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ACCELERATED SPECTRAL APPROXIMATION

RAFIKUL ALAM, REKHA P. KULKARNI, AND BALMOHAN V. LIMAYE

ABSTRACT. A systematic development of higher order spectral analysis, intro-
duced by Dellwo and Friedman, is undertaken in the framework of an appro-
priate product space. Accelerated analogues of Osborn’s results about spectral
approximation are presented. Numerical examples are given by considering an
integral operator.

1. INTRODUCTION

In [10] Osborn considered numerical solution of an eigenvalue problem for a
compact operator 7' on a complex Banach space X and obtained error estimates
for the approximation of eigenvalues, eigenvectors and spectral subspaces, when
a sequence (T),) of compact operators approximates T in a collectively compact
manner. In [11] Vainikko obtained similar results under (discrete) regular approx-
imation. Subsequently, numerical solutions of eigenvalue problems for compact as
well as noncompact operators have been studied extensively ([1], [3], [4], [6], [7],
9)).

In [5] Dellwo and Friedman developed a new approach to the spectral approxima-
tion of a compact operator by solving a polynomial eigenvalue problem of a higher
degree. The eigenvalue problem associated with the gth degree operator polynomial
was referred to as the gth order spectral analysis of T', ¢ = 1,2,.... They proved
that, if A is a nonzero eigenvalue of T' of algebraic multiplicity m and ascent [, then
the gth order spectral analysis provides sets o, of approximate spectra associated
with A, which satisfy the order relationship

1
¢
Several numerical examples were considered to illustrate the effectiveness of higher
order spectral analysis. However, the exact nature of the set o, was not specified.

In this paper an attempt is made to develop a methodology for a systematic
study of higher order spectral analysis. We transform a polynomial eigenvalue
problem associated with a higher order spectral analysis to an equivalent ordinary
eigenvalue problem in an appropriate product space. We thus obtain error estimates
for accelerated approximation of eigenvalues, eigenvectors and spectral subspaces
in exactly the same fashion as the ordinary spectral approximation. We consider a
cluster A of nonzero eigenvalues of T of total algebraic multiplicity m < oo and show

max |/\—u|l:O(

/’Leo'q,n

|<T—Tn>an|) |
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that the gth order spectral analysis provides exactly m eigenvalues Ay n,1, ... ; Agn,m

(counted according to their algebraic multiplicities) near the cluster A. If A and A4,
denote the weighted averages of the eigenvalues in A and of their approximations

)\q,n,la e a/\q-,n,m7 respectively, and if € < mln{|)\| P A = A}’ then
PR C
A= Agn| € 2T = Ta) ap) I

where C' is a constant independent of n and g. This gives an accelerated analogue
of Osborn’s result for the approximation of the arithmetic mean A. We also prove
that

PN 1
A= danl =0 (G lT - T

This estimate improves upon the result of Dellwo and Friedman quoted earlier.
If A consists of a single eigenvalue A of ascent [ > 1, then error estimates for the
approximation of A by individual eigenvalues Ag . 1, ... , Ag,n,m is obtained by taking
the [th root of the above-mentioned error estimates. This slower convergence is
illustrated in the last section by considering an integral operator. We give similar
estimates for the approximation of eigenvectors and spectral subspaces as well.
Results analogous to the improved error estimates given in Theorems 3 and 4 of
[10] will be given in another paper. The methodology developed in this paper can be
used to obtain accelerated analogues of various spectral refinement schemes which
will be discussed in subsequent papers.

In Section 2, we give improved versions of results from [10] for the sake of com-
pleteness and for use in the subsequent sections. In Section 3, we develop a frame-
work for higher order spectral analysis and obtain accelerated analogues of the
results in [10] for the approximation of a cluster of eigenvalues, eigenvectors and
spectral subspaces of a bounded linear operator.

2. PRELIMINARIES

Throughout this paper X will denote a complex Banach space and BL(X) the
Banach space of all bounded linear operators on X along with the operator norm.
For T in BL(X), let o(T) and p(T) denote the spectrum and the resolvent set of
T, respectively. We consider a nonempty subset A of o(T") \ {0} which is separated
from the rest of the spectrum of T and from 0 by a simple closed positively oriented
rectifiable curve T lying in p(T). Let £(T") denote the length of T'. For z € p(T'), we
let

R(z) = (T — =)™,

so that )
P=—— [ R(2)dz
211 T
is the spectral projection associated with T" and A. We assume that rank P =
m < oo. Then A consists of eigenvalues A1, ... , Ay, of T, counted according to their

algebraic multiplicities. For nonzero subspaces Y and Z of X, let
6(Y,Z) = sup{dist(y, Z) : y € Y, [y = 1}.
Then

5(Y, Z) = max{0(Y, Z),8(Z,Y)}
is known as the gap between Y and Z. For T' € BL(X), we denote by R(T) and
N(T) the range space and the null space of T, respectively.
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In this section we consider a sequence (T3,) in BL(X) which satisfies
(H1) : (||T%|]) is a bounded sequence,
(H2) : (T —T,)T|| — 0 and ||(T — T,)Tn|| — 0 as n — oo.
While it may be possible to weaken these hypotheses to some extent, they allow a
simplicity in the presentation and are easy to check in several important examples.
For z € p(T},), we let
Rn(2) = (T, — 1)~

Lemma 2.1 (Nair [9]). Let E be a closed subset of p(T) \ {0} and 6 =
min{|z|: z € E}. Then there is a constant c¢1 such that

R < .
mhax [R(2)] < 1
Let ng be a positive integer such that

(T = Tw)?|| < 6% and c1|[(T = Tp)Tal| <

| >,

for all n > ng. Then E C p(T,) and

T-T,
max | Rn(2)|| < 261 [1 n u} < e
zeE )

for some constant co and all n > nyg.
For a proof of this result we refer to [9]. Letting E =T in Lemma 2.1, we see that
I' C p(T;,) for all large n. Let
1
P,=—— [ R,(2)dz
2w Jp
denote the spectral projection associated with T, and I'. It can be seen, as in the
proof of Theorem 3.1 of [9], that
[(P—P,)P|| -0 and ||[(P— P,)P,|| — 0 as n — co.
Hence rank P, = rank P = m for all large n (cf. [9], Proposition 2.2.).

Theorem 2.2 (Osborn [10]). For all large n,

A T .
I(R(P), R(Fn)) < ——c1c2 min { [ (T = Tn)jreey s 1T = To)jreen) ||}
where ¢1 and co are as in Lemma 2.1 with E =1T'.

