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ANALYSIS OF A ROBUST FINITE ELEMENT
APPROXIMATION FOR A PARABOLIC EQUATION
WITH ROUGH BOUNDARY DATA

DONALD A. FRENCH AND J. THOMAS KING

ABSTRACT. The approximation of parabolic equations with nonhomogeneous
Dirichlet boundary data by a numerical method that consists of finite elements
for the space discretization and the backward Euler time discretization is stud-
ied. The boundary values are assumed in a least squares sense. It is shown
that this method achieves an optimal rate of convergence for rough (only L2)
boundary data and for smooth data as well. The results of numerical computa-
tions which confirm the robust theoretical error estimates are also presented.

1. INTRODUCTION

Consider the initial boundary value problem
yi+Ay=0 inQx]|[0,T],
(1) y=g onlx][0,T],
y(-,0)=v onQ,

where Q is an open bounded convex polygonal domain in R? with boundary
I'. We assume the elliptic operator

29 )
= i§=:1 0 <al’](X)3x1>
has smooth coefficients, say C2(Q), and the 2x2 symmetric matrix with entries
a;,; is uniformly positive definite on Q.

In this paper we are primarily concerned with rough boundary data g which
belong to either the space L>*(0, T; L%(I")) or L2(0, T; L*(T)). This is typi-
cal of certain problems in control theory where the control g has the bang-bang
property (see [17]). As such our scheme for approximating the solution of (1)
is a building block for solving these control problems.

For Neumann boundary control problems of parabolic type the finite element
approximation has been analyzed by Winther [22]. For related time-optimal
control problems see Knowles [16].
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Ground-breaking work on parabolic control problems with boundary Dirich-
let control was done by Lasiecka [17, 18, 19]. Approximation by finite element
methods of problem (1) was also considered by Lasiecka [17, 18] and Choudury
[6]. One such method that is analyzed in [18, 6] uses piecewise linear elements
in space which vanish on I". Optimal-order convergence is proved for the
continuous time method in [17] and for a fully discrete scheme in [6]. This
nonstandard approach, while optimal for rough g, is suboptimal for smooth

The scheme we propose and analyze is optimal for both rough and smooth
boundary data. Our approximation u consists of piecewise constants in time
and finite elements in space, and assumes the boundary values in a least squares
sense. Specifically, let ¥} denote the space of piecewise constant functions on
a partition 0 =t < t; < --- < ty = T, where ¢, = nk and k > 0 is the
time step. Then y € V) if vy = Zf;l wjx1, , where xj, is the characteristic
function of I; = (tj—;, t;]. We denote by V}, a finite element space on Q with
parameter /. In our estimates with rough boundary data we require

(2) k = ch?;

however, this restriction is not necessary in our analysis for smooth boundary
data.
To define our scheme, we need to introduce some L2 projections. Let

Vo= {xeVi:x=00nT}
and V,(I') denote the restriction of ¥, to I'. Define the L? projections
Oy L2(F) — V() and Py: L?(0, T) - Vi, and set Q = QyP. = PQy.
We denote on I,
k Ji
Our numerical method is as follows: Find u € V}, ® V), such that

Pow = Plw = 1 w(t)dt.

(3) Zl(u ¢) +ka(u", $)]=0, VoeVl®W,

with u = Qg on T=Tx (0, T], u® = PPv, where u" is the restriction of u
to QxI,, #0: LX(Q) — V; is the L? projection,

6w 0z
a(w, z) /(Z a;,j(x 8x,~5c—;) dx,

i,j=1

and (w,z) = [ywzdx. In Theorem 1 we will consider v € H~'/3(Q),
bounded linear functionals on H'/?(Q), and define #0: H~1/2(Q) - V}, by

v(¢) = (Fv, ¢), PEV,.
Subsequently we denote the duality pairing for v € H~1/2(Q) and ¢ € H'/?(Q)

by (v, ).
It is straightforward to demonstrate that (3) is uniquely solvable since for
each n=1,2,..., N

W —u""", ¢) +ka(u", ) =0




FINITE ELEMENT APPROXIMATION FOR A PARABOLIC EQUATION 81

forall pe V}?,andon T

nol :
w=g [ ot nar

This method is equivalent to backward Euler and is the simplest discontinu-
ous Galerkin method (see, for example, [14]). For more general discontinuous
Galerkin methods, see [8, 9, 15]. Observe that defining the approximate bound-
ary data through interpolation would be inappropriate, since the data, g, is not
continuous.

We will prove the following error estimates.

Theorem 1. There exists a constant C independent of h, u, and y such that if
(2) holds then

(4) ly = ull 20, 7, 12002 < Chl/z(”g”U(Z) + vl g-12)

for ve H-'2(Q) and g € L*(Z).

Theorem 2. For any ¢ > 0 there exists a constant C independent of h, u, and
y such that if (2) holds then

(5) oHax, v —w)(, )l < Chl/z_e(”g”Lw(o,T;LZ(I‘)) + vl ag)

where v € H/2(Q) and g € L*(0, T; L¥(IN).

We denote by C a positive generic constant that is independent of 4, k,
and the data pair (v, g).

A key ingredient in the proofs of these error estimates is the orthogonal
decomposition of Vj,: ¥, = V0 & (V)1 , where

Ot ={p€Vi: (¢, 2)=0, x €V}
or
VOt ={peVald,x)=0, xeV}.

Following Bramble, Pasciak, and Schatz [3], we refer to the latter choice of
(V2)* as discrete A-harmonic functions.

The outline of the remainder of the paper is as follows. In §2 we discuss
problem (1) in our setting with Q a convex polygonal domain. We present a
weak formulation for this problem that is suitable for our analysis and obtain
a priori estimates in L2(0, T; L2(Q)) and L>*(0, T; L%(Q)). In §3 we state
the approximation-theoretic and inverse properties of ¥, needed in the proofs
of the error estimates. We also derive certain useful estimates for functions in
(Vh")l . In §4 we establish a stability estimate for the method and prove the L2
error estimate. Section 5 is devoted to the L> error analysis. In §6 we sketch
the proofs for optimal L? and L™ error estimates when y is smooth. Finally,
in the last section we present some numerical experiments.

