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INVERSIVE CONGRUENTIAL PSEUDORANDOM NUMBERS:
DISTRIBUTION OF TRIPLES

JURGEN EICHENAUER-HERRMANN AND HARALD NIEDERREITER

ABSTRACT. This paper deals with the inversive congruential method with
power of two modulus m for generating uniform pseudorandom numbers. Sta-
tistical independence properties of the generated sequences are studied based
on the distribution of triples of successive pseudorandom numbers. It is shown
that, on the average over the parameters in the inversive congruential method,
the discrepancy of the corresponding point sets in the unit cube is of an order
of magnitude between m~1/2 and m~—1/2 (log m)3. The method of proof relies
on a detailed discussion of the properties of certain exponential sums.

1. INTRODUCTION

Nonlinear congruential methods of generating uniform pseudorandom numbers
in the interval [0,1) have been studied intensively during the last years. Reviews
of the development of this area can be found in the survey articles [2, 3, 11, 15, 17]
and in the monograph [16]. A very promising nonlinear congruential approach
is the (recursive) inversive congruential method. The present paper concentrates
on the particularly important case of a power of two modulus, which received
considerable attention [1, 4, 5, 7, 8, 9, 14]. Let m = 2 with some integer w > 5.
Let Z,, = {0,1,...,n — 1} for integers n > 1, and write Z for the set of all odd
integers in Z,. For yo € Z, and parameters a,c € Zy, with a = 1 (mod4) and
¢ = 2 (mod4), an inversive congruential sequence (Yn)n>o of elements of Z7, is
defined by

Yni1 = aly, ' +¢) (modm), n >0,

where 27! denotes the multiplicative inverse of z in the group ZZ . A sequence
(Tn)n>0 of inversive congruential pseudorandom numbers in the interval [0, 1) is
obtained by x, = y,/m for n > 0. It follows from [1], [16, Theorem 8.9] that
the sequences (zp,)n>0 and (yn)n>o are purely periodic with the maximum possible
period length m/2. The low-order bits of the pseudorandom numbers generated by
this method have a short period length. The referee has pointed out that this fact
may be viewed as a deficiency of this method. Statistical independence properties of
the generated sequences, which are very important for their usability in a stochastic
simulation, can be analysed based on the discrepancy of s—tuples of successive
pseudorandom numbers with s > 2. For N arbitrary points tg,t1,... ,tny_1 €
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[0,1)% the discrepancy is defined by
Dn(to,t1,... ,tn-1) = sup [Fn(J) = V()]

where the supremum is extended over all subintervals J of [0,1)%, Fy(J) is N~*
times the number of points among tg, t1, ... ,ty—1 falling into J, and V' (J) denotes
the s—dimensional volume of J. Observe that the discrepancy of N true random
points in [0,1)* is almost always of an order of magnitude N~1/2(loglog N)'/?
according to the law of the iterated logarithm for discrepancies [10]. Subsequently,
the abbreviations

Xp = (Tp, Tna1,--- s Tnrs—1) € [0,1)°, n >0,
and
D,(;)/Q;a,c = Dypj2(%X0,X1, -+, X(m/2)-1)

are used. In [5, 7, 14] upper and lower bounds for the discrepancy Dfi}Q:a . of
pairs are established, which are basically in accordance with the law of the iterated
logarithm for the discrepancy of true random points in [0,1)2. In the present
522,& . of triples is studied. In the fourth section, the
main results are established and discussed. Their proof relies on the analysis of
certain exponential sums, which is carried out in the third section. The reader is
referred to [12] for an introduction to the theory of exponential sums. The second

section contains some basic auxiliary results.

paper, the discrepancy D

2. AUXILIARY RESULTS

First, some further notation is necessary. For integers k > 1 and ¢ > 2, let Cx(q)
be the set of all nonzero lattice points (hi,... ,hy) € Z¥ with —q/2 < h; < q/2 for
1 < j < k. Define

r(h.q) = gsin(wlh|/q) for h € Ci(q),
4= 1 for h =0,

and
k

r(h,q) = [[r(hy. )
j=1
for h = (hq,...,h;) € Ck(q). For real ¢, the abbreviation e(t) = e*™ is used, and
u - v stands for the standard inner product of u, v € R*. Subsequently, two known
general results for estimating discrepancies are stated which follow from [5, Lemma
1] and [16, Corollary 3.17], respectively.

