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INTERPOLATION CORRECTION FOR COLLOCATION
SOLUTIONS OF FREDHOLM INTEGRO-DIFFERENTIAL
EQUATIONS

QIYA HU

ABSTRACT. In this paper we discuss the collocation method for a large class of
Fredholm linear integro-differential equations. It will be shown that, when a
certain higher order interpolation operation is added to the collocation solution
of this equation, the new approximations will, under suitable assumptions,
admit a multiterm error expansion in even powers of the step-size h. Based on
this expansion, ideal multilevel correction results of this collocation solution
are obtained.

1. INTRODUCTION

We consider the integro-differential boundary value problem

S a(®)Du(t) — [ 3 kilt,s)Diu(s)ds = (1), teJ =1[0,1],
(1.1) o _ =0 _
;0 [v;.iD'u(0) + vjmeiD'u(1)] =0,  j=1,..,m,

where m is a natural number; the function a,, possesses no zeros and hence may
be assumed without loss of generality to be identically 1; (v;;) is a real (m,2m)
matrix. It will always be assumed that (1.1) possesses a unique solution u € C™(.J).

Equation (1.1) encompasses some important particular cases frequently encoun-
tered in physical modelling processes, and there is some literature on its numerical
solution ([2]-[4], [6]-[8]). For example, Volk [8] discussed the superconvergence of
the iterated Galerkin approximation to equation (1.1); the author [4] discussed the
extrapolation for the iterated Galerkin approximation to a particular case of (1.1)
(iie,a; =0for 0 <i<m-—1).

In the present paper we give a complete analysis of a multilevel correction method
for the collocation solution of (1.1). This correction method depends on a certain
higher order interpolation procedure instead of the Sloan iteration, and has obvious
advantages over the traditional extrapolation method (see Section 2). The results
obtained in this paper compare favourably with the corresponding results for it-
erated Galerkin solutions of Fredholm linear integral equations of the second kind
(compare [10]). The numerical results given in Section 5 will confirm this inference
further.
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2. MAIN RESULTS

It is necessary to write (1.1) in an operator form.
The operators K : C™(J) — C(J), L: C™(J) N R~Y{0} — C(J) and L*:
C™=1(J) N R7{0} — C(J) are, respectively, defined by

:/ Zki(t,S)Dig(s)ds, ted,
0 =0

Zaz t)Dig(t Lrg(t) ==Y ai(t)D'g(t), te,
=0

where R~1{0} descrlbes the nullspace of the operator
R:C™(J) - R™,

m—1
— (D [17.D'9(0) + Yjm4:D gD
1=0

1=

Set Ly =L+ L* (=D™) and K; = K + L*. Equation (1.1) can be written as
(2.1) (L1 — Kq)u(t) = f(¢), ted,

where the restriction of K7 to the domain of K is also denoted by the symbol K.
We assume that L and L; — K; (i.e. L — K) are continuously invertible, and K
is compact with respect to the norms

lellwg = (g — max {|1D'gllc})
(these hypotheses are standard, refer to [8]). The space W™ (J) N R~1{0} is abbre-
viated to W2 .
For a given integer N > 1, introduce the mesh points ¢,, = nh, n =0, ..., N, with

h=1/N. Set e, = [tp—1,tn] (n =1,..., N). In the following we shall be concerned
with the finite-dimensional spaces

Sk 1h ={v:v|,€P;, (n=1landn=N)orvl., € Pr—1 (2<n<N-1)}
and

SO = {viveCJ)vle,€ P (n=1,..,N)}.

We are looking for uj, € W j satisfying Liuy, € ?,(c__ll),h (or Lyup, € S,(go,)l) and

N
(2:2) (L1 = Kn)un(t) = f(1), te | Xn,

where
Xn={tnjitnj=m—14¢j))h, 0=c1 <ca < - <cp<cpp1 =1}
(n=1and n=N)
and
Xpi={tnj i tnj = —1+h, 0<c) <--- <), <1} (2<n< N —1),
or

Xpi={tnj itnj=Mm—1+¢cj)h, 0=c1 <c2 <+ <c¢p <cg1 =1} (L <n <N).
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The collocation equation (2.2), together with the boundary condition Ru;, =
0, will define a unique approximation u; € Ll_l{g,(e__llzh} (or up € Ll_l{Sl(c?,)I )
whenever the step-size h is sufficiently small.