2. REGULARITY

Lasiecka proved in [17] that there exists a unique solution to (1) on a domain
Q with smooth boundary I' which satisfies an a priori L* in time estimate
(see (21)). Lions and Magenes [20] proved similar results which were L? in
time but still require a smooth boundary. We shall need both L> and L? in
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time estimates in the case where Q is a convex polygon. Although we suspect
such results are known to specialists in partial differential equations we could
not find them in the literature. Therefore, we sketch the proofs of these and
related results for use in later sections.

We denote by H™(QQ) the usual Sobolev space of integer order m > 0 with
norm ||+||,» . Note that H%(Q) = L2(Q). Similarly, H'(I') denotes the Sobolev
space of integer order r >0 on I' with norm |-|,, and on H(I') = L*T) the
inner product is given by

(w, z) =/wzda.
r

As usual, the Sobolev space of order one with functions that have trace equal
to zero on I' is denoted H}(Q). Also, H~!(I') is the dual of H!(I'), and
H~1(Q) is the dual of H'(Q). For real s the spaces H°(Q) and H*(T') are
defined by interpolation.

We will have occasion to use the following norm interpolation inequality (see
Proposition 2.3 in Chapter 1, §2 of [20] or [5, Theorem 3.2.3, p. 180])

(6) lwllors(1-0)s < Cllwli?wll;=*

where 0<60 <1 and 0<r, s <2. Also, from Grisvard [13, Theorem 1.5.10]
we have for ¢ >0 and z € H'(Q) the inequality

C
(7) 2[5 < ?||Z||%+8||Z||(2)~
From this it follows, for v € H(Q), that
‘ ov > C

—| < Z|vl|? +e|lv|?
av4 _ell 5 + ellvlly,

0

where
2

ov ov

3 = Z ai,j(X)5—vi

61/,1 e 8Xj
and v = (v, v,) is the unit outward normal to I". Applying (6) to the second
term on the right side and then the arithmetic-geometric mean inequality, we
obtain

(8)
0

On @ = Qx[0, T] let H*>"(@) = L*(0, T; HS(Q))NH'(0, T; LX(Q)) with

norm
- 1/2
lwlls,r = (/0 flw(-, t)ll?é’”/ﬂlW(L ’)||3,[0,T]dx) ;

where | - |I; 0,77 denotes the norm on H'([0, T]). Similarly, H*"(X) =
L%, T; H¥))NnH"(0, T; L*)), and the norm on H*:"(X) will be denoted
by |-ls,r-

The elliptic operator 4 defined by a(u, v) = (Au, v) for v € H}(Q) satis-
fies (see Grisvard [13, Chapter 3])

v |*

C 2 23010012
< ZJ|vl||5 + &7|v]l5-
OWgln ~ s” I3 llvllg

9) lull2 < CllAullo,
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where 2 (A4) = H*(Q)NH}(Q) . There is a continuous extension of 4 to L2(Q)
which we also denote by A and which is defined by (Au, v) = (u, Av) for
v € H}(Q) . This operator has an orthonormal in L2(Q) basis of eigenfunctions
{dm}_y CZ(A) and real eigenvalues 0 < A} <Ay < A3 <--- such that

a(d’m > v) = Am(qsm s U) Vv € HOI(Q)
with
a(dm, ¢1) = Am(Pm > 1) = AmOpmi »
where d,,; denotes the Kronecker data (see Babuska and Osborn [1]).

Following Bramble and Thomée [4], we denote by H*(Q) the subspace of
L?%(Q) consisting of functions v such that

1/2
vl s ) = (Z AV ) < 00,

where v, = (v, ¢n) . It follows, for 0 < s <2, that
V1l sy = 4570 jo,

where A? is defined by A7u = 00 AL umdm . We note that H*(Q) = Z(4),
H'(Q) = H}(Q) = 2(4'?), HYQ) = L*Q), and H(Q) = H(Q) for
0<s< % Also by the K-method of interpolation introduced by Lions
and Peetre (see Butzer and Berens [5, p. 166]) one gets H*(Q) = D (4*/?) =
[H}(Q), LX(Q)]s for 0<s< 1.

For g =0 the solution of (1) is given by

(10) E(t =) e " vpnpy,.

m=1
For smooth I' one has the well-known smoothing property for ¢+ > 0 and
0<i<s:

(11) IE@llgq) < CEC2 0Ny, veEH(Q).

For a convex polygon Q the solution E(-)v is only guaranteed to lie in & (4) =
H?(Q) . It follows that (11) is valid for 0 </ < s < 2, by the same proof as in
(4].

To establish the solvability of (1), we need the Dirichlet map D: L%(I') —
H'2(Q) defined by

0
(12) (Dg,A¢)=—<g,5ﬁ> V6 € D (4).
Vy
It is well known that D is a bounded mapping.
We denote the solution to (1) with inhomogeneous right side f, v =0, and
g=0 by

t
Bf=/ E(t—s)f(-,s)ds.
0
Using the bounded mapping T: L*(Q) — Z(A), defined by
a(Th, ¢)=(h, ¢) V¢ € Hy(Q),
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we can show by energy arguments that

I1Bfllt,0 < CITflli,0 and [IBfllo,0 < ClITfllo,0,
as well as for the E operator

IE()vlli,0 £ Cllvllo and [|E()v]lo,0 < Cllv]l-1-
Taking f = An in the previous inequalities for B, we obtain

1BAnll1,0 < Clinlli,o and [[BAnllo,0 < Clinllo,o-

By interpolation (see Theorem 5.1 in Chapter 1 of [20]) it follows that BA:
H%&) - H*%@) and E(-): H~1(Q) — H*-%&) are bounded maps for
0<s<1.

