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IMPLICITLY RESTARTED ARNOLDI WITH PURIFICATION

FOR THE SHIFT-INVERT TRANSFORMATION

KARL MEERBERGEN AND ALASTAIR SPENCE

Abstract. The need to determine a few eigenvalues of a large sparse gen-
eralised eigenvalue problem Ax = λBx with positive semidefinite B arises in
many physical situations, for example, in a stability analysis of the discretised
Navier-Stokes equation. A common technique is to apply Arnoldi’s method
to the shift-invert transformation, but this can suffer from numerical instabil-
ities as is illustrated by a numerical example. In this paper, a new method
that avoids instabilities is presented which is based on applying the implicitly
restarted Arnoldi method with the B semi-inner product and a purification
step. The paper contains a rounding error analysis and ends with brief com-
ments on some extensions.

1. Introduction

The problem of finding a few eigenvalues of large sparse N × N generalised
eigenvalue problems of the form

Ax = λBx ,(1)

with A nonsymmetric and B symmetric positive semidefinite, arises in many appli-
cations. For example, the block structured eigenvalue problem[

K C
CT 0

] [
u
p

]
= λ

[
M 0
0 0

] [
u
p

]
,(2)

with N = n + m, C ∈ Rn×m of full rank, M ∈ Rn×n positive definite appears in
the stability analysis of steady state solutions of Stokes (K symmetric) and Navier-
Stokes (K nonsymmetric) equations for incompressible flow, where u ∈ Cn denotes
the velocity component and p ∈ Cm the pressure, see for example Cliffe, Garratt,
and Spence [2]. Here M is the mass matrix of the velocity elements and K is
nonsymmetric because of the linearisation of the convection term in the Navier-
Stokes equations. As is well known, see Malkus [9], Ericsson [5] and Cliffe, Garratt,
and Spence [3], (2) can have infinite eigenvalues, corresponding to eigenvectors of
the form (0T , pT )T . These have no physical relevance and in applications one would
only be concerned about the calculation of a small number of ‘stability determining’
finite eigenvalues.

A common approach for finding a few eigenvalues of (1) close to a given α ∈ C
is Arnoldi’s method applied to the shift-invert transformation S = (A − αB)−1B.
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If (λ, x) is an eigenpair of (1), then (θ, x) with θ = 1/(λ− α) is an eigenpair of S,
and this relation allows the solution of (1) by finding eigenpairs of S. Throughout
the paper, we take α = 0 and use

S = A−1B ,(3)

since there is no loss of generality at least in theory by making the shift A ←
A−αB. In fact, in many applications, a zero shift is very common, since the stability
determining eigenvalues often lie close to the origin, though in other situations the
accurate determination of an appropriate α is a major challenge, which we do not
discuss here (see for example Grimes, Lewis and Simon [8]).

To illustrate the influence of a singular B on S, consider first the following simple
example. Let n = 2, m = 1 (so N = 3), denote the columns of I3 by ei, i = 1, 2, 3,
and let

K =

[
1 0
0 β

]
, C =

[
1
0

]
, M =

[
1 0
0 1

]
,

with β 6= 0. Then

S =

 0 0 0
0 β−1 0
1 0 0

 ,

and clearly (β−1, e2) is an eigenpair of S, 0 is a double algebraic, simple geometric
eigenvalue, e3 is the corresponding eigenvector and e1 is the generalised eigenvector
or principal eigenvector of grade 2. This behaviour is generic in N × N problems
with the block structure of (2) as was shown by Malkus [9], who considered the
Weierstrass-Kronecker canonical form of (2), and Ericsson [5], who considered the
Jordan form for the shift-invert transformation of a variety of generalised eigenvalue
problems. (Incidently, both authors restrict attention to problems with symmetric
A but several of their results, at least to do with Jordan structure, extend to the
case when A is nonsymmetric). To summarise the important results on S, where
A and B have the block structure of (2), we have the following theorem, which can
be readily deduced from Theorem 2.7 in Ericsson [5] :

Theorem 1. S defined by (2) and (3) has n − m nonzero eigenvalues, a zero
eigenvalue of algebraic multiplicity 2m and geometric multiplicity m. The order
of the Jordan blocks corresponding to the defective eigenvalue 0 is two. Clearly,
N := Null(S) = Null(B) has dimension m, and G := Null(S2) \ Null(S) (the
generalised nullspace) also has dimension m. If R := Range(S2) then CN can be
decomposed as

CN = R+N + G .
Note finally that SG = N and S2G = SN = {0}.

If B in (1) were nonsingular, then Arnoldi’s method applied to A−1B would be
expected to find the required eigenvalues fairly easily. However, in the case we con-
sider here with B singular, Arnoldi’s method can find approximations to the zero
eigenvalue of S, with consequent confusion after back transformation using λ = θ−1.
These approximations are known as ‘spurious’ eigenvalues and are sometimes hard
to distinguish from approximations to wanted eigenvalues. Several techniques have
been proposed to reduce the risk of computing spurious eigenvalues for the symmet-
ric nondefective problem [10, 5] and the defective problem [5]. In this paper we shall
concentrate on the nonsymmetric defective case, as exemplified by S derived from
(2), because of its importance in applications. In exact arithmetic, when Arnoldi’s
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method is applied with the initial vector v1 ∈ R, then only approximations to the
nonzero eigenvalues of S can be computed. Such an initial vector can be chosen
as v1 = S2v with v ∈ CN since S2(N + G) = {0}. Unfortunately, in practice,
round-off errors perturb the exact Arnoldi vectors producing components in N +G
with a consequent corruption of the approximate eigenvalues and eigenvectors (we
show an example of this in Section 3), and this paper is concerned with the efficient
control of these unwanted directions.

For the symmetric problem, both Ericsson [5] and Nour-Omid, Parlett, Ericsson
and Jensen [10] use the Lanczos method with B-orthogonalisation, i.e. use the
B semi-inner product xHBy instead of the classical xHy. The important point is
that A−1B is self adjoint with respect to the B semi-inner product and hence the
Lanczos method can be used to produce the usual tridiagonal matrix. An important
numerical feature is that this tridiagonal Lanczos matrix is not corrupted by the
perturbations of the Lanczos vectors in N , but is corrupted by perturbations of the
Lanczos vectors in G. Hence the Ritz values of S can be spurious. This is discussed
by Ericsson [5, Theorem 3.8], and for completeness, we prove this statement later in
Section 2. This cannot occur when S is nondefective, which is the case considered by
Nour-Omid, Parlett, Ericsson and Jensen [10]. The Ritz vectors are more severely
affected, being corrupted by round-off errors in both the N and G subspaces, but
Ericsson shows that these errors may be eliminated by two applications of S, though
in practice only one is in fact needed by use of a clever trick, called ‘purification’
in [10], but also discussed in [6] and [5]. In fact, we find it convenient to use
the expression ‘purification’ in a more general way, so that it refers to the general
operation of forming Sx from x ∈ CN . This arises in several places in the paper,
though not always in relation to elimination of round-off errors.

Throughout this paper, we use the terminology ‘B-orthogonal Arnoldi’ to refer
to Arnoldi’s method applied with the B (semi)-inner product (see Algorithm 1) in
comparison with the ‘standard Arnoldi’ method, where the usual inner product is
employed.

The main numerical aim of our paper is to introduce and analyse a new improved
way of carrying out the two purification steps needed when S is formed from non-
symmetric problems with the block structure in (2). The new approach is based on
the use of the implicitly restarted Arnoldi method (IRA) [13] combined with the B
semi-inner product. This leads to an improvement over the approach in [5] on three
counts. First, the Arnoldi upper Hessenberg matrix Hk is not seriously corrupted
by round-off errors due to components in either N or G, whereas in [5] significant
round-off errors could be present due to components in G. Second, only one purifi-
cation step is needed rather than two in [5], since the Arnoldi vectors could contain
significant error components in N but not in G. Third, in cases when both methods
fail due to severely corrupted Hk the new method has a simple test to indicate a
spurious eigenvalue of Hk. One other feature of our analysis is that from a theoret-
ical viewpoint, we are able to show an equivalence result between the B-orthogonal
Arnoldi method applied to S and an M -orthogonal Arnoldi method applied to a
reduced eigenvalue problem (see Section 2), which helps our understanding of the
absence of corruption in Hk in the nondefective case and the presence of corruptions
of Hk due to components in G in the defective case.