Let 7, denote interpolation onto ?,(c__ll)’ 5 (or S}(Coz) at the collocation points {¢,;}.
Then the collocation equation (2.2) can be written as

(2.3) (L1 = K1 )un(t) = 7 f(2), ted
(note that Liuy € §I(€__ll))h or Liuy € S,(CO,)I)

Remark 2.1. The boundary value problem (1.1) may be written directly in the form
(L= K)u) = ft), tel,

—(—1
thus the corresponding collocation approximation @y, is determined by Luy, € S ,(C_l)) h

(or Luy, € S,(go,)l) and
(L — mn K)up(t) = mn f (1), teld

But, when {a; | ¢ = 0(1)m — 1} do not all vanish, the calculation of @, will be
difficult (refer to [8]).

The iterated Galerkin method for (2.1) has been discussed in [4, 8]. If w), €
Ll_l{S,(c?,)I} and up € Lfl{S,(c:ll?h} denote the Galerkin approximations to (2.1),
then the corresponding iterated Galerkin approximations defined by

U= LN + Kaan), oy, = LyM(f + Kuap),

where
S}(€:11)7h ={v:v|, € Pe_1,n=1,--- N}
(i) Assume that f, a; € C?*(J) and k; € C?*(J x J). Then (see [8])
[@h = ullwn < Ch?*,

where C' denotes a constant independent of h;

(ii) Assume that a; =0 (0 <i <m—1). If f € C?*2(J) and k; € C?PT2(J x J),
then (see [4])

P

Dy = Du(t) + > Cri(ut) + Rep(t),  teJ 0<r<m,
i=k
where 0 < o < m; C,4(u,t) are independent of h, and C.;(u,e) € C**+2(J);
R, € C(J), and satisfy ||R,.5|| < Ch?*2. Thus the extrapolation to D", can
be done repeatedly.

By the way, the above results are also true under the corresponding Sobolev
smoothness assumptions like the case of Fredholm integral equations (see [6]). This
is an advantage of Galerkin method over collocation method (compare Theorem 1).

If we set u} = Li'(f + Kius), then we can show, under the usual smoothness
assumptions, that u; possesses the same accelerated convergence properties as u;,

~%
and wy,, provided that the collocation parameters {c;} (or {c;}) are chosen as the
k Gauss points for (0, 1) (or the k + 1 Lobatto points for [0, 1], i.e., the zeros of
the k + 1 degree polynomial Qp11(s) = %j;—:[s(s — 1)J*). But, for numerical
purposes (refer to Remark 2.2) we introduce new kinds of accelerated convergence
methods for uy, instead of the Sloan iteration mentioned above.
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For a natural number p > k, set N' = [2];%] Let J be divided into N’ subin-
tervals {o,} such that o, (r = 1,...,N’ — 1) contains 2p + 2 points of {¢,} (i.e.
or = [tep+1)(r—1)s tizp+1)r]), and oy contains g points of {t,} (¢ = kN + 1 —

(N'"=1)(2p+1) >2p+2). Set
Sp,N):={v:veC(J),v|s.€ Popp1 (r=1,...,N' —=1)and v |5, € Py_1},

let 7, denote interpolation onto S(p, N) at the points {t,}. Besides, set N’ =
[ggill], and let J be divided into N” subintervals {7; | i = 1(1)N"} (7; is denoted
by [si—1,s;]) such that ; (i = 1,..., N” — 1) contains 2p + 2 points of {¢,;}, and
o~ contains ¢’ points of {t,;} (¢ = kN +2—- (N"-1)2p+1) > 2p+ 2),
where sy = to;s; (¢ = 1,...,N” — 1) is chosen as one of the collocation points

{tnj};SN// =tn. Set
S(p,N):={v:veCJ),v|z€ Poyp+1 (i=1,...N" —1) and v |5, € Py_1},

and let 7, denote interpolation onto S(p, N) at the points {t,,;}.