We now turn to defining y as a solution of the following very weak formu-
lation of (1): Find y defined on & such that

(13) /OT(y,w,—Aw)dt=/()T<g,%> di — (v, w(-, 0)

for all w € H>Y(@) N H}(Q) with w(-, T) = 0, where v and g are given.
We will specify appropriate spaces for v, g, and the solution y in what fol-
lows. We note that uniqueness holds since the only solution for zero data is
y = 0 (choose w, — Aw = y). Moreover, formulation (13) is essentially the
transposition procedure of Lions and Magenes [20, Chapter 4, §8] and will be
the starting point for the error analysis of our method. We will obtain L> and
L? (in time) a priori estimates in terms of the data.

Let {n"}2, be a sequence of infinitely differentiable functions which have
compact support in Q forall ¢, and let {v"}, C C>*(Q). Take z" to be the
solution of

z} +Az"=-n! on&
with z" =0 on I' and z"(-, 0) = v" — n"(-, 0). Through integration by parts
in both ¢ and x it is easy to show for w € H> /(@) N H}(Q), w(-, T) =0,

T T
/ (z”,w,—Aw)dtz—/ n", w)dt+ (v*, w(-, 0)).
0 0

Setting y" = z" + 5", we find

T T
(14) /O(y",w,—Aw)dt=/0 (n", Aw)dt+ (v", w(-, 0)).

Moreover, z" is given by

(15) Z"=E()(" - n"(-,0)) - Bn/,

and using integration by parts on the second term, we obtain
(16) y" = E(-)v"+ ABn".

Note that 4 and B commute on L?. From the boundedness of the mappings
E(-) and BA it follows that

(17) 1¥" 2,0 < CUlv" =12 + 11" ll1/2,0) -
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Assuming v" — v in H~Y2(Q) and #* — Dg in H'/2:9(@), we have y" — y,
and from (14) it follows that y satisfies

T T
18 [ vow-dw)di= [ (D, Awydi+ @, i, 0)
0 0
forall w € H>Y(@)n H}(Q) with w(-, T) =0. Also, from (16) we have
(19) y = E()v + ABDg.
By the definition of Dg, y satisfies (13) and
(20) lh2.0 < CUlvlI-172 + &lo,0) -

With the same argument as in [17] it follows that for v € HY/3(Q), g €
L>(0, T; L*T)) (hence, Dg € L*(0, T; H'/%(Q))), and ¢ >0,

(21) IliLo©, 1 mr-c@) < CUVlI2 + 18llLe@, T;2(r)) -

Formula (19) and estimate (21) were obtained in [17] for the case where I is
smooth.

Inequalities (21) and (20) give estimates on the regularity of the solution in
terms of the data. We establish a priori bounds in Propositions 1 and 2 for the
approximate solution, u, using the same data norms as in (21) and (20).

Finally we state results for the following backward in time parabolic problem
that will be used in our analysis. If f € L?(&), then

w,—Aw=f inQx][0, T],
w=0 onIx[0,T],
w(-,T)=0 onQ
has a unique solution w € H* (@) n H}(Q). It is not difficult to prove that

(22) lwll2,1 < Clifllo,o
and
(23) lw(-, 0)|li £ Cliflo,0-

3. APPROXIMATION PROPERTIES

In this section we give a precise definition of our finite element space. We
also list the required approximation properties of various projection operators
we use and present several key technical results.

Let 0 < h < 1 and V), be the space of continuous piecewise linear func-
tions relative to a quasiuniform triangulation 7% of Q. That is, for some a
(independent of 4) each triangle € T* contains a disc of radius ok and is
contained in a disc of radius 4.

Define P): L?(Q) — V0 to be the L? projection, and let P}: H'(Q) — V)
denote the elliptic projection:

a(Plv, ¢)=a(v, ¢) vpe VL.

We now list, for later reference, some well-known (see Ciarlet [7, §3.1]) prop-
erties of ¥}, and V. For ze€ H5(Q), 1 <s<2,

(24) (¢ = zllo + Allé — zll1) < Ch|z]l;,

inf
PEV,
(25) I(I = Qn)zlo < Ch*~ 12|z
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We also use the inverse properties for y € Vj,:

(26) Ixlls < CA=SD)xly,  0<I<s<I1,
(27) Xl < CR ¥ gl 0<r<y.
Remark. Inequality (25) follows from (24) by the use of (7) with ¢ = A=,

Remark. Using a duality argument together with (25), one obtains

(I - gn 22

N

Indeed, for Aw =0 in Q and w = 9z/dv,4 on I', we have by (25) and elliptic
estimates

- Qh)g—j;

(28)

<Ch'Pzl2,  zeHYQ).
0

= (I - Qyywlo < Ch2wll, < Ch12| 2%
0

b

172

Vy

from which (28) follows by the trace theorem.
For V0 it is well known that, for z € H5(Q) N H}(Q) with 1 <s5<2,

(29) inf (l¢ — zllo + hll¢ — zll) < CA|iz|is .
pevp
Remark. An immediate consequence of (29) and a standard duality argument
is:
(30) I - PHyzll; < Ch7'|izll;,  ze HYQNHQ), 0<I<1<s<2.

From (30), the boundedness of P,? in L?, and the norm interpolation inequality
(6) it follows that

(31) (T = P)zllo < Cho|zlls,  0<s<2, z€D(A).
By similar arguments it follows from (24) that
(32) (I = P)zllo < Ch|z|ls, 0<s<2, ze H(Q).

Remark. We note that (25), (28), (30), (31), and (32) are valid for any space
V, satisfying (24), (26), (27), and (29).

Finally we list two approximation properties of the space V; for a generic
Hilbert space H:

(33) W= P)zllpo, 7.8 £ Ckllzdlvo, ;1) 5 ze H(0, T; H),
(34) IPezllio, 70 < ClizlliLvo, 758 > ze LY 0, T; H).

We now prove three lemmas that involve the following splittings of an arbi-
trary u € Vy:
u=uy+u, and u=uy+up,

where u, = P)u and up = P}u. Note that

(35) (uh9X)=03 X € I/ho5
and
(36) a(ug, x)=0, xeV.

The first two lemmas are slight generalizations of some results of [3].
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Lemma 1. Let u € V), and suppose z € H*(Q) satisfies a(z, ¢) = 0 for all
¢€ H)(Q) and z=u on T. Then

(37) Iz — unlly < Ch="ulo.

