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RESOLVENT ESTIMATES
FOR ELLIPTIC FINITE ELEMENT OPERATORS
IN ONE DIMENSION

M. CROUZEIX, S. LARSSON, AND V. THOMEE

ABSTRACT. We prove the analyticity (uniform in 4 ) of the semigroups gen-
erated on L,(0, 1), 1 < p < oo, by finite element analogues A, of a one-
dimensional second-order elliptic operator 4 under Dirichlet boundary con-
ditions. This is accomplished by showing the appropriate estimates for the
resolvents by means of energy arguments. The results are applied to prove sta-
bility and optimal-order error bounds for numerical solutions of the associated
parabolic problem for both smooth and nonsmooth data.

1. INTRODUCTION
Let A be an elliptic differential operator in one dimension defined by
Au=—(au') + bu' + cu, xeQ=(0,1), with u(0)=u(1)=0,

where ' = du/dx and the coefficients a, b, ¢ are smooth and real-valued
with a positive on Q. Defining the corresponding sesquilinear form

1
A(u, v) = (au',v") + (bu', v) + (cu, v), where (u, v) = / uvdx,
0

we assume that there is ay > 0 such that
(L.1) ReA(v,v) > a|lv'|*,  veHy(Q),

where ||u||> = (u, u). If this is not satisfied originally, it may be accomplished
by adding a positive multiple of u to Au.

Let 0 =xp < Xx; <--- < xy < Xxn;1 =1 define a partition of the interval Q
into subintervals Q; = (x;, x;4+1) of lengths A; = x;,;—x; and with & = max A, .
We shall think of this partition as a member of a family of such partitions,
which is assumed to be quasi-uniform in the sense that for some ¢ > 0 we have
hi>ch, i=0,1,..., N. For a fixed integer r > 2, we define

Sy={veH\Q) :vlg, €M,_y, i=0,1,..., N},
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where II,_; denotes the space of all polynomials (with complex coefficients)
of degree < r — 1. We then define a discrete analogue A4, : S, — S, of the
operator A by the relation

(Apy, x) = Ay, x), Yy, x € Sh.

Let R(A, —A) = (A + A)~!, where A is a complex parameter, denote the
resolvent of —A4. More precisely, we define R(4, —A4)f for f € H~1(Q), the
dual space of H/}(Q), as the solution u = u(-, 1) € H}(Q) of the variational
equation

(1.2) A, 1)+ AMu, 1) =/, 1),  VxeH(Q),

where (-, -) denotes the duality pairing between H~!(Q) and H}(Q). Simi-
larly, we note that R(A, —A,)P,f is the solution u;, = uy(-, A) € S of

(1.3) A(up, x) +Mup, ) =(, %), VX ESh,
if we define the projection P, : H-1(Q) — S, by
(1.4) (Puf0)={f%)s  VXESh

Note that the restriction of P, to L,(2) is the standard orthogonal projection.

The main purpose of this work is to prove the following estimates of the
resolvents of —4 and —4; . We use the notation ||-||, for the standard norms
in L,(Q), 1<p <.

Theorem 1.1. There are ¢ € (%n, n) and C > 1 such that the linear operators
R(A, —A) and R(A, —Ay)P, are bounded from H='(Q) into H}(Q), uniformly
with respect to A in the sector £, = {A € C:|argA| < ¢}, and, for 1 <p < 0,
we have

C
IR@A, —A)fllp + R4, —An)Puflp < mllfllp, feLy(Q), 1€ Z,.

This theorem is proved in §2. The proof is based on estimates of the Green’s
functions of (1.2) and (1.3), which we obtain by an energy argument. Since
the relevant Green’s functions do not belong to H!(Q) in the multidimen-
sional case, it is not clear whether this technique can be generalized; one-
dimensionality is also used in various technical details below.

In the final §3 we discuss some applications of these resolvent estimates. The
first application concerns stability and error estimates for spatially semidiscrete
finite element approximations of the parabolic initial-boundary value problem

U+ Au= f(x, t), xeQ, t>0,
(1.5) u0,t)=u(l,1)=0, t>0,
u(x, 0) = up(x), x €,

where u = u(x,t), u, = 0u/dt, and where f and u, are given. The semidis-
crete finite element approximation u,(¢) € S, is defined by the equation

(1.6) up, + Apup = P f(-, 1), t>0;  up(0) =up,

where ug, € S, is an approximation of ug.
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We now think of 4 as an unbounded operator on L,(f2) with domain
D(4) = WXQ) = {u € WX(Q) : u(0) = u(1) = 0}. Elementary arguments
show that

(L7) Nty < Colldtllmz,pr  u€ W@ NWAHQ), m>2,

where [|ullm,, = (X]=o [u][5)'/? denotes the standard norm in W,;*(Q) (with
the usual modification for p = oo ), and hence that A4 is a closed operator on
L,(Q). Together with the resolvent estimates in Theorem 1.1, this shows that
A and A, generate analytic semigroups E(t) = e™*4 and E,(t)P, = e P,
in L,(Q); see, for example, [12, Theorem 2.5.2]. In the usual way we obtain
the representation

1
_otA_ L | _
(1.8) E(t)=e" = 2m,/re R(A, —A)d4,
where the contour I' is the boundary of X, oriented so that ImA increases
along I', and similarly

1

(1.9) Ep(t) = e~ = — / e*R(1, —Ay) dA.
r

2ni

Using (1.8), (1.9) and the resolvent estimates, we obtain the bounds

(1.10) IE(tll, + tIAE(@®)ll, < Cllvll,,  ¢>0,
and
(1.11) | En(2)Prvllp + AR ER(D) Proll, < Clivll,,  t>0,

by a standard argument. In a similar way we see that E(¢) and E,(¢)P, are
bounded from H~!(Q) into H}(Q) for ¢ > 0; in the latter case the bound is
independent of /4. From semigroup theory it also follows that u(t) = E(t)ug
and wu,(t) = E,(t)ug, are solutions of the homogeneous problems (1.5) and
(1.6) with f(x, t) = 0. Solutions of the nonhomogeneous problems can then
be obtained by Duhamel’s principle: for (1.5) we have

(1.12) u(z)=E(t)u0+/tE(t—s)f(~,s)ds, t>0,
0

under suitable regularity assumptions on f. An analogous formula holds for
(1.6).

