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QUASI-INTERPOLATORY SPLINES
BASED ON SCHOENBERG POINTS

V. DEMICHELIS

Abstract. By using the Schoenberg points as quasi-interpolatory points, we
achieve both generality and economy in contrast to previous sets, which achieve
either generality or economy, but not both. The price we pay is a more com-
plicated theory and weaker error bounds, although the order of convergence
is unchanged. Applications to numerical integration are given and numerical
examples show that the accuracy achieved, using the Schoenberg points, is
comparable to that using other sets.

1. Introduction

In several recent papers [1–5] Dagnino et al. studied the application of quasi-
interpolatory (QI) splines to numerical integration. This class of QI splines, intro-
duced in [6], can be defined, starting with a positive integer p ≥ 2, the order of the
spline space, a partition

YN : y0N := a < y1N < · · · < yNN < yN+1,N := b,

and a set of positive integers {djN ; j = 0, . . . , N + 1}, where d0N = dN+1,N = p

and djN < p, j = 1, . . . , N . Now we set n :=
∑N
j=0 djN and write Πn for the

nondecreasing sequence {xin; i = 1, . . . , n+ p} obtained from YN by repeating yjN
exactly djN times, j = 0, . . . , N + 1. The norm Hn of the set Πn is defined by

Hn := max
1≤i≤n+p−1

(xi+1,n − xin).

We shall assume throughout this paper that

Hn → 0 as n→∞.

Let Pp be the set of polynomials of order p, or degree ≤ p − 1; we define the
spline space Sp,πn by

Sp,πn := {g : g|(yjN ,yj+1,N ) ∈ Pp, j = 0, . . . , N and g(i)(y+
jN ) = g(i)(y−jN ), i =

0, 1, . . . , p− djN − 1; j = 1, . . . , N}.
Thus Sp,πn is the class of polynomial splines of order p, with knots and boundary

points yjN , j = 0, . . . , N + 1, of multiplicity djN . Since djN < p, j = 1, . . . , N , our
splines will be continuous in [a, b].
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We say that the sequence of partitions {YN} is locally uniform (LU) if there
exists a constant A ≥ 1 such that

(yi+1,N − yiN )/(yj+1,N − yjN ) ≤ A,

for all 0 ≤ i, j ≤ N with |i− j| = 1 and for all N . We shall say that a sequence of
spline spaces {Sp,πn} is LU if the sequence of underlying partitions {YN} is LU.

We consider in Sp,πn the approximating splines Qnf of the form [6]

(1) (Qnf)(x) :=
n∑
i=1

( l∑
j=1

αij [τi1, . . . , τij ]f
)
Np
in(x),

where

(2) Np
in(x) := (xi+p,n − xin)[xin, . . . , xi+p,n]Gp(·;x), i = 1, . . . , n,

with
Gp(t;x) := (t− x)p−1

+ .

The Np
in are the normalized B-splines of order p forming a basis for Sp,πn ,

[z0, . . . , zp]h is the pth divided difference based on the points z0, . . . , zp, 1 ≤ l ≤ p;
the sets {τi1, . . . , τil; i = 1, . . . , n} can be chosen in a suitable way and the αij ,
defined below, are such that Qng = g for all g ∈ Pl [6]. We assume that τij 6= τik
for j 6= k, so that the divided differences involve only function values. Under this
assumption, Qnf can be expressed by [1]

(3) (Qnf)(x) :=
n∑
i=1

Np
in(x)

l∑
j=1

vijf(τij),

where

(4) vij :=
l∑

µ=j

αiµ∏µ
s=1
s6=j

(τij − τis)
.

We consider now the following quantities [6]:

(5) Enrs(x) :=

{
Dr(f −Qnf)(x), 0 ≤ r < s,

DrQnf(x), s ≤ r < p .