Proof. The proof of Theorem 1 of [10] shows that

or
S(R(P), R(P) < S eresl|(T — 1) ey .
Since, with 6 = min{|z| € T'},

(T
I~ Tl < I~ TPl < Sy~ )7 — 0,

as n — 0o, we take ng so large that §(R(P), R(P,)) < 1/2.
As dim R(P,) = dim R(P) < oo, by a result given by Kato [8],

S(R(P), R(Py))
I(R(Pn), R(P)) < 1— S(R(P). R(P) < 26(R(P), R(Fy)).

Thus T
5P, R(P)) < ereal| (@ — T -

™
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By interchanging the roles of T" and T,,, we obtain

e, R(P) < erea| (T~ T)jag I

O
Since rank P, = m for all large n, o(T,) N Int ' consists of m eigenvalues
Andy- -+ 5 An,m of T, counted according to their algebraic multiplicities. Let
N /\n,l+"'+An,m
Ap =
m

denote their arithmetic mean.
Theorem 2.3 (Osborn [10]). For all large n, the maps
Ay = Pajpepy : R(P) — R(P,) and B, = Pir(p,) : R(P,) — R(P)
are isomorphisms, |A;|| <2, (|B Y| < 2 and
A =Xl < 2min {[|Pall 1T = T) ey | 1P T = T eI}
If A = {\} and the ascent of \ equals I, then for each j =1,... ,m,
A= Al < 2t {eu|Pall 1T = To) g s dallPILICT = T 1

where
-1
e = > IMrw) — A T Al I ey — Tiree) |1,
k=0
-1
dy = > Mg, = Tojrea I IM r(p,) — By ' TBa|*
k=0

Proof. The argument given in the proof of Theorem 2 of [10] shows that A, is
bijective and ||A; Y| < 2 for all large n. The same argument shows that B, is
bijective and || B, || < 2 for all large n. Define T' = Tig(py and T,, = AT, A,.
Then

=
|
>

3
Il

1 ~ ~ ~ ~
—ltrace (T'—T,)| < |IT — T4||
m

= sup{||A; ' Po(T = Tp)z| : « € R(P), |lz|| = 1}
< 20 Pull (T = T rep) -

If A = {\} and the ascent of X is I, then since (A|gp) — T)! = 0, we have for
j=1...,m

A= Agl" < Mgy — To)'ll = |(Mrepy — Tn)' = (Mirepy — T)'|
-1
= 1> (Mrp) = Tn)' 7 H (T = T) (M rpy — T)F||
k=0

< CnHT - Tn”

Similarly, defining 7}, = Tn r(p,) and T = BT B,,, we obtain the other estimates.
The proof of the estimates for |A — A, ;|! is adapted from [4], p. 685. O

Let A = {\} and [ be the ascent of \. We state the following theorem from [10].
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Theorem 2.4 (Osborn [10]). Let A, be an eigenvalue of T, such that A, — X\ as
n — oo. Suppose that w, € N(T,, — A1) with ||w,|| = 1. Then there is some
Up € N(T — M) such that

1/1
[n —wall < e {I(T = T)rpy I}

where ¢ is a constant independent of n.

3. A FRAMEWORK FOR HIGHER ORDER APPROXIMATION

Let ¢ be a positive integer and X, denote the set of all column vectors x =

[#1,... ,24]" with z1,... ,2, in X. Define
[%[loo = max{[lz;]| : 5 =1,...,q}.
Then X, is a Banach space with respect to the norm || |[o. We shall identify
the adjoint space of X, with the set of all column vectors x* = [z],... ,z;]* with
zj,...,zy in X*. Define
Il =l + -+ g
If we let

<X7 X*> = <$17 st1ﬁ> R <$qa ZIIZ>,
then it is clear that |(x, x*)| < ||X|lco||x*||1. We have X; = X and we let T; = T.
Now let ¢ > 2. Consider the operator T, : X, — X, given by

T,[z1,... 24" = [Tz1,21,... ,24-1]"

Then T, can be written as the ¢ x ¢ matrix

T 0 -« -+ 0
I 0 - - 0
0

o -~ 0 I 0

We have ||T|lcc = max{1,||T| }. For nonzero z € C, it can be easily seen that
T, — 21, is invertible if and only if 7' — 21 is invertible, and then (T, — 2I,)~! can
be written as the g x ¢ matrix

R(z) 0 0
I

R I .
z

R(z) I T

Zq_l — Zq_l . —;

Thus o(Ty) \ {0} = o(T)\ {0}. In particular, I' C p(T,) and o(T,) NIntI’ = A. Let
__1 -1
P, = 5 /F(Tq 21,) " dz

denote the spectral projection associated with T, and A. Since 0 lies outside I', we
have
Pq[1717 cee 7xq]t = [P:Ela Sldfl, cee 7Sq—1x1]t7
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where R(2)
1 z
S, =—— —d ) =1,...,q—1.
7 2mi . i Zy, ) ; »q
Now [z1,...,z4]" € R(P,) if and only if z; € R(P),z2 = Siz1,...,24 = Sy_171.

Hence the operator J, : R(P) — R(P,) given by
Jgx = [x,517,...,S-17])", =€ R(P),
is a surjective isomorphism and
rank P, = rank P =m.
Next, the spectral projection associated with T : X7 — X7 and A={\: 1€ A}
is given by
P} [z7,... ,x;]t = [P*2] + S*x5 + -+ Sgf 12y, 0, ... ,0]".

Thus [¢],...,z;]" € R(P} ) if and only if 27 € R(P*),25 = --- = x} = 0. Hence

the operator K, : R(P*) — R(P; ) given by
Kyo* = [2%,0,...,0]", a* € R(P¥),
is a surjective isomorphism. Also,
(Jgx, Kgz*) = (z, 2*) for all z € R(P) and z* € R(P*).

Next, consider A € A and let P\ (resp. P,) denote the spectral projection
associated with 7" and A (resp., Ty and A). Then rank Py = rank Py just as before,
so that the algebraic multiplicity of A as an eigenvalue of T, is the same as the
algebraic multiplicity of A\ as an eigenvalue of T. Consider

D)\ZPA(T—)\I) and D)\ZP)\(Tq—)\Iq).