In this connection we note that when p = oo we have Z(4) = Cyp(Q) =
{u € C(Q) : u(0) = u(1) = 0}, so that A4 is not densely defined in L, (Q),
and hence the standard theory of analytic semigroups does not apply when
p = co. However, most of the semigroup theory can be developed without the
assumption that & (A4) is dense; see [13] and [6]. Note also that A4 is densely
defined in Cy(Q) with the maximum norm; in that space the classical semigroup
theory is thus applicable. But the existence theorems for (1.12) then require
that f(f) € Co(Q), which is not satisfactory, since it places an unnecessary
boundary condition on f(¢). We therefore prefer to work in L., (2) rather
than in Cy(Q).

Stability estimates of the form (1.11), with p = oo, but with logarithmic
factors in the right-hand sides, were obtained in [15] and [14]. Apart from
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removing the logarithm, our present proof of stability is simpler than those of
[15, 14).

Using the stability estimate for Ej(¢) in (1.11) we prove in Theorem 3.2 that
for ugy, suitably chosen we have the error estimate

t
(1.13)  fua() = w(®llp < Ch (Jluollr,p + /0 lu)lrpds),  1<p<oo

Smooth solutions are thus approximated to optimal order.

In some applications it is important to allow nonsmooth initial data, such as
discontinuous functions or even J-functions. Let .#(Q) denote the set of finite
measures u with ||u|l¢ = |u|(Q) = [, d|u|. With each u € #(Q) we associate
a distribution (also denoted u) in the usual way: (u, x) = [, x(x)du(x) for
X € C(Q). Recall that P, : #(Q) — S;, is defined in (1.4). For solutions of
the homogeneous equations, i.e., (1.5) and (1.6) with f(x, ¢) = 0, and with
uon = Pyug, we show in Theorem 3.5 that, for ¢ > 0,

lun(t) = u(®ll, < Ch"E"|lugll up € Lp(Q), 1<p<oo,
lua() = u(®)lloo < CHEC D2 uglLg,  uo € A(Q).

In addition to (1.10) and (1.11) the proof uses a stability property of E(¢) and
E,(t) considered as operators from .#(Q) to L, (Q2), namely

IE(@)0lloo + IER(D)Pavlloo < Ct™'Pl0lle, >0,

(1.14)

resulting from the corresponding resolvent estimates, which are also derived in
§2.

We remark that our proofs of these error bounds differ slightly from those of
[14], which introduce additional logarithmic factors.

Another application of the resolvent estimates in Theorem 1.1 concerns the
stability and error analysis of fully discrete schemes based on rational approxi-
mations of the analytic semigroup E,(¢). Let r(A4) be a rational approximation
of the exponential function exp(A), which is accurate of order ¢ > 1, i.e.,

(1.15) r(d) = e* + 0(A7*), A—0,
and A-acceptable, i.e.,
(1.16) r(A) <1, ReA <0.

Then E},uon, = r(—kAp)"ug, is an approximation of Ej(,)uon , where k is
the timestep and ¢, = nk for n =1, 2, ... . Using the resolvent estimate and
contour integral representations, one may then prove stability for the discrete
evolution operator E7, ,

(1.17) IEZpuonllp < Cliuonllp, 720, 1<p<oo,

see 3, 10, 11]. Stability may be combined with a local truncation error analysis
in a similar way as in (1.13) to yield an error bound for certain completely
discrete schemes. We demonstrate this in Theorem 3.3 for the backward Euler
method:

Un €Sy, Up=up,
O,Up + AU, = P, f (1), 0U, = (U, — Up_y)/k, n>1,

(1.18)
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and the Crank-Nicolson method:
Un GSh, Uo=u0h,
O Un + Ap(Un + Up—1)/2 = Py f(ta_12) » n>1.
For general time discretization schemes it is necessary to introduce more com-
plicated approximations of the source term f; see [2]. We refrain from ad-
dressing this difficulty here and restrict further discussion to the homogeneous
problem ( f = 0). In this case we have U, = E}, ug; , up(t) = Ep(t)ugs , and the
resolvent estimates and contour integral representations yield the error bounds
|Un — un(ta)llp < CK/|| 4] uonllp »

tn=nk20, ISPSOO, IS]SqQ
and, if r is strongly A-acceptable, that is, if in addition |r(co)| < 1, then
(121)  Un —un(ta)llp < CkUt \ugnllp,  th=nk >0, 1 <p<oo,
see for example [8]. Using the above bounds for u,(¢) — u(¢) and some addi-

tional arguments, one may then obtain bounds for the total error U, — u(t,).
For example, when ug, = P,ug, the error bounds (1.14) and (1.21) immediately

give
1Un = w(ta)lly < C(WE5" + k915 luoll,,  ta=nk >0, 1<p < oo,

(1.19)

(1.20)

because P, is stable in L,(Q) by a result of [4]. We may also obtain error
bounds which hold uniformly as ¢ — 0, although an argument based directly
on (1.20) is not satisfactory, since this applies a discrete norm to the discrete
initial value. We show in Theorem 3.6 by a somewhat more involved argument
that

1Un = w(ta)lp < C (W ol p + Kol )
tn=nk20’ ISPSOO,

if f=0, uo is sufficiently smooth and satisfies the appropriate compatibility
conditions at x =0, 1, and ug, is suitably chosen.

