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THE CUSP FORMS OF WEIGHT 3 ON T2(2, 4, 8)

BERT VAN GEEMEN AND DUCO VAN STRATEN

Abstract. The congruence subgroup ^{2, 4, 8) of the group Fi of 4 x 4

integral symplectic matrices is contained in T2(4) and contains T2(8), with

Tiin) the principal congruence subgroup of level n . The Satake compact-

ification of the quotient of the three-dimensional Siegel upper half space by

T2(2, 4, 8) is shown to be a complete intersection of ten quadrics in P13 . We

determine the space of global holomorphic three forms on this space, which

coincides with the space of cusp forms of weight 3 on T2(2, 4, 8) ; it has di-

mension 2283. Finally, we study the action of the Hecke operators on this space

and consider the Andrianov L-functions of some eigenforms.

1. Introduction

1.1.     In this paper we study the cusp forms of weight 3 on the congruence

subgroup Tgi2, 4, 8) of Tg := Sp2gi1) in case g = 2.
Recall that Ts(«) consists of the matrices which are = / mod « , that

r,(4,8) = { (c d) e r*(4) : diag(5) - diag(C) - ° mod 8 } '

and in [6] the following (normal) subgroup of Fg was defined:

Tg(2, 4, 8) := { (7 +¿A'   j _^AD)j g r,(4, 8) : traced') = 0 mod 2 } .

In particular,

r(8)^r(2,4,8)^r(4,8)^r(4).

The Siegel upper half plane Mg is the analytic variety consisting of g x
g complex symmetric matrices with positive definite imaginary part. For a

function /: H —» C, M G Tg and k e N one defines

{c Z)M-f\k \¿   D) (t) = det(Ct + D)~kfi ÍAx + B)ÍCt + D)~x ).

Let F be a congruence subgroup of Vg , that is, Ts(«) c F for some «.
A modular form of weight k for F is a holomorphic function / on Ug
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satisfying f\kM = f for all M e F . The C-vector space of such functions is
denoted by A4(F).

One defines the Siegel operator *F, mapping / e Mk(T') to a function on

H*-i, by

¥(/)(t) := lim /((5j})),        T6HH.

The subspace 5^(F) of A/¡t(F), called the space of cusp forms, is defined by

Sk(T) = {/e MkiV): V{f\kM)ix) = 0 Vr G H,.,, VM G T^}.

1.2. In case the group F acts without fixed points on B.g (for example,

if F c r¿(«) and « > 3), the space A/s+i(F) corresponds to the space of

holomorphic \gig + l)-forms on the quasi-projective variety Xo = E.g/T'.

This correspondence is given by co h-> / when

n-.Mg^X0,        n*co = f(yl\dxi]}.

The subspace of those forms which extend to (any) smooth compactification X

of Xo is exactly Sg+\(T'). In particular,

Sg+liV)^H0(X,^ig+1)).

A remarkable aspect of this result is that the 'cusp form condition' need only

be checked at points in the boundary of the Satake compactification which are

in quotients of Hg_i , rather than at all points which are in quotients of Mk

with 0 < k < g - 1 (this can be generalized to other symmetric domains, see

[1, Chapter IV]). We will happily exploit this fact.

1.3. In the case g = 2 (where we will omit the subscript g) and F =

T(2, 4, 8), the variety Xo can be described explicitly as a Zariski open sub-
set of a projective variety X c P13. The embedding of Xo into P13 is given

by certain theta constants. The variety X is the complete intersection of ten

quadrics, which can easily be written down explicitly. Using this, and combi-

natorics of theta constants, we can determine the space H°iX, Q3~), and thus

also the space Si(Ti2, 4, 8)). (We use the computer program 'Macaulay' for

the manipulations with ideals of polynomials.)

On the space S3(r(2, 4, 8)) there acts the finite group r/F(2, 4,8), and
we determine the decomposition into irreducible subrepresentations.

In the last sections we study the action of the Hecke algebra on •S,3(r(2, 4, 8)).

The action of this algebra is induced by correspondences. In this case these are
codimension 3 cycles on Xo x Xo and by 'pullback-push forward' they give

linear maps on S3(r(2,4,8)). The definition of these cycles is in terms of iso-

genies of abelian varieties. Similar to the elliptic modular case, one has a congru-

ence relation which relates the action of the Hecke operators on Si(Ti2, 4,8))

to the action of the Galois group Gal(Q/Q) on H3ÍX, Q¡). It is therefore of
some interest to determine the eigenspaces and eigenvalues of these operators.

We determined the Hecke polynomials, which describe the Hecke action, for

several cusp forms and for some small primes p .
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Most of the forms we consider appear to be obtained via liftings from modu-

lar forms on subgroups of SL2iZ). In one case the Hecke polynomials suggest

that the modular form is related to a Hecke character of the field of eight roots

of unity (the form g\). There is one case in which the Hecke polynomials of

the cusp form do not allow one of these interpretations (the form g2). In this

paper we do not actually try to prove that most of the forms are indeed liftings.

2. Combinatorics of theta characteristics

2.1. The modular forms we consider are linear combinations of products of

theta constants. For m = ¿(m', m") G K2 x E2 with m', m" G {0, 1} we

define the theta constant Qm : H2 —> C with (half-integral) (theta) characteristic
m by

Mr) := £ «p(2*iTi(A; + f )x\k + f) + (k + f )'(-f )]).
fcez2

The theta constant is not identically zero if and only if the theta characteristic
m is even, i.e., m"m" e 2Z. There are ten even theta characteristics. If
m = jia, b, c, d) we will also write

emir) = e["cbd](r).

Under the action of T on H2 these ten theta null's are permuted (up to a

root of unity times a common factor, cf. 5.2). Therefore, I" acts on the set C\

of the ten even characteristics. The action of M g Y is given by (cf. [8, V.6]):

M:Ci^Ci, M*m:=n, n = mM~x + ±((C'D)0, {AtB)Q) mod 1.

Here, M e T is the matrix with blocks

"-(¿2).
and (CD)o, ÍA'D)o are the diagonals of the matrices CD and A'B, respec-

tively, viewed as row vectors.

This action of T factors over r/T(2) = S6, the group of permutations of

the set S = {I, 2,... , 6}. The ten even theta characteristics then correspond

to the 5(3) = 10 partitions of S into two subsets with three elements each (cf.

[9]); such a partition is called a triadic syntheme. The action of S¿ on C\ is

then easy to follow.

2.2. Associated with each m eC\ there is a quadratic form Qm in the vari-

ables X0,Xi,X2, X3 and a quadric Vm = V(Qm) in P3 = P(X0 ,X{,X2, X3).
The QmS are defined by the relation (cf. [8, IV. 1]):

(2.3)        o2,(T) = Qw(o[n](2T),oto¿](2r),0[¿0](2T),0[¿¿](2T)).
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123 456

x2 + x2 + x2 + x2

^■0 ~ X\ + %2 ~ ^3

An   T" A| Á.*, AiL0 '1

XQ — Xl - x2 + x3

2(X0Xl + X2X3)

2iX0X2 + XlX3)

2{XoX3 + XlX2)

2íx0xx - x2x3)

2ÍX0X2 - XxXi)

2(A-0A-3 - XyX2)

The ten quadrics determine an interesting configuration of 30 lines ( 15 pairs

of skew lines) and 60 points (vertices of 15 tetrahedrons). By a tetrahedron

we mean the algebraic variety consisting of the union of six lines, the edges,

meeting in four points, the vertices, as in the figure.