Then
Di[z1,... 29" = PA[(T — X))z, 21 — A\x2, ... ,Tg—1 — AZg)"
= [P)\(T— )\I)(El, S)\)l(T— )\I)(El, 7S)\)q_l(T— )\I)(El]t,
where

1 R(z) .
Sy =—— — dz, =1,...,q—1,
Ard 27Ti/pA b2 % J q

I'» being a simple closed curve which isolates A from the rest of o(T") and from 0.
By the usual techniques of contour integration, it can be seen that Sy ; Py = Sx; =
P\Syfor j=1,...,¢g—1. Hence

DA[ZIil, . ,:Eq]t = [D)\xl, S)\ﬁlDAilil, . ,SA)q_lD)\xl]t.
Similarly, for k = 2,3, ..., we have
D];[l'l, . 7$q]t = [Dil‘l, S)\)lDixl, . ,S>\7q_1DI)€\$1]t.

Thus for any positive integer k, we have D’)f = 0 if and only if D’/{ = 0. This shows
that the ascent of A as an eigenvalue of T, is the same as the ascent of A as an
eigenvalue of T. Thus we see that the eigenvalue problem

To=Xp, ¢p€X, ¢#0
is equivalent to the eigenvalue problem
T,®, =20y, P,eX,, ®,#0
for each ¢ =2,3,....
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Let (T},) be a sequence in BL(X). We have X; = X and we let Ty, = T),.
Let now ¢ > 2. For n = 1,2,..., let A, = T — T, and consider the operator
Tyn: Xq — X4 given by

t

q—1
¢ .
Tq)n[l'l,... ,xq] = E A%Tnl'j_i_l, T1y.-0 ,Lg—1
Jj=0

Then T, can be written as the ¢ X ¢ matrix

T, AT, - - A%‘lTn
I 0 0

0

0 0 I 0

We consider the eigenvalue problem
TonPon =AnPon, Pgn€Xy, Pgn #0.

t
Then it is easy to see that ®,, = [%,m Pan Pon

)\‘Ln T ()‘qm)q

, where the first com-

ponent ¢4, € X satisfies
q—1
(Agn)T — Z()‘qm)q_l_jAzzTn Pgn =0
j=0

(cf. (2.4) of [5]). The case ¢ = 1 is considered in Section 2. For the rest of the
paper we let ¢ > 2 and assume that

(H1) (||T||) is a bounded sequence,

(H2') |(T — T,)*|| — 0 as n — oo.

Note that the results of Section 2, where ¢ = 1, do not hold under the hypotheses
(H1) and (H2"). As a simple example, consider X = C? and

a ab an  apby _
R ) R

where a, b, a,,, b, are nonzero complex numbers with b # —a and a,, — a,b, — b as
n — o0. Then o(T) = {0,a + b}, while o(T,) = {an, b, }. Thus the nonzero simple
eigenvalue a 4+ b of T is not approximated by the nonzero eigenvalues a,, and b,, of
T,.

We have

ITg,nllso
||(Tq - Tq-,n)Tquo
||(Tq - Tq,n)Tq,nHoo

max{ L, [T + [AnTnll + - - + AT T0ll},
IAZN+ IAZT] + - - + [|AE T,
AT

I IAIA

Since ||AZ|| — 0 as n — oo, there is an integer ng such that ||A2| < 1/2 for all
n > ng. As
(1Tl ||A121Hj/2a if j is even

J < .
il < { X ingjiovve, it o
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o0
and Z |A2]|F < 2 for n > ng, we have

k=0
ITynllee < max{1, 2(|Tn] + AT},
(T = Tou)Talloe < 2(1Tnll + AR TR DAL
1(Tq = Tq,n)Tq,nHoo < max{||Ta, [ AnToHIAZ]-

As ||T,|| is bounded, this shows that || Ty |/ is bounded in ¢ and n,
[(Tq = Tgn)Tgllc = 0 and  [[(Tq — Tgn)Tqnllc — 0

as n — oo, uniformly for ¢ = 2,3,.... Thus the sequence (T, ) satisfies the
hypotheses (H1) and (H2) of Section 2 uniformly in ¢ =2,3,....
The following two identities will be useful. For nonzero z in C,

21— A, AT, Al T
Sl (P nn| T
(*) . 2 jgo p =z + =

=

q—

(o) g Z ' Xq:A (21 =T) _ AT

z4
i—0 i—0

<.
<.

3.1. Main results. We prove an important estimate.

Proposition 3.1. Letmin{|A| : A € A} > e. If the curveT liesin{z € C: |z] > €}
and ¢1 = max |R(2)||, then

/(T)e
LT R

L e

for all n and q.

Proof. For x = [z1,... ,z4]" € X,, we have
t
q—1
(Tg — Tyn)x = |Apz1 = ALTox541,0,...,0
j=1
Since
PqX = [Pl‘l, Slxl, N 7Sq_1x1]t,

it follows that

qg—1
(Tg — Tyn)Pyx = |(ApP = > AJT,S;)z1,0,...,0
j=1
By the definitions of P and S, we have
= A Tn

dz.

A P—» ANT,S =——
2 AT = 5 ,
J=1 J=1
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But the identity (xx) shows that

T, LA

J
n

=

O
Il
~
|
I
~
+
I
~
|

d
since TR(z) = I 4+ zR(z). Since 0 lies outside T, / Z—j =0 forj=1,...,q s0
r
that
[(Tq — Tgn)PexXlloo = [|ALva

1
where y; = (—— R(z)

dz) x1. Now if x € R(P,), then 21 = Px; € R(P) and

2wt Jp 2971
LI
since P commutes with R(z), we see that y1 € R(P). Also, ||y < (Q)Cqu_Jl?lH and
e
hence
é(F)cl
(g = Tyn)ir@,)lloc < 2mea—1 (T = T0)  rep) Il
O

It follows that if one fixes an integer ¢ > 2, then the results given in Section
2 become available for the operators T, and Ty, and accelerated analogues of
Theorem 2.3 and Theorem 2.4 would follow immediately. However, the constants
appearing in various error estimates will depend on ¢. In order to find the nature
of this dependence on ¢, we proceed as follows. It may be mentioned that the use
of the norm || ||oc on X, (instead of the commonly used norm || ||2) allows us to
achieve our aim.

First we consider the invertibility of T, , — zI,.

1

=UNDS
Proposition 3.2. (a) If z # 0 and zI — —"j is invertible in BL(X), then
z
§=0
T, — 21, is invertible in BL(X,).
(b) Let E be a closed subset of p(T') and 0 € E. Then there is a positive integer
ng such that for alln > ng and ¢ =2,3,..., we have E C p(Ty.,).