(1.22)

2. RESOLVENT ESTIMATES

The main object of this section is to prove the bounds in Theorem 1.1 for the
resolvents R(A, —A4) and R(4, —A;). The resolvent operators will be studied
for A in a sector

Teo={AeC:|arg(A—K) <6}, with k >0, 6 € (3n, 7).
For A € I, 4 it is convenient to write
1) A-x=CE+in?=E-n+2ifn,  with E+in€ X g, &, nER.
For future reference we note that for 1 € X, 4, we have

(2.2) In| < 8¢, where § =tan(360) > 1,
and
(2.3) E<|A—k|=E+n* < (1+6%)E

The following estimate will be a basic tool.
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Lemma 2.1. Forany 0 € (in, n) there are k >0 and C > 1 such that
2.4) V1P + &I < ClAw, v) + I, vEH(Q), A€y,

where & is related to A as in (2.1). If A is selfadjoint, i.e., b(x) =0, then we
may choose k =0.

Proof. Setting
(2.5) F = A, v) +A|v|?,

we obtain, by taking the real part of (2.5) and using the transformation of
variables in (2.1),

ReA(v,v)+ (k +&* —n?)|v||* =ReF,

and together with (1.1),
(2.6) aollv'|I* + (k + & = p)|[vl* < |F.
By taking the imaginary part of (2.5) we obtain

ImA(v, v) 4+ 2§n|v||> =ImF,
and, since Im A(v, v) = Im(bv’, v),

2lnllvl* < 1F|+ bl llv’ I Iv]].
Multiplying by 16 = 1tan(}6) we have, in view of (2.2),

vl < 6l lvll> < 301F |+ 3011blleo IV’ 0]

Adding this to (2.6), we obtain

ol L[F

2
v
o, 01

aollv'|* + ( + EH)|vl* < (1 + 36)|F| + 3aollv'||* +
and (2.4) follows by taking x = 62||b||2,/(8ag). D
If fe L,(Q), then taking y = u in (1.2) and applying the lemma shows
lw'1* + Elull®> < CI(f, wl < ClAlull, A€ Zx o

In particular, using (2.3), we have

C C
||R('1,—A)f|lﬁé—2||f||5m'l”f”, A€Zy 9,

which shows that —A4 is a sectorial operator on L,(Q). The same argument
applies to equation (1.3), so that —A4, is also sectorial, uniformly in A, with
respect to the topology of L,(Q).

We next prove that —A4 is sectorial on L,(Q) for 1 < p < oo. This result is
well known, but we give an elementary proof based on the energy estimate of
Lemma 2.1, which we shall then modify in Theorem 2.3 to show that —A4, is
sectorial in the topology of L,(Q2) uniformly in /.
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Theorem 2.2. For any 6 € (3n, n) there are x >0 and C > 1 such that

IRA, =S, < mllfllp, SeLyQ), A€ g, 1<p <o

Proof. Let 6 € (3m, m) be arbitrary and let x be as in Lemma 2.1. Lemma
2.1 implies that the sesquilinear form B;(u, v) = A(u, v)+A(u, v) is coercive
on H}(Q), that is, |B;(u, u)] > C~!||u/||> forall u € H}(Q) and A€ Z, ¢.
Hence, by the Lax-Milgram lemma we conclude that (1.2) has a unique solution
and that

IRA, =A)flgy < Clfla-1,  fFEHTHQ), A€ Xy

We shall prove the resolvent estimate for p = co. Since L;(Q)* = L(Q2) and
R(4, —A)* = R(A, —A*), where the adjoint operator A* is of the same form
as A, the estimate then follows for p = 1 by duality and for 1 < p < o by
interpolation.

To complete the proof, it thus remains to show

(2.7) llu(, Mlloo < = |”f”00a A€Z g,

where u(-, A) € H}(Q) is the solution of equation (1.2) with f € L(Q). Let
g=28(-,y,A) € H}(Q) be the Green’s function of the adjoint operator A4*+ Al
with singularity at the point y € Q, i.e.,

(2.8) A(x, 8)+Ax, &) =xv), Vxe Ho‘(Q)

Since by (1.2) and (2.8) we have u(y, 1) = (f, g(-, v, 2) = (f, g(-, v, 1),
the estimate (2.7) follows if we show

C
(2.9) Ilg(-,y,l)lllsm, yeEQ, 1€, p.
Our strategy for proving (2.9) is to introduce the function
(2.10) v(x)=v(x,y,4) =g(x,y, e,

where ¢ is related to 4 as in (2.1) and y is a positive number to be chosen
below. We shall prove

(2.11) lv(-, ¥, Moo < CEL,  yeQ, A€Z,y,
which implies
lg(x,y, A< C& e Y x yeQ, A€,

and (2.9) follows in view of (2.3). The Ansatz (2.10) is motivated by the ob-
servation that, in the special case when Au = —u” , we have

0< g(x,py, &)< iEtetl ) £50,

by the maximum principle, the bound being a fundamental solution. We also
remark that g(x, y, ) may be calculated explicitly in this case to give a direct
proof of (2.9); see [5, §8.1].

To complete the proof, it thus remains to prove (2.11). From (2.10) we have
g(x) = v(x)e "Xyl 5o that

(2.12) g'(x) = v'(x)e 7 — peu(x)e M s(x ~ y),




128 M. CROUZEIX, S. LARSSON, AND V. THOMEE

where s(x) = £1 according to the sign of x. Choosing x(x) = v(x)e?*!
for the test function in (2.8), we obtain by straightforward calculations that
A(v, v) +AJv|* = v(y) + 2ipé Im(as(- - y)v’, v)

+y*¢¥(av, v) — yE(bs(- - y)v, v).

