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STIELTJES POLYNOMIALS AND LAGRANGE INTERPOLATION

SVEN EHRICH AND GIUSEPPE MASTROIANNI

ABSTRACT. Bounds are proved for the Stieltjes polynomial E,41, and lower
bounds are proved for the distances of consecutive zeros of the Stieltjes poly-
nomials and the Legendre polynomials P,. This sharpens a known interlacing
result of Szegd. As a byproduct, bounds are obtained for the Geronimus poly-
nomials Gy. Applying these results, convergence theorems are proved for the
Lagrange interpolation process with respect to the zeros of Ej, 41, and for the
extended Lagrange interpolation process with respect to the zeros of P, Ep4+1
in the uniform and weighted LP norms. The corresponding Lebesgue constants
are of optimal order.

1. INTRODUCTION

Let P, be the Legendre polynomial, normalized by P, (1) = 1. The polynomials
E, 41 defined (up to a multiplicative constant) by

/ Epi1(x)Py(x) zF dz = 0, k=0,1,...,n, n>1,

were introduced by Stieltjes more than one hundred years ago. In 1934 Szegé [36],
following Stieltjes idea, introduced the wider class of polynomials E,(L’Yl, defined by

1
/ wA(x)E,({:_)l(x)P,(LA)(x)xk dx =0, k=0,1,...,n, n>1,

~1
where wy(z) = (1 — 22?12, X > -1 and P is the Gegenbauer polynomial.
In [36] Szegd proved, among other results, that for 0 < A < 2, the zeros of Efl +)1

interlace with those of P,({\)

. This proves and generalizes a conjecture of Stieltjes
for the case A = % After Szegd’s paper, Stieltjes’ idea seemed to have had no
further development for a long time. But in 1964 Kronrod, urged by the aim of
estimating the error of the Gauss—Legendre quadrature formula, introduced the
extended quadrature formula, now well known as the Gauss—Kronrod rule

n+1

1 n
(1) /1f(w)dw=ZA§,§ Fun) +ZB K F€unin) + BSEL(F),
- v=1

where z,,,, are the zeros of P,, and the nodes &, ,+1 as well as the weights Agf and
Bfff 1 are chosen such that the formula has algebraic degree of precision > 3n +1,
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ie. Rgﬁ_l (p) = 0if p € P3,,11 (Px is the space of all algebraic polynomials of degree
at most k). Some years later Barrucand [1] observed that ¢, 41 are precisely the
zeros of the Stieltjes polynomials F,, ;. In the second half of the seventies, G.
Monegato in [25], proved that the interlacing property of the zeros of F, 11 with
those of P, is equivalent to the positivity of the coefficients Bfff 11, and then proved
that the Gauss—Kronrod formula has positive weights even if it is constructed with
respect to the weight wy, 0 < A < 1 [26]. Kronrod’s idea together with the results
of Barrucand and Monegato urged a lot of mathematicians to consider Stieltjes
polynomials for more general weight functions, to study the interlacing properties
of the zeros and to construct extended positive quadrature formulas. Among them,
we mention Gautschi and Notaris [16], Gautschi and Rivlin [17], and the recent
papers of Peherstorfer [34] and of the first author of this paper. For a more complete
history of the problem under consideration, the interested reader may consult the
exhaustive surveys of Gautschi [15] and Monegato [28].

Nevertheless, the interpolation process based on the zeros of Stieltjes polynomials
and/or the extended interpolation process that uses the zeros of the polynomials
Kop 11 = P, Ey 41 have received little attention. Recently several authors, following
a different approach than Kronrod, constructed extended interpolation processes
starting with the zeros of the product of two or three orthogonal polynomials with
respect to different weights. By using the method of additional nodes they proved
convergence theorems in uniform and weighted LP norms (see for instance [4, 5, 6,
20, 21, 32)).

The reasons for the absence of results on interpolation processes based on the
zeros of F,.1 and/or P,E, 1 are first of all the fact that in literature there are
no accurate bounds available for the polynomials E,, 1, and in second place that
information about the distribution of the zeros of E, 1 and/or P,E,; is very
poor. The interlacing property of the zeros of F, i with those of P, allows to
obtain easily upper bounds on the distance between two consecutive zeros, while
the respective lower bounds are harder to find.

The first result in this paper is an accurate pointwise bound of the polynomials
FE,+1. This bound shows an “opposite” behaviour of E, ;1 with respect to that
of the Legendre polynomial P,. In fact, in every closed subset of (—1,1), E, 11 is
unbounded (with respect to n), while it is bounded near the endpoints +1. As a
consequence of this fact, the polynomial P, E,, 1 results in being bounded in [—1, 1]
and it seems to have a behaviour similar to that of the Chebyshev polynomials of
the first kind.

Then we will prove that both the zeros &, ,+1 = cos0, 41 of E,41 and those
Yk, 2n+1 = COS Yk ant1 of Kopy1 = P Ep4q have an “arccos-type” distribution, i.e.
their cosine arguments satisfy

10 n+1 — Ot nt1] ~ |¥r2n+1 — Yrt1,2n41] ~ nt.