If, in fact, min{|z| : z € E} > 1, then for alln > ng and ¢ =2,3,...,

max (Tq = 2L) oo < C1 and max (T — 2Lg) oo < Co

for some constants Cy and Cs independent of n and q.
Proof. (a) Let

J
Aon(s) = o1 — 3 4T

T
zJ
Jj=0

k=1,...,q.
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For z # 0, let By, (z) denote the inverse of A, ,(z). Then it can be verified by
direct multiplication that the inverse of T, , — 21, is given by the ¢ x ¢ matrix

(B 1By (- Bp) o S Bydg) ]
_Z¢ " Pefl I—B,Ay - 2973(1 — ByA,1)
z z
—Bq —B'qu _B.qAQ —Bq.Aq_g ' ’
s 5 L R T By A
—B, —BgA — By Ay —ByAy2 —ByAq, 1
L zq_l zq_l zq_2 T zQ z J

where we have written B, for B, ,(z) and Ay for A, ().
(b) Since FE is a closed subset of C and 0 ¢ E,min{|z|: z € E} =6 > 0. Since
|7, is bounded and max ||R(z)|| < oo, there is some M > 1 such that

JAnTl
(xRN oy {1z 250 < ar

52
Since ||A2|| — 0 as n — oo, there is a positive integer ngy such that [|AZ || < i for
alln > ng. Let z € Eand n > ng. As M > 1 and ||A2]Y/2 < 6, we see that 2] — A,
is invertible.
By the identity (), we have

AIT,
Aunle) = 261 = )7 (o174 S,
z
Again, since
A .
|ALT,|| ||Tn|\|\5—;||Q/2, if ¢ is even
- AT A2
T BBl B vz, g g is oa,
it follows that A
2 Tn
||R(Z)Z—q|\ <1
ALT,
Hence for all z € E,n > ng and ¢ = 2,3,..., the operators zI — T + —=

z
(and consequently) A, (z) are invertible in BL(X). By (a) above, it follows that
E C p(Tyn) foralln >ng and ¢ =2,3,....
Next, assume that § > 1. Then

R 1
mas RGO 5~ L

-1
||(Tq _ZIq) [l o BE

IN

IN

1
I1R(2)[ + STT

['hus
- I -1 [e'e] <
IZHE&E(H(Iq z q) o < Ch,

where (' is a constant independent of q.
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We have noted earlier that as n — 00, ||(Tq—Tq,n)Tqllco and ||(Tg—Tg.n)Tqn |l
tend to 0 uniformly in ¢ = 2,3, ... . Hence we can assume, without loss of generality,
that for all n > ng and ¢ =2,3,...,

)
[(Tq — Tq,n)2||oo <4 and Cil[(Tq = Tgn)Tonlleo < -

[\)

By Lemma 2.1 applied to the operators Ty, and T ,, we have
T,-T n (oo
[(Tgn — 2I) Moo < 201 |1+ M < Oy, say.

|

We remark that the condition min{|z| : z € E} > 1 cannot be dropped from
part (b) of Proposition 3.2, that is, if min{ |z| : z € E} <1, then |(T, — 2I,) "l
may tend to infinity as ¢ — oo. The simplest example is obtained by letting X = C
and for a fixed ¢ € C,

Tr=cxr, zelX.
Then for z € C with 2z # cand z # 0 and for v € X, (T — zI)" 'z = 2/(c — 2), so
that
x x x
(Tq— qu)_l[x1, e ,xq]t = {ﬁ, z(c—iz) — ;27

T To Tq t
297 e—2) 2971 z '

1 1 1 ’
T, — 2I,)"[1,0,...,0]' = _ .,
( q z q) [ 307 70] |:C—Z’Z(C—Z)’ ’Zq_l(C—Z):| )

Since

we have
1

T, 2I) Yoo > —.
||( q z q) || = |Z|q_1|C—Z|

Thus if |2| < 1, then |(T, — 2I;) 7'||oc tends to infinity as ¢ — oc.
Taking £ =T, we see that for all n > ng and ¢ =2,3,..., ' C p(Ty,n), so that
Pqn:—i (Tym — 21,) " " dz
’ 211 T ’
defines the spectral projection associated with T, and Ay, = o(Ty,) NInt I

Theorem 3.3. If min{|\| : A € A} > 1 and the curve T lies in {z € C : |z| > ¢},
where § > 1, then for all large n and ¢ = 2,3, ..., we have

max (T = 21) oo <C1 and max [(Tgn = 21g) " Hloo < Co
z€E zE

for some constants Cy and Ca, independent of n and q. Also,

LT

(T~ TPl < ST, Ty )T
()

”(Pq - Pq,n)Pq”oo < —CchH(Tq - Tqm)PqHOOa
2m

208

||(Tq - Tqm)Pq,n”oo = %02”(’1‘11 - Tqm)Tq,nHoo’

LT
1Py~ Py)Punlloe < SCCHI(T, — Ty )Pyl

™

A
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In particular,
[(Pqg = Pgn)Pqllcc =0 and  [[(Pg —Pgn)Pgnllc — 0
as n — oo, uniformly in g =2,3,....
Proof. By part (b) of Proposition 3.2, we have

max [[(Tq — ZIq)_lnoo < Ch, I?gIECH(Tqm - ZIq)_lHoo < Gy

for all n > ng and ¢ = 2,3, ... . By using the resolvent identity it follows, again as
in the proof of Theorem 3.1 of [9], that
1 _ _
(Pq —Pgn)Py = T oni . (Tqn — 21g) 1(Tq7n —Ty)Py(Tq — 21,) tdz,
1 _ _
(Pq—Pgn)Pyn = T oni . (Tq — 21,) 1(Tq,n = Tg)Pyn(Tgn — 21g) tdz.
Further,
1
(Tq = Tgn)Pg = —5—= | (Tqg—Ten)(Tq— ZIq)_l dz
211 T '
1 1 _
= o/ ~(Ty = Tyn) [T,(T, — 21,) "' — 1] dz,

and

1

(Tq = Tgn)Pgn = —5= | (Tqg—Ten)(Tyn _ZIq)_l dz
’ ’ 2m Jp ’ ’
1 1 _
= 3 . ;(Tq = Tyn) [Ton(Tgn — 217" — 1] dz.
. . 1 dz
The desired results follow by noting that 5| 5= 0, as I' does not enclose
mJr

0, and ||(Tg — Tgn)Tqlloc — 0, [[(Tq — Tgn)Tqnllec — 0 as n — oo uniformly in
q=2,3,.... O

In order to treat the case when min{|\| : A € A} < 1, we counsider a scaling of
the operator T'. Let a be a positive number. Then

o(al) ={ar: A€ o(T)}.

