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SPHERICAL BESSEL FUNCTIONS
AND EXPLICIT QUADRATURE FORMULA

RIADH BEN GHANEM AND CLEMENT FRAPPIER

ABSTRACT. An evaluation of the derivative of spherical Bessel functions of

order n + % at its zeros is obtained. Consequently, an explicit quadrature

formula for entire functions of exponential type is given.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Given any complex number «, the function

Jo(2) & & P
B ;(_” 2042k BIT(k + o + 1)

is an even entire function of exponential type 1. Here J,(z) is the Bessel function
of the first kind of order a and is known as the spherical Bessel function when
a=mn-+ %, n € Z. Let ji = ji(a), k = £1,+2, ..., be the zeros of ";—Sf) ordered
such that j_, = —jg and 0 < |f1] < |j2] < ... .

An exact quadrature formula with zeros of Bessel functions as nodes has been
recently given [1] as follows.

Theorem A. Let R(«) > —1. For all functions f of exponential type 21 such that
f(z) = 0(|z|7?%), 2 — +oo, with § > 2R(a) + 2, we have

1)
[ s = o2 i T (1 (%)= (-%)):

The growth condition imposed on the functions has been relaxed by Grozev and
Rahman.

Theorem B ([2]). If « > —1, then (1) holds for every entire function f of expo-
nential type 27 such that z**T1(f(z) + f(—x)) belongs to L'[0 , o).

Since, in formula (1), J,(jx) is not given explicitly, we find it interesting to
evaluate it for the spherical Bessel functions. From now on, the notation jj is used
exclusively to denote jj(n + 3).
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Theorem 1. Let n be a nonnegative integer and

_ T (20 —7)! (20 —27)! ., -
AU) i= <§Z (r! [2"‘)T ((n—r)!]g T )

r=0

1
2

We have
(2) Top1 (i) = (D G072 AGh) for k==£1,%2,..

Since (2) is not valid for negative integers, we give another result for these values.
We note that the zeros of J,(z) are all real if & > —1 and only a finite number

of them are nonreal if o < —1 [3, §15.27]. Let {l;}?2, be the positive zeros of

Ja(2) o 1
o a=n++ 3

5, arranged in ascending order of magnitude and I = —[_j for
k=-1,-2,....

Theorem 2. Let n be a negative integer and

=

—n—1

PR (2= (o=t )
(i) = <§ > rl [2=n=r=1 (—n — 7 — 1)1]2 g )

We have
3
' )R TR k=12 ..
(3) Jop1 () = (-1) e w(ly)  for L2,
P (=)™ TR L2 u(ly) for k=-1,-2,...
Remark 1. Using Theorems 1, 2 and the differential equation
2y 2y + (2 -a®)y=0

"

satisfied by J,(z), we can evaluate Jr/;+§(j’f) J ;%(jk), etc.

7 n
2. LEMMAS

For the recurrence formulas satisfied by Bessel functions and used in this section
we refer the reader to [3, §3.2]. We need the following property of spherical Bessel
functions to prove formula (2).

Lemma 1. Let n be an integer. For all nonnegative integers p, we have

[p/2] 1 —2r
) ~(p—T I(n—r+3)2° , ]
4 J o1 = E -1 J .
( ) n—p ;(jk?> T:O( ) ( r )F(n—p—i—r—i—%) j£_2r n+%(]k)

Proof. We prove (4) by induction on p. For p = 0, (4) is equivalent to

(5) Jn—%(jk) = J,H_%(jk),

which we obtain using the formula

(6) 2Jo/(2) + ado(2) = 2Ja-1(2)

with & =n+ % and z = ji. For p =1, (4) gives J _a(ik) = 27};1J;L+;(jk)v which
2

is true by the formula
2a
(7) Ja-1(2) = —Ja(2) = Ja1(2),

taking « = n — % and using (5). Suppose that (4) is true for p and p 4+ 1, where p
is an even integer, and let us prove it for p + 2 and p + 3.



