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THE SHARPNESS OF KUZNETSOV’S O(vVAx) L!-ERROR ESTIMATE
FOR MONOTONE DIFFERENCE SCHEMES

TAO TANG AND ZHEN-HUAN TENG

ABSTRACT. We derive a lower error bound for monotone difference schemes to
the solution of the linear advection equation with BV initial data. A rigorous
analysis shows that for any monotone difference scheme the lower L!-error
bound is O(vAx ), where Ax is the spatial stepsize.

1. INTRODUCTION

Conservative monotone difference schemes, which include the Lax-Friedrichs
scheme, Godunov’s scheme, and the Engquist-Osher scheme [3], play an impor-
tant role in both theoretical analysis and practical computation for hyperbolic
conservation laws. From the viewpoint of numerical computation, accuracy and
error bounds are of particular interest. Harten, Hyman, and Lax [4] pointed
out that the monotone difference schemes are of at most first-order accuracy
and Kuznetsov [6] showed that their (upper) L!-error bound is O(VAx) as
Ax goes to zero, where Ax is the spatial stepsize.

In this paper we demonstrate that a// monotone schemes applied to linear
first-order conservation laws in one dimension have a best possible vAx rate
of convergence when applied to discontinuous data.

A (p + g + 1)-point conservative finite difference scheme

'l);'+l = H(U;_p y ’U}l_p_H s ey ?Jj'-'+q) ‘
= /Uj"l _A[f(v;'—p-y] y ooy 'Uj"l+q) - f(lv_;l—p y ey vj"l-f-q—l)]

is said to be monotone if H is a monotone nondecreasing function of each of
its arguments, and is said to be consistent with a scalar conservation law

(1.1)

ou 0f(u)
(1.2a) -+ =0, XeR, >0,
(1.2b) Ul=0 = Uo(xX),
if the numerical flux f satisfies
(1.3) fw, ..., w)=f(w),
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where A = At/Ax = const, p and g are given nonnegative integers, and
xj+Ax/2
(1.4) v? = Tp,(uo)(x)) = = u(x)dx, xj= jAx.
xj—Ax/2
Stability, convergence, and error estimates for monotone difference schemes can
be found in [2], [6], and [8].
It is easy to see that if (1.2) is the linear advection equation

du du
(1.5a) E-'-aﬁ =0 (a = const),
(1.5b) Uli=0 = uo(x),
then a linear (p + g + 1)-point monotone difference scheme is of the form
q
(1.6) v =)l
s=—p
where
(1.7) a; >0 for s=-p,...,q.
The consistency condition (1.3) implies that
q
(1.8) Y oa=1
s==p
and
q
(1.9) > sag = -2a.
s=-p
Denote

FA={s]|a; >0} and HA\so={s|seFA ands #s0},
where so is an index which satisfies a;, = max;c  as . For the analysis of (1.6),
we introduce
(1.10) Vax(x, t) =vj for (x,?)€xj—12, Xjs172) X [tn; tns1)
where xj,12=(j+1/2)Ax, t,=nAt, neN and j€Z.
In this paper we will prove the following theorem.

Theorem. Any monotone difference scheme (1.6), which is consistent with (1.5),
has the following L'-error bounds: for any M >0 and t >0

cp, q)Mz\/a_s\/g\/A_x < sup  lvax(s, ) —u(s, Ol

5£% [uolav<M

< M[Z /Zs2as—12a2\/§\/A_x+Axl )
s

provided that Ax is small enough. Here, c(p, q) > 0 is a constant depending
onlyon p and q, u(x,t) is the solution of (1.5) and

(1.11)

1
(1.12) |uolmy = sup - lluo(- + h) — uo(*)ll L1 (w)-
1h1£0 1A]




THE SHARPNESS OF KUZNETSOV’S O(VAx) L!'-ERROR ESTIMATE 583

Remark 1. The lower bound of (1.11) indicates that, except in a trivial case
(as = 0 for s # sy, a pure translation), any monotone difference scheme
applied to a linear advection equation has an L! convergence order of at most
one-half in the class BV of solutions.

Remark 2. Several authors have studied error estimates for difference schemes
to first-order hyperbolic equations by using Fourier methods (see [1,5] and ref-
erences therein), However, to the best of our knowledge, none of these includes
a lower error bound for monotone difference schemes in the presence of dis-
continuous initial data.

2. SOME LEMMAS

A key step in proving the lower error bound of (1.11) is to get a precise lower
bound of a sum of terms with multi-indices running over a set J, (see the
right-hand side of (3.7)). Lemma 2 and Lemma 4 below provide a precise lower
cardinality of J, and precise lower bounds of the summand terms, respectively.
Consequently, they yield the desired lower bound. Lemma 1 gives a multinomial
equality, while Lemma 3 is a generalized de Moivre theorem [7], which gives
an asymptotic formula for the multinomial probabilities.

Lemma 1. If a= (a_,, ..., a;) € RP*9*! satisfies (1.7) and (1.8), then

(2.1) ) Cala)a* =1,
|al=n
where a = (a_p, ..., ap) NP ol =a_,+---+ay, a*=a2---a)° and
Cn(a) is the multinomial coefficient defined by
n!