Also, if X is an isolated eigenvalue of T" having finite algebraic multiplicity and Py
is the corresponding spectral projection, then a\ is an eigenvalue of oT" with the
same spectral projection, since
1 1
—— T—wl)'dw=—-— [ (T'—zI)"'dz = Py.
2mi ar(a v ) v 2mi F( i ) * A
Let T4(a) and Ty, (a) denote the operators obtained by replacing T and T, by
oI and o7}, in T, and T, respectively.
Lemma 3.4. For a > 0, let Dy(a) : X4 — X, be given by
Dy(a)[w1,. .. 2] = [21,am2, ... ;0% xy)"
Then
—1 -1
(@) Ty(a) = (Dg(a)) " (aTq)Dg(a), Tgn(a)=(Dg(a)) " (aTgn)Dg(e),

o(Ty(a)) ={ar: A€ a(Ty)}, o(Tyn(a))={ar: A€ a(Tyn)}
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(b) Let Py(c) and Py, (), respectively, denote the spectral projections associ-
ated with the operators Tq(c) and Ty (o) with respect to the curve ol'. Then

(i) Py(a) = (D4(a) " PyDy(a), Pyn(a) = (Dy(a)) ™ PynDy(c),

(i) [z1,...,24)" € R(Py()) (resp., R(Pyn())) if and only if

[z1,axg, ..., a0 a,)t € R(P,) (resp., R(P,.)),

(ili) rank Py (o) = rankP,, rank P, (o) = rank P, ,,.

Proof. (a) Considering the ¢ x ¢ matrix representing the operator T, and the ¢ X ¢
diagonal matrix diag (1,a,...,a9"!) representing the operator Dy(«a), we obtain
T,(a) = (Dq(a))_l (aT) D4 () by direct multiplication. Since T, (o) and aT, are
thus similar operators, their spectra are identical. The consideration for T, () is
exactly the same.

(b) We have
Pyl) = —5 [ (Ty(a)— wl) " du
T Jar
_ _% (Dy(@)) ™" (aTy — wl,) " Dy(a)dw
T Jar

= (D) (=g [T, 21)705) Dyfa) = (D) P, Dy o).

Now x belongs to R(P4(a)), that is, P,(a)x = x if and only if P, D, (a)x = D4(a)x,
that is, D,(a)x belongs to R(P,). This implies that rank P,(a) = rank P,. The
consideration for P, ,(a) are exactly the same. O

Theorem 3.5. For all large n and all ¢ =2,3,..., let
Yo ={21 € X : [21,...,24]" € R(P,) for some x2,... 24 € X}.

Then
(a) rank Py, = rankP, =rank P = dimY ,,.
(b) Let min{|A| : A € A} > €. Then for all large n and all ¢ =2,3,...,

O(R(P), Ygn) <

¢ .
a1 min { (T — Tn)q\R(P)Ha ||(T - Tn)anH}
for some constant C, independent of n and q.

Proof. First we consider a special case when min{|A| : A € A} > 1. In that case, we
assume min{|z|: z € '} =0 > 1.
(a) Since

||(Pq - Pq,n)2||oo < ||(Pq - Pq,n)Pq”oo + ||(Pq - Pq-,n)Pq,nHom

it follows from Theorem 3.3 that there is a positive integer ny such that for all
n > ng and all ¢ = 2,3,..., we have |(P; — Py,)?|lcc < 1, so that rank P, ,, =
rank P,. We have already noted that rank P, = rank P for all ¢. Next, since § > 1,
we note that for j=1,... ,¢—1,

1 R(2) o)
i = |- — : < 2
IS = 1= 5 [ 25l < 55 max e
r
< ManaLXHR(z)H = ¢, say.

2w zer
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Thus for z € R(P), we have

[Jgzlloo = max{[l], [Siz], ..., [|Sg—r2[l}
< max{L [[Suff, .- -, [1Sg-1 [}l
< max{1, c}||z].

Let ¢1,...,¢m be a basis of R(P) and ¢7,... ¢ be the corresponding adjoint
basis of R(P*). For j = 1,... ,m, let ¢4, ; denote the first component of P ,, J;¢;.
For k=1,...,m, we have K,¢; = [¢},0,...,0]". Hence

<¢q,n7ja ¢Z> = <Pq,an¢ja Kq¢z>
for j,k,=1,... ,m. Now fix 5,1 < j < m. Then
||Pq>n‘]q¢j - Jq¢j||oo = H(Pq-,n - Pq)Pqu¢j||oo

< H(Pq-,n - Pq)Pquo ||Jq¢j||oo
< max{L, c}[|(Pgn — Pg)Pgllc [0
Since ||(Pgn — Pg¢)Pglloc — 0 as n — oo uniformly in ¢ = 2,3,..., by Theorem

3.3, we see that forallk=1,... ,m
(Yan,js k) = (Ja®js Kq@f) = 65k

as n — oo, uniformly in ¢ = 2,3 ... . This shows that there is a positive integer ng
such that for all n > ng and all ¢ = 2,3,..., the m x m matrix [(Vgn ;, ¢5)] is
nonsingular, and hence, {¢g n1, .. ; ¥gn,m} is alinearly independent subset of Yy, .

Thus dim Y, > m. On the other hand, dim Y, , < dim R(P,,) = rank P =m
for all large n and all ¢ = 2,3... . Hence, dim Y, ,, = rank P = m.
(b) We have

O0(R(P),Y, ) = sup{dist (z,Y,n): z € R(P),|z| =1}
Consider z € R(P) with ||z|| = 1 and Jyz = [z, S1z, ... ,Sez]". If y1 € Y, p, then

there is some y € R(Pg,,) with y = [y1,... ,¥yq]. Since ||z — 11| < [[Jq2 — ¥loo, We
have
dist(z,Y,,) = nf{l|lz —v1| :v1 € You}
< inf{[[Jyz —ylleo 1 y € R(Pgn)}-

Let x = Jyx/||J4%] 0o, s0 that x € R(P,) and ||x||cc = 1. Thus
dist(2,Yg,n) < ||l nf{lIx = ylloo - y € R(Pgn)}

[ /g2l oc0 (R(Pyg), R(Pq,n))

max{1, c}6(R(Py), R(Pyn))lz],

since [|Jyz||oo < max{1,c}|/z||, as we have just seen. This implies that
5(R(P)7 }/q,n) S max{l, 6}5(R(Pq)7 R(Pqn))

But since min{ |A| : A € A} > 1, it follows from Theorem 3.3 that
3(R(Pg), B(Pgn)) < [[(Pg = Pgn)Pyllec — 0

as n — oo uniformly in ¢ = 2,3.... Hence, we can choose ng so large that
S(R(P),Yyn) <1/2for all n > ng and ¢ = 2,3,... . Since dim Y, ,, = dim R(P),

we have

A

IN

S(R(P), Ygn)

Wan: BIP) < 15k (P) v, )

< 26(R(P), Yqn)
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(see [8], p. 264-269). Thus
S(R(P),Yyn)

max{§(R(P),Yyn),8(Yyn, R(P))}

< 20(R(P),Ygn)
< 2max{l,c}d(R(P,), R(Pyn))
< 2max{1,c}d(R(P,), R(P,..)).