These results are explained in §2 of this paper. In §3 we consider the behaviour
of the Lagrange polynomial L, 1 f which interpolates a preassigned function f at
the zeros of F, 1. We will prove that this interpolatory process is optimal in the
sense that the n-th Lebesgue constant ||Ly|| = sup| s~y || Lnf||, where || - || is the
sup-norm, is ~ logn. We also observe that this result seems surprising, since E,11
is unbounded in (—1,1), and on the other hand a “good” distribution of the zeros
generally doesn’t imply || L, || ~ logn.
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We also prove some convergence theorems in weighted L? norms by estimat-
ing the interpolation error by means of the best weighted one-sided approximation.
Moreover, we prove that the Lagrange polynomials Lo, 1 f interpolating a function
f at the zeros of P, F, 1 have optimal Lebesgue constants (i.e., O(logn)). There-
fore, the zeros of the Stieltjes polynomials E,.; have the property of improving
the interpolatory process based on the Legendre zeros, which, as well known, has
Lebesgue constants ~ /n.

2. INEQUALITIES FOR STIELTJES POLYNOMIALS
For the Stieltjes polynomials E,, 1, we use the normalization (cf., e.g., [28])

l; nt1(cosl) = ag.n cos(n + 1)0 + aq n cos(n — 1)6

(2) an ,cosf, n even,
_|_ - _|_ 1 2
20ng1 s n odd,
where
v
(3) an="fon=1 > unfrun=0, v=12..,
pn=0

1 1
4 vn=(1=—c— |\ 1= | fo-1m, =12,...,
@) 2 ( 2u)< 2n+2u+1>f Ly ¥

and

22n+ln!2
N o
In the following we denote the zeros of the Legendre polynomials P, by z, , =
cos @un, v =1,...,n, and the zeros of the Stieltjes polynomials E,4+1 by {, nt1 =
€080y nt1, p=1,...,n+1, ordered by increasing magnitude in both cases (we will

frequently omit the index n where the meaning is clear from the context).

Theorem 2.1. For n > 1, there holds

6) Bl < 20T 40, msesa,
where C* =1.0180.... For x € [—1,21| U [zn, 1], there holds

(6) [Ensi(2)] < 25 + €e(n),

lim,, o €(n) <0, €(n) < 30. Furthermore,

(7) Bri(l) > — >1

sve T

According to Theorem 2.1, rough bounds are

2 1
(8) B (@) < 207/ 2529122 4 57, —1<a2<1,
™

1 2
9) |Enii(z)] < C\/ﬁ< 1—x2—|—ﬁ> ., —l<az<l,

where C' is a positive constant.
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The best bound for Stieltjes polynomials in literature is (cf. [27])

Boni(@) < 4 _1<z<i.
Tn
While this bound behaves uniformly on the whole interval [—1,1], the bounds in
Theorem 2.1 are smaller by a factor ~ n~/2 at the endpoints if compared to
the interior of the interval. This conforms to recent results about the asymptotic
behaviour of Stieltjes polynomials [10], namely that the formula

(10) By (cos) =2 Q”j:ne cos { <n + %) 0+ %} + o(v/n)

holds uniformly for ¢ < 8 < 7 —e. On the other hand, a comparison of (5) and
(10) shows that in fixed closed subintervals of (—1,1), the bound (5) can at most
be improved by the factor C' = 1.0180.... It follows from (7) that the order in n
of (6) and (8) is also unimprovable at the endpoints +1.

The associated sin-polynomial

77”671(9) = agpsin(n+1)8 + a1 ,sin(n —1)0

. az_in sin 36 + az g, sin 6, n even,
On—1, sin 20, n odd,
3

is important in connection with a class of polynomials GG,, considered by Geronimus
(cf. [18]; cf. also [28, 34, 36]). The connection is (cf. [28, 36])

(11) sinf G, (cosf) = e,(6).

As a byproduct of the previous theorem, we also obtain bounds for the Geronimus
polynomial G,,.

Theorem 2.2. Forn > 1,

2n+1 1 " 2
n o 1-—22 V1—22’
where C* = 1.0180.... Moreover, there holds

|Gn(z)] < C(n+1), -1<z<1,

|Gn(z)| < 2C*

1 < x < Ty,

where C' < 35.

With regard to the application for extended interpolation in §3, it is important
to obtain accurate upper bounds also for the product P, F,+1. Recalling classical
results about the Legendre polynomials P, we observe from (7) and (10) that E,, 41
has an “opposite” behaviour with respect to the term v/1 — z2. Thus, P, E,;1 is
very similar to the Chebyshev polynomial 5,11 of the first kind (see [27] for related
numerical results). More precisely, we have the following corollary.

Corollary 2.3. For n > 1, there holds
|Po(2)Epta(2)] < €, —-1<a<1,
where C < 55. In particular, we have

|Po(z)Enta(z)] < 7, 1 <2 < Ty
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Let the zeros of Koy+1 = Py E,4+1 be denoted by y, =cos,, v=1,...,2n+1,
ordered in increasing magnitude, and let yo = —yont2 = & = —&nyoe = —1.
Sharpening the interlacing result of Szegé [36], we prove a lower bound for the
distances of consecutive zeros of Kop11.