We let Ci be the set of subsets of cardinality /' of C\ and we put C = \J¡ C¡.

We describe the orbit structure of 56 on C and that part of the geometry of
the quadrics which is relevant for our purposes.

2.4.   Proposition.

follows:
The orbits of the S¿ = r/T(2) action on the sets Cn are as

1. The group S6 acts transitively on C\\      JJCi = 10.
2. The group S^ acts transitively on C2;      %C2 = 45.

Two quadrics Vm and V„ intersect in a 4-gon of lines, thus determin-

ing a tetrahedron.

3. There are two orbits on C3, denoted by C3+ and C3~ .

c3 = c3+ u C3- ttC3 = (3u) = 120,        BC3+= ttC3" = 60

A triple {m\, m2, m3} is in C3+ if and only if m¡ + m2 + m3 is an
even theta characteristic {such triples are called syzygeous).

A triple {mi, m2, m3} is in C3~ if and only if m\ + m2 + m3 is an
odd theta characteristic isuch triples are called asyzygeous).

The quadrics of a syzygeous triple intersect in eight points, vertices of

two tetrahedrons.
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The quadrics of an asyzygeous triple intersect in a pair of skew lines.

4. There are three orbits on C4, denoted by C%, C4-, and CJ.

C4 = C4+UC4-UQ*,    «C4 = (40) = 210,    tíC4+ = |tC4- = 15,    »Q = 180.

A 4-tuple {m\ ,m2,m3, «14} is in Cf if and only if any subtriple is
in C3 . ÍOne can also characterize 4-tuples in C/ by m\ + m2 + m3 +

«14 = 0.) We call such 4-tuples syzygeous.

A 4-tuple is in C^ if and only if any subtriple is in C3~ . We call such

4-tuples asyzygeous.
A 4-tuple is in C4 if and only if the sum of two subtriples is even and

the sum of the other two subtriples is odd.
The sets Cf and C+ are in natural 1-1 correspondence with the set

of the 15 tetrahedra and the set of 15 line pairs respectively as follows:

For S e Cf, the complementary set S e C& consists of six character-
istics whose corresponding quadrics pass through the vertices of a unique

tetrahedron Ts. The union of the four quadrics Vm, m G S, contains

24 of the 30 lines, but none of the six lines of the tetrahedron Ts.
For S G C4 , the quadrics Vm, m G S, all pass through a line pair

Is ■ Conversely, any of the 15 line pairs is cut out by four quadrics, thus

setting up a 1-1 correspondence. The union of the four quadrics contains

all the 15 line pairs.
5. There are three orbits on C5, we denote them by C¡ , C$ , and C$.

C5 = C5+UC5-UC5*,    ÍC5 = (15°) = 252,    »C5+ = »C5- = 90,    |jC5* = 72.

A 5-tuple is in C$ if and only if it contains a iunique) syzygeous

4-tuple.
A 5-tuple is in C¡ if and only if it contains a iunique) asyzygeous

4-tuple.
A 5-tuple is in C¡ if and only if the sum of the five characteristics is

odd.
For any S G C¡, the union {jm£S Vm also contains all the 15 line

pairs.
6. For n > 6 the orbit structure of C„ can be obtained byjaking com-

plements from the above. We use the notation C^0_¡ := {S: S e C~},

Cr0_,.:={5:5GC+}.
Proof This follows easily from [8, V.6, especially Prop. 2]. The transitivity

of S6 on C2 is in fact the corollary of Prop. 2. Note also that the sum of
an even number of theta characteristics transforms linearly, so orbits may be

distinguished by such a sum being 0 or not, whereas the sum of an odd number

of theta characteristics transforms like a theta characteristic, so such orbits may
be distinguished by the sum being even or odd.   D

2.5.    The complete incidence structure between points, lines, and quadrics is

easily obtained, and is left to the reader as amusing passtime. We only note:
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A line pair 1$, S G C4 , lies on a quadric Vm, m G C\, if and only if
meS.

Furthermore, on each line there are six points, thus on each line pair there are

12 points, and these 12 points make up three tetrahedra. Conversely, through

each point there are three lines and each tetrahedron is formed out of a triple

of line pairs, etc. etc... .

2.6.   Lemma. The S^-orbit structure on the C,-, i = 2, ... , 8, is given by:

C+(15)      -I     C+(90)     A     C+(15)

4 / \i

C3+(60) V \2 C+(60)

3 /" 2 \ /6 \ 4

C2(45) C4*(180)     A     C5*(72)      i     C6*(180) Cg(45)

3  \ 2  /" ^6 ^4

Cj-(60) 4\ ^2 Cf(60)
4  \ /l

C4-(15)      i     C5-(90)     A     C-(15)

w«ere A -^ B means: each S e B contains exactly n S' £ A. There is also

a dual interpretation: A -^> B means: an element S G B can be extended in n

ways to get an element S' G A .

3. The space IcP13 and its singular locus I

3.1. In [6], the map

e:^2(2,4,8):= H2/T2(2, 4, 8) — P13,

T~(---:ö[o J¡](2t):-:-:0«(t):-).

where m runs over the ten even charateristics and a, b run over {0, 1}, is

shown to be an embedding. We denote the image by Xo and the closure of Xo

in P13 will be denoted by X.
We define two morphisms:

p : X — P3,        q : X —► P9

obtained by projection on the first four and the last ten coordinates.

The map p corresponds to the natural map ^4(2,4,8)-»/l(2,4);in fact,
P3 can be identified with the Satake compactification Asi2, 4) of .4(2, 4).
The boundary components of Asi2, 4) correspond to the 30 lines in the P3.

The map q corresponds to the natural map AÍ2, 4, 8) —► AÍ4, 8).

The equations of X are very simple. To describe them, we choose for each

m G C\ a variable Zm and consider

Fm:=Z2m-QmeC[X,Z].

3.2. Lemma. The projective variety X has the following properties:

1. X is the complete intersection of the ten quadrics Fm, m e C\.

2. The singular locus £ of X is exactly the inverse image of the union of the

30 lines in P3 under the map p. The locus £ consists of 30 • 23 = 240
irreducible components, each one isomorphic to a degree-S, genus-5 curve.
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3.  X is íprojectively) normal and is in fact isomorphic to the Satake com-

pactification of A2i2, 4, 8) :

X = A\Í2, 4, 8).
Proof Let X' = {(£, Z) G P13 : Fw(^, Z) = 0 VmeCi}. Then by equa-
tion (2.3), we have that X' c X. Furthermore, the projection p : X' ->

P3, (X,Z_)>-^X represents X' as an iterated branched cover of P3, branching

along the quadrics Vm , m G Ci. It follows that X' is purely 10-codimensional

and hence is a complete intersection.

An easy local computation shows that X' is singular exactly above the points
where at least two of the quadrics Vm intersect. When we restrict to the line

X2 = X3 = 0 the equations Fm reduce to

Z, - X0 + Xx ,

ÍA){Z2 = X2-X2, i*){

Z2 = 2*0*!,

( y2 _ y2 _ 7 2 _ 72   _ n
^(, — ^j  — ^g — -¿-if) — U,

Z2 - 72¿-1  — -^3 !

72 - 72^2 - ^4 '

72 _ 7 2Z-5  - Z,g .

