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THE DISCRETE PLATEAU PROBLEM:
CONVERGENCE RESULTS

GERHARD DZIUK AND JOHN E. HUTCHINSON

ABSTRACT. We solve the problem of finding and justifying an optimal fully
discrete finite element procedure for approximating minimal, including unsta-
ble, surfaces. In a previous paper we introduced the general framework and
some preliminary estimates, developed the algorithm and give the numerical
results. In this paper we prove the convergence estimate.

1. INTRODUCTION

We recall from [DHA4] that a minimal surface or solution of the Plateau Problem
can be characterised in a number of different ways. For our purposes it is convenient
to begin with the following formulation, which we restate more precisely later,
cf. (3).

Let D be the unit disc in %2 and T' a smooth Jordan curve in ®". Let F be
the class of harmonic maps u: D — R such that u|sp : 9D — T is monotone
and satisfies a certain integral “three-point condition”, cf. (1). The function v € F
is said to be a minimal surface if u is stationary in F for the Dirichlet energy
D(u) = % In |Vul?. Such maps u provide an harmonic conformal parametrisation
of the corresponding minimal surface.

Let Dy be a quasi-uniform triangulation of D with grid size controlled by h.
Let Fy, be the class of discrete harmonic maps uy: Dy, — R" for which up(¢p;) €T
whenever ¢; is a boundary node of Dy, and which satisfy an analogue of the previous
integral “three-point condition”. Note that we do not require “monotonicity” of
uplop, - The function u, € Fj, is said to be a discrete minimal surface if wy, is
stationary within F}, for the Dirichlet energy D(up) = %th |Vup|?; cf. (27) for the
precise formulation.

The main result (Theorem 5.5) is that if u is a nondegenerate minimal surface
spanning I' then there exist discrete minimal surfaces wp, unique in a ball of “al-
most” constant radius €| log h| ™!, such that ||u—up| g2 (p,) < ch, where ¢ depends
on I' and the nondegeneracy constant A for u but is independent of h. Recall that
nondegeneracy corresponds to the absence of zero eigenvalues for the second vari-
ation of the Dirichlet energy at w, and generically corresponds to the absence of
branch points. The constant ¢ blows up as A — 0, and this is consistent with the
numerical results in [DH4]. We give an outline of the proof of the main result in
Section 2.3.
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2. FORMULATION OF THE PROBLEM

2.1. The energy functional. We first recall some notation from [DH4| Section
3, to which we refer for further discussion. See Section 3 of the present paper for
the properties of H/2.

Let D be the open unit disc in ®2, with boundary dD. It will be convenient to
let S' denote another, distinct, copy of the unit circle. Let T' be a Jordan curve in
R" with regular C"-parametrisation v:S! — I" where r > 3.

For f:0D — R"™ we denote by ®(f): D — R" its unique harmonic extension to
D specified by

AD(f)=0 inD, &(f)=f ondD.
Then ®: H'/2(0D,R") — H'(D,R") is a bounded linear map with bounded in-
verse.

Harmonic maps are uniquely determined by the associated boundary maps. We
will use the Hilbert space H of functions defined by

H = {£:0D — Re | [§|g1/2 < o0 and (1) is satisfied},
where
2 2 2
(1) &(p)do =0, &(p) cospdgp =0, &(¢)singdg = 0.
0 0 0
The norm on H is the usual norm || - ||g1/2. The corresponding affine space of

maps s : 0D — S! such that s(¢) = ¢ + o(¢) for some o € H is denoted by
H. We also need the Banach space T defined by T'= H N C°(dD,R) with norm
€l = l€la1/2 + l€]lco. The corresponding affine space 7 is defined by 7 =
HNC(OD, S'). With some abuse of standard notation, we write ||s|| = 1 + ||o]||
for various norms on o.

The energy functional E is defined on H by

2 B(s) = 5 [ IV8(05) = D(@(y 03)).

Finiteness of E follows from (8). We say the harmonic function u = ®(yo s) is a
minimal surface spanning I', or a solution of the Plateau Problem for T, if and only
if s is monotone and stationary for F, i.e.

3) (E'(s),§)=0 VEeT.

As discussed in [DH4], this is equivalent to other formulations of the notion of a
minimal surface.

For the proof of asymptotic convergence of the numerical method we need the
following regularity result, which follows from standard regularity results (cf. [DHA4]
Theorem 3.2) and the Implicit Function Theorem used to write T' locally as the
graph of a C*“ function.

Proposition 2.1. Ify € C* where k> 1 and 0 < a < 1, and s € T is monotone
and stationary for E, then

Isllore < e= c(llyllore, |17 ze)-

We next recall some properties of the energy functional from [DH4] Section 3.3.
Using the notation

(4) u=o(yos), v=0(yos¢), w=2("ose?,
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we get by formal computation

) Bs) = 5 [ IVl
(6) (E'(s),6) = %OE@H@: | vuve.
2
(7) B = o Bt = | vuvus [ o

with an analogous expression for E”(s)(£,n) obtained by bilinearity in the case of
distinct variations.

If v € C? then E € C*(T,R), and the Fréchet derivatives are given by (6)
and (7). The functional E is not differentiable on H, but if v and s are as smooth
as is necessary for the following estimates, then one has

(8) E(s) < clvlEalslize,
9) (E' (), < clvliE=lslEn gl e,
(10) (B ()& ml < cllylIEallslEallél sz lnll -

In particular, these will be used in case s is stationary for FE.

It will be important to consider the behaviour of the second derivatives of F near
a stationary point s € 7. The second derivative E”(s) can then be interpreted as
a self-adjoint bounded map V?E(s): H — H. Let

(11) H=H @oH°@H', ¢=¢ +&+¢F ifeéecH,

be the orthogonal decomposition generated by the eigenfunctions of VZE(s) having
negative, zero and positive eigenvalues respectively.

Proposition 2.2. Suppose v € C><. Suppose s is monotone and stationary for
E. Then H- and H° are finite dimensional. If ¢ € H- @ H° then ¢ € H3/%(OD)
and

(12) €l a2 < vI[Ell g
with v = v(|[yllca.e, [|1V[7 L)

Proof. The finite dimensionality of H~ and H" follow from elliptic theory; see the
proof of [St, Proposition I1.5.6]. It is also shown there, with a different notation,
that

N

jo(v 05 Ollzmy < e(Ilylless I 17 law, Islles, Nl )

e(Ills.es 1717 zoes gl i )

IN

by Proposition 2.1. But

7 es ’
<
el < || o€l by 2
< c(Inlles, 17 = )19y o ©)llmgpy  from (52) and (40),
Hence

llzrare < e(Ilvllcms |17 e, €2,

and so the required result follows by scaling. O
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Higher regularity on ~ implies higher regularity on £. In particular, v € C*®
implies ¢ € H/2(0D); see the proof of [St, Proposition I1.5.6].

If s is monotone and stationary for E, we say s is nondegenerate if H® = {0}.
The corresponding minimal surface u = ®(y o s) is also said to be nondegenerate.
If s is nondegenerate it follows that there exists a A > 0 such that for £ € H,

(13)  E"(s)(§,67 =€) = E"(s)(€7,67) — B"(s)(67,€7) = Alléll,2-

We call A the nondegeneracy constant for s.