Theorem 2.4. Forn > 1,

1
liminf (2n 4+ 1)(Yy — Yvy1) > — v=0,....2n+1,

n—oo 20°

and

liminf (n+1)(0, — 0u41) >

— =0,... 1.
00 207 1% ) ,TL+

3. LAGRANGE INTERPOLATION

We write f € LP(E), EC[-1,1], 1 <p < oo, if

|fuu@—(ﬂgﬂwWMJp<m,

and we set LP = LP([=1,1]), [ fll, = || fllzr(j=1,1)- In the case p = oo, we keep the
previous notation by setting || f|| gy = sup,eg |f(2)], E C [-1,1]. In the following,
C' denotes a positive constant which may be different in different formulas. With
o being a weight function and 1 < p < oo, we use the notations

En($a = 0t I/ = o],
and

Em(Hop=mf{lllg" —q¢ loll, ¢ €Pm, ¢ <f<q'}
for the error of the best algebraic weighted approximation and the best one-sided
weighted approximation. If o = 1 in [—1,1], we write &, (f), and &, (f)p. Now
let L,4+1(f) be the (n 4+ 1)-th Lagrange polynomial interpolating f at the zeros of
E,+1. The following theorem holds.

Theorem 3.1. For any continuous function f we have
[f = Lnt1fllooc < Clogné&n(f)oo
where C' is independent of n and f.

Let u be a Generalized Jacobi (GJ) weight, defined by
u(z) = 1_[|t;€—9c|"““7 ve>-1, “l=ty<t1 <<t <tr=1, |z|]<1.
k=0

We state some convergence theorems of L, 41 f to f in the LP norm with weight w.

Theorem 3.2. Let uw € LP with 1 < p < oco. Then for any continuous function f
we have

(12) I[f = Lnsr flully, < CE(f)oos

where C' is independent of n and f. Furthermore, if u\/p € L? and (u\/@_1 € L9,
o) =vV1—-2a2, pl+qgt=1,1<p< oo, then, for any function f : [-1,1] = R
which is bounded and measurable, we have

(13) 11 = Losaflully < CEalf)up,

where C' is independent of n and f.
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The assumptions about u which were made in Theorem 3.2 to obtain (13) are
stronger than those to obtain (12). But (13) is better than (12) (if f is continuous)
because En(Flup < |ullpEn(foo and En(floo = 2En(f)oo. Moreover, bounds of
the type (13) are useful to estimate the error ||[f — Lp+1f]u|l, for an interesting
function class, more precisely, the class of functions f which are locally absolutely
continuous in (—1,1) (f € AC\c), which generally need not be bounded at the
endpoints +1, as the example log(1 + x) shows. For such functions, we cannot use
(12), but the following theorem is useful.

Theorem 3.3. Assume u\/¢ € L? and (u\/p)™' € L9, 1 < p < oo, and p~* +
¢ =1. If f € AC\oc and f'p*/Pu € LY, then

c
(14) N = Losflully < — I ullzegen e + cllfe*Pulliay),

where Il = [—1,1\(&1,&n+1) and the constants are independent of n and f. In
particular if f'ou € LP, then

I = Loaflelly < S Ens(Mous

where C' is independent of n and f.

For example, if p = 2, u(z) = V1 —22 and f(z) = log(1l + z), from (14) we
obtain ||[f — Lns1(f)]ull2 = O(n~1). The interested reader may find estimates of
En(9)up with a GJ weight u and g € AC)c in [3].

The case p = 1 is interesting in the applications, because it is connected with the
error of the product quadrature rule. Estimates of ||[f — Ln+1]ul; in the L' norm
and the same weight u are only possible under strong conditions on the weight u (see
for instance [7, 24]). From the previous theorems, we can derive better estimates
than (12) when p = 1 by some assumption on the weight . For instance since

If = Losaflulls < vl (I = Losa f1Vull2,
if (up)*! € L', using (13) we obtain
I1f = Losiflulli < CES)yue-
If in addition the function f is locally absolutely continuous, then we can use
Theorem 3.3.

Now we consider the behaviour of the Lagrange polynomial Lo,,41 f interpolating
the function f at the zeros of Kop41 = P En+1. We state the following theorem.

Theorem 3.4. For every continuous function f we have
If = Lonsiflloe < Clogn&an(f)oo,
where C' is independent of n and f.

For a GJ weight u, we set u_(z) = [[,, oo ltx — 2" and u— = 1if 7 > 0,
k=0,...,r. With this notation, we state the following theorem.

Theorem 3.5. Let f be a bounded and measurable function. If u € LP with 1 <
p < 0o, then

(15) I[f = Lont1flully < CEn(fu_p-

If f is continuous and u € L', then

(16) Ilf = Lontrflully < C&n(f)oo-
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Furthermore, if f is bounded and measurable, w € L? andu™' € LY, p~ 1 +q 1 =1
and 1 < p < oo, then we have

(17) I1f = Lzns1 flully < CEan(fup,
where the constants are independent of n and f.