The ideal generated by (A) defines a degree-8, genus-5 curve in (Z[ : Z2: Z5 :

Xq : X^-space (in fact, this is the elliptic-modular curve X(8)). The equations

(B) show that the solution set consists of 23 = 8 copies of this curve.

As dim £ = 1 and X' is a complete intersection, it follows that X' is irre-
ducible and thus X' = X.

Furthermore, as a complete intersection is arithmetically Cohen-Macaulay,
it follows from Serre's criterion for normality that X is (projectively) normal.

Since the map 0 is given by modular forms, there exists a morphism i// : X —>

A1 {2, 4,8). Since 6 : H2/r(2, 4, 8) -» Xo is an isomorphism ([6, Theorem
2.2]), the map y/ is a birational isomorphism. Comparing the description of

the Satake compactification in [10] with X, we see that ^ is a bijection. By
Zariski's main theorem it follows that X = As(2, 4, 8).   D

Now let

Ix = iFm: meC,)c C[X, Z],        Rx := C[X, Z_]/Ix

(the affine coordinate ring of the cone over X). Furthermore, we let h be the
ideal of (the affine cone over) the singular locus I with its reduced structure

(i.e., Iz is radical).

3.3.   Lemma. We have Iz = C]S€C- (Zm, m&S; Ix) ■

Proof Clearly, we have

h= n *&),
5€C4-

where Ií¡s) is the ideal in C[X, Z] of p~xí¡s), the inverse image of the line

pair ls C P3 in P13, with reduced structure. The ideal of a line pair ls is

J(ls) = (Qm, msS)cC[X],

since every pair of skew lines in P3 is cut out by four quadrics, and the four

Qm, m e S, vanish on ls .
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The ideal-theoretic inverse image of /(/$) is given by the ideal

J(ls) = (Qm, meS, /r)cC[I,Z]

= ÍQm, Zm-Qm, meS, Fm, m$S)

= (Z2, m G S, Ix).

So, ÍZm, meS, Ix)CyfJiis~) = Iils).
But the ideal on the left is in fact radical: by transitivity of S¿ on C^ we

may assume S = {6, 7, 9, 10} and then

(Zm, meS, Ix)

= ÍFm, m$S, Zm, meS, X0X2, XXX3, X0X3, XXX2)

= ÍFm, m&S, Zm, meS, X0, X{)

n(Fm, m?S, Zm, meS, X2, X3),

and both of the ideals are radical (see the proof of Lemma 3.2).   Thus the
inclusion is actually an equality and the lemma is proved.   D

4. The cusp forms

4.1.   Proposition. The space of cusp forms of weight three for T(2,4,8)  is

canonically isomorphic to the degree-6 part of Izx '•= h/IxCRx = C[X, Z]/Ix'.

S3(T(2,4,8))Si/r,jr,s.

Proof. There are in fact two 'natural isomorphisms'. We describe them both.

1. The map 6: H2 —► P13 induces by pull-back an isomorphism

6*: H°iX°,cfxoi6)) -Z+ M3(r(2, 4, 8)).

As X is normal, we have H°iX°, ¿*>(6)) = H°iX,cfxi6)) and be-
cause X is projectively normal

H°iX,cfxi6))SERx,6.

A polynomial P e C[X_, Z_]6 pulls back to a cusp form if and only if it
vanishes on Z (the boundary components of X).

2. With any polynomial P of degree 6 we can associate a (meromorphic)
differential form on X as follows. There is an isomorphism

Í    PSl    \
Res : efx(6) —► wx,        P »-» o)P := Res [ p   J ,

where Q := Eiioi-1)'^^ A • •• r\dYi A... A dYl3 and where the Y,
are the coordinates on P13.

The differential forms which extend holomorphically on a desingularization

iil-tl correspond, via Res, to an ideal Ja c (fx , which is independent
of the desingularization (see [11]). We will study the 'adjunction ideal' IA c

C[X_, Z] corresponding to J^ .
Now a simple local calculation shows that transverse to a general point of

X the variety X has a singularity which is isomorphic to the cone over an
elliptic curve (of degree 4). This singularity 'imposes precisely one adjunction
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condition ipg = 1)'. This means that P has to vanish on Z if cop is to extend

holomorphically. Therefore, IA c h ■
That in fact IA = Iz follows from the principle that forms which extend to

the general point of the inverse image of Z in X extend to all of X (see [4, Satz

3], [5, 'Anmerkung' to Satz III, 2.6, p. 156]). That is, the 60 special points do
not impose further adjunction conditions (!). This can also be checked directly

by pulling back the differential forms to an explicit resolution of singularities
of X above the 24 • 60 special points.   D

4.2. We now come to the crucial part of this paragraph: the explicit generators

of the ideal h,x c. Rx or Iz c C[X_, Z]. To describe these, we need a little
more notation. The tetrahedron Ts, determined by an S e Cf , gives rise to
an ideal

JtscC[X,Z_]

of the functions vanishing on the six lines of Ts.

4.3. Lemma. The ideal Jts is generated by four elements of degree 3.

Proof. For each tetrahedron, the four products of three of the four linear forms

defining the faces of the tetrahedron vanish on the tetrahedral lines and in fact

generate the ideal.   D

The following theorem allows us to find all the cusp forms of weight 3 on

T(2,4,8). We describe them in Theorem 6.4, where we also determine the

T-action on the space 5,3(r(2, 4,8)).

4.4. Theorem. The ideal Iz is (minimally) generated by the following elements:

• Fm j) = 10
• Zs, 5gC4- S = 15
• Zs, SeCt Ü = 72
• ZSF, FeJTs,3, SeC+,    S'eC+,    S'cS       | = 240.

Here we use the notation Zs := Times ̂ m for any S e C.

Proof. We first show that the stated elements are in the ideal Iz.
Because the union of the quadrics Vm, m e S, contains all 30 lines in case

SeC4" and S e C|, it follows that in these cases Zs vanishes on Z, and so

Zselz.
The union of the quadrics Vm, m e S, S e Cf only contains 24 lines,

which are precisely the lines not in the tetrahedron Ts determined by S. Fur-

thermore, the union of any three of the four quadrics Vm, m e S, S e Cf ,

already contains the same 24 lines. Consequently, multiplying any Zs>, S' e

C3+, S' c S with any element of Jjs will give a function vanishing on the

whole of Z.
The difficult part of the theorem is to show that there is nothing more in Iz ■

So far, this depends on an explicit computation of the intersection of the 15

ideals I(ls), S e C^ . For this we used the computer program 'Macaulay'. The

computer output consisted of 337 elements, generating this ideal, which were

readily recognized as the elements above.
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To give a computer independent proof, it seems necessary to understand the
combinatorics much better.   D

4.5.   Corollary. We have

1. dim(/j:,x,4)=15,
2. dim(/I;f 5) = 282,

3. dim(/s,X;6) = 2283.

Proof. It is convenient to use the following isomorphism:

Rx = Q)C[X]Zs,
sec

stating that, modulo the Fm , every polynomial can be reduced in a unique way

to a sum of squarefree monomials Zs, with coefficients in C[X]. (A Cohen-
Macaulay ring is a free module over a parameter system.)   □

From Theorem 4.4 we have

/W=®CZS,        so    dim(/x,Xj4) = 15.

sec;

In degree 5 we thus find, apart from the 72 new generators Zs, S e C% , the

elements of h,x,4 multiplied by a linear factor. The following cases occur:

1. ZmZs,        m(jLS,
2. ZmZs,        meS,

3. XiZs,        i = 0, 1,2,3.

From diagram 2.6 we see that

in case (1)    ZmZs = Zs>,        S'eC~ 0 = 90

in case (2)    ZmZs = QmZS',    S'eC;, {m,S'}eC^ S - 60
in case (3)    XtZs 8 = 4-15 = 60.