In order to apply Lemma 2.1, we need to bound the right-hand side. First
we use the inequality

(2.14) Ivlleo < VIV'IIVIL v € Hp(Q),

to get

(2.13)

@) < VIvIvll < 3771+ 4101 + §7%¢ ol
Next we have
2p¢| Im(as(- — y)v', v)| < 29€llalloollv’|| lV]] < §llV"I* + CY?E 0|2,
Similarly,
Y& (av, v) < Y& allollv]? = CY?E v,
and, using Poincaré’s inequality ||v| < ||v'|,
PEI(bs(- = y)v, )| < PEBlloollv’ Il Iv]] < gllv" I + CH?E¥ 0|2
Thus the right-hand side of (2.13) can be bounded by

(2.15) W+ IR + Cr v,
and Lemma 2.1 yields
Ho'lP+ (1= Cy)E vl < 39787, A€ X,
By taking y sufficiently small, we arrive at
(2.16) ol < CET32, W' <CEM2, el o,

which in view of (2.14) implies the desired bound (2.11). O

Remark. Since ||g(-, y, Al = lv(-, v, A)e 7", < CE12||u(-, y, A)|, we
note that (2.9) actually follows directly from (2.16) without passing through
(2.11).

We now turn to the corresponding result for the discrete problem (1.3).

Theorem 2.3. For any 6 € (37, ) there are k >0 and C > 1 such that

C
IR(A, —A4p)Pufllp < x|
Proof. Let 6 € (%n, 7) be arbitrary and let k¥ be as in Lemma 2.1. Referring
to the discussion at the beginning of the proof of Theorem 2.2, we note that it
suffices to show the resolvent estimate for p = oc.
Step 1. We first dispose of the case when A is large compared to A~% by
noting that

(2.17) I 4ntllco < Cth™2lXlloos X € Sh-

In fact, by inverse inequalities and the stability of P, in L,(Q) (see [4]), we
have

”f”l’a feLp(Q)5 lezx,e, ISPSOO-

(Anx > ¢) = (Anx, Pad) = A(x, Pao) < Clix'llooll(Pr)'ln
< Ch2tllollPadlls < CLh~ 2| Xllso Il
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for y € Sy, ¢ € Li(Q), which shows (2.17). Thus, if
(2.18) |A| > C,h 2, where C; = max(2Cy, k),

then [[A='4xx|lo < 1lX]lco , SO that by the stability of P, in Lo,(Q) (see [4])

I + 44 Buf oo = 17 S -2 A Paf .
(2.19) /=0

2 C
< = 1B o0 S o0-
< P lloe < A1

Since (2.18) implies (note that 2 < 1)
(2.20) k< Cy,<Ch™2,

so that |4 — x| < 2|A|, we may conclude that the desired estimate holds for
|A| > Coh~2.

Step 2. In this step of the proof we shall bound the solution of (1.3) at the
nodal points and show

¢ -2
@21 max s, DI S ok, A€ S0, A< G,

For future reference we note that, by (2.3) and (2.20), the assumption |4| <

C,h~? implies that €2 < |4 — k| < |A| +x < 2C,h~2, thatis, Eh < C.
Following the proof of Theorem 2.2, we let x; be an arbitrary nodal point

and introduce the discrete Green’s function g, = g4(-, x;, A) € S;, defined by

A(xXn > &n) +A(Xn > &) = Xn(Xj), Y € Sh.

With v(x) = v(x, x;, 4) = gu(x, x;, 1)e?**~%l  we shall show for some y €
(0, 1) that

(2.22) [v(, %, Ml < CE™H, j=1,..., N, A€ 4, A< Ch2,

which leads to (2.21) in the same way as in the proof of Theorem 2.2.
With x(x) = v(x)e”*=%l the argument leading to (2.13) now yields

A, v) + VI = A(X = x> &r) + AX — Xn» &)
(2.23) + xn(x;) + 2iyEIm(as(- — x;)v’, v)
+ 7% (av, v) = yE(bs(- — x))v, v),
where yx, € Sj is arbitrary. For y, we choose an “elliptic projection” of x
defined by
Xh> ) =", ¢"),  VYPES)

It is well known that x,(x;) = x(x;), so that x,(x;) = v(x;). The last four
terms are thus the same as in (2.13) and can be bounded as in (2.15). For the
two remaining terms we have, by a well-known error estimate and an inverse
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inequality, with [lu(l3, = [, |ul*dx,
|[A(X = xn > gh) +A(X = Xn s &)l

< cz(nx - sl Igil + 1 =l lalla,)
i=0

< 3 (WXl gl + A1, )
i=0

< CY KOl iglla,

i=0

= 1

where we have also used the assumption that |A] < Ch~2. Recalling that
2(x) = gp(x)e?ex=xl = where g,(,')(x) = 0 on Q;, and that ¢h < C and
y € (0, 1), we have

r—1

- - — ] X
B2 X, < CeTh2 3 (28 gy lla e
=0

r—1
< Ch[™? ((7C)r”gh”9,~ +Y (&) 'hl! Ilg;’ll|g,-) el
I=1

< C(v¢lglla, + g} la, ) rEe2 b=,

Hence,

22PN, lgalle, < C(||g;'.||n,- + Vé”gh”Q,»)Vé||gh||9iezyé|xi_le ,
and since, cf. (2.12),

lghlla, + 7Zlghlla, < C(I0'la, + 7Elvllq, )e 151,
we may finally conclude that

|A(X = x> &)+ A(X — Xn» &) < 3IVI* + CY2E3|v|%.