We are interested in the different classes of QI points τij such that, if f ∈
Cs−1[a, b] with 1 ≤ s ≤ l ≤ p, then for 0 ≤ r < s

(6)
∥∥Dr(f −Qnf)

∥∥
∞ ≤ CrH

s−r−1
n ω(Ds−1f ;Hn; [a, b]),

where, for any g ∈ C(I),

ω(g; ∆; I) := max
x,x+h∈I
0<h≤∆

|f(x+ h)− f(x)|

and where ‖h‖∞ := max
a≤x≤b

|h(x)| .
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When for all 1 ≤ i ≤ n

(7) τij ∈ [xin, xi+p,n], j = 1, . . . , l,

bounds for |Enrs(x)| are given in [6, Theorems 5.2 and 5.3]. Using these bounds,
one can prove that (6) holds if we choose the τij as the following set :

T1 : τij := xin + (j − 1)[(xi+p,n − xin)/(l − 1)], j = 1, . . . , l, i = 1, . . . , n.

This choice is suggested in [6] and used in [1, 2]. A second choice, suggested in [4],
is

T2 : τij := xin + (j − 1

2
)[(xi+p,n − xin)/l], j = 1, . . . , l, i = 1, . . . , n.

For both sets T1 and T2 it is proved in [4] that (6), with r = 0, holds for an
arbitrary sequence of spline spaces {Sp,πn}, while, if 0 < r < s, the sequence of
spline spaces has to be LU in order that (6) holds.

The parameter sets T1 and T2 give great flexibility in the definition of the spline
space Sp,πn ; multiple knots can be used and, for r = 0, there is no restriction in the
distance between distinct knots. However, to construct our approximation Qnf ,
we need up to n(l − 1)− p+ 2 evaluations of f for T1, and nl for T2.

We can reduce the number of evaluations of f when djN = 1, j = 1, . . . , N , by
choosing the τij as one of the following sets:

T3 : τij := xi+j−1,n

T4 : τij := xi+j,n

}
, j = 1, . . . , l, i = p, . . . , n+ 1− p,

in which case it makes sense to set l = p.
The sets T3 and T4 are suggested in [3]; the τij are chosen here to be a subset of

the set of knots Ki := {xin, . . . , xi+p,n} except near the endpoints where the knots
are not all distinct, in which case the τij can be given by T1 for i = 1, n, while
for i = 2, . . . , p − 1 and i = n − p + 2, . . . , n − 1 the τij are chosen to include the
distinct knots in Ki augmented by some of the points τ1j or τnj as the case may
be. A more symmetric set, suggested in [4], is

T5 : τij = (xi+j−1,n + xi+j,n)/2, j = 1, . . . , l, i = p, . . . , n+ 1− p

and τij as in the definition of T3 and T4 for the remaining values of i.
For the sets T3 − T5 it is proved in [3, 4] that (6) holds if the sequence of spline

spaces {Sp,πn} is LU.
The number of function evaluations is n + p − 2 for T3, T4, and n + p + 1 for

T5. In general, the sets T3 − T5 contain much fewer points, and hence it is more
economical to use them. However, they require that all interior knots in the spline
be simple, whereas using T1 or T2, we can place multiple knots anywhere we wish.

In order to achieve both the flexibility of T1 and T2 in the choice of the spline
space and the economy of computation of T3 − T5, we suggest the following set of
parameters:

T6 :

{
τi1 := ζi, i = 1, . . . , n,

τi2 := ζi−1, τi3 := ζi+1, . . . , τil := ζgi(l), i = [l/2] + 1, . . . , n− [l/2],
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where, for all real x, [x] denotes the greatest integer less than or equal to x,

gi(l) :=

{
i− [l/2] if l is even,

i+ [l/2] if l is odd,

and ζi := (xi+1,n + · · ·+xi+p−1,n)/(p−1), i = 1, . . . , n, is the ith Schoenberg point.
Near the endpoints, for i = 1, n, the τiν with ν = 2, . . . , l are the Schoenberg

points, respectively to the right of ζ1 if i = 1 and to the left of ζn if i = n. For
i = 2, . . . , [l/2] (i = n − [l/2] + 1, . . . , n − 1), the τiν are defined as in T6 for
ν = 1, . . . , j with j such that τij = ζ1 (τij = ζn), whereas for ν = j + 1, . . . , l,
the τiν are respectively the Schoenberg points to the right of τi,j−1 (to the left of
τi,j−1).