Altogether, in degree 5 we find 72 + 90 + 60 + 60 = 282 monomials.
To get elements of degree 6, we proceed in the same way: apart from the

240 generators FZS<, F e Jjs, S' c S e C% , we get all the other factors by

multiplying something of degree 5 with a linear factor. Starting from the 90

elements Zs, S e C5~ , we get:

1. ZmZs, m$S,
2. ZmZs, meS,

3. XiZs, i = 0, 1,2,3.

In case (1) we have ZmZs = Zs<, S' e C6~~, t( = 15. In case (2) there are

two subcases: (2a) S' := S - {m} e C4_ , ZmZs = QmZs>, tt = 360 and (2b)
S' eC;,    f = 360. In case (3) we find 4 • 90 = 360 elements.

Proceeding in this way with the other elements of degree 5 in the ideal, we get

the following table (the last column relates them to the representation studied
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in §6):

elements dim representation

sec; 15 r:

QmZs sec;, {m,s} eq- 90 *7(0;2)

QmZs seQ, {w,s}ec5- 360 J«7(l; 1)

*,Zs sec; 360 *7(0; 1)

QmQm'Zs sec2, {m,m',S}e c; 90 Ä7(l,l;0)

XiQmZs sec;, {m,s}e c; 240 A4-(l;0)

XiXjZs sec: 150 Ä4-(0;2)efi4-(2;0)

sec; 180

GmZs 5 e c;, {/n, s} e q 360 ä;(1;0)

XiZs sec: 288 r;
fZc F€JTs,,3, scs'ecf 240 «(3,3)

In particular, we find dim/x,x,6 = dim5,3(r(2, 4,8)) = 2283 .

5. The theta transformation formula

5.1. Let F be a normal subgroup of T and let M3iT') be the space of

modular forms of weight 3 on P. The group T (in fact r/T')actson M3(y')
by

f»f\M,        with   (/|M)(T) = det(CT + D)-3/(M-T).

To decompose the spaces of cusp forms with respect to this representation,

we introduce the following symplectic matrices:

(I
2«    1

V

<?i(n) =

<?2(«) = 'ei,

\

1    -2«
i y v

«3(«) =

<?4(/l) = 'f?3 ,

e«(«) =

/l 2«\
1   2«

1

(a        b     \
1

c d

\       iy

/l 2«     \ (I
1 ,,12«

! » et(n)= j

v V v        ly

*io(«) = '««(«) •

Here, A = iabd) is some matrix in SL2(Z) which is congruent to

e,(n) =

e9(n) = le7in),

— lab

(l+2n       0    \
V    0        l+2n)

modulo 4«.
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To find the action of T on the modular forms, we use the transformation
formula for theta functions ([8, V, §1, Corollary, p. 176 and V, §2, Theorem 3,

p. 182]):

5.2. Lemma (Igusa's transformation formula). For M = (£ £) € Sp2gi"L) and

m e R2g a theta characteristic, we define

M-m:= mM~x + ±((CD)0 iA'B)0),

with (CD)o the diagonal of CD. Define

(j>míM) = -\ im"DB'm'-2m"BCtm"+m"tCAtm"-ím"D-m"tC)tÍAtB)o).

Then

eM.miiAT + B)(Ct + D)-x) = k(M) c\oi2ni(t>miM)) Vdet(Ct + D)6m{x),

in which k(M) is a complex number of absolute value 1 which depends only on

M and the choice of the square root. In particular, it does not depend on the

characteristic m. Thus, KÍM)2 is well defined; for M e T?(2) one has

K{M)2 = (_l)t»ce(/>-l)/2

5.3. In the remainder of this paragraph we derive two lemmas from this

formula. The first lemma gives an explicit form of the transformation formula

for certain matrices. The second lemma studies the transformation behavior of
the functions 0[g *](2t) which are an ingredient of some of the cusp forms.

5.4. Lemma. For every half-integral characteristic

m = \ia,b,c,d)      with   a, b, c, d e {0, 1}

and every M (G T(2)) as below we have

dmÍM-r) = xmÍM)dmÍT)

for all T g H and with #m(Af) as in the table.

M g,(l)      e2(l)      e3(\)     e5(l)    g6(l)     e7(l)   e8(l)

Xm{M)    (-l)fa     (-l)ad     (-l)ab 1 (-1)»        if i»

Proof We will write mx := (a, b), m2 := (c, d). Let M = ( £ g ) G T(2) with
A = D = I, B = 2B', C = 0 ; note that B' is then a symmetric matrix with

integral coefficients. We find

dmÍM-r) = emÍT + B)

= £«p(2*i[¿(fc + ^)(t + B)\k + ̂ ) + ik + ̂ )'(f )])
k

= 53exp(2jri[$(fc + ^)x'ik + ^) + kB"k + kB'mi + ^B'^
k

+ ik+f)'if)])
= expi2fmlB'ml)-0mir).

From this, XmiM) for M = e3, e^, eg is easily computed.
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Let now M = (^ ° ) ; this implies that D = 'A~X. Then

dmiM-x) = dmiAT'A)

= 5]exp(27r/[^(A: + *£)AT*A\k + ^) + (£ + ^)AA~\^)\)
k

= £ exp(27T/[i((/c + <f)A)T<iik + ^)A) + Hk + ^AYH^YA-1)])
k

= e„it),

the characteristic « being given by

« = («i,«2),        n\=m\A,       n2 = n2'A~x.

In case A = ( x2 Ç ), so Af = ei ( 1 ), one obtains:

n = ia,b,c,d) + i2b,0,0,-2c),       thus   0„(t) = (-l)ftc0m(T),

where we use ( 0 .2) from [8, p. 49]. The formula for ^m(Af), with M =

e2(l), £5(1), e"6(l). is derived analogously; note one may take A = -I in e$

and e¿.

Note that by comparing this result with Lemma 5.2, we find

K(A/)A/det(CT + Z>)= 1

for these matrices.   D

5.5.   Lemma. Let M e 1^(2) with

M-(A     B\ - fI + 2A'        2B>    \
\C   DJ * \   2C      1 + 2D') '

let m = («i[,... , mg) with m¡ e {0, 1} and let teij.
Then we have

d[m]i2M ■ r) = X(M, t) • i-l)im+y)-'x6[m+y]i2T),

with A(M, t)   independent of the characteristic m and

XÍM, t)2 = det(Cr + D),    x := diag(5'),    y := diag(C'),

where we view the diagonals as row vectors.

In case C = 0, we have A(Af, t) = 1.

Proof. This is actually a special case of Igusa's transformation formula 5.2.

Indeed,

Ö[-](2(A/.T)):=Ö[-](2(^T + 5)(CT + Z)r1)

= e[^]iíAÍ2r) + 2B)ÍC'í2r) + D)-x)

= 0[*p/'.(2T)).

