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EQUIVALENT FORMULAE FOR THE SUPREMUM AND
STABILITY OF WEIGHTED PSEUDOINVERSES

MUSHENG WEI

ABSTRACT. During recent decades, there have been a great number of research
articles studying interior-point methods for solving problems in mathematical
programming and constrained optimization. Stewart and O’Leary obtained an

1 1

upper bound for scaled pseudoinverses sup ||[(W2X)TW 2|3 of a matrix X
weP

where P is a set of diagonal positive definite matrices. We improved their re-

sults to obtain the supremum of scaled pseudoinverses and derived the stability
property of scaled pseudoinverses. Forsgren further generalized these results to

1 1

derive the supremum of weighted pseudoinverses sup ||[(W 2 X)TW 2 ||z where
weP

P is a set of diagonally dominant positive semidefinite matrices, by using a

signature decomposition of weighting matrices W and by applying the Binet-

Cauchy formula and Cramer’s rule for determinants. The results are also

extended to equality constrained linear least squares problems.
In this paper we extend Forsgren’s results to a general complex matrix X to

1 1

establish several equivalent formulae for sup ||(W2X)*TW 2|2, where P is a
weP

set of diagonally dominant positive semidefinite matrices, or a set of weighting

matrices arising from solving equality constrained least squares problems. We
also discuss the stability property of these weighted pseudoinverses.

1. INTRODUCTION

In this paper we will use the following notation. C™*™ (R™*™) is the set of
m by n matrices with complex (real) entries, C;**™ is a subset of C™*" in which
any matrix has rank r, C™(R™) = C™*! (R™*1). I, denotes the identity matrix
of order m, O, xn is the m by n matrix with zero entries (if no confusion occurs,
we will omit the subscript), and || - || = || - ||2 is the Euclidean vector norm or
the spectral matrix norm. For any matrix X € C™*" X is the Moore-Penrose
pseudoinverse of X, X7 is the transpose of X, X is the conjugate transpose of
X, rank(X) is the rank of X, R(X) is the range of X. X < X means that X @ is
a submatrix of X formed with a set of rows of X. P(X) is a set of real symmetric
positive semidefinite matrices of order m = rows of X such that for any W € P(X),
rank(WX) =rank(X). inf; (X) denotes the smallest nonzero singular value of X.
For a vector of sequence of increasing r integers J = {i1,---,i.} C {1,---,m},
X € ¢ and D = diag(dy, -+ ,dm), Xy denotes a submatrix of X formed with
those rows i1, ,i, € J and D;; = diag(d;,, -+ ,d;.). J(X) is a set of indexes
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defined by

(1.1)
JX)={J={i1, - ,ir}: 1 <i1 <--- <ip <m, rank(X ) = rank(X) =r}.

Consider the following mathematical programming and nonlinear constrained
optimization problem

(1.2) mgl f(y), subject toy >0 and Cy =d,
yeR™

in which f: R* — R, C € R™*™ and d € R™ are given. When solving (1.2) by
an interior method [1], [5], [6], [17], [22]-[24], one will obtain the following weighted
least squares (WLS) problem

1
1. i 2 (Xx —
(1.3) Inin [|W=(Xz - g,
where W = W(r) € P(X), 7 > 0 is a parameter. Similarly, when solving the
equality constrained least squares problem (LSE) [9]

1
(1.4) m}%n [W2(Kx —g2)|] subject to Lx = ¢1
we n

by the weighting method, one will also obtain a WLS problem like (1.3). When
T — 400, the minimum 2-norm solution of (1.3) will tend to the minimum 2-norm
solution of (1.2) or (1.4).

Let X € C™*" g € C™ and W = W(r) € P(X) be given. Let X = X +
60X and g = g + 6g be the perturbed versions of X and g respectively satisfying
rank(W 2 X) = rank(W 2 X). Then the minimum 2-norm least squares solutions
and 7 of the problems

1 1 -
1. i 3 (Xz— i Xz —g
(1.5) min [W2(Xz—g)| and min[|W=(Xz-g)|

are respectively
(1.6) r=(WiX)*Wig and 7= (WiX)TWig

It is well known [7], [16] that when [|[6X|| — 0, ||6g]] — 0 and rank(Wz2X) =
rank(W 2 X), then

T — T.

In general, when the parameter 7 — 400, the condition number of the matrix
Wz X would be unbounded, so in this case the WLS problems (1.5) would be “ill-
conditioned”. On the other hand, the boundedness of = and 7 respectively depend
upon the upper bounds of ||(W2X)*Wz | and ||(W2 X)"W z|| when W ranges over
a subset P C P(X). Also, the perturbation bound of ||# — 7| depends upon the
upper bounds of ||[(W2 X)*Wz|| and ||(W2 X)"Wz|| when W ranges over a subset
P C P(X), as well as the bounds ||[6X || and ||6g]|. So the problems of specifying
sets P C P(X) such that sup ||[(W2X)TW?2|| < +oo and determining conditions

weP

such that  sup  sup ||(W2X)TW2|| < +oo for some constant 7 are important
IX—X||<n WeEP
subjects.
By applying the Binet-Cauchy formula for determinant and Cramer’s rule for
solving a system of linear equations, the authors of [2], [3], [4], [10], [13], [17]
discussed the geometry of the minimum 2-norm solution of the WLS problem (1.3)
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and linear equations. The authors of [5], [6], [8], [17], [18], [22]-[24] proposed several
algorithms and discussed stability for solving the constrained optimization problem.
When X € R7"*"™, Stewart [15] and O’Leary [12] showed that when P is the set

of positive diagonal matrices of order m, then sup ||(W2X)TWz|| < +oo. They
WeP

also provided an estimate for sup |[(W2X)*Wz||. We [21] generalized their result
WeP

to obtain L — = min inf, (X®). Recently Forsgren [4] further
V%};H(W2X)+W2II X=X

generalized this result to the case when X € R™*™ and P C P(X) is a set of
diagonally dominant positive semidefinite matrices, or a set of matrices arising from
handling the LSE problem (1.4) by the weighting method. Forsgren constructed
a signature decomposition of any matrix W € P and applied the Binet-Cauchy
formula and Cramer’s rule to derive these results.

