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FINITE ELEMENT APPROXIMATION
TO INITIAL-BOUNDARY VALUE PROBLEMS

OF THE SEMICONDUCTOR DEVICE EQUATIONS
WITH MAGNETIC INFLUENCE

JIANG ZHU

Abstract. We shall consider ZlámaPs approach to the nonstationary equations

of the semiconductor device theory under magnetic fields, with mixed boundary

conditions. Owing to the reduced smoothness of the electric potential y/ and

carrier densities n and p caused by considering the mixed boundary condi-

tions, we must use a nonstandard analysis for this procedure. Existence as well

as uniqueness of the approximate solution is proved. The convergence rates ob-

tained in this paper are slower than those previously obtained for pure Dirichlet

or Neumann boundary conditions.

1. Introduction

We shall consider a system of three quasilinear partial differential equations

in a bounded polygonal domain f2 e R2, which form a basic model of the

transient behavior of a semiconductor device in a magnetic field (cf. Allegretto,

Mun, Nathan, and Baltes [1], and Wang [30]):

(a) -Ay/ = -(p-n + N),

(1.1) (b) ^ - V - [ea*AxV(e-a¥n)\ + Rn(n, p) = 0,

(c) % ~ v ' \-e~aVA^^avPÏ\ + rp(" . />) = o.

The unknowns are the electrostatic potential y/ and the electron and hole den-

sities n and p, while q and e are constants (q is the electron charge, e is

the permittivity). The function N is the total electric active net impurity den-

sity or "doping", and a is a positive constant; Rn(n, p) and Rp(n,p) are the

recombination rates. The matrices

U.2)      4-(*K   %)-     '     (,     ' I"?'),       /-1.2.4? 4V   i+/>2V(-')'"'/»    !
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are positive definite nonsymmetric. The reason for the asymmetry of A¡ (i =

1,2) is the presence of a magnetic field B = (0, 0, /?), where ß - ß(x)

is Lipschitz continuous. Indeed, if B = 0, then A¡ (i = 1, 2) are positive

definite symmetric. Since A¡ (i = 1, 2) are positive definite and bounded,

there are two positive constants ao and M such that, for any u = [u\, u2),

v = (vi, v2) e R2,

(1.3) ao\u\2 < (A¡u, u),        i =1,2,

(1.4) \(AiU,v)\<M\u\\v\,        i =1,2,

with |w|2 = £2=1 "¿ •

We simplify the system, taking a = q/e = 1 and Rn{n, p) = Rp{n, p) =

R(n, p) (assumed Lipschitz continuous). These simplifications are not essen-

tial, neither for the construction of the approximate solution nor for the results

of this paper. We can write (1.1) in the form

(a) -Ay/=p- nN,

(1.5) (b) d£-V-[Al(Vn-nVy/)] + R(n,p) = 0,

(c) Qj - V • [A2(Vp + pVy/)] + R(n ,p) = 0.

For simplicity, consider the PDE system (1.5) with homogeneous mixed

boundary conditions:

(1.6) {y/, n,p} = {0,0,0}   on d£lD x I,

(1.7) ||^, Jn-v, Vi/J = {0,0,0}   ondaNxI.

Here, the boundary <9C2 of Q has been decomposed into the union dQ.DUdQN ,

where dÇlp is of positive measure in d£l, I = [0, T], v is the outward unit

normal vector on dQ,, Jn = A\(Vn - nVy/), and Jp = A2(Vp + pVy/).
In addition, we have the initial condition

(1.8) n = n°(x),    p = p°{x)   in Q.

Remark 1.1. For nonhomogeneous mixed boundary conditions with smooth

data, the problems can be homogenized by Banasiak and Roach's trace theorem

in [2].
There is much work concerning the basic semiconductor device equations

with no magnetic fields. For stationary problems, Mock [23, 25] showed the ex-

istence and uniqueness of a solution subject to the mixed boundary conditions

(with R = 0). A very similar existence proof was given by Bank, Jerome, and

Rose [4], and effective numerical algorithms were also presented in their paper.

Later, Jerome [17] proved the existence for a more general stationary problem.

A singular perturbation analysis for the problems was given by Markowich [19,

20], Markowich and Ringhofer [21], and Selberherr and Ringhofer [27]. Finite

difference or finite element methods are discussed in Markowich [20] and in ref-

erences therein. Recently, Ringhofer and Schmeiser [26] analyzed an iterative

method and its convergence. For nonstationary problems, Mock [24] was the

first to prove a global existence and uniqueness result, and a more general type



APPROXIMATION OF THE SEMICONDUCTOR DEVICE EQUATIONS 41

of the boundary conditions was discussed in Gajewski [13] and Gajewski and

Groger [14]. With regard to numerical treatments, Zlámal [33] has proposed two

fully discrete finite element schemes (one is nonlinear, the other is partly linear)

and discussed the existence (for both schemes) and uniqueness (for the second

scheme) of the approximations. Stability, uniqueness, and convergence (for the

first scheme) of the approximations have been investigated under stronger as-

sumptions in Zlámal [34]. The mixed finite element-characteristic procedure

for the one-dimensional Dirichlet problem was introduced by Douglas, Gamba,

and Squeff [7], and Gamba and Squeff [15], Douglas and Yuan [8], and Dou-
glas, Yuan, and Li [9, 10] have discussed, respectively, the finite difference-

characteristic finite difference procedure, the mixed finite element-characteristic

finite difference procedure, and the mixed finite element-characteristic finite el-

ement procedure for the two-dimensional Dirichlet problem and the Neumann

problem, and have given the convergence analyses under the assumption of a

smooth solution.

However, to our knowledge, there is not much work on problems in the pres-

ence of magnetic fields. A finite element analysis for stationary problems was

given by Allegretto, Mun, Nathan, and Baltes [1], but there was no theoretical

analysis of approximation in their paper. Recently, the author [32] presented

and analyzed the problem ( 1.1 ) by the finite difference-characteristic finite differ-

ence procedure, considering nonhomogeneous Dirichlet boundary conditions.