For l = 2 the choice T6 leads to the Schoenberg variation-diminishing spline
since, when τi1 = ζi, then αi2 = 0, i = 1, . . . , n (see [6]).

Using T6 to determine Qnf , we need only n evaluations of f . Moreover, we can
place multiple knots anywhere in [a, b].

In §2 we will prove that (6) holds if the sequence of spline spaces {Sp,πn} is LU.
Moreover, we will give a uniform bound for the derivatives DrQnf , with s ≤ r < p.
In order to achieve this result, we will modify slightly the error estimates proved in
[6], since the set of parameters T6 does not satisfy the conditions (7). In §3 we will
apply sequences of splines {Qnf} based on T6 to problems in numerical integration,
including product quadrature of Riemann integrable functions and Cauchy principal
value (CPV) integrals. We will also give some numerical examples.

2. Error bounds for QI splines based on Schoenberg points

In this section we give an estimate for |Ers(x)|, defined by (5), with Qnf defined
by (1) with parameters T6. We base our procedure on the results of [6]. To simplify
the notation in this section and in the next, we denote the knots by xi instead of
xin.

First we need the following result proved in [6, Lemma 4.1].

Lemma 1. Suppose Qn is defined on a class of functions containing Pl, and sup-
pose Qn reproduces Pl. Then, for any polynomial g ∈ Ps and any f such that Drf
exists, 0 ≤ r < s ≤ l ≤ p, there holds

Enrs(x) =

{
Dr(R−QnR)(x), 0 ≤ r < s,

DrQnR(x), s ≤ r < p,

where R(x) := f(x)− g(x) . �
For a fixed a ≤ t ≤ b, let m be such that t ∈ Jm := [xm, xm+1). We write Iiν for

the smallest closed interval containing {τij ; j = 1, . . . , ν} and Im for the smallest
closed interval containing Jm and

⋃m
i=m+1−p Iil. For the set of parameters T6,

(8) Iij ⊆ [xl̄(i), xr̄(i)],

for j = 1, . . . , l, where

(9) l̄(i) :=


p, i = 1, . . . , [p/2],

i− [p/2] + 1, i = [p/2] + 1, . . . , n− [p/2],

n+ 2− p, i = n+ 1− [p/2], . . . , n,
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and

(10) r̄(i) :=


2p− 1, i = 1, . . . , [p/2],

i+ [p/2] + p− 1, i = [p/2] + 1, . . . , n− [p/2],

n+ p− 1, i = n+ 1− [p/2], . . . , n.

Moreover, for p ≤ m ≤ n,

(11) Im ⊆ [xl(m), xr(m)],

where

(12) l(m) := l̄(m+ 1− p)
and

(13) r(m) := r̄(m).

We define now, for f ∈ Cs−1(Im),

(14) R(x) := f(x)−
s−1∑
i=0

f (i)(t)

i!
(x− t)i.

If R(x) is defined by (14), so that g(x) is the Taylor expansion of f at t, then
R(x) and its first s− 1 derivatives are 0 at t. Hence, to give a bound for Enrs(t), it
is only necessary to estimate DrQnR(t) [6].

By [6, Lemma 4.3], and since τi1 := ζi for all i, the coefficients αij in (1) can be
defined by

(15)

αij :=

{
0, j = 2,

[(p− j)!/(p− 1)!]
∑

(xν1 − τi1) · · · (xνj−1 − τi,j−1), j = 1, 3, . . . , l,

where the sum is taken over all choices of distinct ν1, . . . , νj−1 from i+1, . . . , i+p−1.
This is a sum of (p− 1)!/(p− j)! terms.