Lemma 1. Let N > 1 and q > 2 be integers. Let d be a divisor of q with1 < d < q.
Letc € ZF and y,, € Z’; with y, = ¢ (modd) for 0 <n < N. Then the discrepancy
of the points to,t1,... ,tx_1 with t, = y,/q € [0,1)* satisfies

Dy (to,t t )<kd+]L > ! Nz_:le(ht)
N\LO, b1y yUN—-1) > — AT 2N “bn)| -
4 N heCy(q/d) T(h’ q/d) n=0

Remark. The bound in Lemma 1 can also be derived from [16, Theorem 3.10]
by noting that the proof of this result remains valid for the discrepancy
Dn(to, t1,... ,ty_1) extended over all intervals modulo 1 in [0,1)* and that both
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DN(tO, t1,...,ty—1) and the absolute values of the exponential sums in the bound
in Lemma 1 are invariant under shifts modulo 1 of the point set by a constant
vector.

Lemma 2. The discrepancy of N arbitrary points to,t1,... ,tx_1 € [0,1)F satis-
fies
- N—1
Dn(to,t1,... ;tn—1) > - Z eth-t,)
2N ((m+ 1) =1) Hj:l max(1, [h;]) | 255

for any nonzero lattice point h = (hy, ... , hi) € ZF, where £ denotes the number of
nonzero coordinates of h.

The first part of the result below follows from [13, Lemma 2.3]; its other parts
can be deduced from [5, Lemma 2(a)] by some short calculations.

Lemma 3. Let « >3 and d = 1 (mod 2) be integers. Then

Z L < 2 log 2% + E
heorte) r(h,2%) " 5

> L ligoe i b
r(h,2o) 7 8t Tise
heC1(2%)

h=1 (mod 2)

g ! < L log 2° + 2
r(h,2%) = 2w & 157
heC1(2%)

h=d (mod 4)

and

> Lo Lgae il
r(h,2%) S an 8T TG
heC1(2%)
h=d (mod 8)
The following technical result is used in the proof of Lemma 7. A proof is added
for the sake of completeness.
Lemma 4. Let u,v,w,a,c be integers with w = w = 1 (mod2), v = 0 (mod 4),
u—v4+w=0 (modB), a =1 (mod4), and ¢ =2 (mod4). Let
P(z) = u(z + ¢)* —vaz?(x + ¢)* + wa®
Jor x € Z. Then, for any integer 3 > 1, there exists exactly one integer x € ZLjg
with P(x) =0 (mod 2°+2).

Proof. The lemma is proved by induction on B. The desired result is obvious for

0 = 1. Now, suppose that for some integer 5 > 1 there exists exactly one integer

zg € Z, with P(zo) =0 (mod 2°+2). Then a short calculation shows that
P(zo+2%) = u(zo+c+2°)?% —va(zo + 2°)%(zo + ¢ + 2°)% + w(zo + 2°)?

P(x0) 4+ 2P (w(wo + ¢) + wxo) + 2%° (u + w)

P(x) +2°%% (mod 2°73) |

which implies that there exists exactly one integer x € Z3,,, namely xo or zo+ 28
with P(x) =0 (mod 2°+3). O
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Lemmas 1 and 2 indicate that a crucial role for the analysis of the discrepancy
DE’S}Z'a . of triples is played by the exponential sums 25262)_1 e(h-x,) for h € Z3.
These sums are studied in Lemma 5, which leads to the definition of the exponential

sums in the third section.

Lemma 5. Let h = (hy, ha, h3) € Z3. Then

(m/2)—1
Z e(h-x,)| = Z 6((h12_1+h2a2+h3(2+0)_1)/m) ;
n=0 ZGZ;‘n

where a,c € Z,, are the parameters in the inversive congruential method.