Unfortunately, it is well known (see, e.g., [2, 28]) that in general the solu-

tions of mixed boundary value problems for elliptic equations are not smooth,

no matter how smooth the data may be, and moreover, the loss of smoothness

occurs in the vicinity of oiionoQjv • Hence, the solutions of (1.5)-( 1.8) are cer-
tainly not smooth. Similar to the idea of Ewing and Wheeler [12], we shall use

in this paper a nonstandard analysis for Zlámal's approach. Since the resulting

functions are considerably less smooth than previously assumed, the conver-

gence rates obtained in this paper are slower than those previously obtained.

Recently, Markowich and Zlámal [22] have generalized Zlámal's approach to

mixed boundary value problems of second-order elliptic equations.

The paper contains two additional sections. In §2, terminology is developed,

a variational form of the problem (1.5)-(1.8), basic regularity and boundedness

assumptions are presented, and the continuous-time Zlámal's approach to ( 1.5)—

(1.8) is defined. In §3, existence, uniqueness, and a priori error estimates for

this approach are obtained. Throughout, the symbols C and a will denote,

respectively, a generic constant and a generic small positive constant.

2. Preliminaries and description of approximations

Let (u,v) = Jnuv dx and ||w||2 = {u,u) be the standard L2 inner product

and norm. Let W£(Q) be the Sobolev space on Q with norm

(2.1) NU =   £i
a\<k

1/9

dau\

dx" Li(íl)¡

with the usual modification for q = oo.   If U — (u\, u2), write Ht/H^*  in

place of (||MlH^, + H«2||y"• • When « = 2, denote ||w||^ = ||u||„t = \\u\\k .
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If k = 0, ||m||o = ||w||. We also denote by Hl+a(Çl) (a is a real number with

0 < a < 1) the noninteger Sobolev space on Q with norm (see, e.g., Girault

and Raviart [16])

\U\\\+a - ||W||//:+"(£2)

(2.2) = (imiî+E //
\dau(x) - dau(y)\:

1/2

dxdy
la      \x-y\2^)

where |x| denotes the Euclidean norm of R2. Let 7 = [0, T], and

(2.3) V = {veHi(Çl);v\dçlD = 0}.

Multiplying ( 1.5) by a function v e V , integrating over ÍÍ, and using Green's

theorem and (1.7), we have

(a) d{yi, v) = (p - n + N, v),        veV,

(2.4) (b)  (^,v\+v(y/;n,v) + (R(n,p),v) = 0,        veV,

where

(2.5)

' ~dt ,V

d(y/, v) =      Vy/ • Vvdx,
Ja

v(y/;n,v)=  / A\(Vn - nVy/) • Vv dx,
Ja

n(y/;p,v)=  / A2(Vp +pVy/) ■ Vvdx.
Ja

veV,

We are looking for {y/, n, p}: I -* V x V x V .
Let {y/, n, p}, the solution of ( 1.5)—(1.8), satisfy the following regularity

assumptions:

(2.6)

(a) IMIl°°(27'+<') + IMIl^//1*») + ll/?llz,2(//i+<') < C,

(b) ||n||i.oo(Loo) + ||p||i.oo(Loo) < C,

(c)
dn

dt
+

LHLi)

dp

dt mm
<c,

where 0 < a < 1 and C are fixed constants, ||m||l9(a-) = I|m||l«(/;x) , Q = 2, cxd ,

and X is a Sobolev space on f2. In view of [1, 2, 4, 13, 14, 28], the above
assumptions are reasonable.

In this paper we restrict our attention to continuous-time Zlámal's approach

(nonlinear scheme) to (1.5)-( 1.8). We consider a family {Th} of triangulations

of Q. Let K denote an element of T/,, hK = diam(A^), and h = max/^^ h% ■

As in Zlámal [34], we assume that the family {Th} satisfies the minimum angle

condition and is of acute type. Thus, if J is the Jacobian matrix of the linear
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mapping which maps a given triangle K on the reference triangle K, then

Ch2<\detJ\ <C~lh2   VK e\jTh.

h

We shall use the above implicitly in some places.

With each partition from {Th} we associate the finite-dimensional space

Vh — {Vh € C(fl) ; vh is a linear polynomial on each K eTh, vh\dSÍD = 0} .

We use the same idea as in Mock [25] and Zlámal [33, 34]: the quantities

/„, Jp , and || V y || are approximated by constants on each element K. Let

Wh* nh> Ph > and Vh belong to Vf,. The discrete analogs of the forms v(yi ; n, v)

and 7i(y/; p, v) are

Vh

(2.7)

(W ;»*,«*)=  £     £    vhrÍÍAf(JT)-lDKJTVnh-Vvrdx

-J  nhrAfVy/h-Vvrdx\ ,

/f€ï» r=j,k,m

(2.8)

where

nh(Vh\Ph,vh)=  £     E    vhrí Í A^(JT)-lBKJTVph-Wrdx
vct. —,   ^   ™ V-2A

+ JPhr^Vy/h-Vvrdx\ ,

#€7), r=j ,k ,m

AK -  I " ^_1/ ^     \ i - ]     ?
(-1)'-'^     a-

a* = l/(l + (£*)2), bK = ßK/(\ + (ßK)2), ßK = ß(xK), and x* is the center

of gravity of the element Ä^. Here, J is the Jacobian matrix of the mapping

which maps K on K in such a way that the node xr is mapped on the vertex

(0,0) in the reference plane (see Zlámal [33]), vhr is the value vh(xr), vr is

the basis function associated with the node xr, and BK , DK are the matrices

(2.9)
BK = diag(fi(wn - y/h2), B(y/hl - y/h3)),

DK = diag(D(^, - y/h2),D(y/h\ - yM)).

Here, B(Q = £(*< - I)"1 and D{Q = e^B{Q = B(-Q, -oo < f < oo.
Furthermore, ^ , yz/,2, fe are the local notations of the values of y/h at the

vertices x;, xk , xm such that y/h\ = y¿,r > r = j, k, m.

Remark 2.1. For ^f , j = 1, 2, the inequalities (1.3) and (1.4) are still valid.

The L2(Q)-scalar product (•, •) will be approximated by (•, •)/, defined in

Zlámal [33] ((«, v)h = 2~3/=i m¡UjVj, m¡ > 0, # is the number of all nodes

not lying on dClo) • Let f¡ denote the interpolate of a given function /.

