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ABSTRACT. New uniform error estimates are established for finite element ap-
proximations uy, of solutions u of second-order elliptic equations Lu = f using
only the regularity assumption ||ul|1 < ¢||f||=1. Using an Aubin—Nitsche type
duality argument we show for example that, for arbitrary (fixed) e sufficiently
small, there exists an hg such that for 0 < h < hg

lu —unllo < ellu — unllr.

Here, || - ||s denotes the norm on the Sobolev space H®. Other related results
are established.

1. INTRODUCTION AND RESULTS IN A SPECIAL CASE

The aim of this paper is to prove some new error estimates for Ritz—Galerkin
methods when they are applied to problems whose solutions have “finite energy”
but in general are not “smoother”. Among other things, it will be shown that
the Aubin—Nitsche duality argument yields improved convergence in norms weaker
than the energy norm under such low regularity conditions. This has applications to
existence, uniqueness and error estimates for nonsymmetric problems, and extends
some results given in Schatz [6]. It also has applications to domain decomposition
and multigrid methods |7, 8, 2, 3, 4, 9]. A general theory and applications will be
discussed in §2, but in order to fix the ideas more concretely, we shall first give
some of the results in the special but important case of the finite element method
for Dirichlet’s problem for a second-order elliptic equation on a polyhedral domain
QC RN,

Consider the boundary value problem

Y9 duy = du ,
(1.1) Lu = Z —%(aij(x)%) —|—Zbi(x)%—|—c(x)u:f in Q,
J ’ i=1 v

ij=1

=0 on9of.

We shall assume that the coefficients a;;(z), b;(z), c(z) € L*°(Q) and the £ is
uniformly elliptic on 2, i.e., there exists an ag > 0 such that for all real vectors
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¢=(,...,¢v)and all z € Q

N N
(1.2) a0y G <Y ay(@)Gg.
i=1 ij=1

The weak formulation of (1.1) is: Find u € H}(Q2) satisfying
N N
o Ou Ov Ju
B(u,v) = /Q ( _JE_: aij% % + ;:1 biﬁ_xiv + cuv)d:c

= [ fodr = (f,v), Yvec Hi(Q).
Q

Note that in general B(-,-) is nonsymmetric and satisfies for some ¢; > 0 and
co > 0 a Garding-type inequality

(1.4) crl|ullf — e2llull§ < Bu,u)  Vu € Hy ().
Furthermore, B(-,-) is bounded, i.e., there exists a ¢g > 0 such that
(1.5) |B(u,v)| < esllullsllvlls Vu,v € Hy ().

Here, for s > 0, || - ||s denotes the norm on the Sobolev space H*().

Now let us consider the finite element method for (1.3). For each h € (0,1), we
triangulate 2 with a quasi—uniform mesh of size h, and relative to this triangulation
we let S" C HZ () denote a finite element space. For simplicity we will take S” to
be the continuous piecewise linear functions vanishing on 02. The finite element
method corresponding to the problem (1.3) is: Find u; € S” satisfying

(1.6) B(un, @) = (f,¢) Ve S™
Let us note that if u satisfies (1.3) and wy, satisfies (1.6), then u — uy, satisfies
(1.7) B(u—up, ) =0 Vo e S

We shall consider two separate cases. In the first it will be assumed that B(-, ")
is symmetric positive definite. The nonsymmetric case will be considered later on
in this section.

1A. B(-,-) is symmetric positive definite. Suppose that b;(x) = 0 for i =
1,...,N and that (1.4) holds with co = 0 so that B(-,-) is coercive on Hg ().
Then it is well known that a unique solution u € H}(Q) exists for each f € H=1(2)
and satisfies

(1.8) lully < call Fll -2

for some ¢4 > 0. Here, for s > 0 the norm on H~*() is defined in the standard
way by
[fll-s = sup (f,v).

vEHE ()

llvlls=1
For each f € H™1(Q) the equation (1.6) also has a unique solution u; € S*. Our
aim here is to derive error estimates for u — uy, using no further properties of the
solution other than those implied by the inequality (1.8). It is important to remark
that under our assumptions on the coeflicients it is not known in general whether
u € H*(Q) for some s > 1 even if f € C*(Q).