In the following discussions, uj denotes the collocation approximations defined
by (2.2); the collocation parameters {c;} ({c}}) are given by the k + 1 Lobatto
points for [0, 1] (k Gauss points for (0, 1)).

Theorem 1. Let the functions f, a; and k; in (1.1) satisfy f,a; € C**T2(J), k; €
C?PT2(J x J).

(i) Assume that {a; | i = 0(1)m — 1} do not all vanish. Let up € Ll_l(S,gO,)l),
Then ,
(2.4)

P
D up(t) = D'u(t) + Y Cri(t)h® + Rop(t),  teJ, 0<r<m,
ik
where all C,.;(t) are independent of h, and C,; € C*T272(]); R, n(t) satisfy
| Ry nlloo < Ch2PT2,

(i) Ifa; =0 (i =0,....,m—1), and up, € Ll—l(gé‘_lﬁh), then

(2.5)
p
D up(t) = D'u(t) + Y Cri(t)h® + Rop(t),  teJ, 0<r<m-—1,
i=k
and
p
(2.6) FnD™up(t) = D™u(t) + Y Coni()h* + Rmn(t),  te€J.

i=k

Remark 2.2. Theorem 1 indicates that the higher order interpolation for D"uyp
possesses the same convergence behaviours and “acceleration effect” as the iterated
collocation (or Galerkin) approximation for (1.1). The advantage of our method is
that computing the higher order interpolation for D" uy, is cheaper than to compute
the corresponding iterated collocation (or Galerkin) approximation, because for
the computation of this “iterated approximation” double integrals containing the
Green’s function of L; need to be calculated. By the way, this theorem implies
that the collocation approximation itself admits a fine error expansion at the knots.
Thus, if the approximate solution of (1.1) is evaluated only for some mesh points,
then neither the Sloan iteration nor the higher order interpolation operation need
to be used.
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Now we introduce a multilevel correction method.

The sequence of collocation operators Q, : C™(J) — Li* (?,(c__ll))h) (or Li* (S,(CO,)L))
is defined as follows: for v € C™(J), Qpv is the unique solution of equation (h is
sufficiently small)

(Ll — WhKl)Qh’U = thv,
where f, = (L1 — K1)v.

Theorem 2. Let the functions f, a; and k; in (1.1) satisfy f, a; € C**+D (), k; €
C?(r+1)(Jx.J), where r € N.

(i) Assume that {a; | i = 0(1)m — 1} do not all vanish. Let uj € Ll_l(S,iO,)l).
Then we have the multilevel correction estimates )

(2.7) [unr — ullwm , < CRPFUTD,

where up, = (=1)" 3 (—1)ij+1(Ll_lﬁthQh)T_le_lthmuh, with p =
j=0

E(r+1)—1.

(i) Ifa; =0 (i =0,...,m—1), and up, € Ll_l(g,(c__ll))h), then

(2.8) [nr — ullwem , < CRPFUTD,

where Ty, = (=1)" > (—1)jCﬁ+1(Ll_l%thQh)T_le_l%thuh, with p =
=0

E(r+1)—1.

The approximations uy , and 7y, are called the rth-level corrected solutions of

(1.1).

Remark 2.3. Since the Green’s function of the differential operator L, is a piecewise
polynomial, the rth-level corrected approximations wy , and up , can be computed
analytically. In most applications, & may be chosen as k = 1 or k = 2. When
k = 1, the global convergence order of up 2 and up 2 will be 6; when k& = 2, the
global convergence order of up 1 and @1 will be 8.

Remark 2.4. Using Theorem 1 we can also obtain multilevel extrapolation results
(refer to [3]). But the calculations of the rth-level extrapolated approximation are
heavier than ones of the rth-level corrected approximation, because we have to
increase the number of the knots as many as two times whenever we apply the ex-
trapolation procedure; moreover, the global accuracy of this rth-level extrapolated
approximation is only O(h?*2"), which is much lower than that of the rth-level
corrected approximation unless k = 1 (compare (2.7) or (2.8)).