Proof. Tt follows from X, = (Yn, Ynt1,Yni2)/mM, Yns1 = a(y, ' + ¢) (modm), and
Ynt2 = (¥, 1 +¢)7! + ac (modm) for n > 0 that

(m/2)-1 (m/2)-1

Z e(h-x,)| = Z e((hlyn + hoay, b+ ha(y, ' + c)_l)/m)
n=0 n=0
Since {yo,¥1,--- ,Ym/2)—1} = Zy,, one obtains
(m/2)—1
S ethexa)| = | 2 eyt haay™ 4 hsly ™t + 07 /m)
n=0 YyeLY,
Hence, the transformation z = y~! (modm) yields the desired result. |

3. EXPONENTIAL SUMS
For integers u, v, w, and o > 1 an exponential sum is defined by

S(u,v,w;a;2%) = Z 6((u2_1 —l—vaz—i—w(z-|-c)_1)/20‘)7

2€ZL30

where a,c € Z with a =1 (mod4) and ¢ = 2 (mod 4). Some relevant properties of
these sums are collected in the following three lemmas. First, a short calculation
yields

2 foru+v+w=0 (mod2),

IS (u, v, w;a;4)] =
0 foru+v+wZ0 (mod?2),

and
4 foru+v+w=0 (mod4),
S (u, v, w;a;8)| =
0 foru+v+ w0 (mod4).
Lemma 6. Let u,v,w,a be integers.

(a) fu=v=w=0 (mod2) and o > 2, then

S(u, v, w; a;2%) =28 (u/2,v/2,w/2;a; 2%,
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(b) Ifu—v+w#0 (mod4) and o > 4, then
S(u, v, w;a;2%) = 0.
(¢) Ifv=0 (mod2), u—v+w#Z0 (mod8), and a > 5, then
S(u,v,w;a;2%) = 0.

Proof. (a) It follows at once from v = v = w =0 (mod 2) that

S(u,v,w;a;2%) = 2 Z e((uz_l+vaz+w(z—|—c)_1)/2°‘)

ZGZ;a71

28(u/2,v/2,w/2;a;2%71).

(b) A short calculation shows that
S(u, v, w;a;2%)

LY S el 20 vl +20) (e e+ 202 )2

2€L7, 5 CETa

S ezt = 20720 +w(az + 2072 + w((z 4+ )7 = 207%)) /2°)

2€L7, 5 CETa

Z e((uz_l —|—vaz+w(z—|—c)_1)/20‘) Z e(— (u—v+w)(/4> =0.

2E€L%, 5 CELy

(¢) fu—v+w Z 0 (mod4), then S(u, v, w;a;2*) = 0 follows from part (b). Hence,
u—v+w = 4 (mod 8) can be assumed, which implies that u+w = 0 (mod 2). Then
a short calculation yields

S(u, v, w;a; 2%)

= > > ez + 278 T vl + 27 +w(z + e+ 27707 /2%)

2E€LL, 5 (ELs

- Z Z e((u(z‘1 —2973¢ 4 220‘_6C2) +v(az + 20‘_3C)

zEZ;a,_g CEZs

Fw((z+¢) 7 = 2073 4 22076¢2)) /2

= Z e((uz_l—l—vaz—i—w(z—i—c)_l)/Qo‘) Z e(— (u—v—l—w)C/S) =0,

2€L%,_3 (€Zs

which completes the proof. O

Lemma 7. Let u,v,w,« be integers with u = w = 1 (mod2), v = 0 (mod4),
u—v+w=0 (mod8), and a > 5. Then

1S (u, v, w; a; 2%)| = 2@+D/2,
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Proof. Let 8 = [(aw — 3)/2] and observe that 43 > a for 8 > 2. Hence, straightfor-
ward calculations show that

S(u, v, w;a;2%)

- Z Z 6((“(5€+25y)_1 +Ua(x+25y)+w(x+c+25y)—1)/2a)

mGZ;ﬁ YE€Zya -3

= Z Z e((u(a:_l — 2B 72y 22y — 9383 4 948yt _ 9565
wEZ;B YE€Zya -8

+va(z 4+ 2°%y) + w((z +¢)7F =28 (x4 ¢) %y
+2% (x4 o)y? — 2%y — 2%yt — 25ﬁy5))/2a)

= Ze((u;v_l—i—vax—i—w(x—i—c)_l)/Qa) Z e((—(u;v_Z—va—i—w(x—i—c)_z)y

TE€Lg YE€ELpa—p

+98 (uz 4+ w(z + ¢))y* — 928 (u + w)y® + 235+1y4)/2°‘_5)