We recall that 0 < Np
in(x) ≤ 1 for x ∈ (xi, xi+p) and Np

in(x) = 0 otherwise,
except that Np

1n(a) = Np
nn(b) = 1 [7]. Now, setting λijg := [τi1, . . . , τij ]g, we have

for t ∈ Jm

Qnf(t) =
m∑

i=m+1−p

l∑
j=1
j 6=2

αijλijfN
p
in(t)

since all other terms in the sum (1) are zero, and

DrQnf(t) =
m∑

i=m+1−p

l∑
j=1
j 6=2

αijλijfD
rNp

in(t).

From Lemma 1, R(x) defined as in (14) satisfies

|Enrs(t)| = |DrQnR(t)| ≤
m∑

i=m+1−p
|DrNp

in(t)| ·
l∑

j=1
j 6=2

|αij ||λijR|.

To give a bound for |Enrs(t)|, we need the following lemma [6, Lemma 2.1]:
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Lemma 2. Let Np
in(x) be defined as in (2). Suppose x ∈ Jm and i ≤ m < i + p.

Fix 0 < r < p. If x = xm, suppose also that xm is of multiplicity at most p− r− 1.
Then the rth derivative DrNp

in(x) exists, and

(16) |DrNp
in(x)| ≤ Γpr

δim,p−1 · · · δim,p−r
,

where, for j = p − r, . . . , p− 1, we define δimj as the minimum of xν+j − xν over
ν such that xi ≤ xν ≤ x < xν+j ≤ xi+p, and where

Γpr :=
(p− 1)!

(p− r − 1)!

(
r

[r/2]

)
. �

By using (15) and (16) we state the following lemma [6, Lemma 4.4]:

Lemma 3. Suppose Qn reproduces polynomials Pl, and αij are as in (15). Then,
given t ∈ Jm and R as in Lemma 1, we have

(17) |DrQnR(t)| ≤ pΓpr · max
m+1−p≤i≤m

l∑
j=1
j 6=2

|λijR|Aij ,

where

Aij :=


0, j = 2,

max
i+1≤ν1...νj−1≤i+p−1

νµdistinct

|xν1 − τi1| · · · |xνj−1 − τi,j−1|
δim,p−1 · · · δim,p−r

, j = 1, 3, . . . , l. �

We need to introduce parameters describing the spacings of the τij and the knots.
For each integer 1 ≤ ν ≤ l− 1 let

σijν := min
1≤µ≤j−ν

(τ
(j)
i,µ+ν − τ

(j)
iµ ),

where {τ (j)
i1 , . . . , τ

(j)
ij } is the increasing rearrangement of {τi1, . . . , τij}. We set

σis := min
1≤j≤l

σijs.

We define
∆m := max

l(m)≤i≤r(m)−1
(xi+1 − xi),

so that the norm of Πn has the form

Hn := max
p≤m≤n

∆m,

and we define
H̃n := min

p≤m≤n
∆m.

Moreover, we set

δm := min
l(m)≤i≤r(m)−1

i:xi<xi+1

(xi+1 − xi),

δm,p−r := min
m+1−p+r≤ν≤m

(xν+p−r − xν), r = 0, 1, . . . , p− 1.

The following lemma provides a bound for |λijR|, when R is defined as in (14).
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Lemma 4. Let 1 ≤ s ≤ l. Let m+ 1− p ≤ i ≤ m. Then, if f ∈ Cs−1(Im),

(18)

|λijR| ≤ (p+ [p/2]− 1)ω(Ds−1f ; ∆m; Im)

·


|ηij − t|s−j

(j − 1)!(s− j)! , j = 1, 2, . . . , s,

2j−s

(s− 1)!σij,j−1 · · ·σijs
, j = s+ 1, . . . , l,

where ηij ∈ Iij .

Proof. The proof is the same as in [6, Lemma 5.1] if one takes in account that, for
any x ∈ Im and t ∈ Jm, we have

|Ds−1f(x)−Ds−1f(t)| ≤ (p+ [p/2]− 1)ω(Ds−1f ; ∆m; Im). �

Now, we can state the following theorem, which provides a local error estimate.