Now we can introduce the continuous-time approximation of {y/, n, p} as

follows: let {y/h , tih , Ph} '■ i ^ Vh x Vh x Vh be defined by
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(a) d(y/h, vh) = (ph -nh + N¡, vh)h ,        vh€Vh,

(bM^'^)   +Vh{Wh;nh,Vh) + {R(nh,Ph),vh)h = 0,        vheVh,

(2-1Q) (dp        \
{-<S)\~df,Vh)   +n^{r,h\Ph,Vh) + {R(nh,Ph),vh)h = Q,        vh£Vh,

(^«„(0)=«,°, Ph(0)=pl

The main results of this paper are the existence, uniqueness, and a priori

error estimates for the approximation {y/h , nh, Ph] ■ These will be developed

in the next section.

3. Existence, uniqueness, and a priori error estimates

Similar to the idea introduced by Ewing and Wheeler [12] for miscible dis-

placement problems, we first define the L2 projection {«, p] of {n, p} into

Vh x Vh by

(a) (n-n,vh) = 0,       vh G Vh, or

(3.1)

...   (dn     dn       \
(b) (a?-ôF'vV=0'      Vh£Vh>

(c) (p-p,vh) = 0,        vheVh, or

We are led to use the L? projection of {« , p} into Vh x Vh instead of the now

more standard //' projection, owing to smoothness restrictions on n and p .

Since we assume that |y and |^ are only in L2(I; L2), we are not able to treat

terms like §¡{n - ñ) and §¡(p - p) in the usual fashion. Thus, we have used

{«, p} in (3.1b, d) to remove this problem. Using the theory of interpolation

spaces, we obtain (see, e.g., Ewing and Wheeler [12])

Lemma 3.1. There exists a positive constant C such that, for each tel,

(a) ||« - «|| + «||« - «||, < C\\n\\Sihs<,        1 < j, < 1 + a,

(b)||p-0|| + A||p-/>||i <C\\p\\Sth*,        l<Sl< l+a,

(3.2) (c) ||n-fl|U~ < Q\n\\ws2hs\ 0<52<1,

(d) llp-^IU«, <C||p||^«i2, 0<52<1,

(c)\\v-vI\\ + h\\v-v,\\l<C\\v\\SjhSi   VveHSi(£l),   1 < ^3 < 1 + cr.

Assuming that the family {Vh} satisfies the following inverse inequalities (see

Ciarlet [5] and Thomée [29]), we also have

Lemma 3.2. There exists a positive constant C such that, for any vh G Vh,

(a) ||t7A||L« <Ch2lq-{\\Vh\\,        2<q<oo,

(3 3) (b) ||VtJA|U, < CÄ^-MtV^H,        2<q<™,

(c)\\Vhh<Ch-'\\Vh\\,

(d) IIvaHí.- < C|logA|^2||VuA||.
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Finally, we need (see Ciarlet [5])

Lemma 3.3. There exists a positive constant C such that, for all real q  with

1 < q < oo,

(a) \\v\\Lq(R) < Ch-2/"\\v\\mK)   V« G L"{K),

(b) \\Vv\\Lq(K) < ChlK-2/9\\Vv\\L,{K)   \fv G Wj(K),

where v(Q = v(x(Q), x(Ç) = Er=;,fc,«^r(C)-

We shall prove the main results of this paper similarly as was done by the

author in [31]. By elementary, but tedious computations, we can write the form

vh as follows:

(3.5)      vh{yih\ nh,vh) = ax(y/h\ nh, vh) - a2(y/h ; nh , vh) - c(y/h ; nh,vh),

(3.6)

a\{y/h ;nh,vh)= J2 aK{afbmk(nhm - nhk){Vhm ~ vhk)

Ken

+ afbjm(nhj - nhm)(vhj - vhm)

+ ambkj(nhk - nhj)(vhk - vhj)},

a2ÍWh ;nh,vh)^-r Y^ bK{bmk{nhm - nhk){Vhm + Vhk)

(3.7)

2
K€TH

+ bjm(nhi-nhm)(Vhj + vhm)

+ bkj(nhk-nhj)(vhk+Vhj)},

(3.8) c(y/h;nh,Vh) = Ci{y/h; nh, vh) - c2(y/h ; nh, vh),

(3.9)

C\{Vh ; nh , vh) = x Y^ aK{af(y/hm - Whk)(nhm + nhk){Vhm - vhk)
Ken

+ ak{y/hj - Vhm){nhj + nhm)(Vhj - vhm)

+ <*m(Vhk - ¥hj){nhk + nhj)(vhk - vhJ)} ,

C2Í¥h ;nh,Vh) = -z Y bK{(y/hm - ¥hk)i.nhm + nhk)(vhm + vhk)

Ken

(3.10) + (Whj - ¥hm)(nhj + nhm){vhj + vhm)

+ (¥hk - ¥h,){nhk - nhj)(vhk + %)}•

Here, af = \ cot 9r, r = j, k, m , where 9r denotes the measure of the angle

of K lying at the vertex xr, and brs = bsr = \(B(y/hr - ¥hs) + B(Vhs ~ W)) ■

From the acuteness and the minimum angle condition it follows immediately

that

(3.11) 0<af<C,       r = j,k,m, VKe\jTh.
h
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It is furthermore known that (see Zlámal [34]) brs > 1. Therefore,

(3.12) al(y/h;Vh,vh)>al{0;Vh,Vh)>ao\\Vvh\\2   VuA G Vh.

In a similar way we can derive

(3.13) nh{y/h ; Ph , vh) = ctiiy/h ; ph , vh) + a2{y/h ; pÄ , vh) - €(y/„ ; />ft , vh),

(3.14) £(if'h;Ph,v„) = ci(y/n;ph, vh) + c2(y/h ; ph, vh).

Theorem 3.1. The problem (2.10) has a unique local solution {y/n, rih, Ph}, i.e.,

there exists a positive constant T* {defined by (3.28)) such that the problem

(2.10) is uniquely solvable for t G [0, T*].

Proof. (I) Existence. Let {«/,, />/,} G F/, x Vh be fixed. Then there exists a

unique % G Vh such that

(3.15) d{y/h,Vh) = (Ph-nh + N¡,Vh)h,        vh G KÄ.