- Z e((ux_l +vax+w(x+0)_1)/2a) S(z),

T€Ls
where the abbreviation
S0) = % el vl + 0+ 2 w) + By

YE€ELya—g
+ 2B(ux + w(x + c))yz)/2o‘_5)

has been used. Since ged(2°(uz +w(z +¢)),20 ) =2 and B+1<a -3 -2,
it follows from [6, Lemma 6] that

2(0+2)/2 for uz=2 —va + w(z + ¢)~2 = 0 (mod 2°+2),
S(z)| =

0 for ur=2 —va + w(z + )72 #£ 0 (mod 2°72),

2(e+2)/2 for P(x) =0 (mod 2°+2),
0 for P(z) # 0 (mod 2°+2),
where P(z) = u(z+c¢)? —vaz?(z+c)* + wz? for € Z. Now, Lemma 4 implies that

there exists exactly one integer x € Zj, with P(z) = 0 (mod2°72), which yields
the desired result. O

Lemma 8. Let u,v,w,a be integers with a > 5.
(a) Ifv=1 (mod2) and u — v+ w =0 (mod4), then

Z 1S (u, v, w; a; 2%)|? = 2271,

a€loe
a=1 (mod 4)



INVERSIVE CONGRUENTIAL PSEUDORANDOM NUMBERS 1635
(b) If v =2 (mod 4) and v — v+ w =0 (mod8), then
Z 1S (u, v, w; a; 2%)|? = 222,
a€loe
a=1(mod4)

Proof. Let ged(v,4) = 2¥ with v € {0,1}. Straightforward calculations show that

Z 1S (u, v, w; a; 2%)|?

a€loo
a=1 (mod4)
= Y Y (T =y vatz - y)
a€loe y,zeZ;a
a=1 (mod 4)

tw((z+0) 7 = (y+)h)/27)

— Z Z e((uy_lz_l(y—Z)—w(y—Z)

Y,2€2L5a a€Zoa
a=1 (mod4)

Fwly+0)7 z+ o)y - 2)/2°)

= > (T ) — vy =)l )T+ )T (- 2)/27) -

Y,2€L5a
Z e(v(z — y)d/2°‘_2)
d€Zyo—2
= 2072 > e((uy‘lz‘l(y—Z) —v(y — 2)
y,2€L5a

y=z (mod20—v—2)
Fw(y+ o) (2 4+ 0) 7 (y - 2)/2°)

= 2072 Z e((uyz —v+wyz)(y — z)/2o‘)
y,2€L5a
y=z (mod 2@—¥—2)

= 2972 Z e((u—v+w)(y— z)/2°‘) = 2atv=1
y,2€L5a
y=z (mod 26— ~2)

which yields the desired result. O

4. DISCREPANCY OF TRIPLES
(3)

m/2;a,c

In this final section, the discrepancy D of the triples

Xn = ($n7$n+1a$n+2) € [07 1)33 0 <n< m/27

of successive inversive congruential pseudorandom numbers is studied. The main
result of the present paper is Theorem 1, which provides an upper bound for the
average value of the discrepancy of triples over the parameter a. Theorem 2 is an
immediate consequence of this result. A proof is added for the sake of completeness.
Finally, a lower bound for the discrepancy of triples is stated in Theorem 3.
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(3)

m/2;a,c
sive congruential method over a € Z,, with a =1 (mod4) satisfies

4 ®) 412+17v2) 1 (1 7\ 6
m Z Dm/2*“’c< 31 mn ﬂ_logm—i—w +m

Theorem 1. The average value of the discrepancy D of triples in the inver-

a€Lm
a=1 (mod4)

for any parameter ¢ =2 (mod4).