Thus, the right-hand side of (2.23) may be bounded as in (2.15) and the bound
(2.21) follows for y sufficiently small by application of Lemma 2.1 as in the
proof of Theorem 2.2.

Step 3. Having established the estimate (2.21) for u;, at the nodal points,
we now want to show the same bound in the interiors of the subintervals. (Of
course this is trivial if r = 2.) Assume that the maximum of |u,| is attained
in the subinterval ;. We introduce the subspace

Sh(Q) ={x €Sy :suppyx C Q},
and define v, € S,(€2;) by
(2.24) A(vy —up, x) + k(g —up, ) =0, Vx € Sh(€2)).

We shall first show for i, = uy — v, € S;, that with ||u|l., o, = supgq, |4/,

(225) lithlloo, 0, < € max (jun(x1)l, ln ezl )
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which in view of (2.21) implies

N C _
(2.26) linlloo, @ < m”f”oo, A€Zc 9, A< Ch72
We shall then show
C _
(2.27) lVlloo < |,1——x|"f"°°’ AE€Z 9, |A <R,

which completes the proof, since uj, = i), + v, .
To show (2.25) we note that, with i, equal to the linear interpolant of u,
on Q; and i, = u, elsewhere, equation (2.24) implies

Ay — dp, x) +x(@p — 0p, x) = A, X) + (@, 1), VX € Sp(C).
Since wy, = @y, — i1y, € Sy(€;), this implies
A(wh ’ wh) + K”u)h”2 = A(ah s wh) + K(ah > wh) s

and an application of Lemma 2.1 (with 4 = k¥ and with "u“%h = fﬂ, lul>dx )
shows

lwill? < ClA(an , wh) + ke (@n, wa)l < Clliylig, + Cllaallg, + 5wyl
Since
lwilloo <B2llwill,  A™'2anll, + 2"l @hlle, < C max(jun(xp)l, |un(Xi1)]) 5
we may conclude that
lwhloo < € max (jus(x)), lun(x11)1)

and (2.25) follows, since i, = @t—wy, and ||ity|lo , @, <max(|us(x;)|, |un(X141)]) -
It remains to estimate ||vy|lo . From (2.24) and (1.3) we have

A, X)+Awp, x)=(f, ) —(A—K) (@, x), VX € Sp(S).
Taking y = v, , we obtain
A(vy, vp) + Alvall> = (f, vn) = (2 = &) (@t » vp).
An application of Lemma 2.1 yields, in view of (2.3) and (2.26),
0Rll? + &2 llwall® < CI(S 5 vi) = (A = 1) (@t , vh)]
(228) < C (I oo + 14 = llitnloo, 0, ) Ionll
< ChY2| flloollvall.

Hence,
lvall € CR2E72 flloo

Since ||Upllo < Ch™'2||u,|| by an inverse inequality, we conclude that (2.27)
holds. O

We may now prove our main result.

Proof of Theorem 1.1. We only consider R(A, —A4). The proof for R(A, —A4)
is identical. Fix 6 € (4m, n). By Theorem 2.2 there are ¥ > 0 and C > 1
such that

C
(2.29) IR(4, —A)fllp < m“f”p’ A€Zyg.




132 M. CROUZEIX, S. LARSSON, AND V. THOMEE

The assumption (1.1) and Lemma 2.1 imply that B;(u, v) = A(u, v)+ A(u, v)
is coercive uniformly for 4 € Z_; /2 22 U Z¢ ¢, so that, by Lax-Milgram’s
lemma, equation (1.2) has a unique solution and

IRA, =) fllgy < ClA -1 feH N Q), A€Z_42,22UZk 0.
Hence, ||R(A, —A)fll, < C||fll,, and using also (2.29), we get

C
IR(A, =A)fllp < mllf”n ,  A€Z_g2,22UZk 0.

We then choose ¢ € (1r, 6] such that %y, C Z_;2,2/2 U2, o. Together,
these estimates show the required bounds for R(4, —A4) for A€ X, =%y ,. O

We shall also need an estimate of the norms of the resolvents considered
as operators from .#(Q) to L. (), where .#(Q) denotes the set of finite
measures u with ||ul.¢ = |1|(Q) = [, d|u|. With each 1 € .#(Q) we associate
a distribution (also denoted 4 ) in the usual way: (u, x) = Jo x(x)du(x) for
x € C(Q). Recall that P, : #(Q) — S, is defined in (1.4).

Theorem 2.4. There are ¢ € (%n, n) and C > 1 such that
C
IR(A, —A)fllo+IR(A, —Ap) Py flloo < ——mllﬂl/, feA(Q), LEZ,.

Proof. Let 0 € (%n, m) be arbitrary, and let ¥ be as in Lemma 2.1. Taking
x = u in (1.2) and applying the lemma shows

@12 + & ull®> < CKS, B < Cllflle lulloos 2 €Zx g,

which in view of (2.14) and the arguments in the proof of Theorem 1.1 implies
the desired result for R(1, —A4). The same argument applies to R(4, —A4,). O

3. ERROR ESTIMATES

In view of the assumption (1.1) and the Lax-Milgram lemma we may define
a bounded linear operator R : H}(Q) — S;, by the equation

(3.1 A(Rpv —v, x)=0, Vx € Sy.
For this “Ritz projection” we have the following error estimates.