Proof. By (3.34) of [3], uy — z € H}(Q) satisfies

(38) luw — zll < Ca'(z —uy, z —un) < Cluly2,
and (37) follows by the inverse property (27). O

The next result follows from Lemma 1 by the triangle inequality, elliptic
estimates, and (27).

Lemma 2. Forany ueVv,,

(39) lurlls < Ch='2ujo.
Lemma 3. Suppose ueV),; then
(40) Nunlls < ChY2=5|ulo, 0<s<l.

Proof. Since C§°(2) is dense in H?(Q), p < % (see [12]), there exists {v"} C
C$°(Q) such that lim,_ [|[v" — upl|i» = 0. Noting that u, = (I — P)uy , we
then find
lunllo = lim [|(1 = PY)v"(lo < Ch'/? Lim |[v"{|\/2 = Ch'P||uglly)2 -
n—oo n—oo
As in the proof of Lemma 1, we have

Nlurlli2 < llum = zlli2 + zllhy2 -

By the elliptic estimate ||z||;;» < Clu|o together with (37) we obtain (40) for
s = 0. For the case s = 1 the result follows by the inverse property (26) and
the case s = 0. Now the general result follows by norm interpolation. 0O

4. L? ESTIMATES

In this section we prove Theorem 1. We assume that v € H~/2(Q) and
g € L%(X), and hence y € L%(0, T; H'/2(Q)) satisfies (13) and (20).

An integral part of the proof is a particular stability estimate for the numerical
scheme. The stability analysis of the method is of some interest, independent of
its use in proving Theorem 1, and we begin by stating the main stability bound.

Proposition 1 (L2 stability). There exists a constant C independent of h, k,
and the data pair (v, g) such that if (2) holds then for 0 < n < N,

n
41) Y — WG+ ka, w)) + g < Ch (IR 2 + 1815, 0) -
j=1

Before proving this stability result, we state and prove an auxiliary lemma.

Lemma 4. There exists a constant C such that for 0<n < N,

n
(42) > () — w) MG + ka(u), w))) + luplls < Ch= (01212 + 1£15,0) -
j=1
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Proof. For any ¢ € V0 we have
(W ==, ¢)+ka(’, ¢)=0.
Substituting u = u, + u, and using (35), we have
(u;; - ui_l i ¢) + ka(ui ) ¢) = _ka(ui ) ¢) .

Choosing ¢ = u{; and summing, we have
n
1, . o o 1

> |5~ 1 + at w)] + 51
(43) = 1 )

= 5 luplis = D_ka(u}, u).

j=1
Using the arithmetic-geometric mean inequality on the right side yields
n

1, . 1 o 1
S (0 - 713 + yeatuy ) ) + 31
(44) =t

1 1 & P
< §||u2||% + 3 Zka(uj, , up).
=1
Since 4} = P2#)v, we have
(P, Py) < lvll=12llP2w 12

udllo = sup < Ch™'Yv|2y )2,

verr  llvlo veL Q) lwllo

where the last step follows from the inverse inequality (26).
By Lemma 3 and the fact that Q is bounded it follows that

> katuh, )= [ atf,updr<chy: [ |ogRr
j=1 j=1"4 Jj=1"4

- 2
< Ch l||g"1,2(0,1,.;L2(I‘))' O

Proof of Proposition 1. By the triangle inequality and Lemma 4 it suffices to

consider .

> (g, — ™ N1§ + ka(uy,, up) + lluzllf -
j=1
Using the inverse inequality (26) and assumption (2), we have
n n
> (g, — w13 + ka(u,, w)) + lluplls < C Y N3
j=1 j=0
The proof of Proposition 1 follows by an application of Lemma 3:

n n
j 2 2
Yz c (hz w3+ ||u0||o)
j=1

j=1

n
< Ch™! (Z klu/|§ + ”U"2—|/2)

j=1
_ 2
< Ch I(||é>’||22(0,:";1,2(r))+”U“—I/Z)' =
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We are now in a position to prove the main result of this section.

Proof of Theorem 1. Letting w € H> (@) N H}(Q) with w(-, T) = 0, we
obtain

N
/ N, w — Aw)de = > lw w) - ", Aw))di
0

n=1 In

= é/{ [k‘l(u”, w" —w" Y —a(u", w) + <Qg, S_LU;M dt.

We apply summation by parts to the first term:

N
S| kNt wh - whhde
(45) n=1"1

N
=(uN,wN)-(u°,w°)—E k=Yu" — w1t whdt.
n=1 U
But w¥ =w(-, T) =0, so we have

T
/ (u, w, — Aw) dt
0

(46) =é/}n(—k“(u"~u”“,w”")

—a(u", w)+ <Qg, gTu;>) dt — (u°, w?).

Subtracting this from (13) and letting w, — Aw = e, where ¢ = y — u, we have

N
leld.o =3 [ (e =t wr=1) + G, w) d
n=1 1n

N
ow
@ w3 [ (U= ) di-Tw, w0 o, w0

=h+h-J;.
We estimate the individual terms in reverse order. Clearly,
|53l = (v, (I = Pyw(-, 0))] < [wll—1/2ll(1 = PD)w(-, 012
< Ch'P2||v]| 2y allw (-, O)llr < CR'|jv]| -1 12llello.0,

where the last step follows from the parabolic estimate (23).
We estimate J, by the approximation properties of P, and Q,, the inter-
polation inequality (8), and the parabolic estimate (22):

Jz=/0T<(I—Pk)g, ) dt+/0T <Pkg, (I—Qh>§7“;> dt

- /OT (- Pog. ot - Rw) dt+/0T (P - 0ng2 ) dr.
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Applying the Cauchy-Schwarz inequality to this, we obtain the estimate