We shall prove the following:
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Theorem 1. Suppose that B(-,-) is positive definite and symmetric and that u €
HE(Q) and up, € S* satisfy (1.3) and (1.6), respectively, for f € H=1(). Then
(a) Given any € > 0, there exists an hg = ho(e) > 0 such that for all 0 < h <
ho(e)
(1.9) lu—unllo < ellullx.
(b) If f € La(R2), then given any € > 0, there exists an hy = hy(e) > 0 such that
for all 0 < h < hy(e)

(1.10) [w—unlls <ellfllo-

Let us postpone the proof for a moment and discuss this result. Now it is well
known that

(1.11) [u—wunl1 <es inf [Ju— x|
XESh

Furthermore, S becomes dense in H}(f2) as h — 0. By this we mean that the S"
have the property that for each fixed u € Hg(Q) and any given £ > 0 there is an
ha = ha(g,u) such that corresponding to each 0 < h < hgy there exists a u; € Sh
satisfying

(1.12) |lu—urly <e.

This together with (1.11) implies that |[|[u — up||1 < ese for h < ha(e,u), which
says that uj, converges to u € H}(Q) in the H! norm, but the convergence is not
uniform over bounded sets of u in H}(Q) (see [1]). In contrast to this, the estimate
(1.9) says that up converges uniformly to u in the Ly norm for sets of u which are
uniformly bounded in the H! norm. The proof of this result, which is new, will
proceed via a duality argument and is intimately connected with the result of part
(b). The inequality (1.10) says that the convergence of uy, to u is uniform in H?! if
we restrict ourselves to the set of solutions u of (1.3) with f’s which are uniformly
bounded in Lo ().

Theorem 1 will follow from the next two lemmas, the first of which is a com-
pactness result which may be of independent interest.

Lemma 1. Let D = {f : f € La(Q), ||fllo = 1} be the unit sphere in Lo(§2). Let
W={u:u=TF f€ D} whereu=Tf € H}(Q) is the solution of (1.3), i.e.,

B(Tf,v) = (f,v) Yve& Hj(Q).
Then W is precompact in H}(Q).
Proof. The set D is precompact in H~(2). By (1.8),
[ully = [T f]ls < cal[f]]-1-

Hence, T is a continuous map of H~1(£2) into H}(Q2) and therefore W, which is the
image of D under T, is precompact in HE (), which completes the proof. O

We shall need the fact that compact subsets of Hg () can be uniformly approx-
imated in Hg by elements of S".

Lemma 2. Let V be a fized compact subset of H}(Q). Then given any e > 0, there
exists an hs = hs(e, V) > 0 such that for each v € V and each 0 < h < hs there
exists a x € S™ satisfying

o =Xl <e.
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Proof. Since V is compact in Hg(Q), then for given /2 there exists a finite £/2
net; i.e., one can find M = M(e,V) elements v; € V, i = 1,..., M, such that
Vc Ui\il p(g/2,v;), where p(g/2,v;) is the ball of radius £/2 in Hg () centered at
v;. It follows from (1.12) that for each v; there exists a x; € S satisfying

lvi — xillh < e/2

for all 0 < h < h; = hi(¢/2,v;). Let hg = min;—1__ arhi. If v € V, then there
exists a ball p(¢/2,v;) containing v and hence

[v=x;5ll < llv =l + vy = x5l <,
which completes the proof. O
Proof of Theorem 1. We begin with a proof of (1.10). For f € L3(Q) set
Fo U U
1fllo’ 110 1fllo”

Now obviously, B(i,¢) = (f,¢) for all ¢ € HF(2), and B(in,¢) = (f,¢) for all
¢ € S"(), and hence from (1.11)

u = and ’ah:

& —anly < cs inf fla— x|
X€ESh
From Lemma 1 it follows that the set W = {@: B(a,¢) = (f,¢), | fllo = 1} is a
precompact subset of Hi(Q). By Lemma 2,

inf ||a— <e
nf il <

for h < hz(e, W) and hence
1o — anlly < e
or
lu = unlly < el[fllo,

which completes the proof of (1.10).
In order to prove (1.9), we begin the procedure for the Aubin—Nitsche duality
argument

(1.13) lu—wupllo= sup (u—up,).
YEL(Q)
lbllo=1

Let v € H(Q) satisfy B(v,n) = (¥, n) for all n € H}(Q). Then

(114)  |(u—un, ¥)| = |B(u—un,v)| = |B(u,v —vn)| < esllv—onll1]|ul.

Using (1.10), we have that for all 0 < h < hl(f—s) = ho, csllv—wvn|l1 < el|¥]lo, and
the inequality (1.9) follows easily from (1.13) and (1.14), which completes the proof
of Theorem 1. O

Let us remark that Theorem 1 may be strengthened in several ways. In fact, a
simple consequence of Theorem 1 is the following:
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Corollary 1. Suppose that Theorem 1 holds.
(a) Let s < 1; then given any € > 0, there exists an hy = ha(e,s) > 0 such that
for 0 < h < hy

(1.15) Ju—unlls < ellulls.

(b) Let 1 < p < ]\2,—J_V2; then given any € > 0, there exists an hs = hs(e,p) such
that for 0 < h < hs

(1.16) lu—unl|z, < ellull:.

(c) Suppose that s <1 and f € H™*()). Then given any € > 0, there exists an
he = he(e, s) > 0 such that
(1.17) lw—unll <ellfll-s
Proof. Without loss of generality we may assume 0 < s < 1. By interpolating
the inequality (1.9) with the obvious inequality ||u — up||1 < ¢s|lull1, we obtain for
0<h< ho(El)

lu = unlls < (e5)*(e1)' =% lullr.

The inequality (1.15) now follows with the choice

1

( 3 ) T—s
g1 = -

€5

and hy(e, s) = ho(e1).

The inequality (1.16) follows easily from (1.15) and a standard Sobolev inequal-
ity. In order to prove (1.17), we may again assume without loss of generality that
0 < s < 1. The inequality (1.17) follows by interpolating between the two inequal-
ities

llw = unlln < ell fllo

and the inequality
llu —unlli < esllullr < eacs||f| =1

We leave the details to the reader. (|

1B. B(-,-) is nonsymmetric. Let us now consider the general case of (1.3) where
B(-,-) is nonsymmetric and satisfies (1.4) and (1.5). If we assume that (1.3) has
a unique solution u € Hy () for each f € H~(Q), then it is well known that for
some constant cg the analogue of (1.8) holds, i.e.,

(1.18) [ully < coll £l

We would now like to consider the question of existence, uniqueness and error
estimates for the finite element solution of (1.7). This question was considered
for example in Schatz [6], where both a simple general theory and an application
to a problem of the type (1.3) was presented. Existence and uniqueness, but not
uniform error estimates, were previously given in |5]. We shall follow the method of
proof given in [6] because, together with the duality argument given here, it yields
additional uniform error estimates, which are useful in applications to multigrid
and domain decomposition methods. We shall first restate the results given there
in an equivalent form useful for our application here. The more general version will
be presented in the next section.