In this paper we extend Forsgren’s results to a general complex matrix X to es-
tablish several equivalent formulae for sup ||(W2X)TW 2| with some P C P(X).

wep

In particular, we will discuss the case that P C P(X) is a set of semi-positive diag-
onal matrices, a set of diagonally dominant positive semidefinite matrices, or a set
of weighting matrices arising from solving the LSE problem (1.4) by the weighting
method. We also discuss stability properties of these weighted pseudoinverses.

The paper is organized as follows. Section 2 will derive equivalent formulae for
the supremum of weighted pseudoinverses; Section 3 will derive equivalent formulae
for the supremum of weighted pseudoinverses arising from the LSE problem with the
weighting method; Section 4 will discuss the stability of weighted pseudoinverses;
Section 5 will conclude the paper with some remarks.

In §§3-4, we need the following fact.

Lemma 1.1. Suppose that L € C™*" and K € C"™2*™. Let

. X= (II}) Y= (KLL+L K(I, E L+L)> 2= (InL—+LL+L) '

Then

(1.8) rank(X) = rank(Y) = rank(L) + rank(K (I, — L*L)).

Proof. It can be shown that X = YZ and Y = XZ. From this we have
rank(X) > rank(X Z") = rank(Y") > rank(Y Z) = rank(X).

Combining above inequalities and (1.7), the equalities in (1.8) follow. O

2. EQUIVALENT FORMULAE FOR THE SUPREMUM OF WEIGHTED
PSEUDOINVERSES

In this section, we will derive several equivalent formulae for the supremum of
weighted pseudoinverses of a matrix X € C7"*". We first derive the Moore- Penrose
pseudoinverse of (W2 X)Wz for any W € P(X). Let the unitary decomposition
of XH be

(2.1) XH=QA soX=AHQH,

in which Q@ = I, and A has full row rank . Then we have
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Lemma 2.1. For a given matriz X € C™*™ and any weighting matriz W € P(X),
define
(2.2a) B=W:X)"W? and C=WX(WX)TX.
Then
rank(B) = rank(C) and Bt =C.

Proof. Let the unitary decomposition of X be as in (2.1). It can be shown that if
rank(WX) = rank(X) = r, then

rank(AW AH) = rank(AW?2 A = rank(X) = r,
so both AW A and AW?2AH are nonsingular. Then
(2.21) B=W32A"QM)yt Wz = QAW AT~ AW,
C=WAHLQHWATQMYTAHQH = WAH (AW?2AH) =L AW AR QH |
and so

BC = (QAW AT L AW (W AT (AW? AT L AW AR Q) = QY = (BC)H,
CB = (WAH (AW AT =1 AW AH QM) (Q(AW AT) =1 AW)
= WAH(AW2 AT~ AW = (CB)H.
From this it is obvious that
BCB = (BC)B=QQR"B=B and CBC =C(BC)=0CQQQ" =Cc;
that is, C satisfies all four conditions as the unique Moore-Penrose pseudoinverse

of B [1]. So C = B™. O

For given X € C™*™ and a set P C P(X), we define the following two sets of
vectors. Let

X={zreRX): [|[XTz| =1},
(2.3) V(P)={y € C™: there exists W € P such that (WX)"y = 0},

P) = inf —yl.
p(P) ze&u;ey(mllx yl|

We now present the first main result of this section.

Theorem 2.1. Suppose that X € C/"*™ with v > 0, and a set of matrices P C
P(X) such that

(2.4) sup |[(W2X)TW3|| < +oo.

weP
Then

1
2.5 = inf inf, (WX(WX)TX) = p(P).
(2.5) s [V E] — wep +(WX(WX)TX) = p(P)
weP

Proof. (1) We first prove that

1

- — = inf infy (WX(WX)"X).
sup [(W2X)*Wz|  Wep
Wwep



THE SUPREMUM AND STABILITY OF WEIGHTED PSEUDOINVERSES 1491

Let W € P be given. From Lemma 2.1, (W2X)tW2)* = WX (WX)TX. Let the
nonzero singular values of (W2 X)TWz and WX (W X)T X be arranged respectively
in decreasing order,
26) o (WiX)tTW3) > ... > o (W2X)TW3) >0,

' o (WXWX)tX) > >0, (WX(WX)*X) > 0.

Then we have
1

or (WX P )

(2.7) o (WX(WX)*X) = forj=1,---,r.

Therefore

1 1
inf, ( WX(WWX)TX) =0, WX(WX)"X) = I o= 1 1
R0 = e WX = i)~ T

1
~ sup [(WEX) W]
WeP

Because the above inequality holds for any matrix W € P,
1
WX W]

inf inf, (WX(WX)TX) >

It (VX VX)) > —

wWeP

By reversing the above procedure, we obtain that for any matrix W € P,
1

— = inf, (WX(WX)TX) > inf inf, (WX(WX)TX),

T = VX OVX)TX) > gl (VX VX))

SO

1
. — > inf inf, (WX(WX)TX).
sup [|(W2X)+Ws| ~ wep

weP

(2) We then prove that
inf inf X(WX)TX) = .
Jnf ) infy (WX(WX)TX) = p(P)
Let the unitary decomposition of X be as in (2.1). Then from Lemma 2.1, for given
WeP,
WX(WX)TX = WAH(AW?AH) =1 AW AH Q.
Let z be the right singular vector of WAH (AW?2AH)=1AW AH associated with
inf L (WX (WX)TX), where ||z|| = 1. Then
inf, WX(WX)TX) = |[WAH(AW2ATYTTAW AR 2| = [WX(WX)TX(Q2)||

and it can be shown that = X(Qz) € X. Let y = (I — WX(WX)")z. Then
(WX)Hy =0so0oy e Y(P) and

inf, (WX (WX)*X) = [WX(WX)*z| = |2 =y > o(P).
Because the above inequality holds for any W € P,
. . + >
Ml/réfp inf, WX(WX)TX) > p(P).
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On the contrary, for any € > 0, there exist . € X', W, € P, y. € Y(P) such that
(W.X)Hy. =0 and

p(P) > [lze = yell — €.