12
2 8_w2 /
0,0 ‘

0
< — (] -
|21 < Clglo.o (‘61/,, (I = Pw o,

+|a-on

0,0

Inequality (8) yields
2

0 C
aT(I_Pk)w < =t = Powll3, o + XU = P)wllg o

4 0,0 ¢

C
< ;Ilwllg,o + &k |wl[§ -

Choosing ¢ = k~1/2 gives
P 2
87(1—Pk)w < Ck'"Plw]3 ;.
4 0,0

Since
(1-00ZE| <chiul,

we obtain, from assumption (2) and estimate (22),
|2] < Ch'P||lwl2,11glo,0 < Ch?|lello,0l&lo,o0-

Finally, we turn to the estimation of J; . We have

N
Ji=Y (" —u, wh) + ka(u", Pfw)
n=1

N
=Y (" -u"", w"' - P Prw) + ka(u", (I - P})P{w).
n=1

Application of the Cauchy-Schwarz inequality gives
(48) |1l < T - Ty,
where

N 1/2
T = (Z(uu" — w3 + ka(u”, u"»)

n=1

and

N 1/2
T, = (Z(Ilw"“ - P} Prw|)3 + ka((I — P)Prw, (I - P,,‘)P,fw))) )

n=1
In view of Proposition 1 it suffices to estimate 7, . First we note that by (30)
lw™™! - Py Pwllo < lw"™" = Plwllo + (1 = P})Pfwllo

(49) < n—1 _ P Ch2 PP
< Jlw kWllo + Ch%||Plw]2,

and again by (30)
(50) a((I - Py)P{w, (I - Py)Pfw) < Ch*|Plw]3.
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It is straightforward to show that

(51) lw"™! — Plwllo < k1/2||wt||L2(1,.;L2(Q))
and
(52) I1PEwlly < k™ P2llwll 2z, ; ) -
Hence, by (2) and the previous estimates (49)—(52),
N 1/2
I,<C (Z(h4 + kh?)| Prwl|3 + k||wt||2u(1,, ;LZ(Q)))
n=1

N 12
2
< Ch (Z wllZar, oy + wellZag, ;L%Q)))

n=1

< Chllwllz, 1 -

By the parabolic estimate (22) we have ||w|2,; < Clle|lo,o and hence T, <
Chllello,o . Combining this with (48) and Proposition 1 completes the proof. O

5. L ESTIMATES

In this section we prove Theorem 2 as well as an L stability estimate
in time. We assume v € H'/2(Q) and g € L*(0, T; L*(T')), and hence
y € L*(0, T; H'/>7¢(Q)) satisfies (13) and (21). We will use the spectral
properties of the discrete elliptic operator 4,: V) — V;? defined by

a(x,$) = (4nx,9) YoeVy.
Let {y!, lf'}ﬁ'l be an orthonormal eigensystem for A, that is,

a(yl, ¢) =yl ¢)
forall ¢ € V0 with 0 < At <2t <... < 'Ullv,, , where N, = dim(V}?) and
(wh, l//j'-') = d;; . In our analysis we will use the norm

Ny
Nxlli2=>"(x, wh@aty,  o0<s<1,

i=1

where x € V0 isgiven by x = S (x, w/)w! . Itis easy to see that
Ny
1213 =30 wh? = 1ilxlIi3
i=1
and
a(x, x) = (4nx> 1) = llIxllIF -
By interpolation, Bank and Dupont [2] prove there exist constants Cy and C;
so that
Gollxlls < lllxllls < Cillxlls,  0<s<1, xeV.

Since A, is symmetric positive definite, we may also define

Ny
Al =Y (x, whHhiy!, 0<g<l.

i=1
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It follows that
Ny

2
14572203 = (A5, %) =S (x, w2k = 1[l1xlIi?.

i=1
The following lemma is critical to our proof of Theorem 2.

Lemma 5. There exists a constant C such that for 0 < q < 1

(53) 451 +kAp) ™" < Ct; 9.

Remark. The inequality (53) is a discrete version of a key semigroup inequality
used in [6, 17].

Proof of Lemma 5. We first assume 0 < g < 1. We have

451 + kd4p)™"l| = sup f(4),
A€o (4y)

where f(¢) = t9(1 + kt)~", and o(A4,) denotes the spectrum of A,. A short
calculation shows that on [0, oo) the absolute maximum of f occurs at A* =
q/(k(n — q)). It follows that

59 10 <= (s ) (1+55) = (7).
Thus,

q-n
(55) 1AX(T + kA" < ¢° ( ) (79 < Cotye.

1-qg/n
The analysis above is valid for ¢ = 1, except when n = 1 and f has no
maximum. However, the estimate for this case is obvious. O

The following lemma establishes the boundedness of the projection 3”,,0 .
Lemma 6. There exists a constant C such that for all z € H*(Q)
(56) I20zlls < Clizlls,  O<s<I.

Proof. Let Z}: H'(Q) — V), satisfy

(Ppz, o =(z, ), peVy,

where (-, -); denotes the inner product on H!(Q).
It follows by a standard duality argument that

(57) (I = P))zllo < Chliz|l ze H'(Q).
By definition, 9",? is a bounded linear operator from L2(Q) into itself. Also
we have
10zl < (PP = Bzl + 1) 2l

< Ch (I =P zllo + U = B zllo) + 12111

< Clizllv,s
where we used the approximation properties of 9",? and (57) in the last estimate.
Thus, 3”,? is a bounded map from H!(Q) into itself. By interpolation (see

Theorem 5.1 in Chapter 1 of [20]), £#?: H*(Q) — H*(Q) is bounded for 0 <
s<1. O

We now give the L™ in time stability estimate.
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Proposition 2 (L stability). Suppose v € H'/*(Q) and g € L*(0, T; L¥)).
Then for 0<n< N,
1
(58) Nutll oo (0, 1, ; 111 () < Ch™'/2 (||U||1/2 +ln( ) lgllL=0, e L2(TY) ) .
Proof. For ¢ € V! we have
(up —up~", ¢) + ka(uy , ¢) = —ka(uy, ¢),
and since —a(u}, ¢) = a(u, — up, ), we obtain
(I +kAp)ul = ul™" + kAp(ul — up).
It now follows that
n
= (I +kdp)™"ud + kY (I +kAp)™ Ap(up=/*" —up 7,
j=1
and hence
laplll < 1T+ kan) ™4, N1l 2