24 ALFRED H. SCHATZ AND JUNPING WANG

Lemma 3 (see [6]). (i) Let B(:,-) satisfy (1.4) and (1.5).
(ii) Suppose further that given € > 0, there exists an hs = hs(g) such that for
any u € H(Q) and up, € S" satisfying (1.7)

(1.19) |u—unllo < ellu —un1

for 0 < h < hs(e). Then
(a) There exists an he = hg(e) such that for each 0 < h < hg(e) the equation
(1.6) has a unique solution uy, for each u € H (). For all u € Hg(S2)

(c1 —eca)|ju — up||f < B(u — up,u — up).
(b) Furthermore, there exists a constant c, independent of u, h and up, such that

(1.20) [u—wunlly <c inf flu—x|1
XESh

and obuviously

(1.21) lu — unllo < ec inf |lu— x|
xXESh

In order to apply Lemma 3, we must obtain the estimate (1.19). This was done
in [6] in an application by a duality argument for v — uy, satisfying (1.7) under the
added condition that the coefficients a;;(z), bi(z) and ¢(x) are smooth functions.
In this case solutions of (1.3) with f € Lo(Q) have the added regularity that
u € H(Q) for some 0 < v < 1 and

(1.22) [ullirry < el fllo-
A standard duality argument then yields the estimate
l[u—unllo < ch[Ju—unlx,

and obviously (1.19) holds for h sufficiently small. Therefore, Lemma 3 applies and
for h sufficiently small (1.6) has a unique solution uj, satisfying the estimates (1.20)
and (1.21). Of course, in this case the further estimate

lu = unlly < ch?[| fllo

follows easily from (1.21), (1.22) and the approximation properties of S*.

Our aim now is to show that Lemma 3 holds when only the “minimal” regularity
(1.18) is assumed. We shall again use a duality argument which is similar to that
used in proving (1.9).

Theorem 2. Assume that (1.3) has a unique solution u € HE(Q)) for each f €
H=Y(Q) and that (1.4), (1.5) and (1.18) hold. Then

(a) Given any € > 0 there exists an hy = hr(g) such that if u € HL(Q) and
uy, € S" satisfy (1.7) where 0 < h < hy, then (1.19) holds, i.e.,

(1.23) [lu —upllo < ellu—up|l-

(b) Lemma 3 holds, and we have the additional estimate that if f € L2(S2), then
given any € > 0, there exists an hg = hg(e) such that

(1.24) |u—unllr <ellflo-

Proof. As in the proof of Theorem 1 we begin the procedure for a standard duality
argument. Let B*(-,-) be the adjoint bilinear form to B defined by

B*(u,v) = B(v,u) Yu,v e H}(Q).
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It is well known that if (1.3) has a unique solution in H{ () for every f € H=1(Q),
then the equation

(1.25) B*(w*,v) = (g,v) Vv € Hy ()

has a unique solution for each g € H~1(Q2) and

(1.26) [wlls < cllgll-1-

Note that B* satisfies the conditions of Lemma 1, i.e., the set
W* ={w" : B*(w",v) = (g,v), llgllo =1}

is a precompact subset of Hj(£2). Now

(1.27) lu —upllo = sup (u—up,g).
QGLQ(SZ)
llgllo=1

Furthermore, for any y € S”,
(u—un,g) = B*(w",u—up) = B(u—up,w* = x) < esflu—upllrfw* —x]-

The proof of (1.23) now follows by applying Lemma 2 to the precompact set W*.
The proof of (1.24) follows in the same manner as the proof of (1.10) except here
we use (1.20) of Lemma 3. This completes the proof. |

The analogue of Corollary 1 also holds in this case.

Corollary 2. Suppose that Theorem 2 holds. Then the results of Corollary 1 hold.
The proof is the same as that of Corollary 1.

2. GENERALIZATIONS

Our aim in this section is to generalize the results of Theorem 2 to Ritz—Galerkin
methods in an abstract Hilbert space setting.

Let Hy C Ho CC H_1 be Hilbert spaces where C means continuous inclusion
and CC means compact inclusion. We shall assume that H_; is the dual space of
‘H1 with respect to the pivot space Hp, i.e.,

(21) HfHH—l = sup (fa (p)HO'
pEH1
el =1
Let B(-,-) be a bilinear form on H; x H; which satisfies a Garding-type inequality
and is bounded, i.e., there exist constants c; > 0, cg and cg such that

(2:2) crllull, — esllulldy, < Bluu) Vue Hy

and

(2.3) |B(u,v)| < collullm ||vll, Yu,v € Hi.
Consider the problem: For given f € H_; find u € H; satisfying

(2.4) B(u,v) = (f,v)n, Yv e Hi.