One easily verifies that the matrix M' is also a symplectic matrix with integral
coefficients, thus M'~x is easy to compute:

„,.    (A    2B\ ,_, .    ( 'D     -2'B\
M   = {c    d)>        M      ={-'C'      'A   )■
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The action of M' on the characteristic (y , 0) is then given by

M'-(f, 0):=(f, 0)M'-x + x2ÍÍCnD)o,   2(A'B)0)

= (?>0)(_'<C'   ~?JÄ)+2((c"fl)o.   ÄA'B)o)

= ífD,   -mtB) + \ííCnD)o,   2(A'B)o)

= í^,   0) + ím'D' + y',   2í-m'B' + ÍA'B')o)

= k + l.

Using ( 8 .2) from [8, p. 49], we find dk+¡ = 6k . It is then easy to verify that

d[mo]í2M.x) = 6M,kÍM'-í2z)).

Applying 5.2 to the right-hand side, we find

6[m]i2M-T) = X(M, x)exp{2iii(f>k{M'))ek(2x).

Since k = i^-, 0), the only nonzero terms in <¡>kÍM') are

MM') = -\(m + y)ilDB)'im + y) + ±(m +y)'D{A'B)0

e ±im + y)'x + Z,

where we use that B = 2B', D = I + 2D' and x := diag(ß').
In case C = 0 it follows from (the proof of) Lemma 5.4 that A(M, t) = 1
This completes the proof of Lemma 5.5.   D

6. The representation of T/r(2, 4,8) on 5,3(r(2, 4, 8))

6.1. Recall that the subgroup T(2) fixes the characteristics. For / = Y\2=l 6m¡,

a modular form of weight k on T(4, 8), we can then define the homomor-

phism:

Xf : T(2)/r(2, 4, 8) — C*,        by       f\M = Xf(M)f.

As Lemma 5.5 shows, T(2) does not fix the 0[g §](2t)'s. We define a sub-

group T'(2) by

F(2) := | (2¿,   B^j e T(2) : diag(C') = 0 mod 2 J .

For g = 6[e0íe02]í2T)Yl2¿-ldm¡ÍT), a modular form of weight k on T(2, 4, 8),

we define a character

Xg : F(2)/r(2, 4, 8) —* C*,        by       g\M = Xg(M)g.

The following proposition lists some character values.

6.2. Proposition. Let m¡ be a half-integral characteristic with m¡ :=

\iat, bi, Ci,di).

(a) Let

fÍT) = 0m¡(T)9m2ÍT)---dm2kÍT).

Then f is a modular form of weight k on T(4, 8) and values of Xf

are listed below. One also has ^/(e5(l)) = 1.
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M e\i\) e2(i) e3(l) *4(1) 6(1) e7(l) \es(l) MlfriîoÏÏ)

Xf(M)  (-1)ZV;   (-i)^j   (-1
.nl+laycj     ¿la,      ¿:!*,

¿">

(b)   Let e\, e2e{0, 1} and let

S(T) = 0[ 0 eo2](2T)0m,(T)ÖW2(T)-..ömw_1(T).

77ze« g is a modular form of weight k on T(2, 4,8), and some values of
Xg are listed below. One also has Xg(es{l)) = 1.

ei(l)

(-D2

«2(1)

(-\)ij>j<lj

e3W

(_l)2<"j*>

«4<1)

(-lf£JdJ

etW

(-1)
1+Ea,c;

«7(1) «8(1)

¿2*2+1*;

«9(2)

(-1>
Ic¡

«io(2)

(-1)
Id,

Proof That / G M3(T(4, 8)) follows from the corollary in [8, V.7]. Note that
for the matrix A in e5 and e¿ we can take A = -I. Then e5(l) = -/, which

acts trivially on H2. The lemma then follows easily from 5.2. Note that all
matrices M except e^l) have trace(Z) - /) = 0, so /c(Af)2 = 1 by [8, V.3,
Theorem 3], and that «(^(l))2 = -1.

For the second part, we oberve that Lemmas 5.5 and 5.2 imply that T(2, 4)

acts by a character on the modular form g. In [6] it is shown that this character

is trivial on T(2, 4, 8) (but it is not trivial on T(4, 8)). Therefore, g is a
modular form on T(2, 4, 8).

The matrices e\, e2, e3, es, e-¡, e% have ' C = 0', so Xg can be computed
directly from 5.2 and Lemmas 5.4 and 5.5. For the matrix A in e$ and e¿ we
can take A = -I. Therefore, also e^ has ' C = 0'.

The remaining matrices e4, a>, e\o are of the form M = ( 2C, °{), so D = I,

and KÍM)2 = 1. In the formula for f\M there appears however the constant

KiM')KiM)2k~x, with M' = í¿,]),cí. the proof of Lemma 5.5.

To find kíM')kíM) , we compute doí2Mr)d0ÍMr). Note that

M =

First of all, we find

/   0
C   /

0   I\(I
-I  0   lo

-c\/o  -/
I  \i    0

öo(-2t-')0o(-t-1) = \ det(T)0o(T/2)0o(T).

Up to a 4th root of unity this follows directly from 5.2. By specializing t = (t^/)

to a matrix with tw = 0 if k ¿ I, we get 0[}| ^ ](t) = 0[};](th)0[2](t22) . The

formula then follows from the identity

öigK-Tr'Hv^-ößKTO,      with  Re(vc7ï7)>0,   hg h,.

Next we apply (¿ ~c) = (£ "f ) :

i det(r - (7)00(5 - c')0o(t - 2C) = i det(r - C)0O(§)0o(t) ,

where we use Lemma 5.5. Applying ( ° ~7 ), we obtain

idet(-T-1-C)0o(-(2T)-1)0o(-t-1)   =   det(CT + /)0o(2T)0o(T).

Comparison with 5.2 shows that je(Af')jc(Af) = 1. The values of Xg{M) then
follow from 5.2. (Note that in [6] it is proved that kíM')kíM) = -1 with

M = e6i2), the generator of T(4, 8)/T(2,4,8), thus some care is needed.)   □
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6.3. We will now determine the splitting of 5,3(r(2, 4, 8)) into irreducible
T-representations and we show that the characters //, Xg determine the cusp
forms (within the space of cusp forms). This will be important when we study

the Hecke action in the next section.

6.4. Theorem. The space 5"3(r(2, 4, 8)) is the direct sum of 11 irreducible Y-
representations. The repesentation on S3{TÍ4)) is irreducible, and S3{TÍ4, 8))

is the direct sum of 1 = 1 + 6 irreducible representations.