Remark 2.5. In particular, Theorem 2 is true for the case of differential boundary
value problems (i.e. k; = 0,7 =0,...,m). It extends the superconvergence results
obtained by de Boor [1]. This is also an advantage of the collocation method over
the Galerkin method, since there isn’t a multilevel extrapolation (or correction)
estimate of the Galerkin approximation to two-point boundary value problems.
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3. LEMMAS

Lemma 1. Let e := up — u denote the error function. Then e satisfies the identity
relation

(2

n
(31) e = Z(KhL*)ZKhLl’U, + (KhL*)lt+1€,
i=0
where
A . A .
Kp=L7" M} + L7 (m, — D)1+ Y M)
j=1 J=1

+ L7 (I — KLymy) KL~ (my, — )M,
with My, = (I — KL=Y) "YKL= Y(m, — I); A and p are natural numbers (to be deter-
mined).
Proof. Subtraction of (2.1) from (2.3) leads to
(3.2) Lie = mpKie + (mp, — I (K u + f).

Noting that Kju+ f = Lyu, L1 = L+ L* and K; = K + K*, (3.9) may be written
in the form

(3.3) e= L 'm,Ke+ L™ (m, — I)(Liu+ L*e).

On the other hand, from (3.3) we have (since I — K L™'m;, has continuous inverse
for sufficiently small h)

(3.4) Ke= (I — KLymp,) "KL Y(m,, — I)(Liu + L*e).
Thus, if we substitute (3.4) into (3.3), then we obtain
e=L"'m(I — KLim,) "KL (m, — I)(Lyu + L*e)
+ L7 Y7, — I)(Lyu + L*e).
Using the following identity relation repeatedly
(I-KLym) KL = (I-KL™ Y '+ (I-KLym,) ' KL Y (mp, —)(I-KL™ Y™
expression (3.5) yields that
A
e=L7"'my[Y M} + (I — KLimp) "KL~ (m, — I)Mp](Lyu+ L*e)
j=1
+ LY, — I)(Lyu + L*e),

(3.5)

namely
(3.6) e=KpLiu+ KpL"e.
Furthermore, from (3.6) we have
e=KpLiyu+ KpL*KpLyu + (KpL")e.
Successively, we can deduce (3.1).
The following result is standard (refer to [4], [8]).
Lemma 2. There exists a positive number € such that

(3.7) I(I = KL 'm) " lewy—cowy <0, h<e.



COLLOCATION SOLUTIONS OF FREDHOLM EQUATIONS 993

The following lemma can be proved as in [5] Lemma 5 (note that @} (s) is just
the shifted Legendre polynomial L (2s — 1)).

Lemma 3. Let ¢ > m. If ¢ € C29%2(J), o € C%*27k(]), then the following
expansions are valid for all e,

(3.8)

q 27
/ (h = D)ip @ ot = Zhﬁz%/ D¥=H(D'p e )dt + O(h*+3),
¢ =k ik en

n

(3.9)
/ D% (mp, — I @ tpdt
az . 2j+r . . .
=Y S Y G [ DD e
r=1 Jj=aq i=k €n
[ ) 27 o _
#D WS Cy [ DD e w4 ORI,
j=k i=k én
where 1 < a <k, ap = [i_gﬂ],ag = [q¢ — §]; Cij, Cijr are constants independent
of h.

Now, we introduce a new concept.

A sequence of functions G, is said to be “expansible” if there are functions G;
and érji independent of h such that the following integral expansions are valid for
all e, and k € C?1+2-k(]):

2j—k

3 / (1) e D k(t)dt + O(R?T+3),
2. ).

€

(3.10) / k()G (t)dt = Xq: B2
en =k

(3.11)
/k(t)°DrGh(t)dt=ih2j 3 / G,ji(t)eD'k(t)dt + O(h*m=+3).
i=0 “€én

en Jj=r1

Here k < q < p, Gji S 02q+2_2j(J), arji S O2q+2_2j_r(J); 1 <r< 2(],7‘1 =
max{0, [k’L;_”]},rg =lg—3glrs=2j+r—k

Set Q1 :={(t,s):0<s<t<1}and Qo:={(t,8):0<t <s<1}.