By comparison of Theorem 3.2 and Theorem 3.5 one can see that the behaviour
of Loy,+1 is better than that of L,1. While (16) is the analogue of (12), we can
see from the proof that the estimate (15) for L, is only possible if 1 < p < 4.
Moreover, the inequality (16) can be replaced by

IIf = Lonsr flullh < CEon(f)yma, — uw™ €Ll
using the previous argument. Finally, we state the analogue to Theorem 3.3.
Theorem 3.6. Let v € LP and u=! € LY, pt+ gt =1and1 < p < co. If
f € ACioe and f'o*/Pu € LY, then
C
IS = Lona fluly < I Pulirngann) + 6™ ulliaary,

where I) = [—1,1]\ (y1, Yon+1). If in addition f'pu € LP, then
n + ¥

C
I1f = Lonsrflull, < Ean—l(f/)uap,pv

where the constants are independent of n and f.

4. PROOFS

In the sequel, we write A,, ~ B, for two expressions depending on a common
parameter n if 0 < C; < |A,/B,| < Cz < 00, where Cy, (5 are independent of n.

Let E,11 be defined as in (2), with the coefficients «y,, as defined in (3); let
m =m(n) = [(n+ 1)/2]. First, note that the bounds in §2 can be verified easily
in the cases n = 1, 2, such that we can assume n > 3.

Lemma 4.1. Let the sequence (o) be defined as in (3). Then
1 i 5
18 — < "ayn < —0.
(18) 3/n = ;) Qn =3 /n
Here the prime means that o, , has to be replaced by %am)n if n is odd.

Proof of Lemma 4.1. Szegd [36] proved that
(19) aon =1, Qn <0, v=1,2,..., Zoz,,m:O.
v=0

In [10], it was proved that for the product
(o + -+ akn)(fon+ -+ fon) = 1+ Rin,
where f,, 5, is defined in (3), we have
(20) Ry, < 0.
Using a lower bound for f, , following from [10, (40)],

2 (2v)!
fl/7n > \/;W7 v <m,
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after some elementary estimates we find

(21)  font At frmo1n 2 (Vn+1-1),

m/m \/_

and obtain the upper bound in (18).
For the lower bound, let p be an integer > 1. We consider the product, for
arbitrary k € N,

(0<0n+"'+akn)(f0n "'+.fpkn)
sz” p,nap,n"' Z qu unaun+zaun2fpk+l —,n
v=0 pu=0 v=k+1 p=0

By (3), the first term is equal to 1, and the second term is greater than 0. Therefore,

(aO,n +---+ ak,n) (f07n + -+ fpk:m)

k v
(22) > 1+ Y own > forri—pn
v= pn=1

> 1 - f(p—l)k—l—l,n |a17n + 2a27n + 4+ kak7n|'
Now let k = m = |(n+1)/2]. We again obtain, by elementary estimates, from [10,

(40)]

2n + 31

f(le-i—ln_V \/? p+1n+3

Analogously as in (21), we use [10, (40)] for upper bounds of f,, and estimate the
sum in an elementary way by an integral, which, after straightforward calculations,
leads to

1 1
T o < —=1/2 )+1 + =.
fon+ -+ fom, NG p(n+1)+1 + 5

We need the following lemma, which will be proved later.

Lemma 4.2. Let the sequence (o) be defined as in (3). Then, for k < m,

/ 1 1 1
k+§+11n</€+§>+3

We observe that v/n>."" ‘o, ,, for sufficiently large n, is bounded from below

by a constant less than
_ T 3m
V 20 2p(p* — 1)

The function A has a maximum for p = 5, and we continue the proof with this
value. Plugging the explicit bounds derived above into (22), after lengthy but
straightforward and elementary calculations we obtain the lower bound for n >
2600. For 1 < n < 2600, we explicitly compute the values \/n Y " ayn. O

3
|a1,n + 2a27n + 3a37n + -+ kak,n| < 771—
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Proof of Lemma 4.2. Using (19), we obtain

|a1,n+2a2n+"'+kakn|

v—1 k v—1
S DT —Z 5 SUTPEED ST B B) SLI
v=1 p=v pn=0 pu=k+1 v=1 pu=0

and the last inequality follows again from (19). For k < m, we obtain

k v—1

DD < ;(Zﬂm)_l gi VarT1-1]"

v=1 pu=0

where the first inequality follows by (20) and the second by the same method as in
(21). We estimate the sum by

k k+1
1 2 dx
WV2r+1-1"' < (V3-1)"1+ — —_—

2 valy Vet
and obtain the result by some straightforward computations. O
Lemma 4.3. Forn >0,

[En(D)] < (10 +¢€(n)) (n+1)%

lim, o €(n) <0, e(n) < 12.
Proof of Lemma 4.3. We obtain from (2) that

2 m
ElL (1) = W—Z’(n+1—2u)2a,,m
™ y=0

4 m
< 7 —(n+1) {Z al,n—n__i_l;/yal,)n}.

For ~,,, we compute the lower bound

™
23 n > 4 .

(23) = 6t 3

An application of Lemma 4.1 and Lemma 4.2 then leads to the result. O

Lemma 4.4. Forn > 1,
0 < El (1) < (6+¢€(n) (n+1)%
lim,, 00 €(n) <0, €(n) < 8.