Below we label the representations, their dimensions and a cusp form in each
representation space.

space label dim cusp form

s3(r(4» RI 15 /i=0[¿80[oo][oiHioHíi]

*7(0;2) 90 ä^oisshäsioos?]
*7(l,l;0) 90 /3 = *O80][?8]Oi8?][8?]
*7(i;i) 360 /-       flrOOirlOirOOirOOirOOirlOi

J4 - "Iqo 110 0Hi 0Jl0 1 Jl0 1 Jl0 H

Ri 180 OI88HÏ8H8ÎMÎÎHÏAHU:

Ä7(2;0) 60 y-6 = 0[0g][00][00j[10][00][0¿]

53(r(4, 8)) R;(l;0) 360 f. - arOOirOOirl 0ir 0 1 ir 0 Oír 0 0i
ft - "10 0110 0110 0110 0II0 lH 1 \\

J«7(l;0) 240 *i = *[88](2t)0[¿8][8¿][?8][í8][8?](t
^7(0;i) 360 & = e[88](2T)fl[88][¿8][g¿][Vg][8y](T)

*\ 288 fi = fl[88](2t)fl[88][o8]i8oM8ï][ïï]W
S3(r(2,4,8)) Ä(3,3) 240 *4 = g[88i[¿8n8¿K2^[.8i[8.i[?iKT)

So the first representation is equal to ^3(r(4)) and the sum of the first seven

representations is 5,3(r(4, 8)).
Thespace 53(r(4, 8)) is a direct sum of one-dimensional spaces C/, where f

is a monomial, i.e., a product of six theta constants, and for monomials f, f e
¿3^(4, 8)) we have

Xf = Xf <=»/ = /'.
The space S3m2, 4, 8)) = S3(r(4, 8)) e W, where W is spanned by lin-
ear combinations of monomials, which are products of one 0[g^](2r) and five

0m(r) 's.  Under the action of F (2), the space W' is a direct sum of mutually
distinct one-dimensional subrepresentations:

w' = © CS> and Xg = Xg> ̂g = g'■
g

Proof. The meaning of the names of the representation spaces is as follows:

i?7 ( 1, 1 ; 0) is the space obtained by taking (linear combinations of) all prod-

ucts of one of the 15 monomials 0s, S eC^ , and squaring two different terms

occurring. Thus we get 15- (*) = 90 different monomials. Note that Theorem

4.4 implies that 6S is a cusp form. Similarly, Ä7(l ; 1) is spanned by multi-

plying a monomial 9s, S e C¿ , by a 0m with m e S and a 6„ with « £ S.
The dimension of this space is then 15 • 4 • 6 = 360. The meaning of the other

terms is similar.
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It follows from Theorem 4.4 that the 11 spaces are contained in 5,3(r(2, 4, 8))
and that S3(r(2, 4, 8)) is in fact a direct sum of these spaces.

Using Proposition 2.4 (and also [8, V.6] if the six characteristics are not

distinct), it is not hard to verify that the first seven spaces are stable under the
T-action and that T permutes the monomials in each space transitively. Since

only the monomials without a 0[g §] are on T(4, 8), we see that 53(I"(4, 8))

is spanned by the monomials in the orbits of f, ... , fj. In particular, dim

S3(r(4,8)) = 1155.
To show the irreducibility of the seven subrepresentations in S3(r(4, 8)),

we actually need that Xf'- T(2) —> C* determines / in S3(r(4, 8)). To prove
it, we use the T-action, so we may assume that f = f, with f one of the

seven forms listed. Then one determines all 6-tuples of characteristics which

give the same character and one observes, for each i, that there is only one set

of characteristics which gives a cusp form (to wit, the set of characteristics of

f itself).
Suppose now that a linear combination of monomials from 53(4, 8) lies in

a subrepresentation. Then, using the action of T(2) and taking linear combina-

tions, we see that each monomial in the combination lies in that subrepresenta-

tion. As each monomial in S3 (4, 8) lies in the T-span of one of the seven cusp

forms listed, the subrepresentation is a direct sum of some of the seven listed.
Therefore, 5>3(r(4, 8)) is a direct sum of seven irreducible T-representations.

Since f\ is invariant under T(4), we have f\ e S3(r(4)). Since the orbit
defining the 6-tuple of f\ is C¿~ , which has 15 elements, and dim S^r^)) = 15
[12], it follows that 53(r(4)) is spanned by f .

We now consider all of 5*3^(2,4,8)). Let W be the subspace of

Af3(r(2, 4, 8)) spanned by products of one 0[g*](2r) and five 0m(f)'s. Using

02i(t) = ßm(0[g q](2t)), we also have that the cusp form g4 is in W, in fact

0[Og][uOK2T) = i(02[¿¿](T)-02[Ji](T)).

Similarly, all of Ä(3, 3) is contained in W. Therefore,

53(r(2,4,8)) = 53(r(4, 8))er,        with   W':=WnS3m2,4,&)).

(Indeed, a product of one 0m(2t) and five 0„(t)'s is never in 53(r(4,8)).)

Under the action of T, the four 0[g q](2t) are mapped to linear combina-

tions of these four theta nulls (cf. [8, II.5, Theorem 6]), whereas the 0m(i)'s

are permuted. The space W is thus stable under the action of T. Since
the 5-tuples of characteristics in the cusp forms g\, ... , g4 are in different
orbits for the T-action, we already find four distinct subrepresentations in

W' = 53(r(2,4,%))V\W, each spanned by the T-transforms of a g¡.
To see that these four subrepresentations span W', let f e W be the prod-

uct of one 0[g^](2r) and five 0TO's. Then there is a transformation in T

which maps the five 0w's to the five 0m's of one of the first three cusp forms.

Therefore, in the subrepresentation generated by / there is a linear combina-

tion of the 0[g q](2t)'s multiplied by the product of the five 0m from such a

cusp form. Using the action of e7(l) and eg(l), we find that, for some a, b,

0[()C)](2t) times the product of the same five 0m lies in the subrepresentation

generated by / (cf. Lemma 5.5).  Applying ei{l)ae\oil)h, which is in T(2)
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and thus fixes the five characteristics but acts on the other (see Lemma 5.5),

we get 0[^](2t) times the same product of the five 6m , i.e., one of the g¡

(i = 1, 2, 3). The monomials from 7?(3, 3) are in fact permuted transitively

(up to a scalar multiple), as can be seen from the geometry of the tetrahedron

or by a similar argument of above.

To prove the irreducibility of these four representations, we need that Xg

determines the cusp form g e W'. This is done as in the 53(r(4, 8)) case
by explicit verification. In fact, for a monomial g obtained from a g¡, i =

1, 2, 3, the restriction of Xg to r(2, 4) determines the five 6m among the

possible 5-tuples obtained in this way. Since T has three orbits (coresponding to

the i) on these 5-tuples and T(2,4) is a normal subgroup, one need only verify

that the 5-tuples of the g¡ are uniquely determined by their character. The

action of e-i and e% allows one to recover the 0[g^](2r) from Xg • Similarly,

using the action of T on the T-orbit of g4, one need only check that g4 is

determined by its character.
The irreducibility of the four representations is then proven as in the

5*3 (r(4, 8)) case.   □

7. Hecke eigenforms

7.1. The Hecke algebra, generated by the Hecke operators Tp and Tpi for

primes p > 2, acts on the space 53(r(2, 4, 8)). We want to determine a basis
of eigenvectors. For an eigenform / and a prime p > 2 such that

Tpf = Xpf,        Tpif = kpif

one defines the Hecke polynomial

HpiX):=X4-apX3 + ap2X2-app}X + p6,        with    (*' }\{ _
\api — Ap    Ap2 P2.

7.2. For modular forms on T(8) there appears a character X2:(Z/8Z)*—> {±1}

in the Hecke polynomial. This character is defined by f\Mp = X2ÍP)f with
Afp G T a matrix with Mp = diag(/?-1, p~x, p, p) mod 8. We will show that
X2 is trivial for modular forms on T(2,4,8).

If p = —I mod 8, then one may take Mp = -I, and thus X2Íp) = +1
since -I acts trivially on /. If p = 5 mod 8, then put i = (g,83)e SL2iZ)

and take Mp := ( q <¿-i ) • Since Mp e T(2, 4, 8), it also acts trivially on /.

Therefore the character X2 is trivial (for any modular form on T(2, 4, 8)).