SPHERICAL BESSEL FUNCTIONS AND EXPLICIT QUADRATURE FORMULA 291

When o =n —p — %, (7) and the recurrence hypothesis give

) 2n — (2p + 3) . )
Jnep-3(ir) = j—kJn_p_g(Jk) — Jn—p-1(r)
p/2 1\ opt+1—2r
(p+1=r\ T(h—r+3)2?
= (2TL — 2p — 3) Z(_:l) ( ) 2 1\ -p+2—2r
~ r Fn—p+r—3) iy
p/2 A(D—T F(n—T+%)2p_2T ' .
- Z(_l) r JT 1y ;p—2r Jn‘*‘%(jk)
—r (n—p+7+3) g
p/2 1\ opt+1—2r
Ap+1—r\ Tn—r+3)2°
= (2TL — 2p — 3) Z(_:l) ( ) 2 1\ p+2—2r
~ r Fn—p+r—3) iy
§§:+1( 1! <P +1-— r) L(n—r+ 3) 20272 7 G
_ - —5 ( Jps 1 Uk
= r ) Tpr g
[Fp oyt
—~ T Ln—p+r—1) j,€+2_2r (p—2r+2)
1 1
x [52n—2p=3)(p—2r+2) +r(n—r+ )]
(2n —2p — 3)['(n + L) 2v+1 '
R (CE NI G,
I(n—p—3) iy ’
Since

m=—p=3/2)p—2r+2)+r(n—r+1/2)=(n—-p+r—-3/2)(p—1r+2),

B0

and
(n—p+r—3) 1
T(n—p+r—3) Tmn—p+r—3)°
we have
p/2 1 2-2r
Inp-3Ur) = Z(_UT (P ! 72~ ) T) r o §)32174'—10+2—2r
= (n—p+r—13)J

F(n+ %) 2P+2 p+2 ’ .
Tw-p-pape 07l

(p+2)/2 (p+ 9_p P(?’L —r 4 %) op+2-2r , .
Z(:J (_1) r T p+2—2r Jn+%(]k)'

(n—p+r—2) 47

Thus, (4) is true for p + 2. For p+ 3 we use (7), taking @ = n — p+ 3, and the
remainder of the proof is similar. O

To establish (3), we need another property of spherical Bessel functions.
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Lemma 2. Let n be an integer. For all nonnegative integers p, we have

(8)
[p/2] 3 —2r
p— Fn+p—r+3)2° /
J 3(Jr) = E —1)" ! " 2 J k).
n+p+%(]k) . 0( ) ( r F( r %) jg—Qr n+%(]k)

Proof. The proof is similar to that of Lemma 1 except for the next few changes.
For p = 0, we use the formula

9) 2Jo/(2) — ada(2) = —2J011(2)
with oo =n+1/2. For p =1, we use (7) with « = n+3/2. For p+ 2, p+ 3, we use
(7) respectively with « =n+p+2, n+p+ L. 0

3. PROOFS OF THE THEOREMS

Proof of Theorem 1. Using Lemma 1 with p = 2n, we obtain

(10)
n on—r F(n—r—kl) 92n—2r ’
J_ n44i ] == _1 r 2 J 1 ] .
sy (i) {Q N o ) BANIES
But
1 V7 (2m)!
(11) I‘(m+ §>:W for m:0,1,2,...
" V(1" 2
1 w (—1)™ 25" m)!
I'(—m+ 5) = m)! form=0,1,2,...,
so that
2n —r\T(n—r+ 1) 22072 nar (2n—7)! (2n —27)!
(12) 1 = (_1) | n—r _ n2 -
r L(—n+r+3) rl[2 (n—r)!]

An application of the formula [3, §3.12]

(13) To(2Wa(2) = Jal2) o (z) = 22000T)

gives

=

—(n+3) () 7 Iy )

Hence, in view of (10) and (12), we obtain
(14)

-1
, 02 Tem 20 —7) (20 —27)! o .y on— )
J ) == n+2r+1 — g2n=1y200 )
( n+%(jk7) (2;_:0 20" (n—r)]]2 Ik Jk (Jr)
It remains to study the sign of J;H—l (Jx). We have (see [3, §15.22])

2
(15) 0< ji < ju(n+3/2) < jrsr fork=1,2,....

Hence, the interval (ji, jx+1) contains only one zero of J,H_%(z) fork=1,2,..,
which implies

(16) sgn (Jn+%(jk)> = —sgn (Jn+%(jk+1)> for k=1,2,....
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By (9) we have
Jn-‘,—%(]k) = —Jn+%(jk) for k= 17 2, ceey
and it follows from (16) that

(17) sgn (J;L+%(jk)> — —sgn (J;l+%(jk+1)> for k=1,2, .,
which implies, in view of (14), that
/ . / . n—1 .
TG = sen (4 Gi) 7 AG)

_1
= (=1)*1 sgn (J (]1)> Je 2 A(Jr) for k=1,2,...
So, in order to obtain (2) for j; > 0, it suffices to prove that

(18) J;Jrl/z (jilp+1/2)) <0 for each nonnegative integer p.

