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ON BEST POSSIBLE ORDER OF CONVERGENCE ESTIMATES
IN THE COLLOCATION METHOD AND GALERKIN’S METHOD
FOR SINGULARLY PERTURBED BOUNDARY VALUE
PROBLEMS FOR SYSTEMS OF FIRST-ORDER
ORDINARY DIFFERENTIAL EQUATIONS

I. A. BLATOV AND V. V. STRYGIN

ABSTRACT. The collocation method and Galerkin method using parabolic
splines are considered. Special adaptive meshes whose number of knots is
independent of the small parameter of the problem are used. Unimprovable
estimates in the Loo-norm are obtained. For the Galerkin method these esti-
mates are quasioptimal, while for the collocation method they are suboptimal.

INTRODUCTION

It is well known that the spline collocation method for a nonstiff boundary value
problem leads to a priori high-order accuracy estimates in the uniform norm [1]-[3].

For the Galerkin method in nonstiff problems the corresponding estimates are
quasioptimal [4]—[6]. For the investigation of stiff systems it is appropriate to use
strongly nonuniform meshes [12]-[15]. This circumstance significantly complicates
the problem. Moreover, for stiff problems, it is difficult to select the principal part
of a differential operator. To overcome these difficulties, the authors of [7]-[11]
proposed Petrov-Galerkin type methods involving special bases in the test spaces;
by means of them it may be possible to approximate solutions very well, not only
in the center of an interval but also in boundary layers. In the present article
we use these ideas. For numerical analysis we use C! quadratic splines on meshes
proposed by N. S. Bakhvalov. These meshes have a little number of knots, but they
are denser and closer in the boundary layers. This allows us to obtain high-order
accuracy with small additional computational work. The estimates obtained in this
article have the same accuracy as analogous estimates for nonstiff boundary value
problems. It is shown that these estimates are unimprovable, and, for the Galerkin
method, they are quasioptimal.

Note that for collocation methods similar ideas are used in the papers by Asher
and Weiss [12]-[13] and by Ringhofer [14], but they use other meshes and splines
of high defects.
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In conclusion we note that our investigation of the Galerkin method is based
on the remarkable ideas of J. A. Nitsche, F. Natterer, R. Scott, A. H. Schatz and
L. B. Wahlbin [15]-[18].

1. STATEMENT OF THE PROBLEM.
PRELININARIES AND NOTATION

Let A: —1=1t_, <--- <t, =1 denote any partition of the interval [—1,1],
and let hy = tsy1 —ts. By B;,(t) we denote the B-spline of degree r on the
partition A having support [t;, ti1r+1]. We assume that B; , are normalised so that

Y imioy Bir(t) =1, t € [t tipa]. Let S(A,r, 1) be the space of polynomial splines
of degree r and defect 1 on the partition A. Throughout this paper € denotes a
small positive parameter; C,C7,Cs -+ will be used to denote positive constants
independent of € and the partition A.

As usual, C¥[—1, 1] denotes the space of all scalar, vector or matrix functions on
[—1, 1] which are continuous together with their derivatives up through order s in
[—1,1]; || - llc= will be the norm in this space.

We use the notation || - ||, for the norm in L,[—1,1] (1 < p < o0). Using the
sharp order function, we shall write f(e,m) = O*(g(e,m)) if there exist constants
Cy and C5 such that, for some g9 > 0 and mg € N, and for every € € (0, 0] and
m > mg, the estimates

Cilf(e;m)| < lg(e, m)| < Calf(e,m)|

hold.
If only the first inequality holds, we shall write f(e,m) = O(g(e, m)).
On the interval [—1, 1] consider now the problem

(1.1) Loz = ez’ — A(t)z = d(t), r=(z',2%,..., 2" € R",

(1.2) (=)= =2F(-1) =2 1)=-.. =z"(1) =0.

Here A(t) is a matrix and d(t) is a vector function of class C3. Suppose that the
matrix A(t) has eigenvalues vy (), v2(t), ..., v, (t) such that, for any ¢t € [—1,1],
v(t) <va(t) < - <wvp(t) <O <ypgr(t) < - <wp(t); lwi(t)] > vo > 0.

Let the matrix B reduce the matrix A(t) to diagonal form, i.e.,

B7'AB = diag(vi(t), v2(t), ..., vn(2)).
Represent the matrix B in the corresponding block form

Bi1 Bia
By1 B

)

o

where Bip is a k X k matrix.
Suppose that det B11(—1) det By1(1) det Boo(—1) det Baa(1) # 0.
The following statements are known [19].