Throughout the paper, we consider Arnoldi’s method for nonsymmetric prob-
lems, though if K in (2) were symmetric we would be able to employ the Lanczos
method, with corresponding simplifications to the theory.
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The plan of the paper is as follows. In Section 2, we make some theoretical ob-
servations, and give a theoretical explanation of the B-orthogonal Arnoldi method
with purification. In Section 3, we explain Ericsson’s approach for the defective
problem and present and analyse our method based on the implicitly restarted
Arnoldi method with B inner product, followed by purification. We compare Eric-
sson’s approach and our method by a numerical example. In Section 4, we analyse
the error propagation in N and G. Section 5 concludes with some comments and
extensions.

2. The B-orthogonal Arnoldi method : theory

In this section we make three main theoretical observations. First, motivated
by the approach in [5] we derive in Section 2.1 a reduced eigenvalue problem in
Cn rather than the full problem in Cn+m for the case where B has the block
structure in (2). Second, in Section 2.2 we prove an equivalence result about the
B-orthogonal Arnoldi method applied to the full problem and the M -orthogonal
Arnoldi algorithm applied to the reduced problem. Third, in Section 2.3, we discuss
the reduced eigenvalue problem for the special case where A has the block structure
in (2).

2.1. The reduced eigenvalue problem. Using (3), the generalised eigenproblem
(1) is transformed to the standard eigenvalue problem

Sx = θx , x ∈ Cn+m,(4)

that can now be solved by Arnoldi’s method. Following Ericsson [5], we first present
a decomposition of S, when B has the blockstructure in (2). In this case, S has
the structure

S = A−1

[
M 0
0 0

]
=

[
S1 0
S2 0

]
, S1 ∈ Rn×n, S2 ∈ Rm×n ,

and this leads to a useful reduction to a problem in Cn. Of course S1 and S2

depend on blocks in A−1 which are unlikely to be known or be helpful in a practical
application, so this decomposition of S is only of theoretical interest. Let x =(
u
p

)
, u ∈ Cn, p ∈ Cm, be an eigenvector of S, and so[

S1 0
S2 0

](
u
p

)
= θ

(
u
p

)
is equivalent to

S1u = θu and S2u = θp .(5)

If θ 6= 0 (which is the case if λ is finite), then

p = θ−1S2u(6)

is a ‘slave’ to u and so the reduced problem

S1u = θu(7)

determines precisely the nonzero eigenvalues and corresponding eigenvectors of S.
Hence, in theory, it is sufficient to solve the reduced problem to solve (4). From
(5), it follows that the zero eigenvalue of S has eigenvectors of the form (0T , pT )T ,
but these obviously play no role in (7). Note that the theory in [5] which leads to
Theorem 1 is derived from analysis of this decomposition of S.
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2.2. The B-orthogonal Arnoldi method and the equivalence theorem. In
most practical cases we use the B-orthogonal Arnoldi method in a direct attempt
to solve (4), rather than try to solve the reduced problem, so we first write down
the method in detail.

Algorithm 1. The B-orthogonal Arnoldi method
Given v1 with ‖v1‖2B = vH1 Bv1 = 1.
for i = 1 to k do

Compute wi+1 = A−1Bvi.
Form hji = vHj Bwi+1, j = 1, . . . , i.

Form wi+1 = wi+1 −
∑i
j=1 vjhji.

Compute hi+1,i = ‖wi+1‖B.
Let vi+1 = wi+1/hi+1,i.

end for
Let Hk = [hji].
Compute the eigenpairs (θj , zj) j = 1, . . . , k of Hk.
Compute the approximate eigenpairs (λj , xj) of Ax = λBx with λj = 1/θj

and xj = Vkzj .

The B-orthogonal Arnoldi algorithm is merely the standard Arnoldi algorithm
with the usual inner product xHy replaced by the semi-inner product xHBy. To
be precise, the method computes a B-orthonormal basis v1, . . . , vk+1 of the Krylov
space

Kk+1(v1, S) = span{v1, Sv1, S
2v1, . . . , S

kv1} , S = A−1B ,

with the matrix Hk = V Hk BSVk being upper Hessenberg, and V Hk BVk = I with
Vk = [v1, . . . , vk]. It looks strange that a singular matrix is used to compute the
inner product, but as we shall see later in this section, it is a natural thing to do
for generalised problems of the form (2). The approximate eigenpairs of (θ, x) are
computed from the eigenpairs of Hk in the usual way, see Algorithm 1. Similarly,
one can use the M -orthogonal Arnoldi method to solve the reduced problem. As we
now prove, there is a precise connection between the B-orthogonal Arnoldi method
applied to S and the M -orthogonal Arnoldi method applied to S1, which we state
in Theorem 2. We split the proof into two parts presented as lemmas.

Lemma 1. Consider the Krylov space Kk(v1, S) with vT1 = (yT1 , p
T
1 ), y1 ∈ Cn and

p1 ∈ Cm. Let vT = (yT , pT ), v ∈ Kk(v1, S), then y ∈ Kk(y1, S1).

Proof. Following the block structure of S,

S

(
y1

p1

)
=

(
S1y1

S2y1

)
and by induction on j = 2, . . . , k, it follows that

Sj
(
y1

p1

)
= S

[
Sj−1

(
y1

p1

)]
=

(
Sj1y1

S2S
j−1
1 y1

)
,

which shows the lemma.

Lemma 2. The B-orthogonal projection of Sx = θx on the space Range(Vk) with
V Tk = [Y Tk PTk ], Yk ∈ Cn×k, Pk ∈ Cm×k produces the same approximate eigenvalues
as the M -orthogonal projection of S1u = θu on Range(Yk). Moreover, the first n
components of the approximate eigenvectors of S computed by the B-orthogonal
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projection correspond to the approximate eigenvectors of S1 under M -orthogonal
projection.

Proof. The B-orthogonal projection of Sx = θx on Range(Vk) produces (θ, x) such
that

Sx− θx ⊥B Range(Vk) , x ∈ Range(Vk),(8)

where x ⊥B y means xHBy = 0. Recall that

S =

[
S1 0
S2 0

]
and B =

[
M 0
0 0

]
.

Decompose xT = (uT , pT ) with u ∈ Cn and p ∈ Cm, then (8) is equivalent to(
S1u− θu
S2u− θp

)
⊥B Range(Vk) , x ∈ Range(Vk) ,

and because xHBVk = uHMYk, (8) can further be reduced to

S1u− θu ⊥M Range(Yk) , u ∈ Range(Yk) ,

which is precisely the M -orthogonal projection of the reduced problem on
Range(Yk).

The following theorem gives the connection between M -orthogonal Arnoldi and
B-orthogonal Arnoldi and is an immediate consequence of Lemmas 1 and 2.

Theorem 2 (Equivalence Theorem). If k steps of M -orthogonal Arnoldi applied to
S1 starting with y1 ∈ Cn produces an eigenpair (θ, u), then k steps of B-orthogonal
Arnoldi applied to S starting with v1, given by

v1 =

(
y1

q1

)
(9)

with q1 ∈ Cm arbitrary, produces an eigenpair (θ, x) with xT = (uT , pT ).