Proof. First, Lemma 1 is applied with k =3, N=m/2,q=m,d=2,c=(1,1,1),
and t,, = x,, for 0 < n < m/2. This yields

p®, <8,2 v 1 (mg):_le(h-x )
m/2;a,c — m m ’r‘(h, m/2) "
heCs(m/2) n=0
6 2 1
_E_FE Z W|S(hlyh2vh3vaam)|
h=(h1,h2,h3)€C5(m/2)
w—2
6 2 1
_E_FEZ Z ’r‘(h,—Tn/2)|S(hl’h2’h3’a7m)|

v=0 h=(h1,h2,h3)€C3(m/2)
ng(hl 7h2,h37m):2"

w—2
6 2 1
= — 4 — id S cqr 2wV
m+m ;) Z T(ng’m/2>| (9179279370'7 )|7

= g=(91,92,93)€C5(2* "7 1)
ged(g1,92,93,2)=1

where the second step follows from Lemma 5 and in the last step Lemma 6(a) was
applied. Straightforward calculations show that

2 1

w2 S _ L g id

m T(2w—2g,m/2)| (glngag3aa7 )|
g=(91,92,93)€C3(2)

gcd(g1,92,93,2)=1

o 2w—2 2 - 4 9 5 = T3
g=(91,92,93)€C3(2) T( g m/ ) (T(m/ ) m/ )) m
91+92+93=0 (mod 2)

2 1

_2w—3 Z —|S(gl g2, g3; a; 8)|
20.)—3 2 3 5 ,a;

" g=(91,92,93)€C3(4) u g,m/2)

ged(g1,92,93,2)=1

1
RS )
g=(91,92,93)€C3(4) T( g, m/ )
gcd(g1,92,93,2)=1
g1+92+93=0 (mod 4)

1 48 96

1
6 (1 + r(m/4,m/2)) (r(m/8,m/2))2 m2 + m3’
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and
- —_— . a.
m T(2w—4g7m/2) 91,92, 93; a3
g=(91,92,93)€C3(8)
ged(g1,92,93,2)=1
1
< _—_——
= Z ,,'.(2(,.)—4g7 m/2)

g=(91,92,93)€C5(8)
ged(g1,92,93,2)=1
g1—9g2+93=0 (mod 4)

2 1 1 1 2
=0 (1 )t T(m/4,m/2)> <r(m/16,m/2) * T(3m/16,m/2)>

~96(2+ V2) L 192(6+ 5V/2)
n m2 m3

3

which implies that

p®» 6 12(21 +8v2)  96(13 + 10v/2)
m/2;a,c — + 2 + 3
3, m m m
9 w—>5 1
— 2” —S . ,2w—v
T m Z Z 7”(2”g,m/2)| (9179279376% )|
v=0  g=(g1,92,95)€C3(2°7""1)
92=0 (mod 4)
ged(g1,93,2)=1
9 w—>5 1
— 2” —S . ,2w—v
T m Z Z 7”(2”g,m/2)| (9179279376% )|
v=0  g=(g1,92,95)€C3 (2“7 1)
g2=2 (mod 4)
ged(g1,93,2)=1
9 w—>5 1
— 2” e S . ,2w—v .
T m Z Z 7”(2”g,m/2)| (9179279376% )|
v=0  g=(g1,92,95)€C3 (2“7 1)
g2=1 (mod 2)

Now, it follows from Lemma 6(b,c) that

p® 6 12021 +8v/2) L 9603+ 10v/2)
m/2a,c = m2 m3

w—>5
2 1
— 2Y ——|S » 92, 93; @; 27
+ m Z Z 7ﬁ(2yg’7n/2)| (gl g2, 93 )|
v=0  g=(g1,92,95)€C3 (2“7 1)
g1=g3=1 (mod 2)
g2=0 (mod 4)
g1—9g2+93=0 (mod 8)

w—>5
2 1
— id S cq: 2wV
+ m ;) Z | (917927g3vaa )|

r(2vg, m/2)
= g=(91,92,93)€C5 (2"~ 1) ’
g1=g3=1 (mod 2)
g2=2 (mod 4)
g1—g2+93=0 (mod 8)

w—>5
2 1
— id S — car 29 .
+ m Z Z ,},.(21/g,m/2)| (gl7g27g37 ) )|
v=0  g=(g1,92,95)€C3 (2“7 1)
g2=1 (mod 2)
g1—9g2+93=0 (mod 4)
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Hence, Lemma 7 can be used in order to obtain