Because (W.X)"y. = 0, y. should be of the form y. = (I — W. X(W.X)*")z for
some vector z € C™. From the knowledge of the least squares problem [7] and
noting that . = X X Tz, we obtain

lze = yell > mén lze — (I - WEX(WEX)+)U|| =llze — (I - WEX(WEX)+)x6||
veC™
= ||W€X(W€X)+X(X+;EE)|| > inf+(W6X(W€X)+X),
SO

p(P) > inf (WX(WX)"X) —e> inf inf (WX(WX)"X) —e.

Because € > 0 is arbitrary, letting ¢ — 0T we obtain
> inf inf, (WX(WX)TX
p(P) 2 inf inf (WX(WX)™X),

proving the assertions of the theorem. O

Notice that Theorem 2.1 is a generalization of [15], [12], [21].
Next we will present the second main result of this section by using an idea in
[4, Theorem 3.1].

Theorem 2.2. Suppose that X € C™*™ with r > 0, integer | > r. Let U C R™*!
and P C P(X) be two given sets of matrices which respectively satisfy

YU € U, rank(UT X) = r,

su max UrxX) Ut < +oo,
wp (U7 X))

where UT = (UT) ;, and
P={W=UDUT: UecU, D=diag(d, - ,d) >0

(2.8)

2.9
(2:9) such that rank(W X) = rank(X)}.
Then
1 1
o (VI ]~ swp_max orxeor) )
wep Ueld JGJ(UTX)
(2.10) = inf_inf, (WX(WX)"X
uf, infy (WX (WX)TX)

= inf i inf, (UHYTUTX).
Jele <3 ) (W)U X)

Proof. Notice that P C P(X).
(1) We first prove that

1
inf in_infy (U7)TUTX) = :
veu Je}l(llljl%)() it ((U7)7U7 X) sup max [|[(UTX)TUT|
veu JeJ(UTX)

Let the unitary decomposition of X be as in (2.1). For any U € Y and J € J(UT X)),
we have (UTX); = UTX and (see (1.1))

rank((U7 X) ;) = rank(U¥ X) = rank(U” X) = rank(X) = rank(U> A") = r,
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so UTAM is nonsingular and U7 has full row rank r. Then we have the following
identities
(2.11)

(UFX)TUT)" = (QWUFAT) U = (U]) T (UTA")Q™ = (UT)TUT X,
from which we obtain by using the same argument as in step (1) of the proof of
Theorem 2.1,

1
inf i inf, (UNHTUTX) = > 0.
duf, Semin ) b (U705 X) = o [(UTX)*UT||
Ueu JeJ(UTX)

(2) We then prove that

1 1
sup [[(W2X)*W2|| =sup max |[(UFX)TUT
VAW = sup 107U

by applying the Binet-Cauchy formula and Cramer’s rule. For given W = UDUT ¢
P with U € U we have rank(W X) = rank(X) = r. Then

rank(X) > rank(U? X) > rank(DUT X) > rank(W X) = rank(X);
that is,
(2.12) rank(U7 X) = rank(DUT X) = rank(W X) = rank(X),
so AW AH is nonsingular. For any vector g € C™, let
(2.13) T=(W2X)"W2g=QUAWAT) AWy = QA" DA)~* A" Dg,
in which A = UTA" and § = UTg. Notice that for any J € J(UTX), A; =

(UTAR); = UTAH is nonsingular. Then by applying the Binet-Cauchy formula
and Cramer’s rule [11],

(Q"m)i = (A" DA)~' A" Dg);
B det(A"D(A + (§ — Ae;)el))
B det(AH DA)
det((/iJ)H) ~det(Dyy) - det(AJ) PO
= 2 Aet((An)H) - det(Don) - det(Amy A7) 90
JeJ(UTX) ZNGJ(UTX) € (( N) ) e ( NN)' e ( N)
Notice that /LQH = UfX and gy = U}Fg. Then we deduce that
(2.14)

det(A;)|? - det(D
= Q(Q"n) = Z |det(A ;)] : (2 JJ) CTX) U,
JeJ(UTX) Yneswrx) [det(An)[? - det(Dyn)

From (2.14), 7 is the convex combination of the basic solutions. Then in exactly
the same way as in the proof of [4, Theorem 3.1, Corollary 5.2], we obtain

1 1
2.15 sup [[(W2X)tWz2g| = su max |[(UFXx)TUT
(2.15) We};ll( ) gl sup JGJ(UTX)II( 7X)TU 4|

and

2.16 su WzX)T Wz = su max urx\rufy.
@16) s |WIX)WE = sup max (U5 X)* US|

The remaining equalities of (2.10) follow from Theorem 2.1. O
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From Theorem 2.2, with U satisying (2.8) and P defined in (2.9), one of the
following inequalities implies the other:

su max U X)*UT|| < +o0,
UGE JeJ(UTX)H( 7 X)TUg |

sup [|[(W2X)t W3 || < 4.
weP

Especially, if i/ only contains a finite number of matrices, then the above inequalities
are always true.

In the case that | = m and U = {I,,,} so that P is a set of semi-positive diagonal
matrices, we then obtain essentially the same results as in [21].