Let ^ = ^ in (3.15), and note that

(3.16) ||vA|| < ||vA|U < C||«*||   VdíEF,

We obtain

(3.17) l|V^||<C{||«A||-r||pA|| + l}.

We denote by P the mapping from Vh into itself, assigning uh = {nh , Ph}

to wh = {w^, w^} such that

(dw[X)      \ m
(a)  [—¡H'VhJ   +"\{Vh;w)l',vh)

= a2{y/h ; nh , vA) + c(y/h ; nh, vh) - (R{nh , ph), vh)h ,

vh£Vh,

(3'18) (b) (^f'WA) +«i(w;»?.«*)

= "MVa ; Pa . «a) +c~{Vh;Ph, vh) - {R(nh , Ph), vh)h ,

Vh&Vh,

(c)w{hi](0) = nl       w(2)(0)=pl

It is easy to see that the problem (3.18) is uniquely solvable. We shall prove

the solvability of (2.10) by showing that P has a fixed point. Let vn = tu],1' in

(3.18a), integrate over t in [0, t], and note (3.12) and (3.16); the left-hand
side of the resulting equation is then bounded below by

(3.19) HK^OII2 - \H[)(0)\\2} + ao f HViii^T)!!2^.
Jo
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Next, we consider bounds for the terms on the right-hand side.   Since (see

Zlámal [34])

(3.20) \X'{Q\<\    VÇG(-oo)00),

(3.21)

where X(0 = ^[B(Q +B(-Q] = tf(e< + l)/(*< - 1), and X(P) = 1, it follows
from (3.7), (3.4), (3.17), and (3.3) that

/ a2(y/h\ nh,w{hl))dt
Jo

-C      S 1 [l + 2^hm~VhkWnhm~nhk^wím + whk\ + m" I d%
J° Ken

J° Ken

+ \\vñh\\LHz)\\w¡!)\\LHz)}dT

< C [  Y {IIV^II^wIIV/iaII^^Hw^IUco^)
Jo Ken

+ hKl\\Vnh\\LHK)\\wJÏ)\\LHK)}dr

< C f{\\Vy/h\\ l|V«A|| Hu/^lli- + A-'IIVhaII \\w^\\}dx
Jo

< C [l{h-l\\ogh\^2(\\nh\\ + \\Ph\\ + 1)||"aII IIV^'H
Jo

+ «-2||«aI|K1)||}í/t

< C(h) j\(\\nh\\2 + \\Ph\\2)2 + l}dz+l-a0^ \\Vwi\r)\\2 dx

< C(h) J\\\uh(x)\\4 +\}dx+l-a0 j' \\Vw^\t)\\2dx.

By (3.9), (3.3), and (3.17),

I /*'
/ ci{y/h; nh,w(h{))dx

\Jo

\\nhm + nhk\\w(hm-w<hk)\ + --}dT

(3.22)       <C [\\nh\\L~\\Vy/h\\\\Vw{hl)\\dx
Jo

<Ch~{   /'ll/lAlKH/lAll + IIPAll+nilV^'lli/T
Jo

< C(h) j\\\uh{x)\\* + 1} dx + l-a0 f ||Vw{h])(x)\\2 dx.

U'YaK{aj\^-Whk\^
Ken
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From (3.10), (3.4), (3.3), and (3.17), we get

I f'
/ c2(y/h\ nh,w(hl))dx

\Jo

1   f'
-4/   £ bK{\Vhm- Vhk\\nhm + nhkWWhi +

JO     is e-T.

<\ + ---}dr

(3.23)

iLHK^h h°°(K)dr<cfY\Wvh\\LHli)\\nh\
J° Ken

<ch~x l Y \\^yfh\\u(K)\\^\\mK)\\wh)\\Laa^)dT
Jo Ken

<Ch~X\\Ogh\X'2  /'lIV^HII/lAllllV^llrfT
Jo

< C(h) f{\\uh(x)\\4 + 1} dx + iflo f \\Vw(hx\x)\\2 dx.

Noting that R(n , p) is Lipschitz continuous, and using (3.16), we obtain

f (R(nh,ph),w^)hdx
Jo

<C ['{WnhW + WPhW + m^Wdx
Jo

< cjl{\\nh\\2 + \\Ph\\2 + l}dx+l-a0j' \\Vw{hl)(x)\\2dx.

Thus, by (3.18c) and the fact that

\\w£\0)W<C\\n°\\,

(3.24)

we have

(3.25)

\w{hl)(t)\\2 < \\w{hl)(0)\\2 + C(h) f{\\Uh(x)\\A + l}dx
Jo

<C\\n°\\2 + C(h) f'{\\uh(x)\\4+\}dx
Jo

<Cx(h) + Cx(h) f{\\uh(x)\\*+\}dx.
Jo

Similarly,

(3.26) ¡K2)WII2 < C2(h) + C2(h) f'{\\Uh(x)\\* +l}dx.
Jo

By (3.25) and (3.26),

(3.27) |K(0||2 < C*(h) + C*(h) f {\\uh(x)\\4 +l}dx,
Jo

where C*(h) depends on h , ||«°||, and ||p°||.

Let
1

(3.28) T* =
1+4(C*(«))2

>0
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and

(3.29) a = {uh € Vh x Vh; \\uh\\2 < 2C*(h)}.

Then, by (3.27), for 0 < t < T*, we can prove that P(¿?) C €. By usual
arguments one can show that P is continuous. Therefore, the Brouwer Fixed

Point Theorem yields the existence of a fixed point of P.

(II) Uniqueness. Let {y/h, rih, Ph} and {y/h, «A, Ph} be solutions of (2.10)

for t G [0, T*], and let yi = y/h - Wh , ñ = nh - ñh , and p -Ph~Ph- Then

(3.30) l|V?||<C{||ft|| + ||fl|}
and

' dh
t ,vh)   + ax(y/h;n,vh)

(3.31) =ai{y/h; nh,vh)-ax{y/h; nh,vh)

+ a2(Vh ; «a . vh) - a2(y/h ; nh , vh) + c(y/h ; «/,, vh)

- c{y/h ; «a , vh) - (R(nh , ph) - R(ñh , Ph), vh)h ,       vh e Vh.