2.2. The discrete energy functional. We recall the necessary notation from
[DH4] Section 4 and prove some preliminary estimates.

Let Gj be a quasi-uniform triangulation of D with grid size comparable to h.
Let

Dy, = U{G | G e gh},
dDy, = U{EJ |1 <j <M} wherethe E; are the boundary edges,

and let

Brn ={¢1,...,6m} be the set of boundary nodes.
The projection 7:9D — 0Dy, is defined by

(14) m (ei((l—t)%“%ﬂ)) = (1 —t)e"% + te'®itr

for0<t<1,1<j<M.
In order to have a discrete analogue E}, of the functional F we define the following
discrete analogues of H'(D;R"), H'/2(0D;®R"), H, T, H and T:
(15) X,? = {uh € CO(Dh; %n) | up € Pl(G) for G € gh} R
(16) af = {fn € C°(ODK;R") | fn € P1(E;) for 1 < j < M},
(17) Hp={& € C°(OD;R) | & € Pi(n Y (E;))) if 1 <j < M, &, satisfies (1)},
(18) Hp = {sn, € C°(OD;S") | sn(¢) = ¢ + on(¢) for some oy, € Hy}.
Thus H, C T C H, Hp, C T C H, and the space of variations at any s, € H, is

naturally identified with Hj. Setting n = 1, we similarly define X, and x,.
We will make frequent use of the following inverse-type estimates:

Proposition 2.3. If &, € Hy, then

(19) lenllmr < ch™ 2 enllp /e,

(20) énlloo < cllog A2 ([énll g1/

Proof. The first estimate is standard. The second is shown in [DH1] Proposition
5.3. O

Suppose f € C°(OD;R™). One defines the “linear interpolants”
Infeaf, Inf((1—1)e? +terr) = (1—1)f(e'®) + tf(e'%+),
PP e COOD;R™), Inf ((1—1)e +te'+r) = (1 — 1) f(e"7) + tf(e'9+),
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where 0 <t < 1,1 < j < M. Here and elsewhere, ¢pr+1 = ¢1. Note the different
domains of I, f and I?P f. Note also that the image of I,(y o s) is a polygonal
approximation to I', and Ip(y o s)(¢;) = v o s(¢;) € T for ¢; € By,. Finally,

(21) P f=1I,fom.

Another type of approximation operator we require is a map pp : T (7) —
Hj, (Hp). The usual interpolation operator does not preserve the normalisation
conditions (1). However, if we first interpolate and then project onto Hj, the
resulting operator still satisfies all the usual estimates. The proof of the following
is essentially given in [DH1] Proposition 5.2.

Proposition 2.4. There is a bounded linear operator py : T — Hpy such that, in
particular,

(22) 1€ = préllas < eh*=*|1€] g

for s =0, %,1 and k=1, %,2. Moreover,

(23) € = préllcor < chllellos,  lpnélleor < cl€llcon,
(24) 1€ = préllco < ch?(|€]lc2, 1€ = préllco < chl€llc-

If s € T and s(¢) = ¢ + o(p), then pps is defined by pps(d) = ¢ + pro(d),
§ — pps =0 — ppo, and hence pps satisfies estimates similar to those for pp€.

For fn € xj the discrete harmonic extension @, fr, € X is defined by
(25) Ap@pfr =0 in Dy, @pfr=fn on 0D,

where Ay, is the discrete Laplacian and the first equation in (25) is interpreted as
th V(‘bhfh)Vﬂ}h = 0 for all ¥5, € X}, such that ¥, = 0 on 0D;,. If fn € :Z?Z the
discrete harmonic extension ®y, f;, is defined componentwise.

For sj, € Hy, the discrete energy functional Ej, is defined by

(26) Ep(sn) = %/D V@, I (7 0 51)[° = Dp(@pln(y 0 sn)).

Note that E}, is of course not the restriction of E to Hj. The discrete harmonic
function up = ®p I, (7y o s) is said to be a discrete minimal surface spanning T, or
a solution of the discrete Plateau Problem for T, if and only if

(27) (Ep(sn),&n) =0 V&, € Hy.

Note that we do not require monotonicity of sy, as is the case for s in (3).
The derivatives of Ej, cf. (5)—(7), are given by

1
(28) En(sn) = 5/ [Vun|?,
Dp,
(29) (EL(sn),&n) = VupVop,
Dp,
(30) Bl(sn) (&) = | VunVun + / un 2.
Dh Dh
where

(Bl)  un=®pla(vosn), vn=Culn(v 0osn &), whn = Puln(y" o si &)
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For &, € Hj, and s stationary for E, we define the projection of the decomposi-
tion (11):

(32) =g &) =puéh, &7 = pagi
Note that &, , €Y and 5,‘1" do not normally belong to Hj; in particular, the first two
are smooth functions. However, if H~ = H? = {0} then &, = & = ,(f).

Proposition 2.5. If &, € Hy then

(33) gn=6+60 +elt
and g,ﬂ‘),g,(f), ,(L+) € Hy,. Moreover, with v as in (12),
34 g =& e < chvllnllmz, & — &7 1m < ch2v]jgn] e,
35) 1) — & < chvl€nllmrz, 1€ — &l < chY20|Enll e
36)  l&H =& Na < chwllnllire, NIET — &7 1 < ch2vlnllpare.

Proof. Since prépn, = &n, (33) follows from (11). Next, from (22) and (12),

1€ = €7 e = 1€ — &y, e < chl|&; |l are < chwl|€; | /e

The proof of the other inequality in (34), and of (35), is similar.
For (36) just note that, from (33) and (11),

Gh—e = — (g -6 — (€ -,

and use the previous estimates. O

We remark that the decomposition (33), unlike (11), is not an orthogonal de-
composition. We also note that the powers of h in (34)—(36) can be increased by
1/2 if we assume ||€| gz < v||€]| g1/2; this latter holds if v € C4®, cf. the remarks
after Proposition 2.2.

2.3. Structure of the proof. The main error estimates, Theorems 5.4 and 5.5,
are proved in Section 5. To motivate our approach and the need for the various
preliminary estimates in Sections 4 and 5, we outline in an informal manner the
structure of the proof of Theorem 5.4. See Figure 1.

Assume s is a nondegenerate stationary point for E with nondegeneracy constant
A. One applies the Inverse Function Theorem to the derivative E} :'H;, — Hj (the
dual space of Hj) in a neighbourhood of the point pjs; remember that Hy, is the
tangent space for Hy, i.e. the space of variations at any ¢, € Hj,. Identify E} with
the derivative (E})" of E}; thus (Ey)’(tn): H, — Hj, for t, € H,.

There are three estimates to be proved.

A: |E} (prs)|| < erh for h sufficiently small. This follows immediately from the
consistency estimate (Proposition 4.2) for the first derivative. See (109).

Bi: [[{(E}) (prs),&n)l| > %Hth for h sufficiently small; i.e. “the slope of E},
at pps is bounded away from 0 by A/2”. This is a nondegeneracy estimate on
E}(pns) and is established in Proposition 5.3, using the one-sided consistency esti-
mate (Proposition 4.3) for the second derivative, and the regularity of members of
the negative eigenspaces to compensate for the one-sided nature of that estimate.
See (114).