Corollary 2.1. Under the notation and the conditions in Theorem 2.2, if
P:{W:dlag(dh 7dm) dj Zofo’r']: 1’ ,m,

(2.17) such that rank(W X) = rank(X)},
then
(2.18) ! = ! = p(P) = min inf; (X @)
’ sup [(W3X)F W]~ max X0 77T IR
WeP ¢

in which the mazimum or minmum is taken over all X < X such that rank(X (")
= r = number of rows of X, O

In the case that P is a set of m x m real symmetric diagonally dominant pos-
itive semidefinite matrices, Forsgren [4] has constructed an interesting signature

decomposition of W = UDUT € P, where U = U(s) has the following form, with
- m(m+1)
2

U(s) = (u(s)1,--- ,u(s);) € R™*! with
(2.19a) u(
(

u

8)1‘261' fOI‘iZl,“-,?’n7

8)mtt(ig) = €i + Sijyej for 1 <idi<j<m,

in which e; is the j—th column of the identity matrix I,,, and for 1 <i < j < m,

L , i(i+1) 1 ifwy >0,
ti,§) =m(i —1) — 22 d sy = Z
(Z j) m(Z ) 2 J an 5t(i.5) {—1 if wi; < 0,
and
D = diag(dy, -+ ,d;) with d; = w;; — Z |wi;| for i =1,---m,
(2.19b) J=1, j#i

(i) = wij] for 1 <i < j <m,

For a detailed description of the signature decomposition of W, we refer to [4].
From (2.19a) and (2.19b) we see that ¢ only contains a finite number of m x I
matrices. Then we obtain the following results by applying Theorem 2.2 and [4,

§3-§5].
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Corollary 2.2. Under the notation and the conditions of Theorem 2.2, if further-
more, P is the set of real mxm symmetric positive semidefinite diagonally dominant
matrices, then with U € U defined in (2.19a), we have

1 1

1 + 1 . UTX +UT p(
sup [(WEX)*WE| - sup | max (U5 X)*UT]
(2.20) — inf o +
ml/]téf73 infy( WX(WX)TX)

= Uuelfu JGJI(I[lJl?X) infy (U;)TU;X). O

Remarks. 1. For given X € CI™*", U satisfying (2.8), P defined in (2.9), (2.14)
provides the geometric structure of the minimum 2-norm WLS solution 7 of (1.3)
for given W € P, which is a generalization of well known formulae in [2], [3], [4],
110], [13], [17);

2. Theorems 2.1, 2.2 and Corollaries 2.1, 2.2 provide several equivalent formulae
for sup ||(WzX)+tWz||, which extend the results in [15], [12], [21], [4].

weP

3. EQUIVALENT FORMULAE FOR THE SUPREMUM OF WEIGHTED
PSEUDOINVERSES ARISING FROM SOLVING EQUALITY CONSTRAINED LINEAR
LEAST SQUARES PROBLEMS WITH THE WEIGHTING METHOD

In [4] Forsgren also used the Binet-Cauchy formula and Cramer’s rule to obtain
the supremum of weighted pseudoinverses arising from solving the LSE problem [9]

(3.1a) minHW%(Kx — g2)||, subject to Lx = ¢1,

where L € R™>*" K € R™*™ are given matrices, and g1 € R™, g2 € R}
are given vectors. In this section we will generalize Forsgren’s results to derive
equivalent formulae for the supremum of such weighted pseudoinverses for general
complex matrices L, K and some set P C P(KP) with P =1, — L*L.

Let L € C ", K € C™2X™, g1 € C™* and g2 € C™2 be given. One method of
solving (3.1a) is the weighting method. Let m = mj + m2 and define

(3.2) = (g;) X = (IL() and W (r) = (TI"” W) .

Suppose that rank(X) = r. Let 7(7) be the minimum 2-norm least squares solution
of
(3.1b) min |W(r)* (Xz —g)]|.
zeCm
&)

Then with
(3.3) 7= lim 7(r) = lim (W(r)2X)TW(r)7g,

T—+00 T—+00

7 is the minimum 2-norm solution of the LSE problem (3.1a).
In this section we will derive equivalent formulae for the supremum

(3:4) sup lim [|(W/(r) 2 X) "W () [|(< +o0)
WeP2

for some set P2 C P(K P). We first need the following result:
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Lemma 3.1. Let L € C™>*", K € C™2*" and W € R™**"™2 be given matrices.
Suppose that rank(X) = r and rank(L) = p, where X = II;. . Then with W (1)
defined in (3.2) such that rank(W (7)X) = rank(X),

lim (W(r)2X)tW(r)s = (Lt , ,(W2KP)TW?),

T——400 W2 K
(3.5) i N I
im W(r)X(W(r) X)X = (WKP(WKP)+K) ’
in which
(3.6) P=I-LL L', =(I- (W2KP)"W3K)L™.
2
So
(3.7) L . (Lt , ,(WiKP)TW?)
' WEKPWKP)Y*K) ~— \Vwig '

Proof. Let K = WIK (q = 3, 1) and let the SVD of <[l~é> be [7]

(3.8) X = <IL{> =ZTH" = 27 HE,

where Z, H are unitary matrices of appropriate sizes,
T = diag(Tl, 0), T1 = diag(tl, s ,tr)

with ¢t; > --- > ¢, > 0 the nonzero singular values of X , Z1, Hj are respectively
the first 7 columns of Z, H. Let the CSD of Z be [14]

(3.9) 7 <le Z21)m1 _ <U1 ) (Dll D12> <V1H )
' Za1  Zaz)ma Us) \ D21 Do |25
where Uy, Us, V; and V5 are unitary matrices,

D11 = diag(Ij, C, 0), D12 = diag(O, S, Iml—p)

3.10
( ) DQl = dlag(O, Sa IT—P)a D22 = diag(1m2+j—"“7 _Ca 0)7

in which C, S are positive definite diagonal matrices of order p — j with C? + S? =
I,—; (when p — j =0, both C' and S are naught). Then from (3.8)-(3.10),

(3.11)
lierrl (W(T)IX)TW (1)1
= TET_iI_lOO(HlTl(TQqZﬁZM + ZQI{Z21)T1H1}I)+H1T1(T2qZ1]{7 ZQI{Wq)
= lim T (220 20 + 231 20) 7N (720, Z5W)

= H, T~ (Vidiag(I;,C~,0)U{, Vidiag(0,0, I,_,)UF W)
=M1 ZY, (I, — Z} Z) ZEw ).
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Also from (3.8)-(3.10),

(3.12)
. i . VAT m, (721 Hy+
lim W(r)IX(W(r)?X)tX = lim T H( T HIt X
T—-+00 T——400 Z21 ZQl

. T -
- 7-11}41-100 ( Zzlll> (T Z{1 211 + 231 Zon) (79211, Z30)X

ZnZf
( [ Zn75)
So with ¢ = 3 we have from (3.11) and [19, (3.1)-(3.3), (3.7), (3.8), (3.11)] that

lim (W(r)2X)"W(r)} = (T 23, I\ NI~ 2, 20) Z5W'F)
—(7+ 3 +1173
(3.13) = (LW%K, (W2ZKP)*W?z),
where L - defined in (3.6) is the weighted pseudoinverse for the LSE problem

(3.1a).
With ¢ = 1 we also have from (3.12) and [19, (3.1)-(3.3), (3.7), (3.8), (3.11)] that

. InZHE L
(314) lim W(r)X(W(r)X)"X = ((1—12122121;2)1() = (WKP(WKP)+K> '

Then (3.7) follows from Lemma 2.1 and (3.5). O

Now we can present the main result of this section by applying Theorem 2.1,
Lemma 3.1 and by using the idea in [4, §6].