The equivalence theorem shows that solving (4) with B-orthogonal Arnoldi and
(7) with M -orthogonal Arnoldi for the initial vector chosen as in (9) compute the
same eigenvalues. The u-component of x corresponds to the computed eigenvector
of S1. However, the p-component does not play a role in the B-orthogonal Arnoldi
method and cannot be guaranteed to be correct. The correct p is obtained by
the slave relation (6), so that if (θ, u) is an exact eigenpair of S1, then, following

(6), (θ,

(
u

θ−1S2u

)
) is an exact eigenpair of S. If x =

(
u
p

)
is computed by

B-orthogonal Arnoldi, (6) should be computed explicitly. The practical way to do
this is to apply S to x, since

Sx =

[
S1 0
S2 0

](
u
p

)
=

(
S1u
S2u

)
= θ

(
u

θ−1S2u

)
is an eigenvector belonging to θ. In the B-orthogonal Arnoldi method, Sx can be
computed without extra vector operations with S. The Arnoldi vectors namely
satisfy the relation

SVk = VkHk + hk+1,kvk+1e
H
k ,(10)

with ek the k-th unit vector of length k, which is also written as

SVk = Vk+1H̄k with H̄k =

[
Hk

hk+1,ke
T
k

]
∈ Ck+1×k .(11)
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Hence

Sx = SVkz = Vk+1H̄kz(12)

and since z is an eigenvector of Hk,

SVkz = θjVkz + hk+1,kvk+1e
T
k z .(13)

This expression was used by Ericsson and Ruhe [6] as a means of improving accu-
racy in eigenvectors, but Nour-Omid, Parlett, Ericsson and Jensen [10] considered
especially the case B singular and called the correction of Vkz ‘purification’, be-
cause it has the potential for removing significant round-off error components in
the N space. Since this is a rather important result for our method, we describe
why this is so in Section 4.

Note that the B inner product is not affected by the portions of vj in the nullspace
of B, since for x = (uT , pT )T and y = (vT , qT )T , xHBy = uHMv. Since B and S
have the same nullspace, Hk is independent of components of Vk in the N space.

There is another way to explain the B-orthogonal Arnoldi method. Since B
is positive semidefinite there exists a Cholesky like factorisation B = PTP with
P ∈ RN×N singular. Nour-Omid, Parlett, Ericsson and Jensen [10] point out to an
equivalence result between B-orthogonal Arnoldi applied to A−1B and standard
Arnoldi applied to PA−1PT . It appears that with appropriate initial vectors, the
eigenvalues computed by both methods are equal and that one needs a purification
step to find the eigenvectors of A−1B in the B-orthogonal Arnoldi method.

Finally, note that if S1 is nonsingular, the B-orthogonal Arnoldi method applied
to S would not be expected to compute approximations to the zero eigenvalue of
S since the method is equivalent to M -orthogonal Arnoldi applied to S1. This is
essentially the case described in [10].

2.3. Application of B-orthogonal Arnoldi to the Navier-Stokes problem.
Now consider the problem with block structure (2) which provides the main moti-
vation for this paper. From S = A−1B we have that[

K C
CT 0

][
S1 0
S2 0

]
=

[
M 0
0 0

]
,

which yields CTS1 = 0. Also, since C ∈ Rn×m is of full rank, S1 ∈ Rn×n has
at least m independent left null vectors and so, rank(S1) ≤ n − m. Since A is
nonsingular, rank(S) = rank(B) = n. Since S2 ∈ Rm×n, rank(S2) ≤ m, and, since
rank(S) ≤ rank(S1) + rank(S2),

rank(S1) ≥ rank(S)− rank(S2) ≥ n−m
so, rank(S1) = n−m. Clearly, the nullspace of S1, N1 say, has dimension m, and
the range, R1 say, has dimension n − m. Note that for u ∈ R1, it can easily be
shown that CTu = 0 and this agrees with the second equation in (2).

We can now be more precise about the link between S1 and S as follows. For u
and x defined as S1u = θu and Sx = θx,

u ∈ R1 ⇔ x =

(
u

θ−1S2u

)
∈ R(14)

and

u ∈ N1 ⇔
(
u
0

)
∈ G .(15)
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Equivalence (14) follows from (5) and (6), and (15) follows from the fact that

S

(
u
0

)
=

(
S1u
S2u

)
=

(
0
S2u

)
∈ N

and thus

S2

(
u
0

)
=

(
S2

1u
S2S1u

)
=

(
0
0

)
.

Since S1 has an eigenvalue zero, M -orthogonal Arnoldi (and B-orthogonal Arnoldi)
may compute the zero eigenvalue in practice. Nevertheless, if y1 ∈ R1,

Kk(S1, y1) ⊂ R1

and so in exact arithmetic, the zero eigenvalue cannot be computed. y1 ∈ R1 can
be achieved by y1 ← S1y1. To apply B-orthogonal Arnoldi to S, one should start
with v1, given by (9). This is achieved by v1 ← Sv1, since

Sv1 = S

(
y1

q1

)
=

(
S1y1

S2y1

)
.

Note that then in exact arithmetic Kk(S, Sv1) ⊂ R + N . Of course, in practice,
round-off errors cannot be avoided and in the following two sections we derive and
analyse a new approach to mitigate the effect of round-off for this problem. Ericsson
[5] even suggests to start with v1 ← S2v1 ∈ R.

3. The B-orthogonal Arnoldi method : practice

In this section, we describe the Ericsson approach [5] and present a new approach
which under certain conditions significantly reduces the effects of errors in G and
N . The approach is based on a combination of the implicitly restarted Arnoldi
method of Sorensen [13] with B-inner product and purification.

3.1. The Ericsson approach. Ericsson showed that in finite precision arithmetic
Hk can be corrupted when S has a generalised nullspace G, even when v1 ∈ R.
Although spurious eigenvalues might be computed, the computed eigenvectors can
easily be mapped in R by applying S twice instead of once. This procedure leads to
uncorrupted eigenvectors. But of course, the spurious eigenvalues remain unaltered.

The application of S2 to x can be carried out implicitly by two ‘purification’
steps. From (12)

S2x = S(Vk+1H̄kz) ,

and one further step of the Arnoldi process is needed to calculate vk+2 and the
last column of H̄k+1, in order to apply S2 efficiently to all eigenvectors. Hence,
following the recurrence relation (11),

S2x = SVk+1H̄kz = Vk+2H̄k+1H̄kz .(16)

The Ericsson algorithm is thus as follows.

Algorithm 2. The Ericsson purification for the defective case
Given the initial vector v1 ← S2v1.
Compute in k steps of B-orthogonal Arnoldi the matrices Vk+1 and H̄k.
Compute the eigenpairs (θj , zj) of Hk.
Perform one more step of Arnoldi : compute vk+2 and the last column of H̄k+1.
Compute the eigenpairs (λj , xj) ofAx=λBx as λj =θ−1

j and xj =Vk+2H̄k+1H̄kzj.
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3.2. A new approach. In order to present the details of our method, we need first
to understand the steps of the implicitly restarted Arnoldi method by Sorensen [13],
and to do this we present the following theorem, which is a compilation of results
from [13], but is stated and proved here for completeness.

Theorem 3. Let v1, . . . , vk+2, H̄k+1 =

[
Hk+1

0 · · · 0 hk+2,k+1

]
be computed by B-

orthogonal Arnoldi applied to S. Consider the QR factorisation H̄k+1 = Q̄k+1Rk+1

with Q̄k+1 ∈ Ck+2×k+1 unitary and Rk+1 ∈ Ck+1×k+1 upper triangular. Let Q̄k be
the k + 1× k upper left part of Q̄k+1 and define

Wk+1 = Vk+2Q̄k+1 and Ḡk = Rk+1Q̄k ∈ Ck+1×k .

If Hk+1 has nonzero eigenvalues, then Wk+1 and Ḡk have the following properties :

1. WH
k+1BWk+1 = I.

2. span(w1, . . . , wk+1) = span(Sv1, . . . , Svk+1).
3. Ḡk is upper Hessenberg and for Wk+1 = [Wk wk+1],

SWk = Wk+1Ḡk

with w1 = Sv1/‖Sv1‖B.