Lemma 4. Assume that Gy, is “expansible” . Then (7, —1I)G}, is also “expansible”,
fot Ry (t,5)Gp(s)ds is “expansible” for Ry € C**2(Q) and ftl Ry(t, 8)Gp(s)ds is
“expansible” for Ry € C*PT2(Qy).

Proof. Tt is obvious that (m, — I)G}, is “expansible” (using Lemma 3 and (3.11)).
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Let k € C%127F(J). By (3.10), there are functions G;; independent of h such
that

/[k(t)/o Ry (t,s)Gr(s)ds]dt

_ / (1) /O " Ru(t, )G (s)ds]dt

(3.12) .
+ / k(1) / Ru(t. )G (s)ds]dt

€n tn—1
25—k

a T _
YD / (1) / Gi(8)0 Ra (8, 8)ds]dt + I (2),
=k i=0 Yén 0
where Gji S O2q+2_2j(J).
On the other hand, changing the order of integration and using (3.10), we obtain

L(t) = / [ / " B0 Ra(t, 5)dte G (5)]ds

n

2j—k

=N B Giu)0° [ k() R (t, 5)dt]ds
>y [ oot |

i=0

(313) 2j—k

t’Vl .
/ [Gji(s) [ OLR1(t, s)k(t)dt]ds
j=k i=0 Y €n s
q 2j—k—1

#3om Y [ GaoD ks
j=k i=0 “en
where Gj; € C2a+2721 ().
Changing the order of integration once again yields that

(3.14)

tn
/ Goils) [ Ryt s)k(t)dt)ds = / ) [ Gui(s)0 R (¢, s)ds]dt.
en s en tn—1
From (3.12), (3.13) and (3.14), we know that [} Ry (t, )Gy (s)ds satisfies (3.10).
Analogously, we can show that fOtRl(t,s)Gh(s)ds satisfies (3.11), and
[ Ra(t,s)Gi(s)ds satisfies (3.10), (3.11). Thus, both [} Ri(t,s)Gx(s)ds and
ftl Rs(t,5)Gp(s)ds are “expansible”.

Lemma 5 ([6]). If f, a; € C*T2(J) and k; € C?*P*2(Jx J), thenu € C?PFH2Tm(]).

Set
A

Ap=L'O M),  Bu=L'(m—-DIT+> M),

j=1 j=1

Cypn = (ApL* + By L*)" Y (Ap + Bp).
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Lemma 6. Assume that the smoothness assumptions stated in Lemma 5 hold. If
g € C?P*2(]), then

(3.15)
p
DYARL*Crpng(t) = Carin (O + Rappna(t), ted, 0<a<m,
i=k
(3.16)
p
D*BLL*Crpg(t) = Y Camiz(h* + Rayna(t),  t€{ta}, 0<a<m—1,

I
>

K3

where all Cu i ;(t) are independent of h, Cori1 € C*12(J) and Corip €
C*T2=21(]): Rorpj € C(J) and satisfy ||Ra,rn,jllcc < Ch?PT2 (j =1,2).

Proof. Lemma 3 implies that (7, — I)g is “expansible”. Let G(t,s) denote the
Green’s function of the differential operator L, then G € C?+2(Q1)NC?PT2(Qy).
Thus, the inductive method, together with Lemma 4, infers that L*Aj; and

A=l
L*By, are “expansible”. Furthermore, we know that L= (m, — I) Y. M} L*C, ng
j=1
A .
and (m, — I)(I + Y Mj)L*C, g are “expansible”. Noting that the operator
j=1

L=YI — KL=YH=t . ¢%+2(])—C?T2tm(]) is independent of h, (3.10) implies
this lemma. |

The following lemma can be verified by [5] Lemma 1-Lemma 4 (refer to the
proofs of Lemma 4).

