnetic
influence (to appear).

33. M. A. Zlamal, Finite element solution of the fundamental equations of . semiconductor devices.
1, Math. Comp. 46 (1986), 27-43.

34. ____, Finite element solution of the fundamental equations of semiconductor devices. 11 (to
appear).

DEPARTMENT OF MATHEMATICS AND MECHANICS, SOUTHEAST UNIVERSITY, NANJING 210018,
PeoPLE’s REPUBLIC OF CHINA