Proof. (See also Sorensen [13].) The proof of statement 1 is easy and is omitted.
H̄k+1 and Vk+2 are computed from

SVk+1 = Vk+1Hk+1 + vk+2hk+2,k+1e
T
k+1

= Vk+2H̄k+1 ,(17)

and replacing H̄k+1 by its QR factorisation, we obtain

SVk+1 = Wk+1Rk+1 .(18)

If Hk+1 has nonzero eigenvalues, then rank(Rk+1) = rank(H̄k+1) ≥ rank(Hk+1) =
k + 1, and thus rank(Rk+1) = k + 1. Hence,

Wk+1 = SVk+1R
−1
k+1(19)

which proves statement 2.
Let Wk be the first k columns of Wk+1, then Wk = Vk+1Q̄k. Multiply (18) on

the right by Q̄k, then

SWk = Wk+1Ḡk

with Ḡk = Rk+1Q̄k. It is well known (see Sorensen [13]) that if H̄k+1 is upper
Hessenberg, Q̄k and Q̄k+1 are upper Hessenberg too, and therefore Ḡk is upper
Hessenberg. Since w1 is the first column of (19),

w1 = Sv1r
−1
11

and since ‖w1‖B = 1, r11 = ‖Sv1‖B.

In other words, the theorem says that Wk+1 and Ḡk can be viewed as having been
computed by the B-orthogonal Arnoldi method with starting vector Sv1/‖Sv1‖B,
which is exactly what we wish to do, but is accomplished implicitly by the QR
factorisation of H̄k+1.

In Algorithm 3 we write down the different steps that are needed to perform one
implicit restart step. Our approach consists of three stages :

(1) the computation of Vk+2,
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Table 1. Schematic representation of the flow of the error compo-
nents in N and G by implicit application of S using first implicitly
restarted B-orthogonal Arnoldi and then purification (Here the no-
tation Vk+2(N ,G) means that Vk+2 contains components in N and
G)

stage 1 (B-orthog. Arn.) Vk+2 (N ,G ) H̄k+1 (G )
implicit S : ⇓ ↓ ↓ ⇓

stage 2 (implicit restart) Wk+1({0},N ) Ḡk ( )
implicit S : ⇓ ↓

stage 3 (purification) xj ( {0})

(2) an implicit application of S to Vk+1 (achieved by the QR step for H̄k+1),
which has the effect of removing the N portion of Vk+1 and mapping the G
portion into N ,

(3) the purification of Wkz that achieves the removal of the remaining N com-
ponent (which is a second implicit application of S).

Table 1 gives a schematic representation of the impact of these implicit applications
of S on the N and G components of Vk+2, Wk+1 and Wkz, and on the Arnoldi upper
Hessenberg matrices H̄k+1 and Ḡk. We assume that Vk+2 has components in N
and G which we represent by Vk+2(N ,G) and we trace the propagation of these
components through the 3 stages of Algorithm 3. We see that Ḡk and the purified
xj do not depend on N and G components.

Algorithm 3. Implicitly restarted B-orthogonal Arnoldi with purification
Compute in k + 1 steps of B-orthogonal Arnoldi the matrices Vk+2 and H̄k+1.
Compute the QR factorisation H̄k+1 = Q̄k+1Rk+1.
Perform one restart : Wk+1 = Vk+2Q̄k+1, Ḡk = Rk+1Q̄k.
Let Gk be the k × k upper part of Ḡk.
Compute the eigenpairs (θj , zj), j = 1, . . . , k of Gk.

Compute the eigenpairs (λj , xj) of Ax = λBx as λj = θ−1
j and xj = Wk+1Ḡkzj.

3.3. Numerical example. In this section, we compare the Ericsson approach for
the defective case and the implicitly restarted Arnoldi method with purification for
a small example. Consider the matrices A and B generated using the following
Matlab code.

rand(’seed’,1); n=200; m=100;

C = [rand(m,m) ; zeros(n-m,m)];

K = rand(n);

A = [K C ; C’ zeros(m,m)];

B = [eye(n,n) zeros(n,m) ; zeros(m,n+m)];

The rightmost eigenvalues of Ax = λBx are 49.9129, 2.7017, 2.2521± 1.4533i and
2.0517, and all eigenvalues satisfy

−3 ≤ Re(λ) ≤ 50 .(20)
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Table 2. The growth of N and G components of the vectors vj ,
computed by B-orthogonal Arnoldi, for the example in Section 3.3

j ‖PN vj‖2 ‖PGvj‖2
1 3.4 10−11 2.57 10−12

2 5.70 10−10 1.52 10−11

3 1.57 10−8 3.10 10−10

4 3.88 10−7 6.24 10−9

5 1.06 10−5 1.43 10−7

6 2.78 10−4 3.26 10−6

7 6.73 10−3 6.94 10−5

8 1.80 10−1 1.66 10−3

9 4.34 100 3.61 10−2

10 7.70 101 5.88 10−1

11 1.20 102 8.05 10−1

To compute a few eigenvalues, we used S = (A−60B)−1B. It is easy to check that
for this example, S has the block form

S =

 0 0 0
0 S22 0
S31 S32 0


where S22 ∈ Rn−m×n−m and S31 ∈ Rm×m are nonsingular. Then

G := {

 u
0
0

 : u ∈ Cm} , N := {

 0
0
p

 : p ∈ Cm} and

R := {

 0
u

S32S
−1
22 u

 : u ∈ Cn−m} .

Hence, for any vector y, the size of N and G components can be measured by
calculating ‖PN y‖2 and ‖PGy‖2 where

PN = [0 − S32S
−1
22 Im] ∈ Rm×n+m,

PG = [I 0 0] ∈ Rm×n+m .

In practice we first normalise so that ‖PN‖2 = ‖PG‖2 = 1. For all runs we selected
the initial vector as

v1 = S2[1, . . . , 1]T ∈ R .

One would expect that the eigenvalue 49.9 would be found in a few Arnoldi steps,
since it is clearly much closer to the shift, α, than any other eigenvalues. Besides
the rightmost eigenvalue, we find that a number of spurious eigenvalues are also
computed that do not satisfy (20).

We first illustrate the growth of the N and G components of the Arnoldi vectors
in finite precision arithmetic by the measures ‖PN vj‖2 and ‖PGvj‖2 in Table 2. As
recommended in [5] we choose a starting vector in R, but even then the corrupting
effect of round-off is clearly seen. Recall that in exact arithmetic, if v1 ∈ R, then
v1, . . . , vk+1 ∈ R.
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Table 3. Numerical results for the Example in Section 3.3 for
B-orthogonal Arnoldi with double purification step (Algorithm 2)

k = 10

j λj ‖PN (Vkzj)‖ ‖PG(Vkzj)‖ ‖PNxj‖ ‖PGxj‖
1 49.9 7. 10−13 5. 10−14 7. 10−13 5. 10−14

2 2.2 + 1.2i 3. 10−3 2. 10−5 2. 10−12 4. 10−14

...
9 −1.9− 1.0i 4. 10−3 3. 10−5 7. 10−12 2. 10−13

10 −32.2 4. 10−3 3. 10−5 9. 10−11 2. 10−13

k = 15
j λj ‖PN (Vkzj)‖ ‖PG(Vkzj)‖ ‖PNxj‖ ‖PGxj‖
1 49.9 7. 10−13 5. 10−14 7. 10−13 5. 10−14

2 3.0 + 1.1i 3. 10−3 5. 10−14 2. 10−12 5. 10−14

...
14 −2.3− 1.0i 4. 10−3 5. 10−14 5. 10−12 9. 10−14

15 −1. 1012 3. 10−3 5. 10−14 5. 10−4 3. 10−14

k = 20

j λj ‖PN (Vkzj)‖ ‖PG(Vkzj)‖ ‖PNxj‖ ‖PGxj‖
1 49.9 7. 10−13 5. 10−14 7. 10−13 5. 10−14