Since || Ty nllco is bounded in ¢ and n, and
(Tq = Tgn)Tqlloc— 0, [(Tq = Tgn)Tonllc — 0

as n — oo uniformly in ¢, Theorem 2.2 applied to the operators T, and T ,, shows
that

A L(T) )

6(R(Py), R(Pgn)) < —=C1Comin{[|( T — To.n)r(@,)lloo;

o
H(TQ - Tq>")|R(Pq,n)HOO} ’

where sup,cr |[[(Tq — 2I;) oo < C1 and sup,cp [|[(Tq,n — 2I4) oo < Co. But by
Proposition 3.1 with € = 1, we have

/T C1
Ty = To)iae e < LT T,
Also,
(T~ Toimeg e < 10Ty~ Ty)Pal

)

< 2—7_‘_502H(Tq - Tq,n)TquOO
n)

< o atyl,

< Weyjagr,

as we have already seen. (Note that min{|z|: z € T'} =6 > 1.) Thus
S(R(P),Yy) < Cmin (T = L), (T = T)7 ]}

for all large n, ¢ = 2,3,... and some constant C', independent of n and gq.

Finally, we consider the general case when min{ || : A € A} > e. We choose
a = 1/e and consider the scaled operators T,(a),Py(a), Ty (o) and P, ,(a). By
what we have just proved and by Lemma 3.4,

rank P, , = rank P, ,(a) = rank Py(«) = rank P,

for all large n and ¢ = 2,3.... Also, P(a) = P and the first components of the
elements of R(P,(a)) and R(P, ) are the same, that is, Y ,,(a) = Y, . Hence
there is a constant C'(«) independent of n and ¢ such that

0(R(P),Yyn) = O(R(P(a)),Yyn(a))

< (@) min {]|(0T ~ o) eyl (0T — aT)%aT, [}
= el O8O i {7~ T T~ T T}
Hence the result. O
Recall that A = {A1,..., A}, where each A;,j =1,...,m, is an eigenvalue of
T counted according to its algebraic multiplicity and
5 _ )\1+...+/\m'

m
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Since rank P, , = m for all large n and all ¢ =2,3,...,
o(Tygn) N Int T'={XAg 01, Agum

where each Ag ., = 1,...,m, is an eigenvalue of Ty, counted according to its
algebraic multiplicity.

These are the eigenvalues obtained from gth spectral analysis of 7" In the words
of Dellwo and Friedman, they comprise the legitimate portion of the gth order
approximate spectra associated with A.

Let

[ Agn,i+ - F Agnm
gn = .

m
Theorem 3.6. Let min{|\|: A € A} > €. Then for all large n and all ¢ = 2,3, ...,

. c
|)‘ - )‘qml < 1 mln{ H(T - Tn)qu(P)”v ”(T - Tn)an” }

for some constant C, independent of n and q.
If A = {)\} and the ascent of A as an eigenvalue of T is I, then for each i =
1,...,m, we have
!

¢
A= Agnal < g1 min { (T = T repyll; (T = T) Tl }

for some constant C’, independent of n and q.

Proof. First we consider a special case when min{|A| : A € A} > 1. By Theorem
3.3, there is some ng such that for all n > ng and all ¢ = 2,3,..., we have
(Py — Pyn)Pylloc < 1/2. It follows that for all such n and ¢ = 2,3,..., the
map A, , from R(P,) to R(P,,,) given by x — P, ,x is an isomorphism and if
A}, denotes the inverse map from R(P,,,) to R(P,), then ||A;} [loc < 2. The same
argument also shows that the map B, ,, from R(P, ,,) to R(P,) given by x — Pyx
is an isomorphism and ||B_}||oc < 2. We choose I so that min{|z|: z € T} =6 > 1.
Then by Proposition 3.2, we have
L{r 1208
Poloe < 5200 and [Pyl < S0,

where C7 and C5 are independent of n and ¢q. Noting that the algebraic multiplicity
of each A; as an eigenvalue of T is equal to its algebraic multiplicity as an eigenvalue
of T, and applying Theorem 2.3 to the operators T, and T ,,, we have

A= Agn| < 2min{[[Pyn [[ool|(Tg = Ton)ir(p,)lloos

IPyllocll(Tq = Tgn)ire, . lloo -
But by Proposition 3.1 with ¢ = 1, we have
LI

2||Pq7n||OOH(Tq - Tq,n)\R(Pq)”oo < TC2||(Tq - Tq,n)\R(Pq)Hoo
/(T /(T
< D6, D @ = T,
T 2T
and
/T
2P o l(Ty = Tyl < SXCHNT, ~ Ty e, e
/(T /(T
< Bae)w - nym),

216
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as in the proof of Theorem 3.5(b). Thus
|5‘ - S‘qml < Cmin{H(T = T0o) %)l (T = Tn)an”}

for all large n,q = 2,3, ... and some constant C, independent of n and gq.

Now let A = {\}, so that A = X. We have noted that the ascent of A as an
eigenvalue of T, is equal to its ascent as an eigenvalue of T, namely [. Again,
applying Theorem 2.3 to the operators T, and Ty ,, we have for j =1,... ,m,

A= Agnjl" < 2min {Cynl|Pynllocl(Tg = Tyn) e, lloos
quHPqHOOH(Tq - Tq,n)\R(Pq,n)HOO} )

where

-1
-1 I-1-k k
Con = Z ||/\Iq|R(pq) - Aq,an-,nAq-,n”oo ||/\Iq|R(pq) - Tq\R(pq)Hoov
k=0

-1
I-1-k -1 k
Dyn = Z ||/\Iq|R(Pq,n) - Tq,n\R(pqvn)”oo ||/\Iq|R(PM) - Bq,anqu”oo-
k=0

Note that min{|z|: z € '} = ¢ > 1. Therefore, for j = 1,...,m we have
A= Agngl" < O min {|(T = To)4repyll, (T = To) T }

for all large n,q = 2,3, ... and some constant C’, independent of n and q.