p®» 6 12221+ 8v2)  96(13 + 10v/2)
m/2;a,c — + 2 + 3
3a, m m m
w—>5
4 1
N LD SR
ml/2 r(2vg, m/2
v=0 g=(91,92,93)€C3 (2"~ 1) (27g / )
g1=g3=1 (mod 2)
g2=0 (mod 4)
91—9g2+93=0 (mod 8)
9 w—>5 1
— 2” - S . ,2w—v
T m Z Z 7”(2”g,m/2)| (9179279376% )|
v=0  g=(g1,92,95)€C3(2*7"1)
g1=g3=1 (mod 2)
g2=2 (mod 4)
91—92+93=0 (mod 8)
9 w—>5 1
— 2” - S . 2w—v .
T m Z Z 7”(2”g,m/2)| (9179279376% )|
v=0  g=(g1,92,95)€C3(2“7""1)
g2=1 (mod 2)

g1—9g2+93=0 (mod 4)

Therefore the average value of the discrepancy D®

m/2;a,c
a =1 (mod4) satisfies
4 S D, < 6, 12(21 + 8v/2) L 9613+ 10v/2)
m/2;a,c — m m2 m3
a€Lm
a=1(mod4)
4 w—>5 1
I e
mt/2 r(2vg,m/2
v=0 82(91,92,93)603(2“’7U*1) ( g / )
g1=g3=1 (mod 2)
g2=0 (mod 4)

g1—g2+93=0 (mod 8)

w—>5
2 1
25y
m r(2Vg,m/2
v=0 " g=(g1,92,93)€C3(2* """ 1) (27g,m/2)
g1=g3=1 (mod 2)
g2=2 (mod4)
g1—92+93=0 (mod 8)

1 w—V
Jomv=2 > 1S(g1 92, 9330;27))]

angwfu
a=1(mod4)

w—>5
2 1
= oV - - .
D > Ta T
v=0 g=(91,92,93)€Cs(2* 7"~ 1)
g2=1 (mod 2)
g1—9g2+93=0 (mod 4)

1 w—v
= > 1S(g1, 92, 9310297

a€liyw—v
a=1 (mod4)

over all a € Z,, with
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12(21 4+ 8v2)  96(13 + 10v/2)
+ 2 + 3
m m
w—5
4 1
TS S D
ml/2 r(2¥g,m/2
v=0 g=(91,92,93)€C3(2*~" 1) (27g,m/2)
g1=g3=1 (mod 2)
g2=0 (mod 4)
91—92+93=0 (mod 8)
w—5
2 1
= oV - - .
o 2 2 "@gm/)

g=(91,92,93)€C3(2* V1)
g1=g3=1 (mod 2)
g2=2 (mod 4)
91—92+93=0 (mod 8)

1
o2 Z 15(91, 92, 933 a; 2977) |2
a€low—v
a=1(mod4)

9 w—5 1
D D T
m r(2vg,m/2

v=0 " g=(g1,92,93)€C3(2*"" 1) ( & /)

g2=1 (mod 2)
g1—92+93=0 (mod 4)

1
) Z 1S(g1, 92, g3; a5 2¢77) |2,
aEZzwfu
a=1 (mod4)

where in the last step the Cauchy—Schwarz inequality was applied. Now, Lemma 8

can be used in order to

>

A€ L,
a=1 (mod4)

+

_|_

_|_

obtain

p® 6 12(21+8V2)  96(13+10v2)
. = + +
m/2;a,c m m2 m3
4 w—5 1
O
ml/2 Z r(2vg, m/2
v=0 g=(91,92,93)€C3 (2“7 1) (27g,m/2)
g1=g3=1 (mod 2)
92=0 (mod 4)
91—9g2+93=0 (mod 8)
w—5
4 1
T T
ml/2 Z r(2vg, m/2
v=0 g=(91,92,93)€C3 (2~ 1) (27g,m/2)
g1=g3=1 (mod 2)
g2=2 (mod 4)
91—9g2+93=0 (mod 8)
22 &= 1
v/2 _
ml/2 Z 2 Z r(2vg,m/2)
v=0 g=(91,92,93)€C3 (2“7~ 1)

g2=1 (mod 2)
g1—9g2+93=0 (mod 4)
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6 12(21 + 8v/2) N 96(13 + 10v/2)

m2 m3

w—>5
4 1

N D D
ml/Q r(2v ,m 2
v=0 g=(91,92,93)€C5(2* "7 1) (27g,m/2)

g1=g3=1 (mod 2)

g2=0 (mod 2)
g1—9g2+93=0 (mod 8)