Theorem 4. If f ∈ Cs−1(Im) with 1 ≤ s ≤ l ≤ p, then for 0 ≤ r < p,

(19) max
t∈Jm

|Enrs(t)| ≤ Cm∆s−r−1
m ω(Ds−1f ; ∆m; Im),

where

(20)

Cm := p (p+ [p/2]− 1) [p+ 2 ([p/2]− 1)]
s−1

Γpr

(
∆m

δm,p−r

)r

·

 s∑
j=1
j 6=2

1

(j − 1)!(s− j)! +
1

(s− 1)!
·

l∑
j=s+1
j 6=2

(2ρm)j−s


and

(21) ρm := max
m+1−p≤i≤m

xr̄(i) − xl̄(i)
σis

.

Proof. We sketch the proof, which is similar to the proof in [6, Theorem 5.2].
Since ηij ∈ Iij ⊂ Im, by (11), (12) and (13) we have

(22) |ηij − t| ≤ (p+ [p/2]− 1)∆m.

Since both xνµ and τiµ belong to Iij , then, from (8), (9) and (10),

(23) |xνµ − τiµ| ≤ |xr̄(i) − xl̄(i)| ≤ [p+ 2([p/2]− 1)]∆m

holds.
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By (17), (18), (22) and (23) we can write
(24)

|Enrs(t)| ≤ p(p+ [p/2]− 1)Γpr max
m+1−p≤i≤m

 s∑
j=1
j 6=2

|ηij − t|s−j
(j − 1)!(s− j)!Aij

+
l∑

j=s+1
j 6=2

2j−s

(s− 1)!σij,j−1 · · ·σijs
Aij

ω(Ds−1f ; ∆m; Im)

≤ p(p+ [p/2]− 1)Γpr

·
{

s∑
j=1
j 6=2

[(p+ 2([p/2]− 1))∆m]s−j

(j − 1)!(s− j)! · [(p+ 2([p/2]− 1))∆m]j−1

δrm,p−r

+
l∑

j=s+1
j 6=2

max
m+1−p≤i≤m

[
2j−s

(s− 1)!σj−sis

(xr̄(i) − xl̄(i))j−1

δrm,p−r

]}
ω(Ds−1f ; ∆m; Im).

Formulas (19), (20) and (21) follow from (24). �
We now state the following corollary:

Corollary 5. Let f ∈ Cs−1(Im) with 1 ≤ s ≤ l ≤ p, and assume that Qnf belongs
to a LU spline space Sp,πn with constant A. Then, for 0 ≤ r < p, there holds

(25) max
t∈Jm

|Enrs(t)| ≤ Cr∆s−r−1
m · ω(Ds−1f ; ∆m; Im).

Proof. By Theorem 4 we need only prove that ρm and ∆m/δm,p−r are uniformly
bounded for all m and n.

Since, from (12) and (13), one has r(m) − l(m) ≤ 2(p + [p/2]) − 3, by local
uniformity, we have for all m+ p− 1 ≤ i ≤ m,

(26) xr̄(i) − xl̄(i) < xr(m) − xl(m) ≤ δm
2(p+[p/2])−4∑

k=0

Ak.

Assuming that τ
(l)
iµ = ζν , 1 ≤ µ ≤ l − 1, we have

(27) τ
(l)
i,µ+1 − τ

(l)
iµ = ζν+1 − ζν = (xν+p − xν+1)/(p− 1) ≥ δm/(p− 1).

Inserting (26) and (27) in (21) and recalling σis ≥ σi1, we get

(28) ρm ≤ ρ

with

ρ := (p− 1)

2(p+[p/2])−4∑
k=0

Ak.
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Moreover, by using local uniformity, we have

δm ≥ ∆mA
−[2(p+[p/2])−4]

and, since δm,p−r ≥ δm,

(29)
∆m

δm,p−r
≤ A2(p+[p/2])−4.

Inserting (28) and (29) in (20), we obtain the error bound (25).

Note that, from Lemma 2, whenever we write that a result is true for t ∈ Jm ,
then it is true for all relevant r and s if t ∈ (xm, xm+1). When r = 0, it is true for
all relevant s if t ∈ [xm, xm+1].