Theorem 3.1. Let L € C™*" K € C™2*" pe given and X = (II;) Suppose

that rank(X) = r and rank(L) = p. Let Us C R™2*! be a given set of matrices for
some integer | > mas, such that

YU € Uy, rank(UT K P) = rank(KP) =r — p,
(3.15) L \T /T
< 5
el (ofie) (7 ug) 1o
where J(UTK P) is a set of vectors of indezes,
(3.16) J(UTKP)={J={i1, - ,i,_p} : rank(U; KP) = rank(K P) = r — p},
and let Py be a set of ma X mo real matrices defined by

Py = {W =UDUT : D is a semi-positive diagonal matriz of order I,

3.17
(38.17) U € Uy such that rank(W K P) = rank(K P)}.
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Then with W (7) defined in (3.2),

(3.18)
1 B 1
swp T [(V@R0TWOH ” HGAY
P Uetty JEIUTKP) UTK Uy
= inf inf L inf min inf L
“wep, " \WEPWEKP)YK ) T 08t seslUtir T \(UT)TUTK
_ 1
sup (LY, (W2KP)*W3)|
WePy w2
Proof. (1) We first prove that
+
1 L I
su lim 2 X)W = su m ( ) < >
We?gg 'r—»+oo||( ( ) ) ( ) ” UEZIjg JGJ(UTKP)H U}“K U}" ”

by applying the Binet-Cauchy formula and Cramer’s rule.
Let the unitary decomposition of X be as in (2.1),

(3.19) X = (é) = AHQH =" <II’(}> QH.

m2
Then rank(L;) = rank(L) = p. Let the unitary decomposition of L; be
(3.20) Ly =ML,
where MM = I, and L has full row rank p. For any W = UDUT € Py, 7 > 0
and g = (5;) e C™, let

(3.21) w(r) = (W(7)2X)"W(7)2g = Q(A" D(7)A)~" AD()3,
in which
(3.22) A= (U£R> D) = (ﬂ,, D) and § = (Jg:gg;) _

Then with exactly the same procedure as deriving (2.14),
|det(A)|? - det(D(r )JJ)
YoNes(A) |det(An)[? - det(D(7)nn)

Notice that det(D(7) ;) has the maximum power 77 of 7 if and only if A; contains
entire L. Therefore when 7 — 400, in both denominators and numerators of
(3.23) only those terms with A; and Ay containing entire L remain. So when
T — 400, (3.23) only contains those J, N € J(A) such that {1,---,p} C J and
{1,---,p} C N.

On the other hand, for each J € J(A) such that {1,---,p} C J, denote J =
{1, ,pDyip+1, - ,iry and Jo = {ipt1 — p, -+ ,i» — p}. Notice that from (3.19)-
(3.20), K(I, — L*L)Q" = K P, so rank(UZ, K(I, — L* L)) = rank(U%, K P). Then

(3.23) m(t) = QA g5

JeJ(A)

from (3.19)-(3.22) and Lemma 1.1 we have A; = ( :,If ~> and
Ui, K

(3.24) 7 =rank(A) = rank(L) + rank(U K K(I, —LYL)) =p+ rank(U] K P),



THE SUPREMUM AND STABILITY OF WEIGHTED PSEUDOINVERSES 1499

from which we see that J € J(A) with {1,---,p} C J, ifand only if J, € J(UT K P).
With the above observation, we obtain by letting 7 — +o0 in (3.23),

(3.25)

=y )

L
|det ( ~> |2 -det(DJJ) ~ -1
- ¥ UK Q( L~) <Mfgl)
[ UTK U ’
JEIWUTKP) 3 Ne jwrip)ldet < 7[:~> [# - det(Dnw) ’ "
UK
in which for simplicity we have used J, N € J([{TKP) instead of Jo, Ny €

J(UTK P). Notice that for any J € J(UTKP), <
the notation in (2.1), (3.19) and (3.20) we have

L + 91 o MI:QH + 91 _Q E -1 MHgl
UTK) \U%q:) ~ \UTKQ”) \Utg:) ~ “\UTK Uiga )’

Substituting this into (3.25) we get

(3.26)
7= lim (W(r)IX)TW(r)ig

T—~+00

L is nonsingular. By usin
U}“K g - Dy g

L
JEIUTKP) 3 ye jwr i py |det (Uﬁf(> ? - det(Dnn)

i
det = | |?-det(D
. et (yr g ) 2+ cet(D) PN
uTi) \UTg,)

Then by applying the same argument as in [4, §6],

(3.27)
1 + * g1
1 2 X)W = ,
Sup L [[(W(r)2 X)TW ()2 79 = s max (UT K) <U;92) I
sup L [(W(r) X W(n)}] = s A ||( L )+(I"“ )n
u 1m = u max .
W e, T 00 Uetty seawrrp) \UTK Uy
(2) We then prove that
inf min inf L = 1
Uelz JeJ(UTKP) * (U§)+U§K B | L - Im1 ”
vty seswtre) \UTK ur

By applying (2.1), (3.19) and (3.20) we have

L\ (I, C(MIQENT (I,
UTK ul) — \UTkKQ" Uur

N
L MH
~re) (" )
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H

Because Q7 Q = I,. and <M > has full row rank r, from the above identity

Uy
we obtain
(3.28)