1
D S
m1/2 Z r(2vg, 2
g=(91,92,93)€C5(2* "7 1) (27g.m/2)
g2=1 (mod 2)
g1—9g2+93=0 (mod 4)

6 12(21 + 8v/2) N 96(13 + 10v/2)

m2 m3

v/ ;
T 2 2 @g,m2)

v=0 g=(91,92,93)€C3(2* "7 1)
g1=1 (mod 2)
g2=0 (mod 2)
93=g2—g1 (mod 8)

v/ ;
P Z 212 2 @g,m2)

g=(91,92,93)€C3 (2“7 1)
g1=0 (mod 2)
g2=1 (mod 2)
g3=g2—g1 (mod4)

6, 1221+ 8v/2) L 96013+ 10V/2)

m m2 m3
1
2—31//2 Z - .
1/2 Z 2v 2
m v=0 92€C1 (2977~ 1u{0} r(2g2,m/2)
g2=0 (mod 2)

1 1
Z ’I”(gl,Q“)_V_l) Z 7"(9372“)_”_1)

G1EC (2 1) g3€Ch (2 1)
g1=1 (mod 2) g3=g2—g1 (mod 8)

1
2—31//2 - .
ml/2 Z Z (2 g1,m/2)

g1€C(2°7~Hu{o}
g1=0 (mod 2)

1 1
Z T(g2’2w—v—l) Z 7"(9372“)_”_1) !

92601 (21 g3€Ch (2 1)
g2=1 (mod 2) 93=g2—g1 (mod 4)
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Hence, it follows from Lemma 3 that

4 S op, < 6, 12(21+8v2) | 96(13+10v2)

m = m/Zae = + m2 m3
a=1 (mgldél)
1 = 1
+ E 2—31’/2 E - - @ .
1/2 v 2
B ety T2 92 ™/2)
g2=0 (mod 2)

1 4 1
Ry | 2w—u—l - — log 2w~V 1
<7r 8 * 15) ( o8 * 6)

1
2—31//2 - .
m1/2 Z Z T(2”gl,m/2)

g1€C1(2°7 V" Hu{0}
91=0 (mod 2)

1 4 2
N | 2w—u—l - —lo 2w—u—l =
<7r °8 + 15) ( + 15)

6 12021+ 8v/2) L 9613+ 10v/2)
m

m2 m3
+ 4 i 2—31//2 1 + 2—1/—1 Z 1
ml/2 r(h, 29— v=2)
v=0 heCy(2v—v—2)

1 w—rv—1 4 1 w—rv—1 1
-<;10g2 + 15) (—10 2 + 6)
4\/_ —3v/2 —v—1 1
m1/2 ZQ 1+2 Z ’I”(h, 2w—v—2)

heC1(2v—v—2)

4 2
- w—r—1 w—r—1
< log 2 +15> ( log 2 +15>

6, 12021+ 8v/2) L 96013+ 10v/2)

m m2 m3

4 =L 1 1
—3v/2 —v | = w—v—2 - .
+— 2_%2 (1+2 <7T10g2 + 5>)

1 4 1 1

=1 2w—u—1 1 Qw—v— 1 -

<7r °8 * 15) (4 ©8 * 6)

4\/_ —3v/2 v w—r—2 1
1/222 / (1+2 <—1og2 +z))

11 2w—1/—1+ 4 1 1 2w—1/—1+ 2
8 15) \ 27 & 15

<
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6 12(21 + 8v/2) N 96(13 + 10v/2)

m m?2 m3
w—>5
1 —3v/2 —v 1 w—r—2 1
+m;2 (1+2 (;logQ +tz))-

( log 277! + 15) (HQ[ 2W—V—1+2(5t754\/§)>

IN

6, 12(21 + 8v/2) N 96(13 + 10v/2)
m 2

m m3
w—>5

1 —3v/2 —v 1 w—2 1
+W;)2 (1+2 (;logQ +te))