For p = 0, we have

2 1
%(:c) =4/ Esinx, ]k(§) =kr, k=1,2,..,

7 G2y = gy = - <o

Suppose that (18) is true for some positive integer p, which implies that

Ty (@) <0 forallee (i(p+1/2), jalp+1/2));

whence

in particular,
Jpiy (G1(p+3/2)) <0 since, by (15), ji(p+3/2) € (Gh(p+1/2), J2(p+1/2)).
But, using (6), we have

Ty (1P +3/2) = Ty (h(p+3/2)) <0

so that (18) holds for p + 1 and consequently for all p > 0.
For ji < 0, we assume first that in the definition of 2%, arg(z) has its principal
value, and we suppose, as in [3, 3.62], that arg(—z) = m+arg(z). Then we have

’ ’

Jup1Ur) = Jppa(=jk)
= T )

= o ( 1) (J B Gk
= (=D (=j=k)""% M)
= (=D JpE AGie),
since A(—jx) = A(jx) and Jo(—2) = €™ J,(2). |
Proof of Theorem 2. Several details of the proof are similar to that of Theorem 1,
and we omit them.
We replace p by —2n — 2 in Lemma 2 to obtain

(19)

-1
Cne (& (Fm—r =) (=20 —2r —2)! o
CANER) <§ > 5 [2_”_T_1)(En—r—1)!]2> " +3> |
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We have [3, §15.22]
(20) O<lk<lk(n—1/2)<lk+1 for k=1,2,...,

which by virtue of (5) implies (17), where jj, is replaced by l;. So we have, by (19),
’ _ ’ —n—3
T () = (=) sgn (Jn+%(ll)) L7 ully) for k=1,2, ...
Thus, to establish (3) for I > 0, we have to show that
(21) (—1)p+1J;+l (j1(p+1/2)) < 0 for each negative integer p.
2

For p = —1, we have

2
J_1(z) =4/ — CO8T, lk(=1/2)= 2k —1)7m/2, k=1,2,..,

whence

Ty (L(-1/2) = Ty (=/2) = —% <0.

Assume that (21) is true for some negative integer p, which implies by (20) that
1
(—1)P+1Jp+% (ll(p — 5)) <0,

and using (9), we obtain
(=177, 1 (h(p—=1/2) = ()" T, 4 (h(p - 1/2)) < 0.

Therefore, (21) holds for p — 1 and consequently for all p < —1.
For I, < 0, we have

’

oy ) = eI )L ) T ()

= ()" (1) T TE (D)

= ()R ). O

[N

4. AN EXPLICIT QUADRATURE FORMULA
We are now ready to deduce the following result from Theorems B and 1.

Theorem 3. Let n be a nonnegative integer. For all functions f of exponential
type 27 such that

(22) z*" f(z) € L'(R),
we have
/_00 2" f (2)dx
o = " (2n—7r)! (2n—2r)! Jk
(23) T or2ntl k%@ (TZ_% r! [2n—r (n _,r,)!]g Jk ) f ( 7_)
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Proof. Without loss of generality we may assume that f(z) is even. Let

g(a) = —

3 s
2 2

)——i—g £(0)

(tz)™

flz) — <2”+%F(n +

\/ =

Since f(z) and J,,, 1(2)/ 2"z are even, their derivatives vanish at zero. Besides,
we have lim,_¢ Jo(2)/2% =1/(2°T(a+ 1)). Thus lim,_¢ g(z) exists, and conse-
quently g(z) is entire. According to the hypothesis and to the formula [3, p. 405],
we have

T2 (@) 2
n+3
24 2 —dr =
(24) ([m r o+l
and g(z) satisfies the conditions of Theorem B with o = n+ 5. Therefore, we have
(25)
% oni2 _ = < @2n—n)! 2n—2r)! 5.5 Jk
/_OO x g(z)dz T2n+3 kz (Z rl 2 (n—r)2 7k T
=—oc0 \r=0
k0
Replacing g(x) by its value and using (24), we readily obtain (23). O

Note that, in formula (54) of [1], which corresponds to (25) with n = 1, there is
a superfluous factor 32. As a consequence of Theorem 3 we have the following

Corollary 1. If n is a nonnegative integer, then for all functions f of exponential
type T such that

a"f(x) € L2(R),
we have

(26)

/_OO ()P = s ki@ (2”: T!TL—T'((in_—r% | )V(n)

k%0

™

2
(1) (G0 1O

Proof. Write f(x) = fi(z) + i fa(x), where fi(x) = R(f(z)) and fa2(x) = S (f(z))
when x € R. The functions f7(x), f7(z) satisfy the conditions of Theorem 3.
Hence, by (23), formula (26) holds for fi1(z) and f2(z). The result follows since

[f(@)? = fi(z) + f3(2). 0

+
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