Lemma 1.1. There ezists a constant C and an €9 > 0 such that for all € € (0, g
the operator L. has a Green function G:(t,€) satisfying

(1.3) } S G0

and, for the integral operator associated with G:(t,§), the following estimates hold:
(1.4) [Gello—c <C,  [|Gellemer < Ce.

< O/ exp(—wolt — &|/e),
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Lemma 1.2. There exists an g > 0 such that for all € € (0,g¢] the problem (1.1)-
(1.2) has a unique solution x(t). Moreover, for i =0,1,2,3, we have

(1.5) 128 ()] < C(1 + e (exp(ro(t — 1)/e) + exp(o(—1 — 1)/2))).

Lemma 1.3. The homogeneous system L.x = 0 has the fundamental system of
solutions (F.S.5.) (1(t,€),...,Cu(t,e) (0 <e <eg) for which the representations

(1.6) Ci(t,e) = {bi(t) + exi(t,e)} exp <§ /_1 I/i(S)dS> , 1=1,2,...k,

(1.7)
1 1
Ci(t,e) = {bi(t) + exi(t,e)} exp (—g/ I/i(S)dS> , i=k+1L,k+2,...,n,
t
are valid. Here
(1.8) I (o)l < O/, §=0.1,2,3,
and b;(t) is an eigenvector of A(t) associated with the eigenvalue v;(t).
2. GALERKIN AND COLLOCATION METHODS.

FORMULATION OF THE MAIN RESULTS

To construct a suitable partition of [—1, 1] we use the Bakhvalov approach [20].
Let a =1 — (3/vp)eIn(1/¢e); note that @ — 1 as e — 0. Define
o(t) = t, t €10,a],
a—3e/vo+ (3/vo) exp((no/(3e))(t = 1)), t€la,1].
For t € [—1,0] we set g(t) = —g(—t). Then g(t) belongs to C! | and maps

[-1,1
[-1, 1] onto [—b,b] in a one-to-one fashion, where b = a + (3/19)(1 — €). Let m be
any natural number. On [0, b] we set

o ai/m, 1=0,1,....m
a4+ (b—a)i —m)/m, i=m+1,m+2,...,2m.

Points 7; on the interval [—b,0] are introduced symmetrically.
Knots t; of the partition A of the interval [—1, 1] will be defined by t; = g=*(7;),

where g~! is the inverse of the function g. Let h = 1/m. We shall distinguish three
cases:

(a) h<e,

() 0<Cr <¢g/h<Cy

() eln(l/e) < h.

Recall here that h; =t;11 —t;.

Lemma 2.1. In the case () the following relations hold:
3e/(mo(j —m+2)) <h; <3¢/(w(G—m)),  j>m+l,
(2.1) hj = O(eln(1/e)), j=m,
hj = h(1 + O(eln(1/¢))), ji=0,1,...,m—1.
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Proof. For j > m we have
hj =g~ (7j11) — g7 (1)
(2.2) = 3e/vo{ln[(j — m+ 1)(b—a)/m + 3e/vy]
—In[(j = m)(b—a)/m+ 3c/w]}.

Hence, in accordance with MacLaurin’s formula, we get (2.1) for j > m + 1. For
7 < m these formulas are obvious. The lemma is proved.

We next define trial and test spaces. For the trial spaces we take
E={u=(u'(t),u*@),...,u" ()", u'(t) € S(A,2,1),u' (~1) = u?(~1)
= =uf(-1) =)= =u"(1) = 0}

For the test space consider F' = L. FE. It is clear that dim F = dim F' = (4m+1)n,
independently of ¢.

Define the collocation method in the following manner. First introduce colloca-
tion points

&=t +t)/2, i=1,2,....m,

€=t +tie1)/2,  i=-1,-2,...,—m,
& =1ti_1, t=m+1,m+2,...,2m+1,
& =tiv1, i=—-m-—1,-m—-—2,...,—2m — 1.
Let I = {-2m —-1,-2m,...,-m—3,—-m —1,-m,...,—1,1,2,....m,m + 1,

m+3,m+4,...,2m + 1} be the index set. The collocation method consists in
finding u(t) € E so that u(t) satisfies

(2.3) Leuli—¢; = d(&5), jel

(2.4) {Leult=g,nin}” = {d(Ems2)}’, v =1,2,...,k,
(2.5) {Leuli=¢_,, ,}" ={d(E-m—-2)}", v=k+1,...,n
in case (), and u(t) satisfies

(2.6) Leuli—s; = d(t;), j=-2m,—2m+1,...,2m

in cases () and (7).
The Galerkin method of least-square type consists in finding u(t) € E so that
for each v € F,

(2.7) (Leu,v) = (d,v).