59 “ : : n—
) + kYN ART + kAN Il =+ = ™ )

j=1
By Lemma 5 it follows that

n
~1/4 inonei .
latpl < Coo Pl + Che 5 g™ = ™l
j=1

Now we estimate the terms |||u2|||1/2 and |||u{; - u{,lHl . We have by norm
equivalence

Wudlll1/2 < Clludllij2 = CIPEPRvN 2 < CUUT = PPN j2 + P01 2) -
By Lemma 6, the inverse property (26), and Lemma 3 we find
Wedlll1j2 < CRYAU = P00 + [[vll1/2) < Cllvllyya -

Also, since uj' — uf = uf; — u}', the triangle inequality and Lemmas 2 and 3
imply that

(60) lluy —upllh < Ch™'2|u™|y < Ch_1/2|g'L°°(l,,,;L2(l‘))-

Combining these estimates gives

1
(61)  lupllzooo, oy 11y < Ch™/? (llvlll/z +In ( ) gl 0,z LZ(r)))

since Z;;] ktj'l <C ln(%) . It is not difficult, using Lemma 3, to show that

(62) NunllLeo, ;s La@) < CRY21I8l Lo 0. 1, 12D))
and
(63) 0‘2% aup(-, 1), up(-, 1)) < Ch™ 2|18l o0, 1, : L2(T) -

Finally, by the triangle inequality, we combine (61), (62), and (63) to give
(58). O
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We complete this section by giving the proof of Theorem 2.
Proof of Theorem 2. By the triangle inequality,

I =), Dllo < I =), Dllo + 1T = F)y(-, Tlo-

Letting n = (u — 9?’,?y)(o , T) and using the approximation properties of 9’,?
along with the a priori estimate (21), we have

64)  |l(m =), Dllo < lInllo + CE*(JJvlli2 + 18l L0, T L2(Ty)) -

Thus, we must estimate 7. Let w € H>/(@)NH}(Q) satisfy w,—Aw =0 and
w(-, T) = n. Starting with (13), the discrete equations for #", and summation
by parts, we obtain

N
(=), T), m) = Z/J(k*(u”—u"-',w"-'>+a(u",w)>dt
n=1%Y"n

N
Caw\ o
+§/z,<(1 Q)g’au,,>d’ (I =P, w(-,0)).

Adding and subtracting 9”,?):(- , T) on the left side, we have, since
((I_gl?)y(°’ T)a ") =0

N
Inliz = 2/{ (= (" — w1, ) + a(u”, w)) di
n=1%"n

(65) T
+ [ (0. 52 ) de- (- S, ., 0)
0 O0vy
=S1+85+83.
We now estimate the terms S;. For the last we have
(66) 131 < 1T = P)vllollw(-, O)llo < CA2 ]l 2lInllo

where the estimate for w(-, 0) follows from (23). We now estimate S;:

Sz=/0T<g (- Pk>§“;>dt+/or<Pkg (- 005 d.

By the Cauchy-Schwarz and Holder inequalities we have

ow
IS2] < 1&g Lo, T L2(T) (H I-PF) v,

LY(0, T L2(D)
(67)

uu on 2w

aVA LY0,T; L2(1‘))> '

We estimate the terms on the right side of (67) separately. Using (8), we have

0
BI/A

ow
6VA

L'(O,T;LZ(I‘))
< Ce™ "I - P)wllpo. 1. m2@) + e\ (I = POwllo, 7.2 -

+— = Pw

’(I—Pu

L'(0,T; L)
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Choosing ¢ = k~!/2 | we obtain

ow

(I~ P")c‘)uA

LY(0,T; LY(T))
< CEYANI = Pwllpo, T sy + kAU = Powllpigo, 7; 120 -
Since w, = —Aw , we have

I = P)wllLio, 7;220) < Ckllwilizio, ;2@ < ChllwllLio, 7; m2a))

and
I = P)wllpo, ;12 < Cllwlinio, T 2 @) »
so that
w

(68) “(1 P) 9 < Ck'™lwllpio, . m2q)) -

Ovs LY(0,T; L¥(I)) o
To complete the estimation of S, we turn to the last term in (67). By (28) we
obtain
(69) H(I Qh) < Chwlipo, 7.2 g) -

aVA L0, T; LX(T)) o

Combining estimates (68) and (69) in (67), we have

1S2] < C(kY* + h'2)||gll Lo, T2 L2arp Wl L0, 72 20 -
We now apply the estimate (11) with s =2 and / =¢:

T
(70) llwllLio, ;2 < C/O (T =72l dt < Crllnlle < Crh~|nllo,
where we used the inverse inequality (26) in the last step on 7 € V},. Thus,
(71) 1S2] < Chl/z_E”g“Loo(o,T;LZ(F))||'1||0.

Finally, we turn to estimating S;. From (3) we have for any ¢ € V,,0 ® Vi
N
S = Z((u" —ut w't - ¢) + ka(u", Plw - ¢))
L, Plw"! — ¢) + ka(up, P P{w — )
(I - POyw" ") + ka(uly, (I - P}Plw)).

The choice ¢ = P,?w"“ on I, gives

N
Si =) ka(up, P Plw — Plw"")

n=

1
N
Z (up —up=", (I = POyw"") + ka(u}y, (I - P})Prw)]

—Tl TT2.
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We estimate the terms 7} and 7,. By the Cauchy-Schwarz and Hélder in-
equalities we have

N
(72) IT| < [ull Lo, 7 H1(@)) Zk“Ph]wa - Plw" ;.

n=1

By the triangle inequality and inverse property (26),
1Py P{w — PRwlly < (I = Py) P wlly
+ Ch7' (I = B)Pfwllo + I1PY(Pfw —w"")llo),
and hence by (30), (31), and the boundedness of P?,
(73) 1P Pfw — PRw™ Iy < C(RIIPRwlly + A" || Pfw — w"lo) -
It is not difficult to show