Lemma 3.1. There is a constant C such that for k=1,... ,r, 1 <p < oo, we
have

IRyv = vll, + ARy = 0)'ll, < CH* ok, v € Hy(Q) N W (Q).
Proof. The case p = co can be found in [14] or [7]. We prove the case p = 1
by a slight modification of the argument of [7]. The remaining case 1 < p < 0o

then follows by interpolation.
We shall show below that

(3:2) I(Ryo = o)l < CH* Mol s, k=1,...,r

The desired bound for ||R,v — v|; then follows by the standard duality argu-
ment. In fact, let ¢ € L,(Q) be arbitrary and define y € H}(Q) by

Ax, w)=(x,9), VxeH}Q).
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Then
(Ryv — v, §) = ARy — v, ¥) = A(Ry — v, ¥ — Ryy)
< Cll(Ryv = v) 1 I(Rey — ¥)'lloo
< CH Y[l 1 ChIIY 112, 00 »

In order to show (3.2), we introduce the projection R : H, Q) — Sy, defined
by

which implies ||R,v — vy < Ch¥||v|lx 1, since clearly |2, 00 < Cll¢]loo -

(Rpv —v)', x') =0, VX € Sh.

It follows that (R,v)’ = B,v’, where P, denotes the L, projection onto ¥} =
{x € Ly(Q) : xlq, € TI,_»}, see [7, §4]. Hence,

(3.3) IRy —v)'lli S CH* Mvll,,  k=1,...,7,

since P, is stable in L,(Q) (this is trivial because P, is a local prolectlon)

It remains to estimate 6 = R,v — R,v . We introduce the piecewise constant
function & defined by a(x) = a(xy,1/;) for x € Q;, where X, ;2 denotes the
midpoint of €, , and we note that

(@(v — Ryv)', o, =0, Vx € Sh.
Since 6 € S;,, we thus have
aoll0'3 < A8, 8) = A(Ryv — Ryv, 8) = A(v — Ry, 6)
= (a(v — Ryv)', 0') + (b(v — Ryv)', 0) + (c(v — Ryv), 6)
=((@a-a)(v—Ry), 8')+ (b(v — Ryv)', 8) + (c(v — Ryv), 0).
Hence,
16"113 < Chli(v = Ry) [1116'lloo + Cll(v = Ry0Y 110l < Cli(v = Rpv)[11116" -

Therefore,
16 < 116°]l2 < Cli(v = Ryv)'ll1

which together with (3.3) implies (3.2). O
We now turn to the proof of an error estimate in the case of smooth solutions
of the nonhomogeneous problem.

Theorem 3.2. Let 1 < p < oo, let u be a sufficiently smooth solution of (1.5)
with ug € Hy(Q) N W, (Q), and let u, be the corresponding solution of (1.6).
Then

t
() =0l < Clton = ol + CH (ol p + [ el ).

Proof. Following a standard practice, we divide the error into two parts:

(3.4) e(t) = up(t) - u(t) = (un(t) - Rus(t)) + (Ryu(t) - u(t)) = 6(2) + p(0).

In view of Lemma 3.1, we have

(35  IDLpl, < CHA DIk, 1=0,1, k=1,...,r,
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where D, = 9/0t. Since this estimates | p(¢)||, in the appropriate way, it only
remains to estimate 6(¢), which belongs to Sj,. In view of (1.6), the identity
ApR;, = P, A and (1.5), we find that 6, + 4,60 = —P, p,, and hence

(3.6) 6(t) = Ex(1)6(0) - /0 Ex(t - 5)Pyps(s) ds.

The desired error bound now follows immediately by application of (3.5) and
the stability estimate for Ej(¢) in (1.11). O

The proof of Theorem 3.2 is based on the stability in L,(2) of the dis-
crete evolution operator Ej(¢) together with the “truncation error estimate” of
Lemma 3.1. Since L,(Q2) stability is also available for completely discrete evo-
lution operators E}}, = r(—kA)" based on A-acceptable rational functions, see
(1.17), it is possible to obtain analogous error estimates for certain completely
discrete schemes. We carry this out for the backward Euler and Crank-Nicolson
methods in the following theorem.

Theorem 3.3. Let 1 < p < oo, let u be a sufficiently smooth solution of (1.5)
with uy € H}(Q) N W) (Q), and let U, be the corresponding approximation
obtained by the backward Euler method (1.18). Then

th tn
I8 =u(t)ly < Clliop=silly+CH(latll o+ | Wil ds) +Ce [ el s

For the Crank-Nicolson method (1.19) we have
tn
1Un = (@)l < Clitos ~ olly + A (ol p + [~ el ds)

In
+ 0 [ (Il + sl ) ds.

Proof. Using a splitting of the error analogous to (3.4), we have for the back-
ward Euler method instead of (3.6)

n
0, =E[,60— k ZEZ;H-]P;, (5,pj + (5,u(t,-) - u,(tj))) ,
Jj=1

where Ej, = (I + kA,)~!, from which the proof proceeds using the stability
property (1.17) with r(4) = 1/(1 — A) and standard estimates. The argument
for the Crank-Nicolson argument is analogous. O

General time-discretization schemes require more complicated approxima-
tions of the source term f'; see [2]. Avoiding this difficulty, we shall content
ourselves in the rest of this section with studying the homogeneous equation
(f = 0). We will then need smoothing properties, which are slightly more
general than (1.10). In particular, we need to deal with solutions which already
possess some initial smoothness and compatibility. In order to express this we
define for nonnegative integers m and for all p € [1, o]

Q) ={veWQ): A’v=0at x =0, 1 for all integers j € [0, m/2) }.
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Lemma 3.4. Let m and k be nonnegative integers. Then

BDUNE@lIm,p + UE @)0lm,p < Cut ™ |vll,, >0, veLy(Q),
(3.8) IE(t)vlleo + | ER()Pavlloc < Ct™2u]Ler, t>0, veAQ).