Proof of Lemma 4.4. Using (2) and [35, Exercise 1.5.6], we obtain

El (1) = 37 Zoc,,n{n+1—2y) —(n+1-2v)%}
n =0

D) m—1 2 4
= 1 1—-— v,n
3%(n+ ) {Z< n+1) .

v=0
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For the first sum, we have

4 2 3 4
1 2v _1-4 2v 46 2v _4 2v n 2v 7
n—+1 n+1 n+1 n+1 n+1

n+1

and for v <

2 3 2
2v 2v 2v 8v
6 —4 = 6 — 0.
<n+1> <n—|—1) <n—|—1) { n—|—1} -

Therefore, in view of (19), we have
m—1 4
2 2v
1 1 - v,n
3’Yn(n+ )y Z( n+1> ,

S m—1
< En—i_l {Zaun—n—_“;yau,n}'

We further estimate this term in a straightforward way, using (23) as well as Lem-
mas 4.1 and 4.2. Furthermore, we obtain

i 1 2v \* 1= 2 -2
1- vn — 7 oo v.n 1 _
Z(n+1—2y)2< n—|—1> , (n—|—1)2;a’ ( +n—|—1—21/>

v=0

m—1

1
> — vin > 07
~ (n+1)? ;:% Y,
such that this term can be omitted in the bound for E}/ ;(1). |

Proof of Theorem 2.1. Let n be even; for odd n, only minor modifications are nec-
essary. Let 0 < 6 < w. We have

2 )
En+1 (COS 9) = — Re el("""l —2iv60

Tn

‘ Mm.ﬁ

Since, in the following equation, both series are convergent, we can write

oo
E a, ne—2w9 E aune—hve E au)ne—QZUG.

v=5+1
From [10], we recall
—1
il i(n+1)0 =20 | _ 2 ™ 2
o Re {e Vzoayn } 2Qn(cosb) {[Qn(cosﬁ)] + {2Pn(cost9)} } .
Here Qn, 0 < 0 < 7, is defined by (cf. [36])
lin(lJ(Qn(x—Fie)—FQn(x—ie)) =2Qn(x), z e (—1,1),

where, for complex z & [—1,1],

1Z_t

is the Legendre function of the second kind.
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Durand [9] proved that the symmetric function

sin 6 { [%Qn(cos 9)} 2 + [Pn(cose)]z}

is monotonically increasing for 0 < § < 7, and that

sine{EQn(cose)rJr cose} (%)2
NG

We obtain that for 0 < 6 <,

s
Vsinf |Qn(cos )| < 5 F((i
and that for ¢, <0 < ¢1 (x, = cos¢,),

2
sin 0 { [%Qn(cos 9)} + [Pn(cosé?)]2} > % Sin éy, [Qn (cos dn)]*.

Hence, we can estimate

Z Re {ei(n+l)9 Z a, ne—2iu9}

Tn v=0

</r (( +1§ sin @ [v/sin ¢, Qp (cos ¢n,)] ™

It is well known (cf. e.g. [2, p. 151]), that the nodes 1y, ..., zn,n of the Gaussian
quadrature formula QS[f] = S°0'_, aS,, f(,.,), defined by f_ll p(z)dr — QC[f] =

v=1"v,n
if p is a polynomial of degree < 2n — 1, are the zeros of P,, and the weights are

represented by

a _2Qn($z/,n) _ 2
(24> a”’n o P! (fEu n) (1 - [wV n]2)[Pl (wV")P .

A lower bound for a& ,, has been proved by Férster [12, p. 130],

1 ™
(25) af, > == ——singy,
C*n + 2

where C* = 1.0180. ... Invoking (24) and (25), we obtain

1
[V/5 6 Qu(cos §n)]? = o o

*on4+17

which leads to the first term in the inequality (5)
For the second term, we estimate

|a%+1,nei9 + ag+2,ne?’i9 +
< |O“2—L+1,n|+|aﬂ+2n|+"' = O‘On""aln'i_""i_OCﬂ N

where we have used (19). In view of Lemma 4.1 and (23), we obtain

(26) 2 (Gom + a1n + \/1+
2 (o + O+ -
Poo B \/_

In the following, we prove the inequality (6). For symmetry reasons, we only
need to look at [z,,1]. Since the zeros of P, and E,y; interlace, there exists
precisely one zero &,4+1 of E,41 in [Tp,1]. E,41 is monotone in [£,41, 1], negative
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in [, &+1], has precisely one local minimum z* € [z,, 1] and is convex in [z*,1].
Therefore, the bounds

En-‘rl(l) + Ev/z-i-l(l)(w - 1) < En-‘rl (CL’) < En+1(1)7 T e [$n7 1]7

are valid. Thus, we obtain
(27) [Ena ()] < max{Eni1(1), (1= zn)Ep 1 (1) = Enga (1)}
for x € [xn, 1]. By (26), we have

2 B 5 1
E, 1) = — oy < —@ /14— < 2.
+1(1) - ; : =\

The other part in (27) is larger, namely we obtain
(1 —an) B (1) = Ena(1) < (1—an)E (1) < 25 +é(n),
lim,, o €(n) <0, €(n) < 30, from Lemma 4.3 and a classical estimate for (1 — zy,)

(cf. [37, Thm. 6.21.3]).
The lower bound follows from the lower bound in Lemma 4.1. O