Lemma 7. Under the conditions of Lemma 5, we have

(3.17) KL~ (mn = I)|| coe gy —con gy < CRPF.

4. PROOFS OF THE MAIN RESULTS
Proof of Theorem 1. (i) Using (3.2) we obtain (Lemma 5 implies Liu € C?PT2(.J))

lellwm < (L1 — 7 K1) " Hlewy—cmy @ | (mn — I) Liul oo
< COhk.

Thus, for 0 < o < m, we have

[D(ERL ) elloo < [[(KnL*)* ellwy

< ”KhL*HleI;z—»Wg * [leflwz
< Oh#+1+k'

If we set p =2p+ 1 — k, then

(4.1) | D*(KpL*)*e|lo < CR*PT2, 0<a<m.

On the other hand, (K, L*)*K}, can be written as
(4.2) (KnL*)'Kp = (AyL* 4 BRL*)'(An + By) + K,
where K denotes the term containing the factor

L7 ap(I — KL ) P KLY (mp, — T) M.
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Let the natural number A be chosen as A = [ZE1]. Then (by (3.17))
||L_17Th(l — KL_lT(h)_lKL_l(ﬂ'h — I>M}i\||02k(J)—>Cm(J)

(43) <L ' mnlley—cmony o T = KL mn) e —cw)
' b HKL_l(Wh - I)||c2k(J)—>c(J) b ||Mh||é'2k(J)—>C2k(J)

< Cth()H—l) — Ch2p+2.
Now we consider D*(A,L* + Bp,L*)"(Ap + Bp), here 0 < a < m, 0 < r < p.
Without loss of generality, we assume that r > 1, thus
(4.4) DY(ApL* 4+ BrL*)"(An + By) = DAL L*Cy p, + D*BpL*Cy p,.

Since
DmBhL*CT)h :(Lx< + L)BhL*OT,h

A
=L*ByL*Crp + (mn — D)(I + > M{)L*Cy.p,
j=1
and 7 (7, — I) = 0, thus we have
T D™ By L*Cypy = 7 L* BL*Chp.
By (3.15), (3.16) and (4.4), this leads to
(4.5)
TR DY (ApL" + BpL™)"(Ap + Bn)g(t) = T D (ApL" + BpL™)Crng(t)

P
= Z thﬁhCa,r,j(t) + tha)r,h(t), 0<a<m,ted,
j=k
where 0 < 7 < p; g € C?*PT2(J); C,,,;(t) are independent of h, and C, . ; €
Cr2- 27(J) arh € C(J), and ||Ro r e < Ch?PT2,
Using (3.1), together with (4.1), (4.2), (4.3) and (4.5), yields that (note that
|Fan — Copglloe < Cl2P+2-21)

M‘@

(4.6) 7nDe(t) =Y Crj(t)h¥ + R, (1),

?.
\/\ ES

where R, j, € C(J) satisfies | R, 1|0 < Ch?PT2.

Noting that
7D "up, — D"u=7D"e + (fh — I)Dru
and
I(@h — I)D"ullos < CH*PF2,
using (4.6), we readily deduce (2.4).
(ii) can be derived in an analogous way. (For this particular case, (3.1) becomes

A )
e = K Liu. Moreover, we have DBy, = (mp, —I)(I+ Y M) and 7 (mp, —I) = 0.
j=1
Besides, we need to use an obvious expansion of Mj Lqu.) O

Proof of Theorem 2. (i) Set T), = thmQhLl_l — I. The expansion (2.7) may be
written in the form
p .
T,D™y = Z h*C; + Ry,
=k



COLLOCATION SOLUTIONS OF FREDHOLM EQUATIONS 997

where p = k(r + 1) — 1; the functions C,, ;(t) and R, (t) are, respectively, abbre-
viated to C; and Ry. Thus

P
(4.7) T;D™u =Y h*TyCi + Ty Ry
i=k
Note that Ll_lC'l- and QhLl_lC'l- can be regarded, respectively, as the exact solu-
tion and collocation solution of the following auxiliary integro-differential boundary
value problem
(L1 — Ky)v = fi,
with f; = (L1 — Kl)Ll_lC'i. Thus, when u and uy, are, respectively, replaced by
Ll_lCi and QhLl_lCi, expansion (2.7) will still be valid.
Let 2p+2—2i > 2k (ie. i <p+1—k). Then
p—1i
(4.8) ThC; = Z thUiJ‘ + Ri,iu
j=k
where Ui,j S O2p+2_2i_2j(J); ||th||m < Oh2(p_i)+2.