Ba: ||(E}) (prs) — (BL) (prs + mu)|| < A/4 for h sufficiently small and 7, suffi-
ciently close to pps, more precisely for n, < ¢y/|loghl; i.e. “the slope of E}, near pps



THE DISCRETE PLATEAU PROBLEM: CONVERGENCE RESULTS 525

Hp

slope > /4 (B) ‘graph

of Ehl

<c¢q h (A)
<
y / /5n G H,
— 4cih/n > \<\‘ < chdf”2
from (A) & (B) ‘s
FIGURE 1

differs from that at pps by at most A\/4”. This is a consequence of Proposition 5.2.
See (115). As indicated in the diagram, it follows that there exists a unique sta-
tionary point s, for Ej such that ||prs — spll g1z < 4e1h/), and hence such that
IIs = sull g1z < ch/A.

3. PRELIMINARY ESTIMATES

One can define the H*(0D) and H?®(D) norms for any real s; but apart from
non-negative integers s we will only need the following cases.
For f:0D — R the H'/?(9D) seminorm is defined by

fo) = f@)F -
(37) som = [ [ OO g5
HEODY = Jop Jon 16— I
and for u: D — R the H'/2(D) seminorm is defined by
|2
o o) /D /D w—zp
In both cases the corresponding norm is given by
(39) I e =1 122 + 1 (e
Also,
|f|H3/2(aD) = |f/|H1/2(6D)7 |u|H3/2(D) = |VU|H1/2(D)a
Il = 122+ 1 psra-

If u € H*t1/2(D) for s = 1/2,1,3/2 (in fact for s > 0), then u has a well-defined
trace f on 0D and

(40) I £l 25 opy < cllwll gras1/2(py-

More precisely, the previous estimate is true for u € C*°(D), and the definition of
trace is extended by continuity and density to the general case. Such an estimate
is not true for smooth u if s = 0, but in this case if Au € L?(D) the following
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estimate holds, and then the trace operator is again defined by continuity and
density to satisfy

(41) [ fllz2om) < ¢ (lull zrivzpy + 1 AullL2(py) -

See [LM], Chapter 1, Section 9.2, page 193 (remarks before Theorem 8.1) and
page 187, Theorem 7.3. Note that by considering kernels it is clear that in the case
s = 1/2 one can replace the norms in (40) by the corresponding seminorms. We
will frequently use this fact without further remark.

Conversely, if f € H*(0D) for s = 0,1/2,1,3/2 (with similar results for any real
s), then there is a unique harmonic function ®(f) defined on D with trace f as
before, and in particular

(42) 12O ze+1/2(p) < el f = op)-

See [LM], Theorem 7.4, page 188. Note that for s = 1/2,1,3/2 the norms can be
replaced by seminorms, as follows again by considering kernels; we will use this fact
without further comment.

In the case of L? boundary data one also has, with u = ®(f),

(43) 111{17 u(rd) = f(0) forae. 6€dD,
(44) sup fu(r)| < clfllzzop)y-
0<r<1 L2(0D)

See [JK], Theorem (1.16), page 11. In particular, u(r-) — f in L?(0D) as r — 1™.
(The formulae (43) and (44) are established using the Poisson integral representa-
tion of u from f. The function u agrees with ®(f) in (42), since it agrees for f
in the dense subset C*°(9D) C L?(0D) by the maximum principle, and since the
Poisson integral map and @ are both bounded as maps from L?(0D) into L?(D),
for example.)

If f:0D — R has the Fourier series expansion

f(@) =ao+ ) _(ancosng + b, sinng),

n=1
then one can define
(45) 1£3200) = ad+> (a2 +b2),
n=1
(46) flireopy = Y _n*(al+b)) s>0,
n=1
(47) 1300y = IF132000) + 1f 3o 00)-

These norms and seminorms are equivalent to the usual definitions in case s € N|
and the previous definitions in case s = 1/2 or 3/2. The harmonic extension of f
is given by

(@f)(r,¢) =ao + i " (an cosng + by, sinng).

n=1
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Proposition 3.1. Suppose f,g:0D — R. Then

(48) [f9lere < I fllcolglmre + 1 f iz llgllco,
(49) 19l < cllfllcorllglime,

(50) \f9lar < N fllcolglar + | flarllgllco,
(51) Ifgllar < cllfllcorllglar,

(52) 1fgllmsre < cllfllellgllmare-

Proof. The first two inequalities follow from (37). The next two inequalities are
standard. The last inequality follows from (49). |

The next proposition will be applied in case g is (a component of) v, 7 or 7",
and s is either smooth or piecewise linear and continuous. In particular, g will be
at least C! but s may be only C%! in some cases.

Proposition 3.2. Suppose s = id+ c:0D — S*, g:S* — R. Then

(53) lgoslco < llgllco < llgllcellsllce,
(54) lgoslicor < clgllerllslicon,

(55) lgosller < dlglerllslicr,

(56) lgoslle: < clgllcallslEe,

(57) lgosliz: < clglico < cliglicollsllze,
(58) lgoslm: < clglicrllslme

(59) lgosllm < cllgllerllslar-

Proof. Recall that ||s||co =1+ ||o||co > 1. Then (53) is immediate, and similarly
for (57). Also (54) is immediate. For (55), (56) and (59), note that

(gOS)/:g/OSS/, (gOS)N:gNOS(8/)2+g/088//.
Inequality (58) follows from (37). O

The following proposition will typically be applied in case g is 7y, 4" or v/ and in
particular is C'; and either s; = so and s3 = pp s, Or $1 = prso and so = pPpso +np,
for an arbitrary n, € Hj. Note that in (61) only the C° norm of s; — s5 is required,
and in case s1 — so € Hj, this will be estimated by the inverse estimate (20).

Proposition 3.3. Suppose s; = id + 0;:0D — S! fori =1,2 and g: S* — R.
Then

60
61
62
63

clglerllst — szl e,

cllglic=(llsillcon + [Is1 — s2llco)lls1 — s2llg/2,
cllgllezllsillcol[s1 — szl
cllgllezllsillcoallst — s2flco.

llgosi—gosalr2
|9081 —9082|H1/2
|go$1 —g082|H1

|g0s1—gosafcoa

(60)
(61)
(62)
(63)

INIA NN

Proof. The proof of (60) is immediate.
For (61) write
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Then
[(9(51(0)) = g(51(6) + (@) = (951

1 1
- \— [ 10+ @) 1)+ [ 13) + i@ n@\

?) -~ 9(51(8) +1(3) ) |

1
< / 19/ (51(6) + tn(@))\dt |n(6) — ()]
0
+ / 10/ (51(6) + tn(@)) — ¢'(51(B) + tn(@)] dt [n(D)
< lgller|n(®) — n(d)| + ||9||cz(|51(¢) — 51(0)| + [n(®) — n(a)l)ln@)l-

It now follows from (37) that

lgosi—go(si+nlue
< lgller gz + llglie2(cllsillcorlInll 2 + [nlzlInllco)
< cglicz(lsilicor + Inllco)linll gz,
recalling that |[s1]|cor > 1. This establishes (61).
For (62) we compute
[(gos1—gosa)|lLe

lg" o s1 81 —g"os2 512

< g 051 —g o sollrallsili= + [lg" o sallcollst — sz
< dglezl[s1 — s2l[z2]s1]con + |glcrs1 — s2|m from (60)
< clglle2lisillconllst = s2llm-
For (63) we similarly estimate ||(g o s1 — g o $2)'|| . O

The next proposition will be used repeatedly in the consistency and non-degener-
acy estimates of Sections 4 and 5, particularly in case s = 1. In Corollary 3.5 we see
that the H'(Dy,) seminorm of the discrete harmonic extension of a discrete function
f can be estimated by the H!(D) seminorm of the smooth harmonic extension of
the function. This is not true for general smooth f. The corollary is due to Bramble,
Pasciak and Schatz [BPS].