Here (, ) denotes the inner product in (La[—1,1])™.
In this paper the Galerkin method is considered only in the case (7). Recall that
h=1/m.

Theorem 1. There exist constants C' > 0, g > 0, hg > 0, v > 0 such that for
all e € (0,e0] and h € (0, ho] with h < yoe the problem (2.6) has a unique solution
u(t) and

(2.8) lz<(t) = u(t)lloo +ellaz(t) — u'(t)lloc < CH2.

Theorem 2. For every v1 > 0 there exist numbers C > 0, g9 > 0, hg > 0 such
that for all € € (0,e0] and h € (0, ho] with y1e < h < €/v1 the problem (2.6) has a
unique solution u(t) and the estimate (2.8) holds.
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Theorem 3. There exist numbers g > 0, hg > 0, v9 > 0, C > 0 such that for all
e € (0,e0] and h € (0, ho] with eIn(1/e) < ~voh the problem (2.3)=(2.5) has a unique
solution u(t), and the estimate (2.8) is valid.

The following theorem shows that, for the collocation method, the estimates
(2.8) are best possible in order.

Theorem 4. There ezist a constant C1 > 0 and a function d(t) € C3[—1,1] inde-
pendent of € and h such that, for sufficiently small € and h, in all three cases (),
(8), () the estimate

(2.9) [z (t) = u(t)]loo > C1h?
holds.

Theorem 5. There exist numbers g > 0, hg > 0, v2 > 0, C > 0 such that for all
e € (0,e0] and h € (0, ho] satisfying eIn(1/e) < ~y2h the problem (2.7) has a unique
solution u(t), and

(2.10) 22 (t) — u(t)||oo < CR.

Remark 2.1. As will be shown

inf — o = 3.
inf [l2-(6) = u(®)|« = OG)
Thus the estimate (2.10) in general is unimprovable and quasioptimal.

3. PROOF OF THEOREMS 1-3
The proofs of Theorems 1-3 are based on the notion of interpolation projection.

Definition 3.1. The linear operator P: C[—1,1] — F = L.F such that PP = P
and (Pd)(t;) = d(t;) for any d € C[-1,1] (j = —2m,...,2m) is said to be the
interpolation projection for cases () and (8); in the case (y) the interpolation
conditions take the form

(Pd)(&;) = d(&;) for j e,
{(Pd)(Ems2)}" ={d(Ems2)}"s  v=1,....k,
{(Pd)(§—m—2)}" = {d(§—m-2)}", v=k+1,...,n.
Lemma 3.1. There exist numbers eg > 0, hg > 0. v > 0, C > 0 such that for

all e € (0,e0] and h € (0, ho], if eln(1/e) < y2h, then the interpolation projection
P(e, h) exists and

HP(aah)||C—>C <C.
Remark 3.1. Analogous statements are true in the cases («) and (3).

Lemma 3.2. Let d(t) € F be the best approzimation of d(t) € F in the sense of
the norm in C[—1,1]. Then in cases (o), (B) and () we have ||d—d| oo < Ch? for
some C.

Lemma 3.3. For all € € (0,20] and h € (0, ho] such that the interpolation projec-
tion P exists, the collocation problem has a solution u(t) in cases (a), (8) and (7).
Moreover, fori=0,1,

() = u(®)| o < |Gello—oi (1 + | Pllo—c)lld = d|c.
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It is easy to see that Lemmas 3.1-3.3 and Lemma 1.3 imply Theorems 1-3.
We outline the proofs of Lemmas 3.1-3.3. The proof of Lemma 3.3 follows from
the estimates

lze —ullci = [[GePd = Gedl[ci < [|Gellc—cil| Pd —dl|c
< Gelle—c:(1P(d = d)|| + |d - dl|c)

and Lemmas 3.1 and 3.2.
The proof of Lemma 3.2 is based on the approximation theorems of de Boor [21]
for the space of splines on nonuniform meshes. These theorems and Lemmas 1.2

and 2.1 imply that there is a function z(t) € E which satisfies
(3.1) () = 2(t)]loo < Cg®,  elll(t) — &' (t)]loe < CR*.

Letting d = L.z, due to (3.1) we obtain ||d — d||oe < ||d — d||oc < Ch2, i.e., the
assertion of Lemma 3.2. For details of the proof, see [7] and [9].

Remark 3.2. The case a = 1 —2/1peln(1/¢e) was considered in [7]-[9]. To establish
the statements in the case a = 1 — 3/wpe In(1/¢) there are no essential changes.

The proof of Lemma 3.1 is based on the following statements.