( log 2¥~ 1+15> <1+2f 2w—1+72(5ﬁ54\/§)>

% + m}/z (2 (2‘3/2)V + i (2—5/2)V (%longr % — 107%4)) :

. ilogm—l—i—log2 1+2\/§(10gm—10g2)+72(5+4\/§)
™ s 15

A

6,1 (2(4+\/§)+4(8+\/§) <110gm+3_10g4)>_
T 5 T

m = mt/2 7 31

1 4 log 2 1+2v2 2(5 4+ 4+/2
( logm + og )< + */_(1ogm_1og2)+(+—f)>
™ ™

15 7 15

31ml/2 5 14

1 4  log2 1 2(114+6v2) log2
.<—logm+—— o8 )<—1ogm+ (11 + \/_)— o8 )
™ ™

6 4(12+17v2) (1 1 log4d 15+ 22

15 T 105 T
6  4(12+17v2) /1 7\°

m 31m!l/2

which is the desired result. O

Theorem 2. Let the parameter ¢ = 2 (mod 4) be fized. Let 0 < aw < 1. Then there

exist more than (1 — a)m/4 values of a € Z,, with a = 1 (mod4) such that the

(3)

discrepancy D of triples in the inversive congruential method satisfies

m/2;a,c
3
3) 1 (4(12417V2) ) 7 6
Dm/2;a,c < «a ( 31 m 1 ogm + —— 17 + m |

Proof. Subsequently, the abbreviation

4(12 + 172 3
M = (+—7\/—)m—1/2 logm 4+ — 7 4 E
31 17 m
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is used. Suppose that there exist at most (1 — a)m/4 values of a € Z,, with

a = 1 (mod4) and p® < a7 'M, i.e., there exist at least am/4 values of

m/2;a,c
a € Zy, with a =1 (mod 4) and ij}Z'a .2 a~'M. Hence, one obtains
(3) Mm
Z Dm/2;a,c 2 4
a€Lm
a=1 (mod4)
which contradicts Theorem 1. O

(3)

/20, of triples in the inversive congruential

Theorem 3. The discrepancy D
method satisfies
(3) 2 —1/2
Dm/2;a,c 2 T+ 2m
for any parameters a =1 (mod4) and ¢ =2 (mod 4).

Proof. First, Lemma 2 is applied with k =3, N = m/2, t, = x,, for 0 < n <m/2,
and h = (1,0, —1) € Z3. This yields

(m/2)—1

1
Z e(h-x,)| = ——|59(1,0,-1;a;m)|,

1
D®
(m+2)m

/25a,¢ =
m/Za.e = (1 4+ 2)m =
where in the second step Lemma 5 has been used. Hence, it follows from Lemma 7
that

1 2
p® 9(w+2)/2 _ —-1/2
m/Zae = (g 4 2)m 7T—|—2m ’
which completes the proof. O

(3)

m/2;a,c’
average over the parameter a, has an order of magnitude at most m~1/2 (logm)3.
In particular, this upper bound for the average value is independent of the specific
choice of the parameter c in the inversive congruential method, provided the condi-
tion ¢ = 2 (mod 4) is met. Theorem 3 implies that the upper bound for the average
value is best possible up to the logarithmic factor, since the discrepancy DS}Q;G,C of
any inversive congruential generator with a = 1 (mod4) and ¢ = 2 (mod4) has an
order of magnitude at least m~'/2. Altogether, these results show that the average
value of the discrepancy of triples is of an order of magnitude between m~1/2 and
m~12(logm)3, which fits the law of the iterated logarithm for the discrepancy of
true random points in [0, 1) shown in [10]. Theorem 2 provides even more informa-
tion, since it implies that for any parameter ¢ only an arbitrarily small percentage
of the parameters a may lead to a discrepancy of triples with an order of magni-
tude greater than m~'/2(logm)3. In this connection, it should be mentioned that
according to a recent result in [9] it can happen that for certain parameters a and ¢
the discrepancy of triples is at least of the order of magnitude m~'/3, which is too
large to fit the law of the iterated logarithm. Thus, the parameters in the inversive
congruential method with power of two modulus have to be chosen with some care.

Theorem 1 shows that for any parameter ¢ the discrepancy D on the
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