Finally, we consider the general when case min{ |A| : A € A} > . We choose
a = 1/e and consider the scaled operators T,(«) and Ty, («). By Lemma 3.4,
we find that aAq,...,a\, are the eigenvalues of T,(«a) inside the curve oI’ and
QAgn1s--- s @Agn,m are the eigenvalues of T, ,(«) inside the curve al', counted
according to their algebraic multiplicities. By what we have just proved, there is
some constant C(«), independent of n and ¢ such that

lad — adgn| < C(a) min { ||(eT — aT,) e |, [|(aT — oT,,) T, | }

so that
max{1, a}C(«a)

€q1—1

|;\ - ;\q,n| B min{H(T = To)%re)lls (T = To) T || } )
as desired. If A = {\}, then the ascent of a\ as an eigenvalue of T,(a) equals [.
Hence the estimates for A — A\g . ;|',7 = 1,... ,m, follow similarly. O

If A ={X} with |A] > € and f is an analytic function in the neighborhood of A,
then by the functional calculus it is easy to see that for all large n and ¢ = 2,3, ...,

“ C
FO) = =D fgng)l < =1 i {17 =) rep) Il 1T = To) Tl }
j=1

1
m
where C' is a constant independent of n and ¢q. The above-mentioned estimate is, in
fact, an accelerated analogue of a result of Descloux, Nassif and Rappaz ([6], [7]).

Next, we consider approximation of an element of R(P) by an eigenvector ob-
tained from a higher order spectral analysis of T.
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Theorem 3.7. Let x = [x1,...,14]" be an eigenvector of Ty, corresponding to
an eigenvalue in Ny such that ||z1]] = 1. If min{ || : X\ € A} > ¢, then there is a
constant C' such that

C
oy = Pa|l < 2 (T = Tn) T

for all large n and ¢ =2,3,....
Proof. Since P x = [Pz1, S1z1,...,S;-121]" and P, ,x = x, we have
|21 — Pai1|| < [[x = Pgx[loc = [|(Pgn — Pg)Pgnxlloc-

If min{ |A| : A € A} > 1, then ||x]lec = ||z1]| = 1 and hence Theorem 3.3 shows
there is a constant C' with

[z1 = Paa]| < [(Pgn = Pg)Pynlloc < Cl(Tgn = Tg)Tynlleo = CI(T = Tn) To]l-

If min{ |\ : A € A} > ¢, then, as before, we choose a = 1/¢ and consider the
scaled operators Ty (), Py n(a), Tq(a) and Py(a). Since P(«) = P and the first
components of the elements of R(P, ,(«)) and R(P,,) are the same, there is a
constant C'(«a) such that

a?C(a)

eq—1

21 = Pz || < Cla)[[(aT — aTn) aTnl| =

H(T_Tn)anH'
O

The result in Theorem 3.7 was also obtained by Dellwo and Friedman in [5].
Let A = {A} and [ be the ascent of A\. Let Ay, € Ag, such that \;,, — A as
n — oo uniformly in ¢ =2,3,....

Theorem 3.8. Let |A\| > €. Suppose that
t
_ Wq,n Wq,n _
Wen = {wqmv A (Aq,n)q_1:| € N(Tg,n — Agnlg)

with ||wgn|| = 1. Then there is some ug,, € N(T — AI) such that

] 1/1
[0am — gl < C {—|<T— T,y |R<p>||}

ed—1
forall g =2,3,..., where C is a constant independent of q and n.

Proof. Consider the particular case when || > 1. Then for all large n and ¢ =
2,3,..., |[Agn] > 1. Thus ||Wgnlloo = ||wgnl = 1. Applying Theorem 2.4 to the
operators Ty and T ,,, we obtain some ug, € N(T,; — M) such that

1/1
[Wa,n = Ugnlloo < C LTy = Ton)ireylloo} " -

Since ug,, = Jqug,n for some ug, € N(T — AI), Proposition 3.1 (with e = 1) shows
that

1/1
[wgn = ugnll < [Wan = gnlloc < " {I(T = T0)rp)ll} ",

for some constant C’, independent of n and q.
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Finally, to treat the general case, we choose a@ = 1/e and consider the scaled
operators Ty (), Py(a), Ty n(e) and Py, (a). Since P(a) = P and the first com-
ponents of the elements of R(Py ,(a)) and R(P ) are the same, there is a constant
C'(«) such that

1/1
||uq7n Wy, n” < CI {H ol — aTy,) \R P)H}
1/1
— @ { ZIT - Tl - O
Hence the result follows.

4. NUMERICAL EXAMPLES

Let A be a nonzero defective eigenvalue of T' of algebraic multiplicity m and ascent
[ > 1. We illustrate by numerical examples how the weighted arithmetic mean /A\q_,n
gives a better approximation than do the individual eigenvalues A\g n,1, ..., Ag,n,m,
provided by the gth order spectral analysis when ¢ = 2, 3,4, 5, 6.

Let X = C([a,b]) and T be an integral operator given by

Txz(s) = /b k(s,t)x(t)dt, z€ X, sé€]la,b,

where the kernel k is continuous on [a,b] X [a,b]. In actual computations, T is
replaced by its approximation T given by

Zw st(M)(tg»M)), x€X, sé€lalb],

(M) (M)

where M is very large. Here the nodes t; ..ty in [a,b] and the weights
w™ Wl in € g d formul
1 e Wy give a convergent quadrature formula

Q;U—Zw t(M) x e X.

Consider a finite rank operator 7,, given by

n

T,z = Z(a:, i)z, weX,
j=1

where z1,... ,z, are in X and z7,... ,z} are in X*. Then the eigenvalue problem
for Ty, can be reduced to an eigenvalue problem for the matrix A, , where

AO AW 4l
I, 0 .0 ... 0
Aq,n = 0 :
0 0 SR 0

Here ASI [(Akxj, ﬂ for k=0,1,...,9—1and I, is the n x n identity matrix.
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Note that this matrix eigenvalue problem is of size ng. If |T' — T5,|| — 0, then
both ||(T'—T,)4rp)| and ||(T' —T),)?Ty| are less than or equal to a constant times
1T —T,||?. Thus if we keep n fixed and increase the order ¢ of the spectral analysis,
then the size of the matrix eigenvalue problem increases arithmetically with respect
to ¢ while the accuracy of the spectral approximation increases geometrically.

Example. Let a =0,b =1 and

[ s—t/2, if 0<s<t<l
k(s,t)—{t/Q, if 0<t<s<l.