Let v h = « in (3.31); then, by (3.12),

2^II"IIa + ao||V«||2 < \ai(y/h ; «A , «) - ax(y/h ; «a , ")|

+ |a2(^;«A, h)-a2(y/h; nh, «)|

( '    ' +\c(y/h;ñh, h)-c{y/h\nh,h)\

+ \(R(nh,Ph)-R{ñh,Ph),ñ)h\

= h+I2 + h +14.

We integrate (3.32) over x in /, = [0, t] for t e I* = [0, T*] and note

that «(0) = 0 and (3.16); then the left-hand side of the resulting equation is

bounded below by

(3.33) i||n(0||2 + ao/'||V/i(T)||2rfT.

On the right-hand side of the resulting equation, we have, by (3.6), (3.20), (3.3),

(3.30), and ||«ft||Lc.(/. ;LJ) < C(h), that

I\dx<   /    Y aK{af\bmk-bmk\\ñhm-ñhk\\ñm-ñk\ + ---}dx
Jo Jo K€Th

-C I   S íl^« ~ Vk\\*hm - ñnk\\hm - ñk\■ + - - - }dx
Jo Ken

(3.34) <C [ \\Vy/\\\\ñh\\L~\\Vñ\\dx
Jo

<ch~{ f ||v^II¡I«aIIIIv«||¿t
Jo

< C(h) j\\\ñ\\2 + \\p\\2} dr + ^j^ ||V«||2 dx.

Noting (3.7), (3.20), (3.3), (3.30), and

(3.35) l|V^||Loo(/. ;¿2) + ||/iA||Loo(/. ;L2) < C{h),
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we get

hdx<  / {\a2(y/h ; "a , ") - a2{iph ; «a , «)l
Jo Jo

+ I«2(^a; "a, ñ)-a2{y/h; nh, h)\}dx

<C      Y^hm-¥hk\\ñm-ñk\\ñm + ñk\ + ---]
Jo KeT¡¡

+ [\ñm-ñk\\ñm + ñk\ + ---]

+ Whm- Whk\\nhm - nhk\\ñm + ñk\ + ---]}dx

(3.36)

Jo
<c / {limn iiv«iiii«iiLoc+«-'ii«iii|v«ii

Jo

+ I|V^||||V«A||||«||L~}<3ÍT

<Ch~l /'{||V^||||V«||||ñ|| + ||«||||V«||
Jo

+ |log«|1/2||V^||||«A||||V«||}ú?T

< C(h) j\\\ñ\\2 + \\p\\2} dx + ^j' ||V«||2 dx.

Breaking 73 into two parts, we have

i3 3?,     h < |c(^a ; «a > ») - c{y/h ; «a > «)| + \c(Vh ; «a , ") - c(y/h ; nh, «)|

= \c(y/h; «, ñ)\ + \c(y7; nh, «)| = hi + h2-

From (3.8)-(3.10), (3.4), (3.3), and (3.35), we obtain

hidx<C      Y {\-Whm - Vhk\\ñm + ñk\\ñm - ñk\ + ■ ■ ■ ]
Jo Jo K€Th

+ [|^Am- <Phk\\ñm + ñk\2 + ■■■]} dx

(3.38) < c J {IIWaII l|V«|| ||«|U- +«-'||V^|| ||ñ|| \\ñ\\L~} dx

<C(h) /"||v^aIII|v«||||«||¿t
Jo

<C(h) ¡ \\ñ\\2dx + ^- í \\Vñ\\2dx.
Jo 5 J0

By noting (3.30), we get

/   h2dx<C y"{[|^m- Vk\\Tlhm + HhkWñm -Äfc| + "-]
Jo Jo KeTh

+ [\Vm - H>k\\nhm + nhk\\ñm + ñk\ + -••]}dx

(3.39) <C     {||V^||||V«||||«A||Loo+/z-1||V^||||ñ||||«/¡||¿^}í/T

<C(h) í'\\Vy/\\\\Vñ\\\\nh\\dx
Jo

< C(h) j\\\h\\2 + \\p\\2]dx + °f jf' ||V«||2 dx.
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Noting that R(n, p) is Lipschitz continuous, and using (3.16), we easily see

that

(3.40) f IAdx<C I {\\h\\2 + \\p\\2}dx.
Jo Jo

From (3.32)-(3.34) and (3.36)-(3.40), we have, for each tel*,

(3.41) \\ñ(t)\\2<C(h) f{\\ñ\\2 + \\p\\2}dx.
Jo

Similarly,

(3.42) I|P(0II2<C(A) /'{H/1112+ ||^||2}rfT.
./o

By (3.41) and (3.42),

ll«(0ll2 + ||/K0li2<C(A) í'{\\ñ\\2 + \\p\\2}dx.
Jo

Gronwall's Lemma and (3.30) now complete the proof.   D

Let ev = y/ - y/h, en = n-nh = n-ñ + ñ- nh = nn +£„ , and ep=p-ph =

P - P + P - Ph = np + £p • Then we have

Theorem 3.2. With  T*  defined by (3.28), there exists a positive constant C

such that, for h sufficiently small

,,   .,. Ilínll¿°°(/' ;L2) + II£/>IIl°°(/' ;L2)

+ I|V^||L2(/.;L2) + ||V^||L2(/.;Z,2)<C«CT.

Proof. Subtract (2.10a) from (2.4a) to obtain

d(e¥ , vh) = {p - n + N, vh) - {ph -nh + N¡, vh)h

= {ep-en + N-Ni, vh) + (ph - nh + N,, vh)

-{Ph-nh + N,,vh)h,        vhGVh.

From Lemma 4.3 in Zlámal [34], (2.6), and (3.2), we have, for each Vh £ Vh,

d(ew , vh) < {\\e„\\ + |M + ||2V - 2V/||}||t;A|| + Ch{\\nh\\ + \\ph\\ + ||tf/||}||Vt;A||

<{M + \\ep\\ + \\N-Ni\\}\\vh\\

+ Ch{\ + \\en\\ + \\ep\\ + \\N-NI\\}\\Vvh\\

<{IK.II + IW + lk».ll + W + ll^-^/ll}||t'*ll
+ C«{1 + \\Ç„\\ + H^ll + ||»„|| + |M + \\N - tf/||}||VuA||

< {||f„|| + Kp\\ + h}\\vh\\ + Ch{\ + ||iB|| + ||{„|| + A}||Vüä||.