(74) IPfwllz < k™ MwllLi, . )
and
(75) |1Pfw — w" o < llwill L, - L2 -

Combining these estimates, we obtain

N
Y KIPPfw = Plw™ |y
n=1
(76) N
<C Z Rlwll L, . 2@y + kB well g, 20

n=1
< Chlwlipio, 75 H29)) »

where we used (2) and w; = —Aw in the last step. By (70), (72), (76), and
Proposition 2 we complete the estimate of 7 :

_ 1
1 < on= (ol +10 (3 ) lim. v ) o,
For T, we have |T,| < F; - F,, where

Fi = |lupllo, 72 220y + Plurlli oo, 75 1200y < Ch2NIgll 100, 75 120
by Lemmas 2 and 3. Moreover (since P,:'w"‘1 =w"!),

N
=Y (I - B)P{w™ o+ kh™'|I(1 = PP wl;
1

3
Il

<

M=

(T = PYPR(w™™" = w)llo + (I = PY)Pwllo + kh™"|(I ~ Py) Pwlls

3
|

M=

<CY |lw™t = Flwlo + (h* + k)| P{wll2,

n=1
where we used (30) and (31) in the last step. The last estimate together with
(74), (75), and assumption (2) completes the estimation of F;:

F < Clwl|pio,r; n2Q) -
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Combining the estimates for F; and F,, and using (70) gives

|T>] < Ch'28|| gl Lo, T 2y lInllo -

This completes the estimation of S;. Combining the estimates for S}, S,, S3
in (65) gives the required bound for ||n||o. Substituting this in (64), we obtain
the required estimate at ¢y = T . Since the same argument applies for any ¢, ,
the proof of Theorem 2 is complete. O

6. SMOOTH SOLUTION ESTIMATES

In this section we show that an optimal-order convergence rate is obtained for
our method when y € H2:1(#). Our analysis is quite similar to that contained
in [14, §8.4; 15]. Note that there are no restrictions on k or % in this section.
As usual, the error is split into two components:

e=y—-u=y—ii+il—-u=60-n,
where @t € V;, ® V) is defined on I, as follows:

1
u=u"=+ [ a(,s)ds, n>0,
kJp,
and #° = u°. The function (-, t) € ¥, is an elliptic projection:
a((@-y)(-, 1), ¢9)=0, peVy,

for 0<t<T and & = Qpg on I'. The following lemma gives the approxi-
mation properties of .

Lemma 7. There exists a constant C independent of h, i, and y such that
(717 Iy = 2)(-, Dllo < CRAlY(-, D)2
Proof. Define &,: H'(Q) — V), by the equation
a(Pyw, X)+h (P, ) =a(w, )+~ (w, x)
forall x € V,. For & € H'(Q) define the norm
A (&) =(a, &) +hER) /2.
It follows that for w € H?(Q)
N (I = Pp)w) = q}glf N (¢ —w) < Chllwllz,
h

where the last estimate follows from (7) and (30) by choosing ¢ = A~1/2 and
¢=Pw.

We note that a(%,y, ¢) = a(y, ¢) for ¢ € V2. Thus, a(it — Py, ¢) =0
for all g€ V,,0 . So, #t— P,y is discrete A-harmonic and therefore by Lemma 2

a(t — Py , it — Fy) < Ch™ i — Pyl
< Ch™ (U = QYR + I - Py)
< Ch™Y\(I = P)yli.-
This implies by the triangle inequality

A (U—y) < CA (1= F)y).
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From this we obtain the optimal estimates
a(@—y,a-y) < Ch|yl}

and
|l —y|5 < Ch|yll3.

Let w € 9 (4) satisfy Aw =@ —y on Q. Then for any ¢ € V}?
. N ow
Ji- 13 = aa -y, w-)+ (- Q. (1~ QT2 )

<A (a-y) (tl(w—¢,w—<15)+h‘(1—Qh)?—tﬂ

81/,,

N 172
0)

where we chose ¢ = P,:w on the last step. Thus, by elliptic regularity,

< Chllwll2# (2 - y),

& —yllo < ChA (i —y).
Combining this with the previous estimates proves (77). O

Remark. The function # and the argument used in the proof of Lemma 7
were introduced in French and King [11]. Also, see the related work in Fix,
Gunzburger, and Peterson [10].

By standard arguments we can now show, using the result of Lemma 7,

(78) 16100 < Clk + k)|l 1,
N
(79) ST klI6™1F < C(k + AD)ll2, 1
n=1
and
(80) 161l L0001, : 260 < Ck + hD)YllLo0.7: 2 »

where 0" = y(-, t,) — #". In contrast to our analysis in §§4 and 5, the solution
y satisfies the following weak form for ¢ € Vho:

(81) [ 0m =y 0 vaty, ey di=o.
We are now in a position to state and prove the L2 convergence theorem.

Theorem 3. If y € H* (&), then there exists a constant C independent of
h,u, and y such that

(82) v = ullo,o < C(h* + k)|Iyll2, 1 -
Proof. Define z € V! ® V., so that z¥ =0 and

(83) k7N zm—-z2" ) —a(z" 9 =", 9),  pEV).
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Letting ¢ = " and integrating in time, we have

N
Eo=%" /, k(2" = 2", ") — a(2", )
n=1 n

= —Z/l 7Yz u —u" Y+ a(z", u))dt
N
+§/I,. K=", u) — (2", " h)dt
N
—;/I(k“(z"—z”", @) — a(z"", @) dt

N
U B R CEE N U RV RN RS
n=1"1

where the last line follows from (3) and zV = 0. Now from summation by
parts we have

N
Inllg,0 = —(2°, u® — % + Z/I (k' at -t +a(z", @) de
n=1

N
==Y [ k' 6" 0", 2"yt
n=1"1

In the last step we subtracted the equation

N

(84) 0=Z/I<k-'<y"—y"—',¢>+a<y,¢>>dz
n=1""n

and used the fact that

(85) /a(y-a",¢)dz=o

n

for ¢ = z"~!. Also, the first term is zero since #° = ¥°. Summation by parts
gives

N
(86) g0 =Y (2" —2"", 0m7Y,
n=1
where we used the fact that (6°, z%) = (1 - #P)v, z0) = 0.
By setting ¢ = z"~! — z" in (83) and using summation by parts, it follows

that

N N
kTN =z < D kln I3 = lnli3 o -
n=1

n=1
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By the Cauchy-Schwarz inequality applied to (86) we have

12 , §
Inli3,0 < (2 k(6" ‘no) (Z k2" - z"-‘n%)
n=1
N

< 2 k10" 3.