(<UfK>+<Iml U?)’+:(M (Uf)*) (UfK)QH ((U?)foK)'

Notice that the above equality holds for any U € Us and J € J(UT K P). We obtain
by using the same argument as in step (1) of the proof of Theorem 2.1,

sup

inf min inf L = !
vei, jeswrkp)  \(UDTUTK )™~ | * I, | .
S e i) UTK 7))

The remaining equalities of the theorem can be proved by applying Theorems 2.1,
2.2 and Lemma 3.1. O

In the case that | = mg and Us = {I,,,,} so that Pz is a set of semi-positive
diagonal matrices, we have the following result:

Corollary 3.1. Under the notation and the conditions in Theorem 8.1, further-
more suppose that Po is defined as

(3.29) Py ={W =diag(dy, - ,dm,) > 0: rank(WKP) = rank(KP) = r — p}.
Then

(3.30)

1 1 L inf (< L ))
= = min in S ),
sup lim |[(W (T)%X)JFW(T)%H L\" i KO
Wep, T max|| K [

in which the mazimum or minmum is taken over all KW < K such that rank(K ) P)
=1 — p = number of rows of K®.

Proof. In Theorem 3.1, take | = mq and Us = {1, }- O

In the case that P, is a set of mg X mo diagonally dominant positive semidefinite
matrices, we can use a similar signature decomposition of any matrix W = UDU7T €
P2, as in [4], to obtain the following result:

Corollary 3.2. Under the notation and the conditions in Theorem 3.1, further-
more suppose that Py is defined as

(3.31) Py ={W e P(KP): wy > Z |wij|}.

Jj=1, j#i
Let | = w For any W € Pa, define matrices D = diag(dy,--- ,d;) and
Uely C Rm2Xl gg

ma

d; = w;; — Z |wij|f0r1§i§m2,
(3.32) =1, j#i

dmg-i-t(i,j) = |wlj| fO’I’ 1 < { <j < ma,
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U=U(s) = (u(s), - ,u(s)) € R™m2xL
(3.33) u(s)i=e; fori=1,--- ,ma,
U(8)mytt(ig) = €i + Se(i )€ for 1 <i < j <mg,
in which e; is the j—th column of the identity matriz I,, and for 1 <i < j < mg,
if wi; >0,
if wi; < 0.

1. 5) = mati — 1) - D

1
+J and sy = {_1

Then
(3.34)

1 L
= inf inf
sup lim ||(W(T)%X)+W(T)%|| WeP: +<WKP(WKP)+K)
WePs T——400
1

(W2KP)*W?2)|

L
~inf . f _
oot (o ore) = i
wWePs W2 K
Proof. From [4, §3], any matrix W € Py has the form W = UDU” with D, U
defined in (3.32) and (3.33). |

Remarks. 1. For given L € Cj" ", K € C™2*" such that X = ([I;) € Cm " Uy
satisfing (3.15), P2 defined in (3.17), (3.26) provides the geometric structure of the
minimum 2-norm solution 7 of (3.1a) for given W € P,, which is a generalization
of the formula in [4].

2. Lemma 3.1 and Theorem 3.1 provide algebraic relations between the ma-
trix TETOO(W(T)%X )*W ()2 and its pseudoinverse, which can be used to study

properties of the constrained least squares problem.
3. Theorem 3.1 and Corollaries 3.1, 3.2 provide several equivalent formulae for

sup lim [|(W(r)2X)TW(r)%|,
WePpPy T—+0o0

which extend the results in [4].

4. STABILITY OF WEIGHTED PSEUDOINVERSES

In the theory of pseudoinverses, one important problem is the boundedness of
pseudoinverses under small perturbations. Let X € C7**" and X =X+4+6X ¢
C™>*™. Then the following results are well known (e.g., [16, pp. 136-152]).

1. If |6X] - | X || < 1, then rank(X) > rank(X).

2. 1F |6 - [ Xl < 1 and rank(X) > rank(X), then | X || > 15

3. If |6X| - | X || < 1 and rank(X) = rank(X), then %ﬁ'ﬂxw < ||XH| <
Bl

=X X

So || X*|| are bounded for all small perturbations 6 X with [|6X||-[| Xt|| <n <1
iff rank(X) = rank(X), where 0 < 77 < 1 is a constant. For stability of weighted
pseudoinverses, the situation is more complicated.

In this section we will discuss the stability property of (W2 X)Wz over a set
P C P(X). We use the following definition.
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Definition 4.1. For given X € C”*™ and a set P C P(X), suppose that
(4.1a) sup |(W2X)TW32|| < +oo.
wePp
We say that (W%X )+W% is stable over P, if there exists a constant n > 0 which
does not depend on the choice of W € P, such that

(4.1b) sup sup |(W2(X +6X)TW?|| < +oo.
X+6Xeom ", |6X|<n WEP

We now have the following theorem.

Theorem 4.1. Suppose that X € CI™*™ with 0 < r < m, an integer | > r. Let
UC R and P C P(X) be two given sets of matrices which respectively satisfy

YU € U, rank(UT X) = rank(X),

(4.2) - . L (UTVUT
UNH*uTx) > o,
llfréu Jeg%lrjrlTX) inf ((U7)7U7 X)
(43) P={W=UDUT: D=diag(dy,---,d;) >0, Uecl,

such that rank(WX) = rank(X)}.

Then (W%X)JFW% is stable over P, if and only if for any U € U and any vector
of sequence of increasing r integers J = {iy, -+ i} with 1 <iy3 < -+ < i, <m,

(4.4) rank(UF) =r  implies rank(U?X) =r.