Thus, by (3.2e),

||Ve>||2 = d(ev , e>) = d(ev , y/ - y/¡) + d{ev, y/, - y/h)

< \\\Vev\\2 + C{\\V(y/ - y/,)\\2 + U„\\2 + KP\\2 + h2}

<^ev\\2 + C{\\L\\2 + Up\\2 + h2a}-
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Therefore,

(3.44) ||V^||2<C{||4||2 + ||^||2 + A2i7}.

To estimate £„ , subtract (2.10b) from (2.4b). Letting

(3.45)

(3.46)

Af(n, v) = (AfVn, Vv),

vK(y/\ n, v) = A?{n, v)-(nAfVy/, Vv),

and noting (2.5), (3.1), (3.5), and ax(0; n, vh) - a2(0; n, vh) = Af{n,vh)
(obtained by (2.7), (3.5)-(3.10), (3.45)), we have, for each vh G Vh ,

d^
dt

,vh)  +a¡{y/h;Ch,Vh)

dndn_
dt

,vh\   - {j¡j>vh) +vK{y/;n,vh)-i>{y/; n,vh)

(3.47)       +al(y/h;ñ,Vh)-al(0; ñ, vh) - {a2(y/h ; nh, vh) -a2(0; ñ, vh)}

+ {nAfVy/, Vvh) - {nhAfVy/h , Vvh)

+ (nhAfVy/h , Vvh) -c(y/h\nh, vh)

- Af{nn , vh) + {R{nh , ph), vh)h - (R(n, p), vh).

Let vh = £n in (3.47), and note that

a2(0 ; fc, , {„) = \Y bKtâm - &) + tâj - ZL) + (ilk ~ ?«j)\ = 0,
Ken

so, a2(0; «, £„) = <32(0; «A, £,„) ; then by (3.12), we have

i^||^||2 + a0||V^||2

< U''^)*     [dt'^J + \vK(y/; n,£n)-v(y/; n,Ç„)\

(3.48)
+ \a\{y/h; «, £,„) - a,(0; «, f„)| + \a2(y/h ; nA, {„)-a2(0; «a>£«)I

+ \(nAfVy/, V£„) - {nhAf Vy/h , Vf„)|

+ \{nhAf Vy/h , V£„) - c(y/h ; «A , {„)|
8

+ \Af(r,„ , i«)| + \(R(nh , p„), <S„)A - (R(n, p), {„)| = JV,.
i=i

Integrating (3.48) termwise over x in 7, = [0, t] for í G /*, we find that the

left-hand side of the resulting equation is bounded below by

(3.49) ;{||^(/)||2-||^(0)||2} + ao||V^||i2(/i;L2)
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Next, we consider bounds for the terms on the right-hand side of the resulting

equation. Using Lemma 4.3 in Zlámal [34], (3.1b) and (2.6c), we have

(3.50) jTf, dx < Chj' 1^1 \m„\\dx < f|||Vi„||22(/(;i2) + Ch2.

By (2.5), (3.45), and (3.46), and noting that ß(x) is Lipschitz continuous, and

(2.6), we get

dx > dx

(3.51)

f F2dx<  f\ Y  /Mi-^f||Vn-nVH|V{„
Jo Jo   (KenJK

<Ch I  Y \\Vn-nVv\\mK)\\VZn\\LHK)dT
J° Ken

<Ch [ \\Vn-nVy/\\\\Vc;n\\dx
Jo

<Ch f{\\Va\\ + \\Vy/\\\\n\\Loo}\\V!;n\\dx
Jo

<^l|V^|li2(/,;L2) + CA2.

From (3.6), (3.20), (3.4), (3.3), the Sobolev Imbedding Theorem, (3.2), (3.44),
and (2.6), we deduce

f Fidx<   f  YaK{af\bmk-^\\ñm-nk\\inm-t:nk\ + ---}dx
Jo Jo Ken

- C /   H i\Vi»» - yhk\[\nm - nk\ + \r¡„„ - n„k\]
Jq Ken

X \£nm-Çnk\ + ---}dx

<c i Y{llv^llL2ÄllvA/||i.2A1.0)(£)i|v4llL2/1,(]e)
J0 Ken

+ \\^¥h\\LHK)\\^(ñn)l\\L2{í)\\nn\\Lx^)}dx

(3.52) <C Í   Y **{IIVwlliïW||Vii,||I^„-^(JC)||VCll||Iw»(jr)
Jo Ken

+ l|V^llL^)l|V(«„)/||i2W||V^||L«m}ú?T

<Ch [ llV^IKIlVnll^c-^IIV^H^ + \\VriH\\\\VZ„\\L~}dT
Jo

< C f{\\Vy/\\ + ||V^||}{Aff||V«||L2/„-., + ||Vr,„||}||V^||dx
Jo

<Ch" All^lli+CT + l|V^||}||"||1+ff||V^||^r
Jo

< fllivij^,,;^ + ca^iiu2^.^ + iKplli-^,.^ + i}.
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Breaking F4 into pieces, we have

F*- 2   ̂   bKi\bmk- l||«Am-"A/tl|í«m+í«*| + "-}
Ken

< C Y^hm- Vhk\\nhm-nhk\\ínm+Znk\Jr---}

Ken

< C 5^{[|^m- Vfc||/Im-«/t||íBM+ínJt| + "-]

Ken

+ [\Vm - VkWtnm-Çnkïïtnm+Çnkl + ' "1

+ [\Vm-Vk\\ynm-ynk\\Çnm+Çnk\ + ---]

+ [\eVm - evk\\nm - nk\\c;nm + Çnk\ + ■■■]

+ [\e<i/m - e<t/k I \£,nm ~ Znk I \£nm + £nk I H-]