7.3. The action of the Hecke operators is given by the formulas in [2]. In fact,

if

fix) = Y,aNexp ( 2|itrace(At) ) ,    (7>/)(t) = £bNexp ( ?f trace(At) ) ,
N N

are the Fourier-Jacobi series of / and Tp,f, then explicit formulas expressing

bff in terms of a# and pl are given in [2]. We will write

aN = ain,r,m),        with   N = ("     r'\

a positive definite half-integral matrix.
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In case the quadratic form nx2 + rxy + my2 has no nontrivial zeros mod p ,

then one simply has bin, r, m) = aip'n, p'r, p'm). We used this fact often

in our computations.

To find the eigenspaces for the Hecke action, we will use the following propo-

sition. It is an easy generalization of Satz 32 from [7].

7.4. Proposition. Let F be a subgroup of Sp2giZ), with Tgiq) cTc Sp2giZ).

Define

F := jtíT) ,        with   n : Sp2f(Z) —► Sp2g(Z/tfZ)

the reduction map. Assume that for every n e ÍZ/qZ)* and every M = ( £ £) g T

one has that ( nAc "~¿B )ef.

Then the Hecke operator Tn maps the space

MkiT, x) := {/ e MkiYgiq)): f\M = X(M)f,    VM G F}

to the space Mk{J~, X'), where X' : T -> C is given by

X\M) := xiM'),        with       M' eT,    M' = ^   "^5)     mod q.

Proof. The Hecke operator Tn is defined as a sum:

T„f :=Y,f\Hk >        Hk = Dn := (¿ ») mod q
k

and where Yiq)DnT{q) = ]\keJ Tiq)Hk, a disjoint union. By [3, Lemma 1.1
(2)], one then also has

TDnT = W YHk.
keJ

For any M e Y, the matrices HkM, k e J, are then also a set of coset

representatives. Therefore, there is a permutation o = om'- J —> J and there

are Mk e T such that

HkM = MkHa(k),        and thus   Mk = D„MD~X mod<?.

Given M, the matrices Mk are thus all congruent mod q to a matrix M'. By

the assumption on T, we can choose M' eT. Therefore, for / G MkÍT, X)

we obtain

ÍT„f)\M = YJf\{HkM) = Y,fWkHa{k)
k k

= ¿Zx(M')f\H(T{k) = XÍM')Tnf
k

The form T„f thus has the character M i-> X.ÍM').   D
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7.5.   Proposition. The following cusp forms are Hecke eigenforms :

F¡:=fi, i =1,5, 6, 7,

ft^-^^IgglIoglIoolIoolIïgHgïl+^IogHoiMÎSlIoîHiiKii].

F3:=/3+16^=0[J8][8»][?8][?8][8?][8?]+16ö[ooH8oHo?][o?][?o][?o].
f4:=/4+4>j=0[88][?8][?8][8?][oi][?o]+4ö[88Hoo][Äo][8?][o?]ii!].
ft i = 1,2, 3, 4.

Proof. Recall that the f and the g, are determined by their character (cf.
Theorem 6.4). Since both T(2) and T(2)' satisfy the conditions of Proposition
7.4, we have that T„f and Tng¡ are (up to a scalar multiple) determined by a

character.
An explicit computation shows that Tpif has the same character if p' =

1 mod 4, and it has character Yf, the complex conjugate of Xf, if p' =
3 mod 4, where in fact / G 53(r(2,4,8)) can be any cusp form determined

with a character.
The space spanned by such a cusp form / and its translates by the Hecke

action is thus at most 2-dimensional. In particular, if there is no cusp form

with character Yf or if Xf is real-valued, then / is an eigenform. Using a

computer, one then finds the eigenforms listed.   D

7.6.   In the table below we list the coefficients ap , api of the Hecke polynomials

corresponding to these eigenforms.

coef. F3 F6 Si gl Si £4

a\i

16
102

8
54

0
54

0
54

0
-18

0
30

«5

ay

28
190

28
190

28
190

20
350

12
30

-12

30
4

-130
0

70
0

-10
16

230

-32

310

a72

80
2030

80
2030

32
-658

-16

686
0

686
0

686
0

238
0

686
0

-210
-32
-658

an

fill

88
-3146

88
-3146

176
8470

-40

2662
0

2662
0

2662
0

1694
0

-330
0

462
88

-3146

«13

aii2

204
8398

204
8398

204 -28

494
60 -60

2290
84

4238
0

3094
0

-442
-80

3510

-160

390

<Il7

fill

356
25126

356
25126

356 4
8806

-60 -60

6630
36

-3162
-180

15878

-92

9894
20

-6970
356

25126

Û19

fiai

424
30438

424
30438

336
-3002

40
13718

0
13718

0
13718

0
10982

0
-12274

0
-8474

0
9918

424
30438

8. The Andrianov L-functions

In the table below we list the Fourier coefficients of some elliptic modular

new forms which appear to be related to the Siegel cusp forms listed above.
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form space fl3 as a1 flu fl13 An fll9

h 52(r0(32))

W\ 53(r0(32, (=1))) 4/ -8/ -4i -14 18 12/

P\ 54(r0(8)) -4 24 -44 22 50 44

P2 54(r0(32)) 22 -18 -94

03 54(r0(32)) -10 16 -40 -50 -30 40

8.1. The cusp form F\ was studied in [6], where it was proven that jFi is the

Saito-Kurokawa lift of the elliptic modular form p\ e 54(r0(8)). Therefore,

L(Fl,s) = CQis-l)CQis-2)Lipl,s).

(One easily checks that indeed HPÍX) = ÍX - p)ÍX - p2)ÍX2 - apX + p3) with
the ap from p\.)

8.2. The first Hecke polynomials of F2 suggest that its L-function is the same

as that of F\ :

LiF2,s) = Cq(s-\)Cq(s-2)LÍPi,s).

8.3. The L-function of F3 also appears to be a twisted form of the L-function

of Ft:

LiF3,s) = CQ(s-lKQ(s-2)Lipf),s),

where the (3)  stands for twisting at the primes 3 mod 4  (the L-function

L(/?|3), 5) is the L-function of a cusp form of weight 3 on r0(16)).

8.4. The L-function of F4 appears to be the product of two elliptic modular
L-functions:

L(F4,s) = Li<p\-2),s-l)Lip(-2),s),

where the (~2) stands for twisting at primes = 5, 7 mod 8.

8.5. The modular form F$ was also studied in [6], in fact it defines the

holomorphic 3-form on the threefold Y studied there. Its L-series seems to be

LiF5,s) = Liif>i,s-l)L{p2,s).

8.6.    The L-function of F6 seems similar to the L-function of F5 :

LiF6,s) = Li<t>\5), s - l)Lip{25), s),

where the <5) stands for twisting at the primes 5 mod 8 (note that one can also

twist at the primes 3 mod 8 (or 7 mod 8) without changing the L-functions).
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8.7. The L-function of F7 seems to be related to the L-function of a Galois

representation n of Gal(Q/Q) which is the tensor product of the Galois repre-

sentations corresponding to </>i (a CM representation) and to y/\. At least for
all primes < 19 we have that the roots of the Hecke polynomial of F-j are of

the form a¡fij with a, the roots of the Hecke polynomial of <f>\ and /?, the

roots of the Hecke polynomial \//\.