12

(87)

By (79) we have the requlred estimate for 7, and the estimate (82) now follows
from (78). O

We now move on to the L™ estimate.

Theorem 4. There exists a constant C independent of h,u, and y such that
forany 0<n<N

In
89w =ylo<C (1+mn (7)) Gt P rmay-
Proof. Let z € V! ® ¥, satisfy z¥ =y" and
(89) k~H(z"—z2"t ¢y —a(z"t, ) =0, ¢el).

Letting ¢ = u" — @i" and integrating in time, we obtain
N
Z/ k=1(z" = 21, u" — ") — a(z"), u" — ")) dt = 0
n=1 In

Since #° = 4%, summing by parts gives

I3 = - Z/Ik Yt =i — @ — @Y, ) 4 a(z Yt — ) dt.

From (83) and (84) this becomes

N
"1 =3 / [(k=(0" — 67", z1) + (6, 2] d1.

Summing by parts and recalling that (6°, z°) = ((/ - #0)v, z0) =0, we find
N

a5 = (", M) =" : k16", z" — 2" Y+ a(d, z"1)]dt.
n=] %"

From (85) we obtain, since zV = n¥,

N
™1 = )= (z"=z", e

n=

< 116" lolln™llo + max ||9"||02||Z — 2" Ylo.

n=1

—

From [14, p. 166] we have

Stz - o< € (1omm (E))1elo= ¢ (10m (5 ) ) 1n¥lo,

n=1
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SO

T
N < . n
inlo <€ (141 (%)) max 1670,

From (80) and the fact that N can be replaced by any » the proof is com-
plete. O

7. NUMERICAL RESULTS

In this section we discuss a practical implementation of our method on some
problems with both smooth and nonsmooth boundary data. We let 4 = —A.
Our scheme, which consists of piecewise linear finite elements in space and the
implicit backward Euler method in time, is standard except for the handling of
the boundary conditions. We use a preconditioned conjugate gradient method
to solve the linear systems that arise on each time step. An incomplete Cholesky
decomposition provides the preconditioner.

The numerical results demonstrate clearly the advantages of a robust method.
In a smooth example the optimal O(h?) convergence rate is achieved. In ex-
periments with boundary data that has jumps and discontinuities in time and
space, we found the rate of convergence over the range tested is more like O(h?),
where y > 1/2. Previous methods that required the approximation to be zero
on the boundary could achieve at most an O(h'/2) convergence rate.

Our practical evaluation of the boundary conditions requires some discus-
sion. To find #"*! from u", we need the boundary function Qg restricted to
the interval in time I, , which is given by

/<<I—Q>g,x>dz=0, L€ V(D).

In

Let {¢1,...,¢s} be a basis for V,(I'). We have, on I,, Qg = Z]J:l cjdj,
and taking y = ¢, gives

J
Z=: (9;, ¢i /1,,<g,¢i>dt

To simplify the left side, we approximate the inner product by the trapezoid
rule; the matrix then becomes diagonal. On the right side of the equation we
used the trapezoid rule in the smooth case and the rectangle rule with a large
number of subdivisions in the rough data case. In all experiments we took
Q=(0,1)x(0,1), T=0.1, used a uniform mesh to discretize Q, and chose
k=Ch?.

The results for our experiment with smooth boundary data are displayed in
Table 1 (see next page). We took as the known solution

y(x1, x2) = e~ " 2sin (n_;c_.) sin (%3) .
The order of convergence was computed by the formula
Rate = In(E;/E\)/In(hs/h ),

where E, and E, are errors on successive meshes, and #; and h, are succes-
sive triangle diameters on these meshes. As predicted, we obtain an O(h?) rate
of convergence.
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TABLE 1. Smooth g

Mesh N Error Rate

4x4 2 | 0.456(-1)

8x8 8 | 0.112(-1) | 2.03
16 x 16 | 32 | 0.280(-2) | 2.00
32x32 | 128 | 0.701(-3) | 2.00

Our solution in the second experiment has a jump in time in its boundary
data, g =0 for t <7 and g =1 for ¢t >, where { = 0.07071 and v = 0.
The true solution to this problem is obtained by separation of variables. We
find y(-,t) =1+ z(-, t — ), where

(e @)
z(x1, X, ) =—16 Y ;e‘(“i”’fn)’sin(anxl )sin(bmx2),
anbm
n,m=1
ap=02n-zm, by=2m-1)n, z=0on I',and z=-1 at t =0 on
Q. We evaluated all boundary integrals using the trapezoid rule, splitting the
integral on the interval I; that contains 7 into two pieces, one on each side of
the jump in the boundary data. Table 2 has the results for this case. It is not
surprising that the convergence is better than 4!/2 | since the solution is smooth
except near 7.

TABLE 2. g discontinuous in time

Mesh N Error Rate
4x4 2 0.728 -
8x38 8 | 0.528(-1) | 3.79
16 x16 | 32 | 0.150(—1) | 1.82
32x32 | 128 | 0.508(-2) | 1.56

In the final test the boundary data is given by

g(xy, x2,t) =sgn (sin (% + \/5) sin(47x; + V2)sin(67x; + e)) ,

where sgn is the signum function. Here, g has discontinuities in both space
and time. Since we do not know the true solution in this case, we compared our
approximations to a finite element approximation obtained on a 64 x 64 mesh
with 512 timesteps. Table 3 has the results, which again show the convergence
rate is better than A!/2,
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TABLE 3. g rough

Mesh N Error Rate

4x4 2 | 0.118(+1) -

8x8 8 0.671 .814
16 x 16 | 32 0.274 1.29
32x32 | 128 0.132 1.05
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