Corollary 6. Let f ∈ Cs−1[a, b] with 1 ≤ s ≤ l ≤ p, and assume that Qnf satisfies
the hypothesis of Corollary 5. Then, for 0 ≤ r < s, the uniform bound (6) holds
with Cr = Cr, and for s ≤ r < p∥∥DrQnf

∥∥
∞ ≤ CrH̃

s−r−1
n ω(Ds−1f ;Hn; [a, b]).

Proof. From Corollary 5 our assertion follows immediately since for all m and n

H̃n ≤ ∆m ≤ Hn. �

Finally we state the following lemma:

Lemma 7. Suppose Qnf satisfies the hypothesis of Corollary 5; then the values
vij defined by (4) satisfy

|vij | ≤
l∑

µ=j

ρµ−1.

Proof. From (15), (21) and (28) it follows that

|αiµ| ≤ (ρ · σi1)µ−1.

Moreover,
µ∏
s=1
s6=j

(τij − τis) ≥ σµ−1
i1 . �

3. Application to numerical integration and computational results

Convergence results were already proved for product quadrature rules based on
QI splines using parameters T1 − T5 in [1, 3–5]. These convergence results are
both for bounded [1, 3, 4] and unbounded integrands [4]. Pointwise and uniform
convergence results are proved in [1, 3, 5] for sequences of CPV integrals of these
splines. We apply these convergence results to the QI splines based on T6.
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From Corollary 6 with s = 1, r = 0 and from Lemma 7, it can be proved as in
[1] that

(30) I(KQnf) :=

∫ 1

−1

K(x)Qnf(x)dx→ I(Kf) as n→∞

for K ∈ L1(J), with J := [−1, 1] and f ∈ R(J), the set of all (bounded) Riemann-
integrable functions.

By Corollary 5 with s = 1, r = 0, 1, it can be proved as in [1] that

J (uQnf ;λ) :=

∫ 1

−1

− u(x)
Qnf(x)

x− λ dx→ J (uf ;λ) as n→∞,

where

∫ 1

−1

− := lim
ε→0

{∫ λ−ε

−1

+

∫ 1

λ+ε

}
, for u and f such that J (uf ;λ) exists and

λ ∈
◦
J := (−1, 1).

Introducing the modified QI splines

Q̂nf(x) = f(−1)Np
1n(x) +

n−1∑
i=2

Np
in(x)

l∑
j=1

vijf(τij) + f(1)Np
nn(x),

which can be defined using parameters T6 since τ11 := ζ1 = −1 and τ1n := ζn = 1,
we can prove as in [5] that

J (wQ̂nf ;λ)→ J (wf ;λ) as n→∞,

uniformly with respect to λ in
◦
J , for f ∈ Hµ(J) with 0 < µ ≤ 1 and w(x) :=

(1− x)α(1 + x)β with α, β > −1, if µ+ min(α, β) > 0. Here,

Hµ(J) := {g : ω(g; t; J) ≤ Btµ, B > 0, 0 < µ ≤ 1}.

Finally, we give some computational results obtained by using the quadrature
rule

(31) I(KQnf) :=
n∑
i=1

p∑
j=1

vijwin(K)f(τij),

where win(K) := I(KNp
in), to approximate I(Kf) for test functions f ∈ R(J) and

K(x) :=ln|x− λ|, λ ∈
◦
J . We define the truncation error of the rule (31) by

(32) R(n)(Kf) := I(Kf)− I(KQnf).

We base our calculations on the algorithm explained in [2], which we generalize
slightly by introducing knot sequences with a multiple interior knot. For the test
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function f(x) := x4 + |x|, which has a singular point of the derivative at x = 0, we
consider the following LU partition of J :

(33) L :


yν := 0,

yν±i := yν±(i−1) ± (i+ 1)δ/2, i = 1, . . . , ν − 1,

yν±ν := ±1,

where δ > 0 and ν is such that

yν+(ν−1) + (ν + 1)δ/2 ≥ 1− (ν + 1)δ/2.