Remark. For the associated sin-polynomial e,,, we have e,,(0) = 0. By (11) and the
interlacing property of the zeros of E,;+1 and the Geronimus polynomial G,, (see
[36]), we obtain that ey (¢) is symmetric and has n + 2 zeros in [0, 7], but none in
(0,0p+1], where &,11 = cosfy,11 is the largest zero of E, ;. From the symmetry
we obtain |e,(01)] = |en(0n+1)|- The derivative e} (0) (with respect to ) is for
0 = arccosz an algebraic polynomial of degree n + 1 in x with positive leading
coefficient. We have for m = |(n+1)/2]

m

Tno _ ’ _ - / - ’
(28) 76”(0) = 1;) n+1-20)ay,, = (n+ 1); Qo — 2;0 VO s

with the aforementioned definitions of -, and «, . From the latter, it follows that
the first sum is positive and the second is negative, hence
e, (0) > 0.

A simple argument shows that e, (), for § € [0, 0,,+1], is positive and lies under the
tangent in the point 0,

len(0)] < 0¢,(0) < Onyae,(0).

Now, denoting the largest zero of P, by x, = cos ¢,, we have

71'
n+1’
where the last inequality is from [37, p.139]. We estimate the first sum in (28) by
Lemma 4.1, and the second by Lemma 4.2. After some elementary computations,
we obtain for 6 € [0, 6,,41]

Ony1 < ¢ <

len(0)] < 11.

Furthermore, starting from (for even n, the case n odd can be treated analogously)

2 . B -
en(o) — 7 Im e1(11—0—1)9 Zau,ne_zwe ’
n v=0
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the same bound as in Theorem 2.1 can be proved for the associated sin-polynomial
en(0) (C* as in Theorem 2.1),

2 1
ea(®) < 207\ /T V5N + 2, 6. <0<

Proof of Theorem 2.2. We obtain the first inequality from the above remark and
(11). For the second inequality, we use bounds for z, [37, p. 122] and the same
argument as in [30, (i)] to obtain

|Gn(z)] < 12 max |Gn(z)] < 35(n+1). O

1<z,

Proof of Corollary 2.3. For P,, we use the well known bounds

2
2 Pn < 1) Pn S R )
(29) | P, (cosf)| < | P, (cos )] ”wnsmﬁ 0<f<m

and obtain the inequalities by using Theorem 2.1. O

Proof of Theorem 2.4. We shall treat the following cases separately:
(i) liminf 2n +1) (¢, —6p41) > 0.16, v=1,...,n—1,
(i) liminf (20 +1) (6, — 6,) > 016, v=2,....n
(iii) liminf 20+ 1) (01 — é1) = liminf(2n +1) (¢ — Ops1) > 0.05,
(iv) liminf (n+ 1)(r—6) = liminf (n+1) 61 > 0.13.

We Wlll ﬁrst prove (i); the proof of (ii) follows in an analogous way. We obtain from
Taylor’s theorem

(30)
\/sin@,11 P, (cosb,41) = (¢ — 0141) {sin% &* P, (cos ¢*) — %I(ﬁsfqﬁ*)} ,

where 6,11 < ¢* < ¢,. Now, using the bound (29), we obtain

M<\/I Lo _ Vo w )T
25mgr |- Vemsiet S r/E\ 1)

since sin ¢* > sin ¢y, , > 5~ (1 — RLH), (cf. [37, Thm. 6.21.3]). For the other term

at the right-hand side in (30), we use the well known equality P, = Pég_)l for the

ultraspherical polynomial Pfé)l (cf. [37, (4.7.17)]), and obtain from [13, Corollary
1.8], that

|sin? gb*P( 2) 1(cosg™)| <
Szego proved in [36] that
Q. (cos0)Ey11(cos ) + an(cos Nen(0) > 1, 0<0<m,
and it follows that

2 4/sinf,41
\/sinb,11|P,(cos b4 1) > = YX—

|en( 1/+1)|
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Now, using the remark after the proof of Theorem 2.1, there follows after straight-
forward calculations
0.08
0, —p, > — (I+e(n)™, v=1,...,n—1,
n

0.08
¢V—9V+1 > T (1+€1(n))_1, V:2,...,n,

where lim,, . €1(n) <0, e1(n) < 24 (n > 3).
For (iii), we can proceed similarly as in the proof of (i). Here we use

P, (cost) = —(01 — ¢1) sing™ Py (cos ¢™)
where ¢1 < ¢* < 0;. Now
| Py, (cos 61)] 2 1 2 0.025

01— ¢1 > > >
T m— @) Bi(eosd)] T w(m =) [en(B1)] n(n+ 1) n

For the proof of (iv), for symmetry reasons again, we only have to consider
liminf,, oo (n + 1)8,4+1. Since E, 41 is monotone and convex in [§,41, 1], it follows
that

Enii(1
1—&p41 > Enn(1) > 0.0376 (n+1)"2 (1 + ex(n)) 71,

B, (1)
lim,, 00 €2(n) < 0, €2(n) < 72 (n > 3). Now it follows with some simple trigono-
metric calculations that
0.137
On — (1 -1
+1 > TL+1( +63(n)) )

lim,, .00 €3(n) <0, e3(n) < 7.6 (n > 3). O
Lemma 4.5. Let y, = Yo 2n+1 be the zeros of Kopt1 = P Enty1. Then
1 C
(31) — < —\/1—y2 v=1,....2n+1,
(Ko (o)l — m
for a positive constant C. Furthermore,

1
vV1-¢2, v=1,...,n+1.