+ [\eVm - evk\\nnm - MnA||<j;„m +¿;nk\ H-]}

6

= !>•
í=l

By (3.4), the Sobolev Imbedding Theorem, (3.3), and (2.6), we get

/ F4idx<C      Y^m~<//k\\nm-nk\\Znm+c;nk\ + ---}dx
Jo Jo Ken

<C I   Y \\^^\\L2n^HK)\\Vñ'hv^HK)^"h^{K)dr
Jo Ken

J0 Ken

<Ch2a /   V ||V^/||L2/„-,)(A:)||V«/||L2/(,-,)m||^||L«>(/f)i/T

(3.54) Jo KeTh

<Ch2a   l     Y   \\V\\w+'(K)W\Hi+'(K)Kn\\L«>(K)dT
Jo Ken

<Ch2a fwvh-HtWnh+tWUL-dT
Jo

<Ch2a\logh\['2 [' \\y/\\i+(J\\n\U+a\\Vc:n\\dx
Jo

<frjl|V^HÍ2(//;L2) + CA4'7|log/J|.
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Using the Gagliardo-Nirenberg Inequality

(3.55) ||v|k«<C(í)||u||2/í||Vt;||(,-2)/?,        veV,q>2,

and Young's Inequality

(3.56) ab<C{S,q)a? + Sb"'{l-9),        a,b>0,q>l,

we have (let q - 2/a)

/   FA2dx<C V{^m-^||^m-^||^m+^| + ---}i/T
Jo Jo KeTh

J0 Ken

<C [    Y  \\Vy/!hvii-°HK)\\VÇn\\LHK)Kn\\Li/°(K)dT
(3.57) Jo ¿£k

<C   I     ||V^||L2/,.-»)||V^||||^||L2/^T
Jo

Jo

<f|l|V^llÍ2(/,:L2) + C||^||22(/(;12),

and by (3.4), (3.2), and (3.3),

/ F43dx<C      Y^f/m~^\\ynm-ri„k\\Z„m+Znk\ + ---}dx
Jo Jo Ken

<c f Y llv^/IU^^IIvwO/i^ii&ii^^rfT
JO     LTt-T.

^c i  Y l|VV/||LW-.)(jr)||V(»/ll)/||L2(JC)||í„||L2/.(jC)í/7
(3.58) Jo Ken

<C l|Vv||i2/(l-.)||V^||||í„||L2/.</T
Jo

<C f\\y/\\l+a\\Vrin\\\\^n\\dx
Jo

<^l|VC|li2(/,;i2, + C«2*.
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From (3.4), the Sobolev Imbedding Theorem, (3.3), (2.6), and (3.44), we get

Ix/ F44dx<C      Y^evm-eHlk\\nm-nk\\£,nm+Znk\ + ---}d-i
Jo Jo K€Th

<C f  Y llV(^)/llL2(jc)llVA/||i.2/(1_ff)(í)||4||i.J/ff(ie)í/T
J0 Ken

<c [ Y IIv^í/II^^IIvA/II^.^^ii^ii^^í/t
jo KeTk

(3.59) <Ch" Y  llV(^)/llLJ(Jf)llV"/llL2/('-)(Jt)IICIlL-mtí?T
70 Ken

<Cha       Y l|V^IL2(jf)||/ibi«(jc)||í#ilU<»(A:)í/T
Jo Ken

<Ch"\\oèh\^2 f \\VeJ\\n\U+amn\\dx
Jo

- JßW^WLHir.L*)

+   Ch2°\   l0g«|{||UÍ0O(/,;Z.2)    +    IICHicO^;^)    +   A2"}   ,

/   F45dx<C Y^e1"n~el'k\\(nm-Znk\\Znm+Ínk\ + ---}dz
Jo Jo K€Th

JU Ken

(3.60) <C f Y IIV(^)/||L2(Jf)||V{II||L2(Jf)||C„||Lco(Jf)dx
Jo Ken

<c Alv^llllvcilllClUooi/T
Jo

<C|logA|,/2{||C„||ioc(/,.i.2) + ||Cp||LOo(/,;L2) + A"}||Vi„||i2(/(;L2),

/   F46dx<C        V{|^m-^||r/„m-M„/t|K„m+^A:| + -.-}úÍT
Jo Jo Ken

<c [Y Wi,MIfáW1uMIfáté.h-ftdx
J0 Ken

(3.61) <CJ     Y^(e*)'\\viK)\\V(tln)l\\mK)Kn\\L~(K)dT
10 Ken

<C I ||V^||||V^||||ífl|kc.rfT
Jo

- Ï6I|VÎ»IIlï(/,;L2)

+ CA2CT|logA|{||^||200(/i;i2) + ||^||200(//;L2) + A2CT}.
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In order to estimate F$, we shall break it into pieces as follows:

F5 = \(AfenVy/, V{„)| + |(¿f«V<v , V{„)| + \(A?ZnVe¥ , V£„)|

(3 62) = l(^"V^ ' Vi»)l + WUnW > Vi„)|

+ pf «V*„ , V{„)| + pf £„Vev , V£B)|
= ^51+ ^52 + ^53 + -^54-

From Remark 2.1, (2.6), and using the Sobolev Imbedding Theorem, the Gagli-

ardo-Nirenberg Inequality (3.55), and Young's Inequality (3.56), we have

[   F5ldX<M    f    ||í„||L2/.||VHL2/(.-.,||V{II||I.2£/T
Jo Jo

(163) <C\Ml^W»)  f'winWWVtnf-'dT
Jo

<^l|VC|IÍ2(/,;L2) + Ci|C„||Í2{V>L2).

Furthermore, by (3.2),

/ F52dx<M i ||//w||L2/0||Víí/||¿2/„^,||V^||l2í/t
Jo Jo

(164) <C\\y/\\Lo,{HI+a) f \\Vnn\\\\Vc;n\\dx
Jo

< Eüwvf II2 +Ch2a

by (3.44),

[ F5idx<M [ \\ñ\\Loo\\Ve¥\\\\^n\\dx
Jo Jo

„,_, < CHnlUco^co) / ||WJ||V£„||¿t
(3.65) Jo

<f|l|V^IIÍ2(/,;L2)+C||V^||22(/(;¿2)

<f|ll^llÍ2(/,;L2)+C{|^||22(/i;L2)  + |^||22(/(;L2)+«2-},

and by (3.3),

/' F54 dx<M f H&lli. HV^II ||V{B|| dx
Jo Jo

(3-66) <C|logA|'/2{|Kn||L»(/,;¿2)

+ ll^lk-(/,;L2) + Aff}||Ve||22(/(.L2).