(3.9) 1AE(©)vlim,p < Ce,mt  [0llm,p, >0, veW(Q)

Proof. The regularity estimate (3.7) follows from the analyticity of E(f), see
(1.10), together with (1.7) and the interpolation inequality

Il < Cy/llulipllu”ll,,  1<p<oo, ueWiQ),

which can be proved by elementary arguments. In fact, let m = 2/ + i with
/>0 and i=0 or 1. Then

IE@®)vlm,p < Cmll A'E(8)v]li,p < Cm\/IIA’E(t)v||o,p||A’E(t)v||2i,p

< Cu/IIAE(t)0]l0 ol A+ E0)vllg,p < Cont™™ 0]l

and similarly for E’(t)v. The bounds in (3.8) follow from the resolvent esti-
mates of Theorem 2.4 and the contour integral representation of the semigroups
in the same way as (1.10), (1.11).

We now turn to the proof of (3.9) and first note that it suffices to consider
the cases k = 0 and 1, since the case k > 2 follows from these and the identity
AKE(tyv = (AE(t/k))kv. We also note that the case m = 0 follows from
(1.10). Assume now that (3.9) has been proved also for m = 1. Then for
m > 2 we may write m = 2/ +i with / >0, i = 0 or 1, and obtain for
k=0,1

14“E(t)vllm,p < CIA*'E(t)v]i,p = CIA*E(®)A'v]li,,
< CtH A llip < Cut ™ [Vllm,p, v € W(Q).

It remains to consider m = 1. For kK =1 we have

I4E(t)v]l1,, < C\I2E@)], | 4E ()],
SCE | lai,p,  vEWH(Q), i=0,1,

f{om which the desired result followg by interpolation. In fact, for each v €
W}(Q) and € > 0 there is v € W2(Q) such that [|v — v]l, < Celjv|;,,
and ||Vell2,p < Ce Y v|l1,,. For € <1 this is achieved in a standard way by
extension of v to an odd 2-periodic function and by convolution with an even
mollifier on the scale €. If € > 1, then we take v, = 0. Hence with € = ¢!/2

we obtain
IAE(t)vll1,p < |AE@)(V — ve)ll1,p + [AE(£)Vell1,p
< Ct3 2w = vellp + Ct7 ' 2|vell, p < Ct7l oy, vEWHQ).

The final case m = 1, k = 0 follows from the Cauchy integral representation
(1.8) once we have shown the resolvent estimate

C .
(3.10) IR, =) fl1,p < Twllflll,p, feW, (Q).
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To prove this, we set u = R(A, -A)f and v = aBu', where B(x) =
exp(— fy z’ dt). Then it is easy to show that v € W2(Q) and v’ =
B(Au+cu — f), so that

—(av) +cv+iv=g, xeQ; v'(0)=v'(1)=0

where g = (aBf)' —(aB)'Au—(caB)'u satisfies ||g||,, < C||f||1 ,p - An argument
similar to the proof of Theorem 1.1 now gives ||v]|, < TMI” gllp » which implies
(3.10). The proof of Lemma 3.4 is now complete. O

Remark. The interpolation argument that we used in the proof of the special
case m =1, k =1 of (3.9) may also be expressed by saying that Wpl(Q) is
continuously imbedded in the space (L,(?), W}(Q))l /2,00 defined by the real
interpolation method. The estimate (3.9) follows more directly from (1.10)
when 1 < p < 0o, because W(Q) = (L,(Q), W2(Q))1/2, in this case. This
is not true when p =1, oo (cf 91, wh1ch is the reason for our indirect proof
of the special case m =1, k =0 of (3.9).
We now consider the homogeneous equation with nonsmooth initial data.

Theorem 3.5. Assume that f(x,t)=0. Let u be the solution of (1.5) and u,
the solution of (1.6) with ug, = Pyuy. Then

lun(®) = u(®)llp < CH' =" lugllp, >0, up€Ly(Q), 1<p<oo,
lun(t) = u(Olloo < CHE D2 luglly,  £>0, up € A (Q).
Proof. Since u(t) = E(t)ug and uy(t) = E,(t)Pyup , we must estimate the norm

of the error operator Fj(t) = E,(t)P, — E(t). We first consider (3.6) again and
divide the interval of integration into (0, ¢/2) and (¢/2,t). Integrating by
parts in the first integral, noting that P,e(0) = 0, we get

t)2 t
0(t) = —En(t/2)Pyp(t/2) - A E;,(I_S)Php(s)ds_/I/ZEh(t_s)PhPs(s)d&

Using the stability estimates in (1.11) and the error estimates (3.5), we obtain

12 t
Nell, < Clipt/2)llp + C/o (t—5)"p(s)llp ds + C/ llps(s)llp ds

t/2
scM(wwmmfn*A s MPM+/nmmmpm),

for k=1, ..., r. In particular, it follows that

311 IF(0uoll, < Ch* sup (IE@)oll.p +SIE (s)uollr ).
0<s<t

Further, by (3.7) with m = 1, we obtain a preliminary estimate of low order:

F, U < Cht_l/2 su 1/2 E(s)u +s3/2 E'(s)u
(.12 FrDsols < sup (s'HEW)uoll 5 +57IE (9ol .5)

< Cht™ 2|,

Writing
(3.13) Fy(t)uo = Fy(t/2)E(t/2)uo + E(t/2)Fy(t/2)uo + Fy(1/2)*uq,
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we have, by (3.11), (3.7) with m=r,
|Ex(t/2)E(t/2)uolly < CH' sup (IE(s)uollr,p +SIE'(s)toll )
t/2<s<t

< CH P ugllp
and in view of (3.8), using ¢/4 as an intermediate level,

(3.15) IFa(t/2)E(t/2)uollco < ChTt="+D2 ug| e

We further note that E(¢/2)F,(¢/2) 1is the adjoint of the operator
Fy(t/2)*E(t/2)*, where E(t)* = e~*4" and similarly for F,(¢)*. Since the
operator Fy(t/2)*E(¢/2)* is bounded in L,(Q) for 1 < p < oo as in (3.14),
its adjoint is similarly bounded in L, (Q), p’ being the conjugate exponent to
p . Hence,