C
<
B (&)l nyn
Proof of Lemma 4.5. We recall that the zeros of F,, 1 are used as additional nodes

for the Gauss-Kronrod formulas. For their weights Agff and ijff 41 in (1), we
obtain from [10, (93), (94)]

(32)

2
33 ASK — 64X,y
(3) ’ P @) B (@)
2
(34) BEK = ——, pw=1...,n+1,
pont Pn(gu)E;wl(gu)
where ag’:n, v =1,...,n, are the Gaussian quadrature weights. Now, we use the

positivity of the weights in (33) and the bound [14, Corollary 1] to obtain

T V1-—a2.

2n+1
Using [11, Theorem 2.1] for p=1,..., L"T'HJ, we obtain
2
(35) ij;_l < af_lm—!—ain < Qain < l\/l—xi.

n—|—2
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We argue analogously for p = VTHJ +1,...,n+ 1, and, observing /1 — xl% ~

\/1— &2, we obtain (31). Using (34), (35) and a standard bound for P, (cf. [37]),
we also obtain (32). O

We now proceed with the proofs of the results in §3. In the following, we use
some properties of the Hilbert transform H(f), defined by

H(f,t) = lim /()

e—0 |z—t|>e€ x—t

dz, felL.

We recall that if G € L™ and Flog™ F € L', where F and G have compact support
K, then we have

(36) / GH(F) = — / FH(G),
K K

see, for instance, [31]. Moreover, let v € V and v € V be two GJ weights with
u<v,u€LPandv ' €Ll 1<p<oo,p t4+qg =1, then
(37) [H(Fullp < Cllfollp,
see, for instance, [29, 38].
Proof of Theorem 3.1. It is sufficient to prove that

|Lns1(f,2)] < Clogn||fllee,  —-1<z <1

Let d be chosen such that £ < & < £z41. Let also |z — &4| < |€4+1 — x| (the other
case can be treated analogously). Now

=1L+ 1.

\Lysr (f,2)] < Eni1(2) f(€a) | | g:l Eny1(2) f(&)

B (a)(z — &) En (&) —¢&)

v=1

v#d

In view of Theorem 2.4, we can use [20, Lemma 4.1] and obtain

o < Ctogn | 2 (T oty 2 (VT ),

We invoke the bound (9) and obtain
I; < Clogn||flleo,

where C' is a positive constant. Next, we use Lemma 4.5 to obtain

B 1 (6) V1-6 .,
L < ‘m‘ [flloc < C TndE"H(@ [l flloos

where &g < £ < &441. Applying the weighted Bernstein inequality (cf., e.g., [30]),
observing /1 — €2 ~ /1 — €2, and using (9) we obtain I; < C'|| f||« for a positive
constant C. O

Proof of Theorem 3.2. Let g* € P, such that ¢~ < f < ¢*. Using [30, (25)], we
have

I[f = Logr flullp If = Tullp + [[Lnta(f = g7 ) ullp

<
< @™ =q)ulp + ClLnsa(f — a7 ) ullLocan),

(38)
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where
r—1

_ -2 1 _ =2 _a a
A, =[-14an"%,1—an ]\pl(tk n’tk+n)’
a > 0 fixed. We define
G =sgnLy,1(f—q), G1 = [Lpta(f —q7)l, r=GG,

and

- E, 1(x)_ n 1(t) p
7Tt)—/ a p— 0P (2)D(z) da.

Recalling Lemma 4.5, we obtain
n+1 _
- f(&k) —a” (&)
IP = ||Losa(f =g )ull} = 7(&k)-
+ LP(An) ; El (&)
Using [19, Theorem 2.2], we have

n+l 4 — 1 o
= CZ \/1 £k ) (&) (&) < C/_IWTZ_(%@M@)Mt.

Using again [30 ] we obtain
<0 [ LT )]+ (B QT D)

where H is the Hllbert transform.
Assume that f is a continuous function, u € LP, 1 < p < co. We have

p
IPSCHq"‘_q_HOO / Mdt—i—/ Mm(upl“,tﬂdt
n ne(t) A, A/np(t)

= Cll¢" — ¢ |lo (I1 + I2).

To estimate I, we observe that E, 1uPT" and (\/@‘1 are bounded functions with
respect to x € A,,, such that we can use (36). Then, setting g1 = sgn H(E,,+1u?T),
we obtain

(39) I < %/An | Ens1(t)u? (0T (t)] |H (g1 (@)~ 1) dt.