2 3.0 + 1.2i 4. 10−3 5. 10−14 1. 10−8 5. 10−14

...
19 −1. 106 4. 10−3 5. 10−14 5. 10−7 4. 10−14

20 −1. 1012 4. 10−3 5. 10−9 5. 10−3 6. 10−14

Let us now discuss the results for Algorithm 2, which is the B-orthogonal Arnoldi
method with two purification steps using (16). Consider first the results in Table 3
for k = 10. We see that λ1,2,9 satisfy (20) and in fact correspond to finite eigenvalues
of Ax = λBx. As we mentioned before, the eigenvalues obtained from Algorithm 2
can be spurious since they are precisely those of the upper Hessenberg matrix Hk

computed by B-orthogonal Arnoldi without purification. However, the purified
eigenvectors lie in the correct space. We see that λ10 = −32.2 is spurious since
λ10 � −3, but ‖PNx10‖ ' 10−10 and ‖PGx10‖ ' 10−13. Note that the unpurified
eigenvectors Vkzj have significant components in N and G. The practical effect of
the implicit application of S2 in the purification step given by (16) in the presence
of large error components in the Arnoldi vectors is striking (cf. Table 1 in [10]).
However, this purification can fail. For example, with k = 20, the purified x20 still
contains a significant component in N , which is represented by ‖PNx20‖ ' 10−3.
We shall see in Section 4 that this is due to the fact that |λ20| (' 1012) is large.
Similar conclusions hold for k = 15.

Now consider the results for IRA plus purification (Algorithm 3) in Table 4.
First consider k = 10. After k+ 1 = 11 steps of the B-orthogonal Arnoldi method,
we have ‖PNV12‖2 ' 2. 103 and ‖PGV12‖2 ' 1. 100. After one implicit restart,
‖PNW11‖2 ' 2. 103 and is essentially unchanged, but ‖PGW11‖2 ' 3. 10−9. By
the implicit operation with S, the N component of Vk+2 is wiped out and the G
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Table 4. Numerical results for the example in Section 3.3 for
implicitly restarted Arnoldi with B-orthogonalisation and purifi-
cation

k = 10

‖PNVk+2‖2 ' 2. 103 ‖PGVk+2‖2 ' 1. 100

‖PNWk+1‖2 ' 2. 103 ‖PGWk+1‖2 ' 3. 10−9

‖R−1
k+1‖2 ' 9. 102

j λj ‖PNxj‖ ‖PGxj‖
1 49.9 7. 10−14 5. 10−14

2 2.2 + 1.3i 2. 10−11 6. 10−14

...
10 −2.3− 1.1i 5. 10−11 1. 10−13

k = 15

‖PNVk+2‖2 ' 1. 109 ‖PGVk+2‖2 ' 1. 100

‖PNWk+1‖2 ' 1. 109 ‖PGWk+1‖2 ' 2. 10−2

‖R−1
k+1‖2 ' 6. 109

j λj ‖PNxj‖ ‖PGxj‖
1 49.9 7. 10−13 5. 10−14

2 2.9 + 1.2i 5. 10−5 5. 10−14

...
15 −2.3− 1.1i 1. 10−4 8. 10−14

k = 20

‖PNVk+2‖2 ' 7. 1010 ‖PGVk+2‖2 ' 1. 101

‖PNWk+1‖2 ' 7. 1010 ‖PGWk+1‖2 ' 1. 101

‖R−1
k+1‖2 ' 4. 1011

j λj ‖PNxj‖ ‖PGxj‖
1 49.9 7. 10−13 5. 10−14

2 2.9 + 1.2i 1. 10−7 5. 10−14

...
19 −2.3− 1.1i 8. 10−7 9. 10−14

20 −2.2 109 4. 10−3 6. 10−14

component is mapped to the N component of Wk+1. All the computed eigenvalues
satisfy (20). The purified eigenvectors have small N and G components. Even
though Wk+1 has small G components Gk is not affected by components in N
and G, and the purified xj has small N and G portions in spite of large N and G
components in Vk+1.

For k = 15, the eigenvalues are not spurious since they satisfy (20), but the
eigenvectors have components in the N space of the order of 10−4. This follows
from the fact that the implicit restart did not remove the G components in Wk+1

well. Spurious eigenvalues did not appear, which shows, at least for this example,
the superiority of Algorithm 3 over Algorithm 2 for the calculuation of eigenvalues.
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Now consider the performance of IRA plus purification for k = 20. For k = 20,
the IRA-step was not able to dramatically reduce the G-component of Wk+1. As a
consequence, Gk produces a spurious eigenvalue λ20. Also the purified eigenvector
x20 has a ‘large’ component in N . We shall see in Section 4 that the failure of
IRA is due to the fact that ‖R−1

k+1‖ is large. On the other hand, remark that the
purification step in Stage 3 of Algorithm 3 did succeed in the sense that the G
component of xj is wiped out.

4. Rounding error analysis

It is clear that in exact arithmetic, the implicit restart and the purification oper-
ations implicitly perform multiplication by S. In this section we provide a detailed
analysis of the effect of round-off error in several of the important operations when
S satisfies Theorem 1 and assuming that the relative round-off errors on the calcu-
lation of Svj , the Gram-Schmidt orthogonalisation and QR factorisation are much
smaller than 1. To be precise we shall discuss the following results :

(a) the N and G component in vj may increase as j increases ;
(b) the purification operation (12) produces an approximate eigenvector with no G

component but which may have a component inN arising from a G component
in the unpurified vector. Similarly (16) produces an approximate eigenvector
with no N and G component. Both purification steps may fail when |θ−1| �
ε−1
M where εM denotes the machine precision.

(c) one implicit restart in B-orthogonal Arnoldi produces a Ḡk that is not cor-
rupted by N or G components, and a Wk+1 which has no G component. This
IRA-step may fail when ‖R−1

k+1‖ � ε−1
M .

The combination of the results in (a) and (b) produce the rounding error analysis
for Ericsson’s method (Algorithm 2), which we state as follows.

Rounding Error Conclusion for Algorithm 2 :
i. The B-orthogonal Arnoldi method can produce spurious eigenvalues in Hk.
ii. The eigenvectors purified using (16) have no significant components in N and
G if the corresponding eigenvalues of Hk are much larger than the machine
precision.

The combination of the results in (b) and (c) produce the rounding error analysis
for our proposed method (Algorithm 3) :

Rounding Error Conclusion for Algorithm 3 :
i. If ‖R−1

k+1‖ � ε−1
M , one implicit restart in B-orthogonal Arnoldi with purifica-

tion using (12) produces a Ḡk uncorrupted by G or N components with the
consequence that no spurious eigenvalues are found.

ii. In addition, the eigenvectors purified using (12) have no significant compo-
nents in N and G if the corresponding eigenvalues are much larger than the
machine precision.

(Note that, as in all analyses of round-off error, statements like removes the N
components in the computed eigenvector should really be interpreted as removes
the significant parts of round-off error in the N components in the computed eigen-
vector.)

The numerical results in our example agree with these statements, and we now
proceed to justify them. We introduce the projectors PR, PN , and PG that map a
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vector into R, N , and G respectively, and so an arbitrary vector x can be decom-
posed uniquely as x = PRx+ PNx+ PGx. Note that

PNS = SPG and PGS = 0 .(21)

Throughout this section, round-off errors are denoted by Greek characters, the
machine precision is denoted by εM .