Proposition 3.4. If f € H*(0D,R") where s = 1,3/2, then

(64) B(f) = ®uln( Ny < 2 flusom),

(65) @nln(Nlar oy < 1 flmvz@py + b2 f 1 op)-
Proof. 1t is sufficient to take n = 1. Let

u = (I)(f), Up = (I)hlh(f).
Note that I, f is well-defined, as f € C°(0Dy,). Since uy, = Iu on Dy, it follows
in the usual way from the weak form of Laplace’s equation and (25) that

(66) 0= /D (Vup, — Vu)(Vup, — VIpu),

and so

(67) /D |Vu — Vup|> = /D (Vu — Vup)(Vu — VIju).
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Hence

IN

|u — Inul g (py)
chs—1/2|u

< Chs—1/2|u

U= uh|H1(Dh)

IN

-1/2
Hs+1/2(Dy,) < ch® /|u Hs+1/2(D)

H#(0D)>

from a standard interpolation result and (42). This gives (64), and (65) then follows
from (42). O

Corollary 3.5. Suppose fr, € H,. Then
(68) 1@ In (fr)l (D) < | ®(fn)|m (D)
Proof. This follows from (65) with s = 1, the inverse estimate (19), and (40). O

Proposition 3.7 will allow us to estimate various quantities involving a harmonic
function and the discrete disc Dy, in terms of the trace of the harmonic function
on D. But first we need an elementary lemma.

Lemma 3.6. Suppose u € HY(D), and 7:0D — 0D}, is as in (14). Then
(69) lu—wuom|r2p) < chlulai(p\py)

Proof. Let Ly be the straight line segment joining 6 € 9D to w(0) € dD;,. Then

u(6) — won(O)2 < </L |Vu|>2 < h? /L V.

Each z € D\ Dy, can be written uniquely as (6,y) € 8D x ", where z € Ly and y
is the distance of z from 6 € 9D. The corresponding map (,y) — z has Jacobian
J satisfying 1 — ch? < J < 1. Hence

/ lu —uom|* < chz/ do |Vul? < chZ/ |Vul?.
aD oD Lo D\Dj,

In the following proposition and elsewhere, g—:j and ‘g—:_‘ denote normal and tan-

gential derivatives on the relevant curve.

|

Proposition 3.7. Suppose u is harmonic in D with trace u|lpp € L*(0D) H'(OD)
as appropriate. Then

(70) lull2p\Dny < chllull2apy,

(71) IVullL2ip\p,y < chlulur(apy,

(72) lu—uwon|r2ep) < ch’lulmop),
ou

(73) ‘— < clulmony
|l 12(0p,) o)

Proof. Let D(p) be the disc of radius p. From (44)

llull 2D () < cllullL2(ap)-

Integrating the square of this inequality with respect to p from 1 — ch? to 1 now
establishes (70).
Since Vu is also harmonic, it follows that

IVullz2(p\D,) < ch||VullL2op)-
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But

2 Lll -1,

from a Fourier series expansion, and so (71) follows.

Inequality (72) follows from (71) and the previous lemma.

For (73) we have that if Au =0 and u|sp € H*(dD), then A Vu =0 and Vu €
H'Y?(D) by (42). Hence Vu|gp is well-defined, and Vu|gp € L?*(0D) from (41).
From (44) applied to Vu,

2

@
ov

8_u
or

IVull 20D,y < el Vull 2200y

ou

and in particular, using (74),
— < .
o > C|U|H1(aD)

‘ L2(8Dy,)

This establishes (73). |

4. CONSISTENCY ESTIMATES FOR THE ENERGY

In this section we compare E and its derivatives at s with E} and its derivatives
at pps. Apart from their intrinsic significance, these estimates will be needed in
the next section to establish the main convergence results.

Remarks on the Proofs. In the proof of each of the three propositions in this section,
Proposition 3.4 is used to estimate the difference between a harmonic function and
the corresponding discrete harmonic function, and also to estimate various discrete
harmonic “error” terms.

Interpolation results in terms of the H? piecewise seminorm, together with in-
verse estimates, are used to estimate the L? norm of the quantities

vopns — IfP (v o pns),
v o pns & — IPP (7 o pus &),
and

v oprs & — IPP (7" o pus &)

Since piecewise second derivatives of pps and &, vanish, this enables us to gain an
extra power of h over what one might at first expect.

In each of the three proofs the term Is is estimated with an integration by parts.
In Proposition 4.1 this improves the order of convergence from O(h) to O(h?). In
the other two propositions, one could not otherwise expect any order of convergence;
see also the remark preceding Proposition 4.3 concerning ||V (v — vp)| £2(p,)-

Proposition 4.1. Let s € HNC?%, v € C2. Then

| En(prs) = E(s)| < ch?|v[18allsllc--
Proof. Let
(75) u=®(yos), up=PIL(y0prs).
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Then

1 1
Bvpns) ~ E() =5 [ V=5 [ var
2 Jp, 2 Jp
1 2 1 2
= = |V (u—wup)|® — VuV(u —up) — = |Vu|
2 Jp, D 2 Jp\p,
(76) = L +1,+ I3.

We will estimate these terms separately.

For Il,
20)Y? = |®(yos) — @pln(y o pus)|mi(ny)
< [®(yos) = @ulp(yos)ai(py,) + [ ®rln(y o s —vopus)|ui(p,)
< chlyos|ys;z+|yos—70pns|gie +ch1/2|’yos—70phs|H1
from (64) with s = 3/2 and (65) with s = 1.
But
hly o s|gass < chlyoslce < chlyllc|lsge  from (56);
also

[yos—vyopuslgr < cllyllcz(Isllcon + [[prsllcor)lls — pasll g2 by (61)
< ch®*P|yleelsller sl by (23) and (22)
< PP yllensl|ge,
and
h1/2|fy os—vyopps|lm < ch1/2||'y||cz||s||c1||s — pusllg from (62)
< ¥ ylcalsliZe from (22).
Hence
(77) I < ch®||y8allsll e
For I> one has
ou
Bl = | o)
8Dy, aV
% —
> a. U — Uh||L2(0Dy)
ov L2(0Dy) "

clul g opyllu — unll2op,) by (73)
cllvllerlIsllerl|uom —up o | L2opy by (59) and (14)