8.8. The form g\ appears to be related to a Hecke character X of the field

K = Q(Cg).
We define a Hecke character

X:A'K—*C*,       xi--- ,xp,...) = Y[xp(xP),
p

with A*K the ideles of K and the product is taken over all places of K. The

character will be unramified outside the prime over 2, which we will denote

by v . Since the class number of K is one and x is trivial on K* (embedded
diagonally), it suffices to define only the infinite components and the component

Xv at the prime over 2. In fact, it suffices to define only the restriction of Xv

to (f*. We give these data below.

As places at infinity we choose the complex embeddings a,¡: K <-»• C*,

o\ : Cs •-> e** ,       and      o3 : Ç& h+ e * .

The infinity components of / we then define by

Xoo,¿:C*—»C*.       ^00>1(z):=z-3,       ^^(z) := z_1z-2.

As <?„•/( 1 + n*0) = cf¿/(l + 2(f)=- (Z/4Z) x (Z/2Z) (where the first factor is
generated by the image of Ç&), the projection to the second factor will give a

character, which is the restriction to (9* of the desired one:

Xv-.&t—*{±1}CC*.

(With nv = 1 - £g as local parameter at v , the subgroup generated by Cs mod

(1 + 2(fv) is just: 1, l + nv, 1 + 7r2 , 1 + nv + nl, so Xv is trivial on these,

and not trivial on the other four). Since any unit in c9k can be written as

u = C'(l - y/2)i, one has that Xoo,\{u)Xoo,iiu)XAu) = 1, and thus these data

define indeed a Hecke character.

The L-function of x is given by

Lix, s) := i2n)-x-2sTís)Yís - 1) J] (1 - XP(nP)Np-syl ,

p

where the product is now over all primes except the ones at infinity and v,

which is ramified. To facilitate comparison with the Hecke polynomials, we

define

Hx,piX):=l[iXee-xPi7iP)),

p\p

where ep := [(fp/ip) : Fp] is the degree of the residue field extension. Then the

equality Ligx, s) = Lix, s) is equivalent to HPiX) = Hx,PiX) for all p .
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8.9. To compute the HXP , we choose a generator np in $% for each of the

primes p over p. Then

*p(Kp) = ;r(i, l,..., i,xp> l,...)

= X(npl, V, ••• ' *pl> l»*p!,..0

= ^oo>i(»p1)^00>3(Ä-1)^(jr-1),

where the last step follows because x is unramified outside f .
In particular, if p = 7 mod 8, then there are two primes over p, and the

generators np and n'p of these prime ideals can be chosen to lie in Z[\/2].

Writing np = a + b\f2 with a, b e Z, we have a2 - 2b2 = p, and thus a

and ô are odd. Since V2 = n2 + n3 e <^/(2), we get np = 1 + 7i2 + n3 e

(f*¡il + 2rfv), and thus Xvin~x) = -1 • For the infinite places one finds (with

v/2 = Cs + O that *oo,i(0 = (a + èv^)3 and ^.si^1) = (a - ¿v^)3.
Therefore,

*(ttp) = ^(TTp = V,        and      //,,„ = ÍX2 +/>3)2.

If p = 5 mod 8, then the generators for the two primes over p can be chosen
to lie in Z[i]. Choosing a generator np = a + bi with a odd and b even

for such a prime, one finds that Xvinpx) = +1, Xoo,\(^pl) - (a + bi)3 and

Xoc,3{npl) = P(a + bi). Therefore,

Xinp)=pia + bi)4,       and      HXiP = (X2 - pía + bi)\X2 - p(a - bi)4).

If p = 3 mod 8, then we choose the generators in Z\\J^2\ and let np =

a + bV-2 be one of them. Since a2 + 2¿>2 = p, we must have a and b odd.

Then np = 1 + 7t2 + 7i3 H-  in ¿f„* and thus /„(tç ') = -1. Furthermore,

Xoo,i{npx) = (a + bs/::2)3 and XooMn'1) =p(a-by/=l). Therefore,

X(*p) = -P2(a + bV^2)2

and

HXtP = ÍX2 +p2ia + b^/-2)2)ÍX2+p2ía - bV^2)2).

For p = 1 mod 8, there are four primes over p and the Hecke polynomial

is not so easy to describe. However, one can check that indeed HXin = Hyj.

8.10. We were not able to write the L-function of g2 as a (product of) 'known'

L-functions.

8.11. The Hecke polynomials of #3 have similar properties to those of F-¡,

with y/\ replaced by a form in 53(ro(2?), (—)).

8.12. The modular form g4 also seems to be a (twisted) Saito-Kurokawa lift

of the form p\ :

Lig4, s) = Lix{-2), s - l)Lix(-2), s - 2)LÍPl, s),
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with x{~2) ■ (Z/8Z)* -♦ {±1} the Dirichlet character with x(_2)(5) = X(~2){1) =
-1.

Acknowledgments

We are indebted to J. Top and R. Weissauer for helpful comments and to
H. J. Imbens for assistence with computer programs.

Bibliography

1. A. Ash, D. Mumford, M. Rapoport, and Y. Tai, Smooth compactification of locally symmetric

varieties, Math. Sei. Press, Brookline, MA, 1975.

2. S. A. Evdokimov, A basis of eigenfunctions of Hecke operators in the theory of modular forms

of genus n , Math. USSR-Sb. 43 (1982), 299-322.

3. _, Euler products for congruence subgroups of the Siegel modular group of genus 2,

Math. USSR-Sb. 28 (1976), 431-458.

4. E. Freitag, Holomorphe Differentialformen zu Kongruenzgruppen der Siegeischen Modul-

gruppe zweiten Grades, Math. Ann. 216 (1975), 155-164.

5. _, Siegeische Modulfunktionen, Die Grundlehren der mathematischen Wissenschaften,

Band 254, Springer-Verlag, Berlin, 1983.

6. B. van Geemen and N. O. Nygaard, L-functions of some Siegel modular i-folds, Preprint nr.

546, Dept. of Math., University of Utrecht, 1988.

7. E. Hecke, Über Modulfunktionen und die Dirichletschen Reihen mit Eulerschen Produktent-

wicklung. II, Math. Ann. 114 (1937), 316-351.

8. J. I. Igusa, Theta functions, Die Grundlehren der mathematischen Wissenschaften, Band

194, Springer-Verlag, Berlin, 1972.

9. D. Mumford, Tata Lectures of Theta. II, Birkhäuser, Boston, 1984.

10. I. Satake, Compactifications des espaces quotient de Siegel. II, Sem. H. Cartan, École Norm.

Sup., 1957/58.

11. B. Tessier and M. Merle, Conditions d 'adjunction, d'après Du Val, Séminaire sur les
singularités des surfaces. Springer Lecture Notes in Math., vol. 777, 1980.

12. R. Weissauer, On the cohomology of Siegel Modular Threefolds, Arithmetic of Complex

Manifolds (W.-P. Barth and H. Lange, eds.), Springer Lecture Notes in Math., vol. 1399,
1989.

Department of Mathematics, Rijksuniversiteit Utrecht, P.O. Box 80.010, 3508 TA
Utrecht, The Netherlands

E-mail address: geemen@math.ruu.nl

Universität Kaiserslautern, Fachbereich Mathematik, Universität Kaiserslautern,
Erwin-Schrödinger-Str., 6750 Kaiserslautern, Germany

E-mail address: straten@mathematik.uni-kl.de