Basic linear algebra operations in finite precision arithmetic. The basic operations
that we use are matrix-vector multiplication, the solution of linear systems by
Gaussian elimination, the Gram-Schmidt orthogonalisation and the Householder
QR-factorisation. From classical round-off error analysis, we know that c = xT y
with x, y ∈ Rl, computed in finite precision arithmetic by the classical dot-product
algorithm (see Algorithm 1.1.1 in Golub and Van Loan [7]), results in

c = xT y + ξ with |ξ| ≤ l‖x‖2‖y‖2εM +O(ε2M ) ,

see Formula (2.4.10) in Golub and Van Loan [7]. A natural extension is the calcu-
lation of y = Fx with F ∈ Rm×l, x ∈ Rl and y ∈ Rm by the dot-product matrix
vector multiplication Algorithm 1.1.3 in [7], such that

y = Fx+ ξ with ‖ξ‖2 ≤ l‖F‖F‖x‖2εM +O(ε2M ) ≤ l3/2‖F‖2‖x‖2εM +O(ε2M ) .

This formula is valid for full matrices F . If F is sparse, the factor l in the bound
for ‖ξ‖2 should be replaced by the maximal number of nonzero elements in a row of
F . An extension to the matrix-matrix product X = ZY with Z ∈ Rm×l, Y ∈ Rl×p
and X ∈ Rm×p by the dot-product matrix-matrix multipliciation Algorithm 1.1.6
in [7], is

X = ZY +Ξ with ‖Ξ‖2 ≤ l‖Z‖F‖Y ‖F εM+O(ε2M ) ≤ l3/2‖Z‖2‖Y ‖F εM+O(ε2M ) .

Consider now the errors generated by Gram-Schmidt orthogonalisation and the
solution of linear systems. We shall not give rigorous upper bounds for these op-
erations, since this is not the goal of this paper, but merely assume that these
operations produce small relative round-off errors. For the analysis of the error
propagation in the solution of linear systems by Gaussian elimination with par-
tial pivoting, we refer to Golub and Van Loan [7, Equation (3.5.2)]. Björck [1]
has shown that the modified Gram-Schmidt orthogonalisation of a set of vectors
Wk = VkRk produces a Vk with

V Tk Vk = I + Γ with ‖Γ‖2 ≤ γεMκ2(Wk) , γ = O(1) .

To increase the numerical stability of the orthogonalisation process, one often
uses modified Gram-Schmidt with reorthogonalisation [4] or even orthogonal trans-
formations [14]. The Householder orthogonalisation of Wk produces a Vk with
‖Γk‖2 ≤ γεM . We furthermore assume that ‖Wk − VkRk‖2 ≤ ωεM‖Wk‖2 with
ω = O(1). We shall not give rigorous upper bounds for the B-orthogonalisation of
a set Wk, but merely assume that after this operation,

V Tk BVk = I + Γ with ‖Γ‖2 ≤ γεM and γ = O(1) ,

‖Wk − VkRk‖2 ≤ ωεM‖Wk‖2 with ω = O(1) .

Finally, to simplify the error bounds, we shall use an upper bound for ‖H̄k‖2
where H̄k is defined by (11). Since B is positive semidefinite, there always exists
P ∈ CN×N such that B = PTP . Since

H̄k = V Tk+1BA
−1BVk = (PVk+1)TPA−1PT (PVk)
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and V Tk+1BVk+1 = (PVk+1)T (PVk+1) = I implies that ‖PVk+1‖2 = 1, it follows
that

‖H̄k‖2 ≤ ‖S̃‖2 with S̃ = PA−1PT .(22)

Note that S and S̃ have the same eigenvalues, but different eigenvectors. Also note
that ‖H̄k‖F ≤

√
k‖H̄k‖2 ≤

√
k‖S̃‖2.

We shall now proceed with the justification of the three statements above.

4.1. Proof of (a). We shall not derive rigorous upper bounds for the error growth
in the Arnoldi process, since this is not the objective of the paper, but rather express
the errors of the purification and the implicit restart in terms of errors obtained by
the Arnoldi process (cf. analysis in [10]). This is also motivated by the fact that
these errors depend on many factors like the sparsity of A and B, the matrix-vector
multiplication used, the linear system solver, and the orthogonalisation process.
The (computed) Arnoldi vector vj+1 satisfies the following relations :

hj+1,jvj+1 = Svj −
j∑
i=1

hijvi + ψj ,(23a)

hij = vTi BSvj + δij ,(23b)

vTi Bvj = 1 + γij , j = 1, . . . , i+ 1 .(23c)

The rounding errors ψj ∈ RN and δij , γij ∈ R arise from the matrix-vector mul-
tiplication by B, the solution of linear systems with A and the Gram-Schmidt
orthogonalisation of Svj . In block form, the equations (23) are written as

Vk+1H̄k = SVk + Ψk+1 ,(24a)

V Tk+1BVk+1 = I + Γk+1 ,(24b)

H̄k = V Tk+1BSVk + ∆k .(24c)

The norms ‖Ψk+1‖2, ‖Γk+1‖2 and ‖∆k‖2 characterise the round-off errors in the

Arnoldi process. In the following, we assume that ‖∆k‖2 � ‖H̄k‖2 ≤ ‖S̃‖2,

‖Ψk+1‖2 � ‖S̃‖2 and ‖Γk+1‖2 � 1. This automatically assumes a proper im-
plementation of the B inner product, such that xTBy is unaffected by any N
component in x and y.

The portion of vj+1 in N and G is found by applying the projectors PN and PG
to (23a) and using (21) :

hj+1,jPN vj+1 = SPGvj −
j∑
i=1

hijPN vi + PNψj ,

hj+1,jPGvj+1 =

j∑
i=1

hijPGvi + PGψj .

Whatever the sizes of ‖PNψj‖ and ‖PGψj‖, there is no reason to assume that
‖PNvj+1‖ and ‖PGvj+1‖ do not grow.

4.2. Proof of (b), single purification by (12). The purified xj computed by
xj = Vk+1H̄kzj with ‖zj‖2 = 1 satisfies

PNxj/θj = θ−1
j (SPGVkzj + PN ξj),(25a)

PGxj/θj = θ−1
j PGξj ,(25b)
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with

‖ξj‖2 ≤ 3k3/2‖Vk+1‖F ‖S̃‖2εM + ‖ψk+1‖2 +O(ε2M ) .(26)

Observe that ‖ξj‖ consists of small terms compared to xj. Note that if ‖zj‖2 = 1,
then ‖Vkzj‖B ' 1, and ‖xj‖B ' ‖Vk+1H̄kzj‖B ' θj. Thus, by dividing the left-
and right-hand side in (25) by θj, we obtain the relative contributions of the N
and G spaces in xj. Clearly, if θj is small, the right-hand sides in (25) are large,
while the left-hand sides remain of order 1. In this case, purification can fail. On
the other hand, if |θ−1

j |‖ξj‖ is small compared to 1, the N component in xj mainly
arises from the G component in Vkzj and the G component in xj is wiped out.

Proof. The purified xj := SVkzj computed by (12), satisfies

xj = Vk+1H̄kzj + πj(27)

with Vk and H̄k satisfying (24), and where πj is the round-off error arising from the
computation of (12). Hence, xj = Vk+1(H̄kzj + π′j) + π′′j with πj = Vk+1π

′
j + π′′j ,

where π′j and π′′j are the round-off errors for the calculation of H̄kzj and Vk+1(H̄kzj)
respectively. With ‖zj‖2 = 1, we then find using (22)

‖π′j‖2 ≤ k‖H̄k‖F ‖zj‖2εM +O(ε2M ) ≤ k3/2‖S̃‖2εM +O(ε2M ) ,

‖π′′j ‖2 ≤ (k + 1)‖Vk+1‖F ‖H̄kzj‖2εM +O(ε2M )

≤ (k + 1)‖Vk+1‖F ‖S̃‖2εM + O(ε2M ) .

Thus,

‖πj‖2 ≤ (k3/2 + k + 1)‖Vk+1‖F‖S̃‖2εM +O(ε2M ) .