We denote by

R
(n)
L the truncation error (32) of the rule (31) based on the QI points T6 and the

sequence of knots obtained by giving multiplicity (p− 1) to yν = 0 in (33).

R
(n)
U the trunction error (32) of the rule (31) based on T6 and the sequence of

simple interior knots obtained from the uniform partition U of J , where

(34) U : yi = −1 + 2i/(N + 1), i = 0, 1, . . . , N + 1.

Table 1 reports the absolute errors for different δ, n and p.

Table 1. Absolute errors for K(x) := ln
∣∣x− e

4

∣∣, f(x) :=

x4 + |x|, I(Kf) = −1.14788951532

p δ n |R(n)
L (Kf)| |R(n)

U (Kf)|

3 0.5 5 4.92(−2) 4.72(−2)
0.05 17 3.14(−3) 1.25(−3)

0.005 55 3.48(−5) 9.27(−5)
0.001 125 1.06(−6) 1.71(−5)

4 0.5 7 1.19(−1) 3.26(−2)
0.05 19 1.55(−3) 1.26(−3)

0.005 57 1.53(−5) 9.04(−5)
0.001 127 5.14(−7) 1.68(−5)

5 0.5 9 3.14(−2) 1.25(−2)
0.05 21 1.67(−4) 8.86(−4)

0.005 59 1.67(−6) 8.51(−5)
0.001 129 6.67(−8) 1.65(−5)

The numerical results in Table 1 show that the partition L, with a multiple knot
at the singular point of f ′(x), performs better when n becomes large.

For the test functions f(x) := x4−sign(x), where sign(x) := 1 if x > 0, sign(0) :=
0, and sign(x) := −1 if x < 0, and for f(x) := x4+x|x|, we use the uniform partition
U defined by (34) with simple interior knots. We compare in Tables 2 and 3 the
absolute errors of the quadrature (31) based respectively on T1, with l = p, and T6

for different p and n. We denote by

R
(n)
T1

the truncation error (32) of the rule (31) based on T1

R
(n)
T6

the truncation error (32) of the rule (31) based on T6.
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Table 2. Absolute errors for K(x) :=ln
∣∣x− e

4

∣∣, f(x) :=

x4−sign(x), I(Kf) = −1.45785292443

p n |R(n)
T1

(Kf)| |R(n)
T6

(Kf)|

3 4 8.96(−1) 1.12(−1)
10 6.23(−3) 8.74(−3)
34 6.41(−4) 4.88(−4)

130 3.99(−5) 3.00(−5)

4 5 3.99(−1) 9.81(−2)
11 6.86(−2) 1.01(−2)
35 2.28(−3) 9.37(−4)

131 1.35(−4) 5.98(−5)

5 6 7.05(−2) 1.24(−2)
12 5.45(−2) 3.75(−3)
36 9.92(−4) 4.79(−4)

132 6.12(−5) 2.99(−5)

Table 3. Absolute errors for K(x) :=ln
∣∣x− e

4

∣∣ , f(x) :=

x4 + x|x|, I(Kf) = −1.09751837560

p n |R(n)
T1

(Kf)| |R(n)
T6

(Kf)|

3 4 5.91(−1) 8.30(−2)
10 8.57(−3) 3.53(−4)
34 9.71(−6) 3.93(−6)

130 2.03(−8) 2.13(−8)

4 5 9.07(−2) 4.78(−2)
11 8.61(−3) 1.84(−3)
35 6.57(−5) 1.22(−5)

131 2.69(−7) 5.00(−8)

5 6 2.23(−2) 7.54(−3)
12 1.77(−4) 2.10(−4)
36 7.12(−8) 3.40(−7)

132 2.12(−10) 1.29(−9)

The numerical results of Tables 2 and 3 confirm that the approximations, based
on the QI points T6 (that need only n function evaluations ), have the same per-
formance as the ones based on T1 (that need up to n(p − 1) − p + 2 function
evaluations).
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