1 .
2j -1’
tiplicity m = 2 and ascent [ = 2. We have chosen the nodes and weights as follows:

i—1/V3

Then each \; = =1,2,..., is an eigenvalue of T of algebraic mul-

L) _ % if ¢ is odd,
l ﬂ if 7 is even
i ) ;
and
wEM) = %, i=1,....M
These are obtained by the compound Gauss Two Point Rule on [0, 1].
For n < M, let wgn), e 7w7(1n) and t:(tn), .. ,tgl") be the weights and the nodes,
respectively, associated with the compound Gauss Two Point Rule on [0,1]. Let
egn), . ,eE{” be the hat functions corresponding to the nodes tg"), cee ,(1"). We

consider the following two approximations of the integral operator T
i) Nystrom Approximation:

TNz(s) = > wk(s, ti)z(t"), = e C([0,1]), sel0,1].
j=1
ii) Projection Approximation:

TP

= m, T, where T,z = Zx(t;n))egn), z € C([0,1]).
j=1
Note that the sequence (TY) satisfies the hypotheses (H1) and (H2), but [|T— T ||
does not tend to 0 as n — oo (cf. [3], p. 197). On the other hand, || T — T.F|| — 0
as n — oo (cf. Theorem 4.5 of [3]).
Let A denote the arithmetic mean of the two eigenvalues of T which are close

to the largest eigenvalue A = 1/72 of T. Also, let Ay, 1 and A\, denote the
eigenvalues provided by the gth order spectral analysis which are close to A, and

E\ )\ n )\ n .

Agim = % We have taken M = 500 and n = 10, 20, 30, 40. The following
computations were performed on HP9000/700 model J200 in single precision with
an accuracy of 7 digits and in double precision with an accuracy of 15 digits. These
numerical results illustrate that, in general, the rate of convergence of the A, ,, to

) is faster than that of the individual eigenvalues Ay .1 and Ag.n.o.
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CALCULATIONS IN SINGLE PRECISION

TABLE 4.1. ¢ =2, TABLE 4.2. ¢ =2,

Nystrom Approximation Projection Approximation
n |5‘_)‘q,n,1 |5‘_)‘q,n,2 |5‘_5‘q,n| n |5‘_)‘q,n,1 ‘S‘_Aq,n,2| |5‘_5‘q,n|
10 | 8.96x10~% | 9.50x 1074 | 9.23x10~% 10 | 5.29x107% | 5.29% 1075 | 9.79x 106
20 | 2.15%x107% | 2.36x10~% | 2.25x10~4 20 | 3.81x1075 | 3.81x107° | 5.74x 107
30 | 1.02x107% | 1.02x10~% | 9.98x10~° 30 | 2.00x1075 | 2.00x10~° | 7.45x10~8
40 | 1.44x107° | 9.78x107°% | 5.61x 10> 40 | 3.37x1075 | 3.35x107° | 8.19x10~8

TABLE 4.3. ¢=3, TABLE 4.4. ¢ =3,

Nystréom Approximation Projection Approximation
n |5‘_)‘q,n71‘ |5‘_)‘q,n72‘ A= Aqnl n |5‘_)‘q,n,1‘ ‘S‘_Aq,n,2| A= Agnl
10 | 6.69x107° | 6.69%x1075 | 1.37x 105 10 | 1.88x107° | 1.88x 10 | 2.98x10~8
20 | 3.25x1075 | 3.25x107° | 8.94x10~7 20 | 6.91x107° | 6.89x107° | 7.45x10~8
30 | 3.93x107% | 3.87x107° | 3.05x10~7 30 | 5.75%x107% | 5.75x107° | 5.96x10~8
40 | 4.67x1075 | 4.67x1075 | 1.04x10~7 40 [ 1..99%1075 | 1.98x10~° | 5.96x10~8

TABLE 4.5. q=4, TABLE 4.6. ¢q =4,

Nystrom Approximation Projection Approximation
n |5‘_)‘q,n,1 |5‘_)‘q,n,2‘ |5‘_5‘q,n| n |5‘_)‘q,n,1 ‘S‘_Aq,n,2| |5‘_5‘q,n|
10 | 2.65x107°% | 4.27%x 1075 | 8.08x10~6 10 | 1.71x107% | 1.71x 1075 | 1.04x 107
20 | 3.31x1075 | 3.31x107% | 4.10x10~7 20 | 6.47x1075 | 6.45%x1075 | 1.04x 107
30 | 3.95x1075 | 3.95x107° | 2.98x10~8 30 | 3.99%x1075 | 3.99%107° | 5.96x10~8
40 | 5.34x107° | 5.34x107°% | 3.72x10~8 40 | 1.07x1075 | 1.07x107° | 8.94x10~8

CALCULATIONS IN DOUBLE PRECISION

TABLE 4.7. q=25, TABLE 4.8. ¢q=25,

Nystrom Approximation Projection Approximation
n ‘S‘_Aq,n,l‘ |5‘_)‘q,n,2‘ ‘5‘_5‘4771‘ n |5‘_)‘q,n,1‘ ‘S‘_Aq,n,2| ‘5‘_5‘4771‘
10 | 1.72x10~7 | 1.71x10~7 | 1.72x10~7 10 | 2.57x1079 | 2.57x1079 | 1.99x 1011
20 | 4.22%x1079 | 1.03x1079 | 2.62x10~Y 20| 1.30x1079 | 1.30x 1079 | 1.93x 10~ 14
30| 211x1079 | 2.11x1079 | 2.30x 1010 30| 1.63x1079 | 1.63x 1079 | 2.22x 1016
40 | 3.01x1079 | 3.01x1079 | 4.11x 10~ 11 40 | 2.24x1079 | 2.24%x 1079 | 5.97x 1016

TABLE 4.9. ¢=6, TABLE 4.10. ¢ =6,

Nystrém Approximation Projection Approximation
n ‘S‘_Aqyn,ﬂ ‘5‘_)‘11771,2| |5‘_5‘q,n| n |5‘_)‘q,n,1‘ ‘S‘_Aq,n,2| |5‘_5‘q,n|
10| 7.39x10~8 | 7.39x10~8 | 7.37x10~8 10[7.80x 10719 | 7.81x 1019 | 2.61x 10~ 13
20 [4.64x10710| 2.67x1079 | 1.10x 109 20| 1.29x 1079 | 1.29x 1079 [5.69x 1016
30| 2.25x1079 | 2.25x1079 [9.66x 10~ 11 30| 1.69x1079 | 1.69x10~9 |5.27x 1016
40 [8.74x 10710 [ 8.74%x 10710 [ 1.73x 10— 11 40| 1.75x1079 | 1.75x 109 | 5.83x 10~ 16
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