Observing that k3/2 +k+1 ≤ 3k3/2 for k ≥ 1, we get the first term in (26). At first
sight, it is not obvious why (27) provides the necessary cancellation of spurious G
components, but this is in fact easily shown : from (24a), it follows that

SVkzj = Vk+1H̄kzj −Ψk+1zj ,(28)

and by combining (27) and (28), we obtain xj = SVkzj + ξj with ξj = πj + Ψk+1zj
and ‖ξj‖2 bounded by (26). Hence, using (21),

PNxj = PNSVkzj + PN ξj = SPGVkzj + PN ξj
PGxj = PGSVkzj + PGξj = PGξj .

From these equations, (25) follow.

4.3. Proof of (b), double purification with (16). The purified xj computed
by xj = Vk+2H̄k+1H̄kzj with ‖zj‖2 = 1 satisfies

‖PNxj/θ2
j‖2 ≤ |θ−2

j |(‖PNΨk+2‖2‖S̃‖2 + ‖PGΨk+1‖2‖S̃‖2 + ‖PNπj‖2),

(29a)

‖PGxj/θ2
j‖2 ≤ |θ−2

j |(‖PGΨk+2‖2‖S̃‖2 + ‖PGπj‖2)

(29b)

with

‖πj‖2 ≤ 4(k + 1)3/2‖Vk+2‖F‖S̃‖22εM +O(ε2M ) .(30)

Note that if ‖zj‖2 = 1, then ‖Vkzj‖B ' 1, and ‖xj‖B ' ‖Vk+2H̄k+1H̄kzj‖B ' θ2
j .

Thus, by dividing the left- and right-hand side in (25) by θ2
j , we obtain the relative

contributions of the N and G spaces in xj. Clearly, if θj is small, the purification
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does not work. Observe that both the N and G components in Vkzj are wiped out if

θ−2
j is small compared to 1.

Proof. We first observe that xj := S2Vkzj is computed in finite precision from (16)
such that

xj = Vk+2H̄k+1H̄kzj + πj .

Similar to the proof of (26), we find that for ‖zj‖2 = 1,

‖πj‖2 ≤ (k3/2 + (k + 1)3/2 + (k + 2))‖Vk+2‖F‖S̃‖22εM +O(ε2M ) .

Observing that k3/2 + (k + 1)3/2 + k + 2 ≤ 4(k + 1)3/2, (30) follows. From (24a) it
follows that

S2Vkzj = SVk+1H̄kzj − SΨk+1zj

= Vk+2H̄k+1H̄kzj −Ψk+2H̄kzj − SΨk+1zj .

Hence

xj = Vk+2H̄k+1H̄kzj + πj = S2Vkzj + Ψk+2H̄kzj + SΨk+1zj + πj ,

from which (29) follow.

4.4. Proof of (c). After the implicit restart,

‖PNWk+1‖2 ≤ ‖SPGVk+1‖2‖R−1
k+1‖2 + ‖PNΞk+1‖2 +O(ε2M ) ,(31a)

‖PGWk+1‖2 ≤ ‖PGΞk+1‖2 +O(ε2M ) ,(31b)

‖Ḡk −WT
k+1BSWk‖2 ≤ (2(k + 2)3/2‖Vk+2‖F‖P‖2 + ω + γ + (k + 2)2)‖S̃‖2εM

+‖∆k+1‖2 +O(ε2M ) ,(31c)

with ω, γ = O(1) and

‖Ξk+1‖2 ≤(k + 2)3/2‖Vk+2‖F εM
+ {ω‖Vk+2‖2‖S̃‖2εM + ‖Ψk+2‖2} ‖R−1

k+1‖2 +O(ε2M ) .

Observe that the right-hand side of (31c) consists of small terms, such that Ḡk '
WT
k+1BSWk. The right-hand sides in (31a) and (31b) are small if ‖R−1

k+1‖2 is

small. If ‖R−1
k+1‖2 ' 1, Wk+1 has no significant component in G but still con-

tains significant components in N coming from the G component of Vk+2 (see the
first term in the right-hand side of (31a)). The action of the B-inner product in
WT
k+1BSWk eliminates any contribution from the N component of Wk+1. Hence,

since Ḡk 'WT
k+1BSWk, Ḡk is free from significant errors in N and G.

If ‖R−1
k+1‖2 is large, then ‖Ξk‖2 � εM and Wk+1 can have large components in

G. Hence, Gk 'WT
k BSWk is corrupted by the G components of Wk which can lead

to spurious eigenvalues.
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Proof. Let the QR-factorisation of H̄k+1 (in finite precision arithmetic) be

H̄k+1 = Q̄k+1Rk+1 + Ωk+1 , Q̄
T
k+1Q̄k+1 = I + Γk+1 ,(32)

with Q̄k+1 ∈ Rk+2×k+1, Rk+1 ∈ Rk+1×k+1, Ωk+1 ∈ Rk+2×k+1, Γk+1 ∈ Rk+1×k+1,
and

Wk+1 = Vk+2Q̄k+1 + Πk+1 ,(33)

with Πk+1 ∈ RN×k+1. Following the introduction on basic matrix operations, we
assume that

‖Ωk+1‖2 ≤ ω‖H̄k+1‖2εM ≤ ω‖S̃‖2εM , ω = O(1) ,

‖Γk+1‖2 ≤ γεM ,

‖Πk+1‖2 ≤ (k + 2)‖Vk+2‖F ‖Q̄k+1‖F εM ≤ (k + 2)3/2‖Vk+2‖F εM +O(ε2M ) .

Note that we assume here that Vk+2Q̄k+1 is computed as the product of two ma-
trices by the dot-product algorithm. In practice, one would rather use a factorised
form in terms of Givens or Householder transformations, which would give another
bound.

The extension of (24a) is

SVk+1 = Vk+2H̄k+1 −Ψk+2

and by applying (32) and (33) in that order,

SVk+1 = Vk+2Q̄k+1Rk+1 + Vk+2Ωk+1 −Ψk+2(34)

= Wk+1Rk+1 −Πk+1Rk+1 + Vk+2Ωk+1 −Ψk+2 ,

so

Wk+1 = SVk+1R
−1
k+1 + Ξk+1

with Ξk+1 = Πk+1 − (Vk+2Ωk+1 −Ψk+2)R−1
k+1. Thus, using (21),

PNWk+1 = PNSVk+1R
−1
k+1 + PNΞk = SPGVk+1R

−1
k+1 + PNΞk+1

PGWk+1 = PGSVk+1R
−1
k+1 + PGΞk = PGΞk+1 .

The analysis for Ḡk is given next. In the implicit restart step, Ḡk is computed (in
finite precision arithmetic) as

Ḡk = Rk+1Q̄k + Σk ,

with Q̄k ∈ Rk+1×k and

‖Σk‖ ≤ (k + 1)‖Rk+1‖F ‖Q̄k‖F εM ≤ (k + 1)3/2‖S̃‖2
√
kεM ≤ (k + 2)2‖S̃‖2εM ,

if Ḡk is computed by the dot-product matrix-vector multiplication instead of using
orthogonal transformations. By applying (32), (24c) and (33) in this order,

Ḡk = Q̄Tk+1H̄k+1Q̄k − Γk+1Rk+1Q̄k − Q̄Tk+1Ωk+1Q̄k + Σk

= Q̄Tk+1V
T
k+2BSVk+1Q̄k + Q̄Tk+1∆k+1Q̄k − Γk+1Rk+1Q̄k

−Q̄Tk+1Ωk+1Q̄k + Σk

= WT
k+1BSWk − Q̄Tk+1V

T
k+2BSΠk −ΠT

k+1BSWk + Q̄Tk+1∆k+1Q̄k

−Γk+1Rk+1Q̄k − Q̄Tk+1Ωk+1Q̄k + Σk .
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‖ΠT
k+1BSWk‖2 can be bounded by

‖ΠT
k+1BSWk‖2 = ‖(PΠk+1)TPA−1PT (PWk)‖2

≤ ‖PΠk+1‖2‖S̃‖2 ≤ (k + 2)3/2‖Vk+2‖F ‖P‖2‖S̃‖2εM +O(ε2M ) .