VAN VAR VAN

clyllerllsller (luom —ullL2py + lu — un o wl|L2opy) -
But

luom—ullz2op) < ch®lulmop) = ch’ly o sl < ch?|lyllcrlsllor
by (72) and (59). Also

lyos—I7P(yopns)|Lz by (75) and (21)
[y os—7o0pns|rz + |7 oprs — IZP (v o prs)| 12
¥llc2lls — pasllze + ch®|y o prs|me,

||’LL — Up, © 7T||L2(8D)

IN N



532 GERHARD DZIUK AND JOHN E. HUTCHINSON

by (60) and a standard interpolation estimate, where the H? semi-norm is to be
understood in a piecewise sense. On each arc segment, (yopps)” =" opps ((pns)’)?
since (pps)” = 0, so we can continue the estimate by

< clyllerh?[Isllcz + ch?||vllezllslEn < ch?[vlle=s]2-,
using (24) and (23). Hence

(78) |I2] < ch?[[7][ 8252
Finally,
1
3| = §||VU||%2(D\Dh) < ch®lulfnap) by (T1)
(79) = Plyoslin < h?|lyllga sl
The proposition now follows from (76), (77), (78) and (79). |

The next proposition shows that Ej, (pss) is an O(h) approximation to E'(s)|g,
in the Hj, norm for 7 and s sufficiently smooth. The actual power of A is important
in the proof of Theorem 5.4.

Proposition 4.2. Let s € HNC?, v € C3. Then for any &, € Hy,
[(E" (), €n) — (Ep(pns), &)l < chlV|1EallslEallénll e
Proof. Define u and uy, as in (75), and for &, € Hy, define
(80) v=>0(y 0s5¢&,), vp=Ppln(y opns &n).
Then from (29),
(E'(s),&n) — (Ep(pns), &n)
= / VuVv — VupVuy,
D D

/ (VuVo — Vup Vo) + / VuVu
Dy, D\Dy,

V(u —up)Vop + VuV(v —wvp) + / VuVu

Dy, Dy, D\Dh
(81) = L+ L+1Is.
Now
L] < [IV(u—un)ll2p,)IVorllLz(py)
< chllVllc2llsl@ I VonllL2p,)  from (77).
Also
IVorllzzp,y = |®adn(Y © prs &)|ur(py)

IN

1Y 0 prs Enl gz + chM2 |y opus Enlm by (65).

The first term is estimated by

cllv" o pusllcor [€nll /2 from (49)

Y opns &nlgie <
< cvlezllsller[|€nll gz using (23);
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the second by

Y opns &nlm < el opns|lcor|lénllmr by (51)
< cvlle=llprsllconl€nllmr by (54)
(82) < ch Pliczllsller [énll e by (23) and (19).
So altogether,
(83) [I1| < ehlVIIZ2llsEnll€nll e

For I, as for I in the proof of the previous proposition,

ou
/aDh 5(1} —vp)

cl[vller sl e (||U o — U||L2(6D) + v —vp 0 7T||L2(aD)) .

From (72) and the argument for (82),

|| =

IN

[vom —vllL2@p) < ch®vlmiap) = ch?ly o Enlm
< b lezllsllonliénll e
Also,
[v—wvp o0 7T||L2(aD)
17" 05 & = I7P (Y 0 ps &)l 12
(v 05 =~ o pns) &nllrz + |V 0 pas & — 177
Illczlls = prslicollénllzs + 2y’ o prs &lae
where the H? semi-norm is understood in the piecewise sense
ch?||yllo=lIslle=l1énll 2 from (24)
+ch? ([vlloslIslizallénllze + 1vllczllsllor[énlmr)  since on each arc

v o prs &)l L2

IN N

"

segment, (7' o pps &) =" o pus((prs)')® &n + 29" o prs(pns)’ &,
ch?||v]lcs|sl|Za|€nl
2|yl cs sl & |€nll gz by (19).
Altogether,
(84) || < ch® ||yl Zs s Eal18n grre-
Finally,
|13]

IAN A

IVull 2o\ IVl 22D\ D)
chllvllcrllsller[VollL2(oyp,) by (79)
ch?||yllerllsllor vl opy by (71)
ch?|Vllerllslierly o s €l
ch?|yllerllslierIyllezlIsllorlI€nll e by (51) and (55)
(85) ch® I 2allslE €nll i by (19).
The proposition follows from (81), (83), (84) and (85). |

(VAN VANNN VANNN VANRR VANRR VAN

Remark. The following proposition, and the related Proposition 5.3, are essential
for the proof of the main theorem. Assuming ~ and s are sufficiently smooth, we
see from (87) that if E”(s) is positive definite (for example, if s is a strictly stable
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local minimum for E) then so is E}/(pns) for h sufficiently small, with the same
“ellipticity” constant up to O(h'/?|logh|'/?).
One might hope to estimate the positive term

(86) V(0 = vn)lIZ2(p,y = 1P(7 05 €n) — @uln(y' © prs &)l F(p,)

in (87) by ch®||€n||3;1/2 for some o > 0. But we cannot expect this, as we see by
considering the “model” estimates:

1D(En) — @nln(En)lmr () < ch'2)|Enllm < cll€nll e

from (64) and (19) — these estimates cannot be improved.

Nonetheless, in Proposition 5.3 we do estimate (86) in case &, = pp&, where
¢ is in the negative eigenspace of E”(s). The point is that £ is then smooth by
elliptic regularity theory (although &, is of course not smooth), and in fact we show
in (106) that in this case

IV (0 = vn)l 2,y < chll€nlFz-

As a consequence we deduce in Proposition 5.3 that if E’(s) is nondegenerate then
so is E}/ (prs) for h sufficiently small, with the same nondegeneracy constant up to
O(h?|1og h|*/?).

Proposition 4.3. Let s € C2N'H and v € C®. Then for any &, € Hy,
(87) By (pns)(Ens &) — B (5)(&ns &) = V(v = vn) | 72(p,) + R

where

v=20(y' 05 &), vn=Pnln(y °pns &),
and

R < ch'?[log " 2|71 2a s EallénllFra -
Proof. Let u and uy, be as in (75). Let
(88) w=®(" 05 &), wp=PuIn(y" 0 prs &)
From (30),

(E”(s) — EZ(PhS)) (&ns&n)

= /|VU|2—|—/ Vqu—/ |Von|? — YVupVwp,
D D Dy, Dy,

—/ V(v —vp)|* + 2 VoV (v —wvp) + V(u — up)Vwy,
Dy, Dy, D

+ V(w — wp)Vu + / |Vo|? + / VuVw
Dy, D\Dh D\Dh

= Lh+DL+Iz3+ 14+ 15 + L.