(3.14)

IE(/2)Fa(t/2)uoll, < CHt™"|jug-
For the third term in (3.13) we have by (3.12)

IFa(/2)*uolly < Che™" || Fy(t/2)uollp »

and we may conclude that altogether
IEa(t)uoll, < CH' " ||uoll, + Cht™"/?|| Fy(t/2)uollp »
or, after r iterations,
|Ex(e)uolly < CH'E"12(loll, + IFa(t/2"Yuoll )
Since, by stability ||Fj(¢/2")uoll, < Clluol|p , we infer that
Il1En()uoll, < CR ™" 2||ugll, ,

which proves the first inequality of the theorem.
Finally, we consider the case when 1 € .#(Q2). For the second term on the
right in (3.13) we then have by (3.8)

IE(2/2)Fu(t/2)uolloo < Ct™'?||E(2/8)Fy(t/2)uo]|.e-
Here, E(t/4)F,(t/2) is the adjoint of the operator F,(¢/2)*E(t/4)* . Since the
operator F;(t/2)*E(t/4)* : Lo(Q) — C(Q) is bounded as in (3.14), its adjoint
is similarly bounded in .#(Q). In fact,
(E(t/4)Fn(t/2)uo, ¢) = (uo, Fy (t/2)E*(t/4)9) < |luoll.e || Fy (1/2)E* (t/4)dllco ,
for all ug € #(Q), ¢ € C(Q). Hence,

IE(t/2)Fy(t/2)tolloc < ChTt™+D2||yg| 4.
The proof can now be completed in the same way as above, using the inequality
IFa(t/2uolloo < C™ 2 |uolle,

which follows from (3.8). O

We conclude by proving the error bound (1.22) for a completely discrete ap-
proximation of the solution of the homogeneous problem, which we announced
in the Introduction.
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Theorem 3.6. Let u be the solution of (1.5) with f(x,t) = 0 and let U, =
r(—kAp)"uq, . Assume that the rational function r is accurate of order q (1.15)
and A-acceptable (1.16). Then, for 1 < p < oo, we have

|Un — u(tn)llp < C("“Oh — upllp + A" lluollr,p + kq”uOHZq,p) ) th =nk >0,

if up € W(Q) with m = max(r, 2q).
Proof. By stability (cf. (1.17)) there is no loss of generality in assuming that
uop = Pyug . Using (3.11) and (3.9), we obtain

| Ep(tn) Pyt — E(tn)tholl, < Ch |luollr,p
and it remains to estimate

GnPyug = ('(—kAh)" - Eh(tn)) Pyug.

Following [1], we use the identity
qg-—1

GnPyuig =Y Gnd;” (PrA™" — A  Py) A ity
j=0
+ GpA; Py A%tgr + GnPy(uo — Blok ) ,

where iy, is to be chosen so that

(3.16)

(3.17) luo — dioklly < Ck?|uoll2g,p
(3.18) lA%a0k |l < Clluollzg,p
(3.19) A aoicllr,p < Ckluollr,p, 0<j<g-1

In [1], @, is defined by truncating the Fourier series of #g, but this is not
suitable here and we choose instead

ior = f(kA)E(kA)uo,  where f(i)= zq: (=) /nl=e~* + 047+, A >0,
n=0

so that 1 — f(4)e* = O(A9+!), as A — 0. Hence, using the same contour I'" as
in (1.8) and the resolvent estimate of Theorem 1.1, we have

lto = taelly = 147(T = [k AE(k ) Aol

1L [ ame(1- KRl .
_Hzm,/ra (1~ StkD)e) R, ~A) dA Ao

1
— Lg-1y - —q _ 7 —1 3 .
=k Hzm/ﬂ (1- fe) R4, —4)daA u0||p
< Ck‘l/ p—q—lll —f(pei‘”)exD(pei¢)|dp "Aquoup

0

< CkI|uoll2g,p »

where we also used the fact that A4 is a second-order differential operator. This
is (3.17). Moreover, by the analyticity of E(¢), see (1.10), we have

q
N 1
140kl = 1149 f (kA E(k A)uollp < ill(kA)" E(keA)A%uoll,

n=0

< CllA%uoll, < Clluollzg, p »
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which is (3.18). Using also the smoothing property (3.9), we obtain
|4/ tioillr,p = k|| (kAY f(kA)E(kA)uollr,p

q9
JRLE . »
<k ZO — kA E(k Aol < Ck~ ol
n=|
which is (3.19).
Returning now to the identity (3.16), we first note that (1.17), (1.20), and
(1.11) imply

(3.20) 1Gn Ay vall, < CKvpll,,  0<j<q, vh€Sy
Moreover, since A;,"Ph = R,A~!, Lemma 3.1 implies
I(Phd™" = 4, Pa)oll, = |Pa(I = Ry) A~ 0|, < CHT || A7 0]lr .
Hence, using also (3.19), we find
IGndy? (PaA™" = 45 P A il < CRINI(PoA™" — 457 Po) A7+ it
< CK R || A agllr,p < CH |luollr,p
for 0 < j < ¢ - 1. Similarly, using (3.20) with j = g and (3.18), we have
Gn Ay,  PaAigllp < CkT|| ATtk llp < Ch|uioll2g, p-
Finally, by (3.20) with j =0 and (3.17), we conclude that
1GnPh(tto — tioi)llp < Clluo — dorlly < Ck?uollzg, p »

and we have estimated all the terms in (3.16) in the desired way. 0O
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