Proof. The above equality can be easily derived, and the proof is omitted. O

Denote
(2.3) I, = {a| la|=n, ae€ N"*"“},

(2.4a)
In={¢| e R, & =an+ /i (s€HA) and & =0 (s ¢ A);

Vs € [Vs, Vs +Ays] (s € %\SO) and Z Vs = 0}

s€ESA
and
(2.4b) Jn = {a|a€.]lnﬂN"+q+'},
where a=(a_,, ..., a;) satisfies (1.7) and (1.8).
Lemma 2. For sufficiently large n,

(2:5) |Jnl 2 L%I/Z( 1T ]Ays|)n(l5ﬁl—l)/2’
s€FA\So
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where |J,| and |A| are the cardinalities of J, and A, respectively.
Proof. Since the set J, consists of all lattice points of J,, we have

|Jn|

1 - =
n—oo meas(J,)

and thus for sufficiently large n,
1
| Jn| > meas(.ll n)-
But from calculus we find that

meas(Jn)=|$|( H |Ays|)n(lﬁl—l)/2_ O
€A \so

Lemma 3. If a € J,, then

26 C N 1 ysz
(2.6) n(a)a® ~ (2zn)(Fil-1/2 Hse.?i \/a_sexp(— Z 2_as>

SEA

uniformly for y; € [Js, Js +Ays] (s € A\so), i.e., as n - o,

1 ysz
sup Cn(a) a"/{ — exp(— z —)}—- 1
YsELs , Ps+Ay5) ’ ! (2mn)AAI=D2 T e 57 Va5 SEA 245

(€A \%)
Proof. The proof depends on Stirling’s formula
2nme~"m™(1 + R(m)),
where R(m) — 0 as m — co. Since a; = asn + ys/n — oo as n — oo for
s € %, we have, by using the definition (2.2) and Stirling’s formula,
2nne"n"a*(1 + R(n))
(2m) 12 (T /s )"0 Tl (1 + Rlas)
_ 1+ R(n)
(2rn)AI=D2 ] o Va5 + ys/ vV
X a 1n+y vn
nsey; (1 + )’s/(as\/ﬁ)) s Hse?i (1 + R(as))
where the last equality follows from the fact that
o =a [ n* T (1 +ys/(as/m))™ = a%n" T (1 + ys/(asy/m))™ "
SEA SEHA SEA

Here we have used (1.8) and ) F Vs = 0. In order to prove (2.6), we need to
verify the following formulas:

Cu(a)a® =

b

Vs
(2.7) + Jn Vas
and

Vs asn+ys/n ;2
(2.8) Finy=]] (1+ as n) ~exp<z Ea_)

SEA
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The first, (2.7), is obvious. Now we prove (2.8). Since

Vs
1nF<n>=s§(asn+ysﬁ>1n(1+asﬁ),

we find, by applying Taylor’s formula to In(1 + y;/(asy/n)), that

_ 1 ys 2 1 j;s 3
InF(n) = %;(asnwsﬂ[ Wi Z(as\/_) (m) ]
1 s ~s3 s~s3
B SEZS’ |:ys\/—+ 2(15 as\/ﬁ(_;_as * é’vasz M 3}\)/’2“133)] ’

where y; € (0, y;) and y; € [ys, Js + Ays]. Now using Zseyl ys = 0, we
obtain that for sufficiently large n

InF(n)= S (2as +0(ﬁ)>

SEA

This verifies (2.8) and hence (2.6) is proved. O

Lemma 4. If parameters y; and Ay;, defined in J,, are given by

si-a_?’ $=%>0, Vas
s—ss s—850<0, 0

and a satisfies (1.7)-(1.9), then for sufficiently large n,

0.5

(2.10) mmC,,(a)a an)F 0P, S VE

exp{-2(|~A1| - DIZAI},

(2.11) min 2sas+lan|>\/_z\/ﬁg
S#£So
Proof. By using Lemma 3, we have for sufficiently large n,
0.5 ys2>
1) G pomr—ee(- T )
1

Since y; € [Js, Ps + Ays] for s # sp, we have, on account of (2.8),

ys .Vs
(2.13) Z ) 2 <22 LA - ).
= 2as 2a,, = (s 2a

On the other hand, from ) . o ys =0 and a, = max;a;, we see that

(£ ) 5( T 2E) caaim-1y

SEFA\So
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or

o (A - 12
2a5, ~

Substituting this into (2.13) gives

Y 3o <2051 - DAL,
SEA

and combining this with (2.12) yields (2.10).
We now turn to (2.11). By using (2.4b), (1.9), and (2.9) , we have that

‘25‘154'3.0”‘ \/_lzsys \/_l Z S_SO).VS
SEFA\S
ZﬁZ@, Vo € J, C In.