We estimate the terms other than I;.
For I, we have

15
] = 2 VoV(v —up)| = 2 / & (v —up)
Dy, aDy, v
ov
< 2H3— v —vnllL2opy)-
Vilizzapy)
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The first factor is estimated with the use of (73) and arguing as for (82):

ov _
H5 < cvlmapy = oy o5 &ulm < b2yl ca sl callEnll e

L2(8Dy,)

The second factor was estimated in the estimate for I5 in the proof of Proposition
4.2:

1o = vnll20p0) < ch* Iyl o5l &2 16nll a2
Altogether for I,
(89) L] < chl|yl[EslsllEll€nll 72
For I3,

|13]

V(u—up)Vwp| < [[V(u—un)|l2o,) I Vwnl 22(py)
Dy,

IN

chlvllczllslZ= I Vwnllz2p,)  from (77).
From (65) we get
IVwnllizapny = 1@aln(y" © s &)l (p4)

IN

|’Y” O PhS 5}21|H1/2 + Ch1/2|7” O PhsS 5}21|H1-
But

clvlleslslicrlléillze  from (49) and (54)
cllvlleslIsllcrl€nllcol€nll 1o from (48)
"2l vlleslsllerlénllz e from (20).

|’7” O Phs 5}21|H1/2

IAIN A

cllogh
Similarly,

clvllcalislict€hll s using (51)
cdvlleslisllorliénllcollén]lmr from (50)
ch™ | log h[Y2 |yl cs sl 1€nll /2

V" o prs & | m

IAIN A

(90)
from (20) and (19). Hence

|1/2

IVwnllzz(p,y < clloghl"2llcallslcrllénlFae,

and so
(91) 13| < chl1og h'/|[7][2s s G2 l1€n 12
For I, we have
0
I, = V(w—wh)Vuz/ (w—wh)—u,
Dy, Dy, 8V
and so, as for I3 in the proof of Proposition 4.1,
(92) L] < cllyllerlIsller ([[lwom —wllz2opy + lw — wh o 7| L2(apy) -
But
< ch?|wlgropy by (72)
< ch’ly o s &ilm
< ch®Plogh|"? |l cslsllor [€nll3p-  as for (90).

||w o — w||L2(8D)



536 GERHARD DZIUK AND JOHN E. HUTCHINSON

Also

|[w —wp, 0 7T||L2(6D)
7" o5 & = IFP(v" o prs &) r2 from (88) and (21)

< | os & =" opns &llee + 1V o pas & — 1P (Y o pus &)l2
< lv" o5 =" opuslicoll€nlla + chly" o prs & lm
< cvlleslls = prslloolI€nllzn> + ch' /[ log Al 2|17l cs sl |€nl1 32
using a Sobolev embedding theorem and (90)
< ch?[logh|' ||l esllslicr|€nl 3 from (24).
Hence
(93) |1a] < ch?[log b2 V)| EsllslEn 1€n1 3 2
From the final part of the argument for I5 in the proof of the previous proposition,
(94) Is = |Vl Z2(p\py,y < chllvllEellsllE 1€ -
Finally,
[Is| < |IVullL2(o\p)lIVwll L2 (p\Dy)
< ch®lulmopylwlmropy by (T1)

ch?lyoslm |y os &lm
ch?|[llcrlisllery” o s &l by (59)
(95) ch®?|1og |2 ||y1|Es |8 1|E [1€n 1 F1/2 as for (90).

Now we collect the estimates (89), (91), (93), (94) and (95), and prove the
proposition. O

[VARVAN

5. THE MAIN ERROR ESTIMATES

We will apply the following quantitative version of the Inverse Function Theorem
with X = Hj, and Y = H; in the proof of Theorem 5.4.

Lemma 5.1. Let X be an affine Banach space with Banach space X as tangent
space, and let Y be a Banach space. Suppose xo € X and f € CH(X,Y). Assume
there are positive constants o, 3, § and € such that

(96) If(@o)lly < 4

(97) £ (z0) Hoer,x)y < o,

(98) If'(x) = f(xo)loixyy < B forall x € Be(w),
where

(99) B<a, < (a—Pe

Then there exists a unique x. € Be(xo) such that f(x.) = 0.

Proof. This follows from the proof of the Inverse Function Theorem in [Be, pp.
113-114]. The modifications necessary since X is an affine space are trivial. O

The next proposition establishes that for any 5 > 0,
”Ellzl(phs) - E}/{(phs + nh)H(Hthh)/ < B
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provided |log h| ||7a|| g1/2 is sufficiently small (depending on S but independent of
h). This will be used to establish the appropriate version of (98) in the proof of
Proposition 5.4.

Remark on the Proof. The precise form of estimate (61), and the inverse estimate
(20), are used to control |go s, — g o (sp + np)|g1/2 for g =, 7" and ~".

Proposition 5.2. Let s € HNC' and v € C*. Then for any ny,, &, € Hy,
|(Brons) — Bil(ons +m)) (. 0)

2
< (14 NoghlYmnl g ) 1o bl nnl g I sl énl s -

Proof. For simplicity we write s, for pys.
From (30),

(Eﬁf(é’h) — Ey(sn+ Uh)) (€ns&n)

= / |Von|? + Vuthh—/ VT2 — | Va, Vi,
Dh Dh Dh Dh

with
up, = Pplp(yosp), ap, = Ppln(yo(sn+m)),
vy = @pIp(y osp &n), v = OpIn(vy o (sn+mm) &n),
wy, = Ol osy &), Wh = Puln(y" o (sn+mm) &)
So
‘(EZ(Sh) — B (sn + ﬂh)) (&n, éh)‘
< [ 9=l (Tonl 495+ [V )] [T
Dy, Dy,
+/ |Vﬂh| |V(wh —Wh)|
Dy,
< IV(un = @)l 2oy VWi L2(Dy)
+IV(on =)l 2(pyy (IVORll22(D4) + IVORI L2(D,))
HIV(wn —@n) L2 (o) | VR 22(D))
(100) = A1B;j + Ay(Ba1 + Baa) + A3Bs.
Now we estimate these terms separately.
By (65)
A = ‘(I)hfh (’y osp —yo(sp+ T]h)) ‘Hl(Dh)
< |yosn—70(sh+mm)lgie +ch?yo sy — o (sh+mm)lm
< clllez (Isnllcor + llmmllco) mnll vz + ch 2|yl czllshllcor llnnl
by (61) and (62)
< clliczlsllor g (1 + Nog Al g )
+ellvllezlIsllerlnmll gz by (20), (19) and (23)
<

e(1+ [1og A2 lmll sz ) Il s I ez s o



538 GERHARD DZIUK AND JOHN E. HUTCHINSON

Again from (65)

b= (e )
h

IN

|(Y 0 sn =" 0 (sh+1m)) Enlpre

+ch'2|(v o s =" o (s, +nn)) Enlm

17 0 sn =" o (sn +mm) gz llénllco

+7 0 sn =" o (sn +mm)llcolénl gz by (48)
+ch' |y 0 sp =" o (sn + 1)l colénl
+ch' |y 0 sp =5 o (sn + ) m [Inllco by (50)

c(1-+ 1108 B 2llmallzss2 ) Il vz 1 sl sl €l o

IN

IN

+elvllezlimllcolénl e + ch' 2yl ez mnlloo €n ] using the argu-
ment for A; on the first and last terms in the preceding inequality

1+ N1og A"/ | /2 ) g A1l g2 Il sl o 66 v

IN

again using the inverse estimates (20) and (19) on n;, and .
In the same way we proceed for Aj to first obtain the analogue of the next-to-last
inequality above:

Az = |@nln(Y" 0 sn & =" 0 (s + )€ g o,
< o1+ Nog bl 2lmull sz ) Il 2l sl R o
el loslinmlloo &1 + b 2lillcolImmllcol€E
< {1+ (108 Al s 2 ) log bl w2 [l sl €l 3

from the inverse estimates (19) and (20) applied to 7y, and &, and since

&R 172 < 20€nllcolEnll ez, € < 20€nllooliénll -

For Bs,
By = [@nIn(v o (sh+mm))|E1 (D))
< |yo(sh+mm)lmz +ch'Plyo (sh+mm)lm by (65)
< Avller(snllzze + lnnllzz) + ek 2y ller (lsallze + )
< clller(Isullgre + Imnlla2) by (19)
< e+ mmllare)vlerlsller
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For ng,
By =
<
<
<
<
<

Finally,
B,

|10 (Y © (s + 1m) &n)lH1 (D))

V' o (sh +nn) Enlpiz + ch' 1y o (sh +nn) Enlmr by (65)
17" 0 (sn +nw)llcolénlmrrz + 17 0 (sn +m)|mr/2[€nll o
+eh2 (117 © (sn -+ m)llcolénlm + 17" (sn + ) sl oo )
by (48)

cllvllcr|énlmrre + cllvliczlsn + nnl a2 1€nllco
+Ch1/2(||7||01|§h|H1 + vlle2llsh + mnlla ||€h||co)
cllvllc2(llsn + nulli2) [ log BIY2(|€nll 22 by (19) and (20)
c(1 + [Innllzr2) [ log Y[yl c2lIsll o 1€nll /-

For Bs; we have the same estimate with 7, set equal to O:

INIA

IN

<

Bax < | log h|'2||yllcalsll o 1€nll s /2.

|41 (" © s &) 1 (D))

9" 0 s & lrmusa +ch2 1y 0 s €l by (65)
||’Y” © Sh||cO|f;21|H1/2 + |’7H © 8h|p1s2 ||§i21||00
w2 (19" 0 sllcal€ s + 1" © sulas 1€ llco)
clvliczllgnllco €l e + clivllcs sl maszl1énllEo

e (Inllalénllsllnllim + Illcs sl iénlzo)

cllog hl [yllcs sl l1€nl 2

Substituting the previous estimates in (100), we get
[(Br(sn) = EqCsn +m) ) €ns )|

< o1+ 10g bl 2 lmnll 172 ) el o2 sl o

x[log Al [Vllcsllsllcrll€nll 2

(1 [og A2l g2 ) Nog B2 | g I s sl o

(1t Iz ) o bl 1y calsl e Lo

e(1+ Il ) 7l lsllen

x (14 Nog b1 mn g2 ) og bl L vz 1ol sl 1613

2
< o1+ [Mog A2 mn g2 ) 1og A lmallszasaly 512 a3/

|

It follows from the next result that E}/(pps) is nondegenerate with nondegeneracy
constant arbitrarily close to A, provided h is sufficiently small. This will be used to
establish the appropriate version of (97) in the proof of Theorem 5.4.
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Remark on the Proof. (See also the Remark preceding Proposition 4.3). Nonde-
generacy for “interpolants” of functions from the positive and negative spaces for
E"(s) must be treated separately—see the separate treatment of I; and I below.
In the first case, nondegeneracy follows more or less directly from Proposition 4.3.

In the second case, the term [[V(v — vp)[|7:(p,, Where v = @ (7/ os g}(l—)) and

vp, = Oply (fy’ o sy, 5,(1_)), must be estimated. The main points are to apply the
regularity results (34) and Proposition 2.2 to members of the negative space.

Proposition 5.3. Let s € HNC? and v € C3. Suppose E"(s) is nondegenerate
with nondegeneracy constant A, as in (13). Let v be as in (12). Then

B (ons) (€ &7 — €57 2 (A — e log hl'? 722 51142 ) 6
for every &, € Hy,.
Proof. We again denote pps by s, and split

Bl (sn) (€, &7 =& = Ef(sn)(€P, e — B (sn) (€7, 657)
(101) = I + L.

It follows from (87), after discarding a positive term, that

= E'6)(&h D + BN (€767 - € 6)

+
—ch"?1og h Y2 ||y]|2a 18| 22 l1€0T 1

Lo> E'(s)(E,€57) — ch /2| 1og h V2| 2alsl| B €57 1212

Using the notation of (13), there exists A* > 0 such that
E"()(& €)= A1 1o
Also
B"(s) (6. 67) = (&r.6D))|
E'(s) (67 - &6 + )

el 2= llslZ 1657 = & 2167 + &l by (10)
| Y[[E2v? |sl[E [1€n]l 72 Dy (36)-
Using (36) again, I; can then be estimated from below by

(102) Lo 2 XFNEF 1 — b2 [log B2 |y 1B sl 2e l1€n a2

IAIA

With similar arguments, but now keeping all terms in (87) and using the notation
of (13), we get

L = A& 1 3n — b1 og b2y 2ar? (Il I€nl 71 2
(103) —IV(w = w2,

where, here,

(104) b= (y os gfj)) ,up = Dy, (7' o sn gfj)) .
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From (101), (102), (103), and using (13),

Epl(sn)(ns &7 —&7) = (3= b2 log b2y 2ar? sl ) Ignl /s
(105) —[[V(v— Uh)”%?(Dh)'

It remains to estimate the last term. For this it is important to notice that &,
is a smooth function. We have

V(v —vn)llL2(py)
= [@(y o5& )) — nln(y o s &)y
< @8¢5 (&7 =& o) + @I 0 sn (€7 — & D (o1
+H®( 05 &) = Prln(y 05 & )| (py)

HOrIn((v 05— o sn) & ) (o)
Is+ Iy + Is + Ig.

But
I < [Yos (€ —&)lmn
< W osllerlieh” — & s
< chllllezlislcavliénllms by (34).
And
L < [osn (& —& e +ch?yY osn (& — € )m by (65)
< el esnllor (g =&l + 520G = 67 1)
< chlnllczlislcrvliénll e from (34).
Also
Iy < ch'?ly os & [m by (64)
< b2y o sl|erl€y [m
< ch"nllczllslorvliénll e by (12).
Finally,
I < (¥ 05—~ osn) &l +chV?(y 05—+ 0s4) & lmr by (65)
<y os =" o sulloos (I e + 25 1) by (49) and (51)
< clylleslislicnlls = sallcoavliénll g2 by (63) and (12)
< chllylleslslZavllén]l g from (23).

If we now put together the estimates for I3, I4, I5 and I, we get
(106) IV (0 = vn)llz2(py) < ek 2(IyllesvllsllE=[16nll ave-

This together with (105) proves the proposition. |

The next result gives the main error estimates for discrete maps s, which are
stationary for Ej. As remarked at the beginning of this section, the proof uses
Lemma 5.1. The necessary estimates were established in Propositions 4.2, 5.2
and 5.3.
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Theorem 5.4. Assume v € C*. Let s be a monotone nondegenerate stationary
point for E, with nondegeneracy constant \ as in (13).