Furthermore, if the condition in (4.4) holds, then for any X=X+6X¢ cmxn
such that ||6X || < a-p(P) =n with 0 < a < 1 some constant , we have the following
estimate:

1 - 1
(4.5) < sup [[(W2X)TW3| <

p(P) + I6X] ~ wep p(P) — [l6X ||

Proof. Necessity. Suppose that there exists a matrix U € U and a vector of sequence
of increasing r integers N = {iy, - ,4,} with 1 < 43 < --- < 4, < m, such that
rank(U%) = r but rank(U% X) = ¢ < 7. Then with the unitary decomposition of
X = AHQH  see (2.1), for any € > 0, there always exists a matrix E. € C™*",
such that ||E.| < e-p(P) and with A¥ = A" + E., UL AF is nonsingular. Let
X, = AYQ". Then X, € C™*", N € J(UTX,) and

inf in inf, (UDYUTX,) < inf (U5)TOLX,) = 0, (UD)TUL X,
Ueu 1el(UTx.) infy (Uy)TU; Xe) < infy (Uy)"UnXe) = 00 ((Uy) TUNXe)

< o (UR)TURX) + () TUREQ™| < || E|l < ep(P).

So according to Theorem 2.2, for any constant  with 0 < n < 1,
sup sup [[(W* (X +6X))* W[ > lim sup [|(W=X) W3]

X+6XeCm*™ |6X||<n WEP =0+ wep
> i !

im ——
~ =01 ¢p(P)
So when the condition in (4.4) does not hold, (W2 X)TW?2 is not stable over P.
Sufficiency. Suppose that the condition in (4.4) holds. Let 0 < a < 1 be a constant

and let = a- p(P). Suppose that any matrix §X € C™*" satisfies ||6.X]| < a-p(P)
and X = X 4+ 6X € C™*". Then for any U € U and any vector N € J(UT X),

= +00.
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rank(U%) = r and so N € J(UTX). We then have from the perturbation of the
singular values [7], [16],

or(UR)TURX) = o (U TURX) = [(UF) TURSX]|
> p(P) — [|I6X[| > (1 —a)p(P) > 0,

o (UR)TURX) < o (UR)TURX) + ((UR) TUR6X ||
<o (UN)TURX) + 16X].

(4.6)

Notice that (4.6) holds for any U € P and any N € J(UTX). We conclude by
applying Theorem 2.2 that

1 L . 1 1
—— < sup [(W2X)TWz| < < 5
o)+ x| < W WXL < Sy R < T a) o 0P)

proving (4.5). Because the above estimate holds for any X = X + §X € C/mxn

with [|6X ]| < a - p(P), (W2X)TW? is stable over P. O

In the following we specify two special cases.
Corollary 4.1 [21, Theorem 3.1]. If in Theorem /.1,
(4.7) P ={W =diag(dy, - ,dm): 0<W € P(X)},
then (W2 X)*W2 is stable over P, if and only if
(4.8) any r rows of X are linearly independent. O
Corollary 4.2. If in Theorem 4.1,

=1, j#i
then (W%X)JFW% is stable over P, if and only if the following condition holds:

Let eI’ and x; respectively be the i-th row of I, and X fori=1,--- ,m. Let U}F
and U X have the forms

€i, T4y
T
4.10 UT = i UTX = i
( . ) J = T T ) J - B ’
€ + €k, T, £ X,
T T )
€ _, + €y Tj,_, T Tk, _,

in which q is any integer satisfying g <r, 1 <i3 < - <ig<mand 1l < jy <k <
m fort=1,--- ,r—q. Then

(4.11) rank(UF) =r implies rank(UTX) =r.

Proof. Under the condition of the corollary, any W € P has the signature decompo-
sition W = UDUT [4], where U € R™*! (I = W) has the form in (2.19a) and
D has the form in (2.19b). Let a vector of indexes J be of the form J = {iy, - ,i,}
with 1 < iy < .-+ < i, <. Then U} and UT X respectively have the forms in
(4.10). So by applying Theorem 4.1 we obtain the condition in (4.11). O
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Now we consider the stability condition for liI_ir_l (W(r)z2X)tW(r)z arising

from solving the LSE problem (1.4) by the weighting method.
Suppose that

(4.12a)

LeCpm»", KeCm™ " X = <IL(> € ™ and W(r) = (TI"“ W) :

where m = my + mqo, W € P(KP), and

(4.12b) ﬁ:L+EL,K:K+EKandX=<;{)zX+EX

are the perturbed versions of L, K and X, respectively. From (3.5) and (3.7) we
see that for given W € P(KP), ligrl (W(r)2X)TW(r)? is bounded for all small

perturbations Ej, Fx and Ex; we need conditions
(4.13) rank(L) = rank(L) = p and rank(X) = rank(X) = r.

Now we define the stability of hrﬂ (W ()2 X)*W ()2 over aset Py C P(KP).
Definition 4.2. Let L, K, X be given as in (4.12a) and Py C P(KP) be a given
set of matrices. For any W € Py, W(7) is defined in (4.12a). Suppose that

L _sup lim (WD) X)W < 400,

4.14a
( ) p(P2) — wep, T+

We say that liIgl+(W(T)%X )tW(r)? is stable over Py, if there exists a constant
1 > 0 which does not depend on the choice of W € P,, such that

(4.14b) sup sup  lim _[[(W(r)% (X + Ex))* W(r)¥|| < +oo.
X+ExeCm*n ||Ex|<n WEPs TF0
L+EeCy ™™

We now state the following theorem.

Theorem 4.2. Suppose that L, K, X are as in (4.12a), Us satisfies (3.15) and P
is defined in (3.17). Then liI(r)1+(W(T)%X)+W(T)% is stable over Pa, if and only

if for any U € Uy and any set of indexes J = {i1, - ,ip—p} with 1 < i3 < --- <
ir—p < ma,
(4.15a) rank(UT) =7 —p implies rank(UT KP) = r — p,

which is equivalent to
(4.15b) rank(UF) =7 —p implies rank ( :% ) =T
U;K

Furthermore, if the condition in (4.15a) holds, then for any IAJ, K and X which are
defined in (4.12b) and satisfy the conditions in (4.13), such that |Ex|| < a-p(P3) =
n with 0 < a < 1 some constant, we have the following estimate:

! sup lim [[(W(n)EX) W (r)}|| < ———

4.16 —_ < _—
16) By T Bl = o, oP2) — Bx]
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Proof. Necessity. If there exists a matrix U € Us and a set of indexes N =
{i1,*++ ,ir—p} such that rank(U%) = r — p but rank(UL K P) = q < r — p, then for
any € > 0, we can add into K a small perturbation Ex such that ||Ex|| < €- p(P2)

and rank(U% K P) = rank(K P) = — p. Let X, = <[lé>’ then rank(X.) =rank(X)

=rand N € J(UTKP). So by applying Theorem 3.1 we have

L L
inf min inf - <o, -
Uelz jeJ(UTKP) * <(Uf)+UfK) N <(U17\;)+UJ€K)
L
<or (g fpxc) +IOR UEEK] < Bl < o(Pa),

L
UTULK
applying Lemma 1.1. So according to Theorem 3.1, for any 0 < n < 1,

because in this case rank <( ) = rank(L) + rank((UL)TULKP) < r by

sup sup  lim |(W(r)2(X + Ex))"W ()|
X+ExeCm " ||Ex|<n WEPs T+
L+EpLeCy ™
1
> lim sup lim [|[(W(r)2X)TW(r)7|| > lim —— = 4.
> Jim - sup Jlim [J(W(r)2X)"W(r)2| = R oy

So when the condition of the theorem does not hold, then 11%1+(W(T)%X)+W(T)%

is not stable over Pa. Sufficiency. Suppose that the condition in (4.15a) holds. Let
a be a constant satisfying 0 < a < 1 and let n=a- p(Ps). Let L =L+ Ep, K =
K+Eg, X = L+Ex be any perturbed matrices satisfying conditions in (4.13) with
|Ex|| <n. Then for any U € Up and N € J(UT K P), rank(U%) = rank(UL K P) =
r — p and so rank(ULKP) = r — p. We then have from the perturbation of the
singular values [7], [16],

L L E
o ((U£)+U£K> =7 ((UWUJEK) ~ <<U£>+5§EK> ”
(4.17) > p(P2) — [[Ex|| > (1 — a)p(P2) >0,

o L V<ol o)+ IEx
(Uﬁ)*‘U}\;K - (UN)+UNK

Notice that (4.17) holds for any U € Py and any N € J(UTK P). We conclude by
applying Theorem 3.1 that

1 1 5 1
— < sup lim [[((W(r)zX)TW(r)2
PP+ X = ey, el (VPR
< 1 < 1
= p(P2) — |Ex| — (1 —a)p(P2)’
proving (4.16). Because the above estimate holds for any L, K, X satisying (4.13)
and ||[Ex|| < a- p(P2), lilgl+(W(T)%X)+W(T)% is stable over Ps. The equivalence

of (4.15a) and (4.15b) is supported by Lemma 1.1. |

In the following we specify two special cases.



1506 MUSHENG WEI

Corollary 4.3. If in Theorem 4.2,

(4.18) Py = (W = diag(dy, - ,dm,) : 0<W € P(KP)},

then TEIEOO(W(T)%X)JFW(T)% is stable over Pa, if and only if for any vector of
r—p indexes J = {i1, - yir—p} with 1 < iy < -+ <ip_p < My,

(4.19a) rank(K;P) =1 —p,

which is equivalent to

(4.19b) rank <I§J) =r.

Proof. In this case Y = {I,,, }. So for any vector of indexes J = {41, ,i,_p} with

1 <idp-- <idp_py < Mo, U}F is of full row rank, and U}FKP = K P. Then by ap-
plying Theorem 4.2 we immediately reach the assertion in (4.19a). The equivalence
of (4.19a) and (4.19b) is supported by Lemma 1.1. O

Corollary 4.4. If in Theorem 4.2,

mo
(4.20) Pr={WePKP): wiy > Y. |wyl}
J=1, j#i
then HIJP (W ()2 X)W (1)= is stable over Py, if and only if the following condi-
tion holds:

Let eI and k; respectively be the i-th row of I, and K fori =1,--- ,ma. Let
UT and UTK have the forms

T
€, ki,
r k

e .
4.21 Ul = ta , UK = 1 ,
( ) J e;‘q + e;"; J kj, £ ki,

T T
ejrfpfq lr—p—q k + kl

Jr—p—q T—p—q

in which q is any integer satisfying g < r—p, 1 < i3 < -+ < iy < mo and
1<y <liy<mg fort=1,--- ,r—p—gq. Then
(4.22a) rank(UT) =7 —p implies rank(UTKP)=r —p,

which is equivalent to
(4.22b) rank(UF) =7 —p implies rank :% =7
UK

Proof. Under the condition of the corollary, any W € Py has the signature de-
composition W = UDU7T [4], where U € R™*! (] = M) has the form in
(3.33) and D has the form in (3.32). Let any vector of indexes J be of the form
J = {i1, - yir_p} with 1 < iy < -+ <4, < 1. Then U and UT K respectively
have the forms in (4.21). So by applying Theorem 4.2 we obtain the equivalent
conditions in (4.22a) and (4.22b). |
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Remark. As mentioned at the beginning of this section, for a given matrix X, rank
preserving of perturbed matrices X = X + §X guarantees boundedness of || X ||
for all small perturbations 6 X satisfying ||6X|| - | XT|| < n < 1 for any constant
0<n<l.

From the discussion of this section, we see that when analyzing stability of
weighted pseudoinverses of X, rank preserving of perturbed matrices X is not
adequate to guarantee the stability of weighted pseudoinverses of X over a set P or
P2. We need some extra structural conditions on the matrix X. So when analyzing
stability properties of interior methods, one should take special care.

5. CONCLUDING REMARKS

In this paper we have discussed equivalent formulae and the stability properties
of weighted pseudoinverses (W (7)2X)TW ()2 over a set P C P(X) when the
supremum is finite. We have also considered several specific cases when the sets of
weighting matrices are semi-postive diagonal, real symmetric diagonally dominant
positive semidefinite matrices, and weighting matrices arising from solving the LSE
problem. The results generalize those in [15], [12], [21], [4].

We have also studied algebraic properties of the weighted pseudoinverses arising
from solving the LSE problem, which can be used to further study the LSE problem.
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