We wish to approximate the solution of (2.4) by a Ritz—Galerkin method. To
this end, for each h € (0, 1), let S* denote a family of finite-dimensional subspaces
of H'. The approximate method is: For given f € H_; find u" € S” satisfying

(25) B(Uh, @) = (f7 @)Ho V(p € Sh'
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Note that if u satisfies (2.4) and uy, satisfies (2.5), then
(2.6) B(u —up, ) =0 VYo Sh

Concerning existence and uniqueness of a solution of (2.5), the following gener-
alization of Lemma 3 was proved in [6].

Lemma 4 (see [6]). Suppose that B(-,-) satisfies (2.2) and (2.3). Furthermore
suppose that given any e > 0, there exists an hg = hg(e) such that for any h € (0, hg)
and for any u € Hy and uy, € S* satisfying (2.6) the inequality

(2.7) lu = unllro < ellu—unllr,

is satisfied. Then there exists an hg > 0 such that for all h € (0, hg), equation (2.6)
has a unique solution uy, € S for each w € Hy. For all u € H;

(cr —ecs)||u—unllfy, < Blu—up,u—up).
Furthermore,

||U_UhHH1 <c inf HU_XHHN
XGS"

2.8 .
(28) [u—unllr, < ce inf flu—xln,,
XESH

where ¢ is independent of h, u and €.

We shall now impose mild conditions on B and S" under which the estimate
(2.7) holds. To this end, define B* the adjoint of B by

(2.9) B*(u,v) = B(v,u) Yu,v € Hi.
We will need the following assumptions.

Al. Assume that for each f € H_; there exist unique solutions v and u* in H;
of

(2.10) B(u,¢) = f(¢) VoeH

and the adjoint equation

(2.11) B*(u®, ¢) = f(¢) Vo € Ha,

which satisfy the inequalities

(2.12) lullr, < crollfllney,  lutllmg < el flln,

A2. (Density) Assume that the one-parameter family of finite-dimensional sub-
spaces S" of H; have the following property: For each fixed v € H; and real number
€ > 0 there exists an hio = hig(g,v) > 0 such that for each 0 < h < hyo there exists
a x € Sy such that

v = Xllr, <e.
As a consequence of A2, we have the following generalizations of Lemmas 1 and 2.
Lemma 5. Let W be a compact subset of Hy. Then given any e > 0 (arbitrary but

fized), there exists an h11 = hi1(e, W) > 0 such that for each w € W and h < hq;
there exists a x € Sy, satisfying |[w — x|, <e.

The proof is exactly the same as for Lemma 2.
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Lemma 6. Let D = {f € Ho, || f|l#, = 1} be the unit sphere of Ho. Let
W ={w; w=Tf, fe€ D},
where w =T f is the unique solution in Hy of
B*(w,v) = (f,v)n, Yv€H;.
Then W is precompact in Hy.

The proof is exactly the same as that of Lemma 1.
The generalization of Theorem 2 is as follows:

Theorem 3. Assume that B(-,-) satisfies (2.2) and (2.3) and in addition Al
and A2 hold. Then

(a) Given any € > 0, there exists an hy = hz(e) such that for 0 < h < h7 and
for any u € Hy and uy, € S" satisfying (2.6) the estimate

lu = unllr, < ellu—unln,

holds. Hence, the results of Lemma 4 hold.
(b) Furthermore, given any e > 0, there exists an hg = hg(e) such that if f € Ho
then

[ = unllr, < ell flio-

The proof of this theorem closely follows the proof of Theorem 2 and will be left
to the reader.
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