If 2p+ 2 — 2i < 2k (i.e. i > p+1— k), then we have
(4.9) 1T1Cill oo < Ch?PF272Y|Ci | 2pt2—2i 00

Thus, if we substitute (4.8) and (4.9) into (4.7), then

P
T2D™y = Z h*"Cr1 + Rp 1,

r=2k
where Cnl = Z Ui,j S 02p+2_2T(J); ”Rh,lHoo S Ch2p+2.
JjHi=r
Successively, we obtain
(4.10) | T D™ | o < Ch#PH2 = OR2Rr+D),

On the other hand, we have (note that Qnu = up)
Ty D™y =(Fp D™ Qp Ly — I)" ™ D™y

=3 (=1 CL (® D" QuLy ) TR D ™ up — (—1)" D™
7=0

=(=1)"D" (un,r — w),

and by (4.10), this leads to (2.7).
(ii) (2.8) can be deduced in the same way (using (2.6)).

Remark 4.1. The interpolation correction technique introduced in this paper is also
suitable for integro-differential equations with other kinds of boundary conditions.
For example, it is fit for integro-differential boundary value problems generated by
the regularization method for the first kind Fredholm integral equations (refer to

[9])-

Remark 4.2. When the integrals appearing in the collocation equation (2.2) cannot
be evaluated analytically, the fully discretized form of (2.2) will be obtained by ap-
proximating these integrals by product integration techniques. It can be verified by
using our method that the corresponding approximation has the same asymptotic
properties as uy, provided we select the Gauss-type quadrature weights.
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5. NUMERICAL EXAMPLES

To illustrate the theoretical results stated in Section 2 and compare them with
the corresponding results given in [10], we consider the examples:

Example 1.

{u”(t) —p(t)u(t) + % 01 cos Z(t — s)u(s)ds = f(t),
u(0) — 2u(1) =0, u'(0) =0,

with f(t) chosen so that u(t) = cos 5t (p(t) =0, f(t) = \/g
G ) = G sin (1 - 20).

The numerical results are obtained with k =1 (¢; =
3+

1) and with
k=2(c1=0,ca=1%,c3=1,¢ = 3_6*/5,02 = 3). The multilevel correction

estimate (2.8) is confirmed by Table 1, and (2.7) is confirmed by Table 2

Example 2

cos 5 (1 —t) or p(t) =

sin %

0,co=1,¢) =

' g
u(t) — 2/0 cos g(t —s)u(s)ds = f(t), t € 10,1],

3\/_

with f(t) chosen as f(t) = cos §t so that u(t) = cos §t.

Let up € S ](;11) ,, be the Galerkin approximation to this equation, and uy, , denote
the corresponding rth-level iterated corrected approximations (see [10]). The error
estimates are given in Table 3.

The numerical results confirm our inference.

TABLE 1

k=1
Nl[[@n,2 — ul|o| rates
10 2.58D-6]
20 [1-18D-8 [5.96
40 [6.91D-10 [5.93

k=2
N1 — ul|od] rates

153.27D-§
30[1.33D-10[7.93

TABLE 2
k=1 k=2
Nllun,2 — ullod rates | NJun — ul|o] rates
10 3.01D-G]

20 1-87D-8 [5.95

15}4.34D-§

40[7.94D-10 5.91

30[1.77D-10 [7.92

TABLE 3
k=1 k=2
Nl[[un 2 — ullod| rates | Nf[[un,1 — ullo] rates
10 2.74D-
20 L.53D-8 [5.94 15B.81D-§
10[7.33D-10[5.92 | 300.64D-10[7.91
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