Then there exist positive constants hg and co depending on ||v|cs+ and
17|72 ln, and X in the case of hg, such that if 0 < h < hqg then there exists
sn € Hp which is stationary for B, and satisfies

(107) lls — sullgiz < coX™'h.

Moreover, there exists eg = eo(||V|lc, || |Y'| 71 |, A) > O such that sy, is the unique
stationary point for Ey satisfying

(108) 15 — snll /2 < eollogh|~L.

Proof. We will apply Lemma 5.1 with X = H,, X = Hy,, Y = Hj, (the dual space
of Hy), f = Ej, and zg = pps.
Note that

E}, :Hy, — Hj,.
From Propositions 4.2 and 2.1, since E’(s) =0,
(109) 1By ons) sy < 1

where c1 = er([Vlles, [V [[z)-
The derivative (E})’ of Ej is a map

(Bp,) :Hp — L(Hpy, Hy)
and is naturally identified in the usual way with E} via
(110) (((ER) (tn),&n)smn) = Ep (tr)(Enymn)
for all t, € Hp and &,mp € Hp. From Propositions 5.3, 2.1 and 2.2, since
hY?|logh|'/? — 0 as h — 0,

_ 3\
(111) Bil(ons) (€7 = 67 2 Tl
for all &, € Hy, provided 0 < h < hg = ho(|[V]|c4, || |71 |2, A). But

16T — M < & = & e + 1165 — €57 Narnse + 1165 — €7 N grase
(112) < @+ ch)|nll e

from (36) and (34), and since ||&; — &, || g1/2 = ||€n]| g1/2. Hence from (110), (111)
and (112),

- A -
(113) (B (ons), )& —67) = Slnllimra 16 = &7 lirnre

for all £ € Hy, provided 0 < h < hg for a new hg with the same dependencies as
before. Thus for each &, € Hj, with ||&s|| g1/2 = 1, the map ((E},) (pns), &) (€ H})
has norm > A\/2. It follows, since H} and Hj have equal finite dimension, that
(Er) (pns) is invertible and

(114) |y sy < (g)

L(H},,Hn)
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Next note that from (110) and Proposition 5.2, by the symmetry of the second
derivative,

I(ER) (prs) — (Ep) (prs + 77h)||L(H;L,Hh)
2
< o (14 [logh"[mnllzzys2) [Nog bl [l

for all 5, € Hy,, where co = ca(||v]lcs, || |Y/| 72 ||z) from Proposition 2.1.
We can now choose eg = eo(||7||cs, || [7/| 72 |z, A) so that |[log hl||na || g1z < €o
implies

A
(115) ||(Ei/z)l(]9h5) - (Ei/z)l(phs + nh)HL(H;z,Hh) < 1

By further restricting hg, again with the same dependencies, we can ensure that,
see (109),

A
(116) 0<h<hy implies c¢1h< 1 llog h| ™.

From (109), (114), (115), (116) and Lemma 5.1 with o = A\/2, 8 = A\/4, 6 = c1h
and € = egllog |71, it follows that for 0 < h < hg there is a unique s;, € Hj, which
is stationary for Ej and such that

(117) llsh — prs|| g1z < eollogh|™t.

Next apply Lemma 5.1 with o = A/2, 8 = A\/4, § = c1h and € = 4c1h/A. Note
that 6 = (o — B)e (= c1h). Moreover, if 0 < h < hg then € < ¢y|log k| ™! from (116).
It follows that the unique stationary s; as in (117) satisfies

C
(118) Isn —prsllnss < Jh,

where cg = 4c¢;.
Since

s = prslle < ch®2|ls 2 < ch®?|ls]c2 < ch®?|y] s,

we may replace pps by s in (117) and (118), after further restricting hg, o and ¢
if necessary. O

:D — R" is harmonic. Then
ch||ul| g1 opy from (70) and (71)
chl|vllcr|sller from (57) and (59)
ch,

Remark. Suppose u = ®(yos

~—

lull D\ D)

IA N IA

where ¢ = ¢(||v||¢2). Thus the contribution to ||u[|z1(py from the boundary strip
D\ Dy, is O(h). This is consistent with the order of approximation in the following
theorem.

Theorem 5.5. Assume v € C*. Let u be a nondegenerate minimal surface span-
ning I' with nondegeneracy constant A as in (13).

Then there exist positive constants hg and co depending on ||v|cs+ and
|17/ 17t Iz, and X in the case of hg, such that if 0 < h < hq, then there is a
discrete minimal surface up, satisfying

(119) ||u—uh||H1(Dh) < Co/\_lh.
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Moreover, there exists g = eo(||v||ct, | V|72 [z, A) > O such that if u = ®(y o s)
and up, = Pplp(y 0 sp), then uyp, is the unique discrete minimal surface satisfying

(120) lls — sullgis2 < eollogh|™t.
Proof. Let
’LL:(I)(’YOS), Uh:‘I)hIh(’YOSh)a

where s and s; are as in Proposition 5.4. We begin with hg, €y and ¢y as in
Proposition 5.4.
Now

lu — uh|H1(Dh)
|®(y08) = Prln(yosh)|ui(py)

< |@(yos) = Ppln(yoprs)|ur(py) + 1 Prln(y 0 Prs — v 0 sk)|Hi(py)
(121) = A+B.
But
(122) A < chlvc2llsl2,

by the estimate (77) for I; in the proof of Proposition 4.1.
Also,

B < o1+ |1og bl sn — puslzsss ) lsn = pnsllan 2 llc2 sl

by the estimate for A; in the proof of Proposition 5.2, with s, and 7, there replaced
by pns and s, — pps, respectively. Hence

(123) B< %Oh from (118)

provided 0 < h < hg, for a new hg and ¢y with the same dependencies.
It follows from (121), (122) and (123), possibly again with new ¢y and hg with
the same dependencies as before, that

C
(124) |u — uh|H1(Dh) < Xoh
if 0 < h < hg.
Now
(125)  u=unlm ) < elu = unlm ) + Ju = unllzzon,)):

as follows easily by integrating along rays (¢ depends only on n). It is routine to
estimate ||’LL — ’uh”Lz(aDh). Let

ap = Ppln(y o prs).

Then
lu—=wunlr2op,) < llw—1tnlz20p,) + l|@n — unllL2oD,)
< ch?llezllslEe + llan — unllr2cop,)
(126) = c®|[lc2llslEe + D
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from the argument used to estimate I> in the proof of Proposition 4.1, with wuy
there replaced by u;. Moreover,

D = |[In(yopns —vosn)llLzany,)
< P (vopns —yosn)lraop) by (21) as [Va| <1
< |lvopns —yosullrz + chllyoprs — 7o spllm
< clllerllpns = skllzz + chlvllczllsllcr lprs — sullm
by (60), (62) and (23)
< yllezllsllerllprs — skllrz by a standard inverse estimate
(127) < %Oh from (118)

with a new ¢o but with the same dependencies, for 0 < h < hgy. From (124), (125),
(126) and (127) it follows that if 0 < h < hg then

C
lw —un|l gD,y < Xoh,

|

where cg = co(ylles, Il 17" llz=) and o = ho(lyllcs, Il /17 llz==, A).
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