Since

A?(y/n,ih)= Y  Í A?VVh ■ V4dx=Y arca(K)AfVy/h ■ V£A
KenJK Ken

and

^f(^A,CA) = ^A(0; Wh,th)=   Y ""[aï (fhm - Vhk){Znm - Znk) + ■ ■ ■]
Ken

- 2   Z3 bK\-(Vhm- Vhk)(tnm+Çnk)+ ■■•],
Ken
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area(^)^f V^A • V£A = aK[af(y/hm - y/hk)(Lm - ink) + • • ■ ]

- ~ A*[( W,m - Whk)(Ínm + ink) + ' • • ]

and

F6 = c{Wh ; nh, i„) - J^ 2area(Ä")i4f VyA • V£A / «A rfÇ
if cT. J K.

Ken      K

~ 2   E bK \ ^hm * Vhk)(Znm + ink)

Ken

'{Vhm - Whk)(Ínm ~ ink) 2{nhm + nhk)-2 I hhdÇ +

(«A« + nhk) -2I-
Jk

hhdC +

Y aK{af{y/hm - y/hk){inm -ink)[{nhm - nhj) + (nhk - nhj)} + ■■■}

Ken

~2 E bK{('r'hm-V'kk)(Çnm+Znk)[(nhm-nhj) + (nhk-nhj)] + ---}
Ken

< C Y {\Vhm - Whk\[\Ínm ~ Ínk\ + \Ínm + Ínk\]
Ken

x I («Am - nhj) + {nhk - nhj)\ + ••■}.

Similarly to the treatment of F4 , we can show that

jTi%rft<g||v4,||î,t,i;I,) + c||&|iî,t,i:1„

(3.67) +CA2HlogA|{||í„||200(/i;L2) + ||ei||00(/(;L2) + A2-}

+ C|l0gA|1/2{|K„||LoO(/,;L2) + ||^||LOc(/,;L2) + ACT}||Ve||22(/i;I2).

By Remark 2.1 and (3.2),

(3.68) j'pjdx <M j' ||V«„|| IIV^H dx < ^||V^||22(/;;L2) + Ch2°.

Using Theorem 4.1.5 in Ciarlet [5], we have

\(R(n,p),in)h-(R(n,p),in)\

<CY hK{Mtz(K))°l2\\R(n,p)\\w^    (Jt)||VG,||tf(jr)
Ken

<Ch{ncz(Çl))al2\\R{n,p)\\w<      IIVCH
2/(1 -a)

<CA{||«||1+CT + ||p||1+ff + l}||V^||,
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where, in the last inequality, we have made use of (3.13) in Zlámal [33] and the

Sobolev Imbedding Theorem. Hence, by (3.16), (3.2), and (2.6),

f ^8 dx <  f{\(R(n, p), in)h - (R(n, p), in)\
Jo Jo

(3-69) +\(R(nh,Ph),in)h-(R(n,p),in)h\}dx

Combining (3.48)-(3.54), (3.57)-(3.69), and noting (3.16), ||{„(0)|| <
||«° - «°|| + ||«° - «°|| < Cha, and C\\o%h\xl2ha < a0/\6 for A sufficiently
small, we have

5ll^(0ll2 + ^l|ve||22(/;;L2)

(3.70) - Cllo8Al1/2{llf«lliV»(/f;iJ) + \\Íp\\L^{ir,^)}\\^Ín\\h(i,;0)

+ C{\\in\\2LHlr<Li) + \\ip\\h{Il.,Li)+h2°}

+ CA2ff|logA|{||i„||200(/i;L2) + ||^||200(/;;L2)}.

Similarly, we have

5ll^(0ll2 + f|llv^|li2(/,;L2)

(371) ^CIlogAl'^ilieil^^^^ + II^IUoo^^.^llV^II2^^,,

+ C{||e|ll2(/,;L2) + ||^HÍ2(/,;L2)+A2ff}

+ CA2HlogA|{||e||2„(/;;Z.2) + Ifclli-w.i»)}.

Let i = {in , ip} ; then

ïKWf + j^lNiWlmr,^

(3-72) < cilogAl'^llílLoo^.^llVíll2^^,)

+ CÍIIÍH^.^ + h2"} + Ch2°\ logA^U2^.^.

As in [6, 11, 31], let us make the induction hypothesis that

(3.73) CIlogAl^llíllicc^.^^g.

Obviously, (3.73) holds for t = 0. Thus, (3.73) will hold for t < t* for some
t* > 0. We shall show for A sufficiently small that t* = T* and that (3.43)
holds.

It follows from (3.72), (3.73), and Gronwall's Lemma that

(3-74) IKIIÍoc(/.;¿2) + ||VÍ||¿2(/.;¿2)<CA2CT,

where C is independent of T*. Note that (3.74) implies that the induction

hypothesis (3.73) holds for small A , so that the entire argument is validated.   D
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From Theorem 3.2 and (3.2), one easily obtains the following corollary.

Corollary 3.1. Let

(3-75) M = {\\n\\Laa{L1) + \\p\\Loom} + 1 ;

then

II«aIIl°°(/>;L2) + II/>aIIl°°(/';Z.2) < M-

If we substitute M defined by (3.75) for ||«°||L2 and ||p°||¿2 on which C*(A)

(in (3.27)) depends, then T* defined by (3.28) depends only on A. Thus, for
A fixed, T* is a fixed constant, and we can show that the problem (2.10) has

a unique global solution by extending gradually the local solution defined by

Theorem 3.1. Therefore, Theorem 3.2 holds for / instead of /*. Noting (3.2)

and (3.44), we have the following main results of this paper.

Theorem 3.3. Problem (2.10) is uniquely solvable. Let {y/,n,p} satisfy (1.5)-

(1.8) and {y/h, nh,Ph} satisfy (2.10). If the regularity assumptions (2.6) hold,
then there exists a positive constant C such that, for A sufficiently small,

II« - «aIIi-(l2) + \\P -Phh^lV) + l|V(v - Va)IL-(L2)

+ l|V(« - «A)|b(L2) + ||V(p - Ph)\\mLi) < Ch°.

Corollary 3.2. Theorem 3.3 holds for the case when B = 0, considered by

Zlámal [33, 34].
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