Note that ‖PWk‖2 = 1, since WT
k BWk = I. There is a similar bound for

‖Q̄Tk+1V
T
k+2BSΠk‖2. Hence

‖Ḡk −WT
k+1BSWk‖2 ≤ 2(k + 2)3/2‖Vk+2‖F ‖P‖2‖S̃‖2εM + ‖∆k+1‖2 + γ‖S̃‖2

+ω‖S̃‖2εM + (k + 2)2‖S̃‖2εM +O(ε2M ) .

The final, and for this paper the most important, result concerns the round-
off error in the implicitly restarted B-orthogonal Arnoldi method with purification
(Algorithm 3), and is given by the ‘Round-off Error Conclusion’ at the beginning
of this section. The proof consists of combining the arguments in (b) and (c) and
is omitted.

4.5. A test for spurious eigenvalues. The preceding error analysis and the
numerical results for k = 15 and 20 in Section 3.3 show that numerical problems
can occur when ‖R−1

k+1‖ and/or |θj |−1 are very large. We show an important relation
between these two quantities in the following theorem. We complete this section
with a discussion on the advantages of Algorithm 3 over Algorithm 2.

First note that in exact arithmetic Rk+1 = Q̄Tk+2V
T
k+2BSVk+1 and, since S is

singular, it is certainly possible for Rk+1 to have small or zero singular values.
Second, there is a connection between ‖R−1

k+1‖2 and the small eigenvalues of Hk+1.
This is given by the following theorem.

Theorem 4. Suppose that Hk has k independent eigenpairs, denoted by (θj , zj)
with ‖zj‖2 = 1, j = 1, . . . , k. Define the residual semi-norm

ρj = ‖SVkzj − θjVkzj‖B .

Then

‖R−1
k ‖2 ≥ 1/min

j

√
|θj |2 + ρ2

j .(35)

Proof. Since ‖R−1
k ‖2 = 1/σmin with σmin the smallest singular value of Rk, we shall

derive an upper bound for σmin. From the definition of σmin, one has

σmin ≤ ‖Rkzj‖2 = ‖H̄kzj‖2, ‖zj‖2 = 1.

Also, from the recurrence relation (10) it follows that

SVkzj − θjVkzj = SVkzj − VkHkzj = hk+1,kvk+1e
T
k zj ,

and with ‖vk+1‖B = 1, ρj = hk+1,k|eTk zj |. Hence

‖H̄kzj‖2 =

∥∥∥∥( θjzj
hk+1,ke

T
k zj

)∥∥∥∥
2

= (|θj |2 + ρ2
j)

1/2 .

The relation (35) provides a lower bound for ‖R−1
k+1‖2. It is clear that if the

eigenvalues of S are computed accurately, the smallest eigenvalue of Hk+1 can
provide a sharp lower bound for ‖R−1

k+1‖2. This also explains that both a small θj
and a large ‖R−1

k+1‖2 often occur in tandem. This observation is important because
it indicates that failure of IRA and purification often occur together. However,
there is a subtle distinction between failure of purification and IRA. Purification
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fails only for those eigenvectors xj corresponding to small eigenvalues θj , since the

accuracy of the purification only depends on θ−1
j . Corruptions emerge in IRA, when

maxj(|θ−1
j |) is large, and will affect all the eigenvalues and eigenvectors. This is

clearly a disadvantage of the IRA-approach. Nevertheless, we have several reasons
to prefer Algorithm 3 over Algorithm 2.

First, if ‖R−1
k+1‖2 is small, Gk does not produce spurious eigenvalues. This is not

the case for the Ericsson approach as was shown by the example in Section 3.3,
since, in fact, Hk is not ‘purified’ at all. Second, it is easy to check when spurious
eigenvalues might emerge in IRA by monitoring ‖R−1

k+1‖2 for succeeding values of
k. Such a test is quite cheap. A similar test for the Ericsson approach is not
provided. Of course, it is possible to check possible failure of purification for a
specific eigenvector xj by looking at |θj |−1.

The analysis in this section, shows the importance of a small ‖Ψk+1‖2 in (24a),
i.e. assumes accurate matrix-vector operations with S and Gram-Schmidt orthogo-
nalisation implemented with care. This emphasises the need for a robust reorthog-
onalisation strategy. Finally, the choice of initial vector v1 in R can help in the
reduction of ‖R−1

k+1‖2, since in exact arithmetic, if v1 ∈ R, then Vk+2 ∈ R, and
thus

‖R−1
k+1‖2 = 1/σmin(Q̄Tk+2V

T
k+2(BS)|RVk+1) ,

where (BS)|R is the restriction of BS over R. Since (BS)|R is not singular in R,
‖R−1

k+1‖2 should not be large, in general.

5. Conclusions

We end this paper with a summary of the main points and some brief comments
on related work.

The main conclusion to draw is that the Algorithm 3 which does two implicit
multiplications by S, is less susceptible to round-off errors than the algorithm in Er-
icsson [5] for the shift-invert operator S derived from problems with block-structure
(2). Possible severe corruption can be detected by monitoring ‖R−1

k+1‖2. In fact,
Algorithm 3 requires two fewer matrix-vector multiplications than the one in [5]
(since Algorithm 3 needs no pre-multiplication of the initial vector v1 by S2) with
the only (minor) addition of the QR-step for H̄k+1 and the formation of Wk+1.
Nevertheless, we do recommend the pre-multiplication in order to reduce the risk
of large ‖R−1

k+1‖.
On an aesthetic level, the purification approach of [10] using (12) rather than

direct multiplication by S was very elegant. We think that the use of implicitly
restarted Arnoldi to carry out implicitly a second multiplication by S is similarly
pleasing.

Note that one could avoid the need for the purification step at stage 3 of Algo-
rithm 3 by performing two steps of IRA. In fact, for any S which is singular with
generalised null vectors of grade 2 we see that 2 steps of IRA with standard inner
product will remove elements from N and G. This can clearly be extended to cases
where grade r generalised null vectors arise when r IRA steps would be required.
If S arises from a generalised problem with B of the form (2) then one fewer IRA
step is needed with the addition of a purification step.

It appears that the IRA method may help to stabilise calculations of eigenvalues
(which is a known property of this method). The analysis here, where S is singular
and defective helps to illustrate why this might be the case since there is an implicit
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subspace iteration step (see statement 2 in Theorem 3), which is another nice feature
of this method. In fact, Philippe and Sadkane [11] use a few steps of subspace
iteration in an explicit way to purify the Arnoldi vectors in an application coming
from Maxwell’s equations.

The theoretical analysis of iterative methods for the reduced problem S1u = θu
helps in an understanding of the performance of iterative methods for Sx = θx.
The fact that implicitly restarted B-orthogonal Arnoldi applied to S works could,
following the analysis in Section 2.2, also be explained by analysing the implicitly
restarted M -orthogonal Arnoldi method applied to S1, since one implicit matrix-
vector multiplication by S1 maps the initial vector into R1.

Finally note that the B-inner product has been used in subspace iteration by
Scott [12]. Ericsson [5] and Nour-Omid, Parlett, Ericsson and Jensen [10] mention
that it is also a useful tool when B is nonsingular, but very ill conditioned.

6. Acknowledgements

The authors are grateful to the British Council and the Belgian National Fund
for Scientific Research (NFWO) for supporting the collaboration between the
Katholieke Universiteit Leuven and the University of Bath.

We also wish to thank Dan Sorensen for reporting an error in the example in
Section 3.3. The authors are grateful to the referee for his suggestions that made
the paper much clearer and more complete.

References
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