Using (9) and the Holder inequality, we obtain

I < Clluy@H(g1(ve) )y l"'T,
< ClLnpa(f —a ulb™,

since [luy/BH (g1(,/7) )l < o0 by [30, p. 676].
Similarly, we set go = sgn H (uPT") and estimate

L < /A H@T D] db < /A OO () H (g2,0) i

CluH (g2)llp | Lns1(f = a7 )ullp™ < CllLnsa(f = ¢ )ulb™,

IN

since again ||uH (g2)|l, < oo by [30, p. 676]. In conclusion, we have

]. I
[Lna(f = a )ully < Clla™ = ¢ [lo-
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Recalling (38), taking the infimum of ¢* and by inf{|¢" — ¢ ||e, ¢~ < f <

q", ¢t €P,} = 2&,(f)o, then (12) follows for 1 < p < oo. -
If p=1 and f is a continuous function, starting from (39) it is easy to prove

[H(g1(Ve) ™' 1) <

and, using [31, (4)],

|H(glat)|a _1<t<17
o(t)

1

L < /A W) Hgn, t)] < c/ u(t)log™ u(t) dt < .

-1
In a similar way, we obtain

IQ<C/ t)logT u(t)dt < oo.
Assume now that f is a bounded and measurable function, u,/p € LP and
(u\/@)_l €L, pl4qgt=1,1<p<oo. Wehave
[Ln+1(f —q )uHLp(An)
(¢ —a))
An \/W(t)

(¢ - )®) o
+ /A Bl ) i

=: Il + IQ.

< |H (Ep1uPT, t)| dt

First, we use the Holder inequality and obtain

1
I < t—q —— H(E,1uPT
1< (g" — a7 )ullp ae (Ent1u )q
Using (37), thereby taking (u,/)~! for the weight function both times, we obtain
 H(Ewl)| < € || < O fLun(f - gl
/1P g nip(t)

Finally, we use the same argument for I> and obtain

[Lnea(f =g )ullp < Clg™ =g )ulp.

The inequality (13) then follows recalling (38) and taking the infimum with respect
to ¢*. O

Proof of Theorem 3.3. Let ¢ be defined as in the previous proof. Let

f(&1), z <&,
fu(z) = § f(2), &1 <2 <&,
f(&n+1), §n+1 < .
We have
I = Lo flully < 107 = Folully + 1o = Zosa ol
By [23], if f € AC)oc and f'@?*/Pu € L', we obtain

If = falull, < C||f/§02/puHL1(I{L)~
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We observe that f,, is a bounded and measurable function, and, using (13), we
obtain

I[fn = Ln+1falull, < Cén(fﬂ)mp'
By [8, Theorem 2.1] (see also [23]), we have
5 C
g(fn)u,p < E Hflspu||LP[§1,§n+1]'

If f'ou € LP, then

C
I e*Pullpry < EHfISDUHp

(see [23]). Then,

C
I = Loa flully < — [ pullp-
Now the theorem follows in a standard way. O

Proof of Theorem 3.4. Recalling Lemma 4.5, the proof of Theorem 3.4 follows the
same line as the proof of Theorem 3.1. O

Proof of Theorem 3.5. Let ¢& € Py, such that ¢~ < f < ¢q*. We have

If = Lonr flully < NIf = a7 Tullp + [1L2ns1(F = g7 )ullp.

Using [30, (25)], Lemma 4.5 and the same argument as in the proof of Theorem 3.2,
we obtain

Eania(F = Vel < € [ (@ =) @ln(0)]

where

(t) = /A K“‘"*l(x;: fz"“(t) o () AP (2) da,

Kopi1 = PyEpi1 and A = sgn(Lon1(f —q7)) Lont1(f —¢ 7). Assume u € LP. We
recall the definition u—(x) = [, oltx —2/* andu_ =1if >0,k =0,1,... 7.
Using the Holder inequality, we have

/A (" — )OIl dt < @ — el zrean llu= Tl zaga -

Using the definition of 7, we now estimate

[uZ 7l Loga,) < NJuZH(Konp1u? AP~ || Laca,y + |02t Kopot H(uPAP~)|| Laa,)
= L1 + 1.
Using (37) with «~' <wu~', u=' € L9 and u € LP, we obtain
L < ClKzp1(ubh)PHlg < CllLona(f =g ulb™

Similarly, we obtain
Iy < Cl|Lonsr(f —q )ullp"
Adding the inequalities, (15) is proved.
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Similarly, we prove (17). In fact, we have
/A (@ =g )®)r@®)]dt < (g™ —q )ully + w7,

and using again (37) with v = u, we obtain the result.
Finally, we assume p = 1 and u € L'. We obtain

|Loner(f — a7 Yullzga,y < C /A (¢ — ¢ )O)l(t)] dt

< gt —a lrecan I7llLrcan),

where

_ [ Ko@) — Kann(®) o
w(t)—/An s (2) dz.

Now
Imllrca,) < / |H(Kant1u,t)| dt + / | Kont1 ()] [H(u, t)|dt = I + L.
Ay An
Using [31, (4)], we have

L <C / \H(u,t)|dt < C / w(t) log™ u(t) dt.
An

n

Furthermore, we have
B2 C [ Rana(Oud)]H(.0)]dr
where g = sgn H(Kapy1u). Using [31, (2)], we obtain
L <C /A u(t)log™ u(t) dt.
Now (16) follows. |

Proof of Theorem 3.6. The proof is identical to the proof of Theorem 3.3. O
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