S#So

This concludes the proof of (2.11). O

3. PROOF OF THE MAIN THEOREM

Proof of Theorem. By using (1.6) repeatedly for n := 0,...,n -1, we can
express v} in terms of the initial data v}’ as

(3.1 ’U}' = Z Cu(a) aav?+ 3 ssag 2

a€l,

where )" is the sum over s from —p to q. It is also known that the solution
of (1.5) is of the form

(3.2) u(x, t) = up(x — at).

Thus, we have

(3.3) V= u(x, 1) = 3 Cal0)a® (0 5 o, — to(x — atn)),

a€l,

where we have used the equality (2.1). The upper error bound of (1.11) is
a special case of the error estimate for scalar conservation laws [6], but the
coefficient given here is more accurate. We will not present the proof here.

In order to prove the lower error bound of (1.11) , we only need to verify
that the first inequality holds for the Riemann initial data

M/2  for x>0,
(3.4) up(x) { 0 for x =0,

-M/2 for x <O0.

From (1.4) and (3.4), we see that

V3t 5 sa, = o (xj +AXZSaS) :
§
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and hence

0 .
vj+2ssas - uo(xj - atn)
(-M, =) sa;>j>an,
s

-M/2, —Zsas =j > Aan or —Zsas > j=Aan,
s s

={0, j > (Aan) Vv (—Zsas) or j < (Aan) A (—zsas) ,

M2, =Y sas=j<Aan or - sa;<j=Aan,
s s

\

M, =Y sas < j < Aan,
s

where ¢V d = max{c, d} and ¢ Ad = min{c, d}. Substituting this into (3.3)
yields for j # Aan

(3.5)

V' —u(xj, ta) = Y_ Cala) 8% (V)5 50, — Uo(X; = Gtn))
a€l,

-M Z{aeln}n{f<-2:sa,} Cn(a)a®
-M/2 z:{m&ln}ﬁ{j=—z,m,} Cn(a)a> for j > Aan,

MY (aenyn(j>-Fsasy Cnla) 8
+M/2 Z{GG,"},.,{F_DM} Cu(a)a* for j < Aan.
For simplicity, we assume ¢ = ¢, for some n (= t/At). Since u(x, t,) isa
two-piecewise constant function and |v}| < M/2, we have
lvax(-, &) —u(-, Ollprwy = llvax(-s ta) — u(-, tn)llLiry

>Ax ) |v] —u(x;j, ty)| - MAx
(3.6a) Z]: s

>Ax Y vl —u(x;, ta)| — MAx.
Jj#Aan
We divide the sum in the last term of (3.6a) into two parts,
(3.6b) Y Wl -ulx;, ) =L +1,
j#Aan

where

L= [v] —ulx;, ta)]

j>Aan
and

L= 3 o] - u(xj, ).

j<Aan
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Substituting (3.5) into I, gives

L=MY). >, Cn(a)a®

j>Aan {e€l,}n{j<—Y ssas}

+M/2 Y > Cp(a)a®

j>ian {a€l}N{j==Y ssas}
>M2 Y >, Cn(a)a®

j>Aan {aGIn}n{jS_Essas}

=M)2 >, (— > sas - [lan]) Cn(a)a®

{a€l}n{Aan<—3 ssas} s

> M/2 Z (——Zsas—lan)c,,(a)a“,

{a€l}n{Aan<—3 ssas} s

where [n] means the largest integer less than or equal to # . Similarly, we have

I_>M/2 > (E sos + Aan) Cp(0)ac.

{a€l,}n{Aan>— 3" ssas;} S

Adding I, and I_ yields

L +1_>M)2 > |Zsas+lan Cpn(a)a®

{a€l,}n{Aan#-Y ssas} S
=M/2 | sa +Aan|Ca(a)a®.

a€l, s

By the definitions (2.3) and (2.4b) we know that J, C I, and, furthermore,
assume that the parameters in J, are given by (2.9), so that (2.10) and (2.11)
hold. Then, on account of (2.5), we obtain

(3.7
L+1->M/2) {'Zsas +Aan Cn(a)a"‘}
a€Jy s
> M[J |min|" so; + dan| min Cy(a) a®
- 2 " a€Jy S s a€Jy e
>4 _|2@( 11 L‘Ts_)na%—l)/zﬁz V@
SEA \So |S - SOI S#So
0,5

exp{-2(|#] - 1)|Al}

* Ran)FOR ] Va,
_ VISl 1\ exp{-2(|A| - DIFAN}
i) (

€A \so

A

S#So

8 Qn) A=, /2,
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It follows from |s —so| < (p+¢), 1 <|HA|<(p+g+1),and a, <1, that
(3.8)

1
IL+1_> 8(p+q)(P+4)(27t)(P+‘l)/2exD{—2(p+q)(p+Q+ 1)}M(§£_S:0 \/a_s)\/ﬁ
=200, ) (X V&) V.
S#S0

We can see that c¢(p, g) > 0 is a constant which depends only on p and q.
Since the Riemann initial data (3.4) satisfies |uo(-)|pv(r) = M , combining (3.6)
and (3.8) yields the desired lower error bound, provided

2

Ax < |e(p,9)) Vas | t/A.

S#So

This completes the proof of the main theorem. DO
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