Proposition 3.1. The interpolation projection P exists if and only if there exists
a basis N1,...,Ng (N; = N,(t,e,h)) in F such that, in the cases () and (), the
system of linear equations

(3.2) Zaj = fi, i=—2m,...,2m,

has a unique solution; and, in the case (), the system of linear equations

Zaj = fi, 1€l

v

q
(33) Z §m+2 = {fm+2}V7 V= 1727"'7k7

v

ZO‘J i(E—m—2) p = {f-m-2}", v=k+1,...,n

has a unique solution for any collection of vectors f7 € R™.

Proposition 3.2. Let the basis {N;(t)} from Proposition 3.1 satisfy the following
conditions:

1) 350 IN;O)lge < Cy for any t € [-1,1].

2) There exists a constant Cy such that for any collection of n-dimensional vec-
tors f; with || f;||rr < 1, the solution of system (3.2) (or (3.3)) satisfies the estimate
max <j<q | < Cy.

Then for the family of interpolation projections, the uniform estimate ||P|lc—c <
0102 holds.
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For proofs of these simple assertions, see [8] and [9].

A basis satisfying the conditions in Propositions 3.1 and 3.2 is called an N-basis.
Thus to prove Lemma 3.1 and Theorems 1-3 it is sufficient to construct an N-basis
in F = F(e, h).

Lemma 3.4. There are functions

Nij(t,e) = bj(tiv1)Bit1,1(t) + ®i5(t, €) + pij (L, €),
(i=m+ig,m+io+1,...,2m—2;

(3.4) i=-2m-—2,...,—-m—ig—4;j=k+1,k+2,...,n),
(i=m+ip—1,...,2m—2;
i=-2m-—2,...,—-m—ig—3;5=1,2,...,k),

in the space F' such that

(3-5) supp pij C [t—2ma t—m—l] U [tm+1a tQm]a

(36) supp q)ij(t,é') C [ti+1,ti+3],

(3.7) ld" @i /dt”|| poor—1,1) < C/(|5] — m)hj_”, v=20,1,

(38) iy At | L, 101 < € max{([i] —m)®. (la| — m)*}h;",  v=0.1.
where ig is a sufficiently large number and C' is independent of ig.

Lemma 3.4 was proved in [7] and [11], where the estimates (3.7) and (3.8) were
obtained only for v = 0. We shall prove them for v = 1. As it was shown in the

proof of a lemma on basis functions in [9], the functions ,;(t,€) can be written in
the form p;;(t, ) = Lokij(t, €), where k;; € [S(A,2,1)]™, and, moreover,

(3.9) [ijllee < C/(Ji] = m).

Consider the function p;;(t,¢) on an arbitrary interval [tq, t4+1]. Represent this
function in the form

(3.10) pij(t,e) = ex'(t,e) — Ag(t)rij(t,€) — (A(t) — Ag(t))ri;(t ),
where
Ag(t) = A(ty) + A'(tg)(t — tq) + A" (tg)(t — t4)*.

tq) +
) and the fact that ;;(t, ) is a poly-
3.9) and Lemma 2.1 we have

Taking into account the smoothness of A(t
nomial of the second degree on [t4, t4+1], by (

< Chg/(li] —m)

Altq))kij(t,€)
Loo[tq,tq+1]

< C*/((li| = m)(lg] = m)) < C/ max{(li| = m)?, (lg| — m)’}
for v = 0,1. According to estimates (3.11) and (3.8), for v = 0 we have
(3.12)  [lea’(t,€) = Ag(t)ri; (t, )| Locitytar) < C/ max{(i] = m)?, (la| —m)*}.

The function ek;;(t, &) — Aq(t)K4j (¢, €) is an n-dimensional vector function, each
component of which is a polynomial of degree < 4 on [t4,tq+1]. Using the equiva-
lence of norms in the space of polynomials of fourth degree on [ty,t4+1], by (3.12)

(3.11) H dtv
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we get

9 ety — Ag(t)riss)

1 o
313) | e

< C’h;l/max{(|i| —m)®, (lg| —m)*}.

Loo[tqstq+1]

By (3.10), (3.12) and (3.13) the estimate (3.8) follows from v = 1. The estimate
(3.7) for v = 1 may be proved analogously. The lemma is proved.
Fori=-m—1iy—2,...,m+ig—2and j=1,...,k, put

(3.14) Nij(t) = Le(Bi2b;(ti)),
and fori=-m—i9y—3,...,m+ig—1land j=k+1,...,n define
(3.15) Nij(t) = Le(Biy1,2bj(tiv1))-

As was shown in [8] and [11], the set {NN;;} is a basis in F' in cases (3) and (7).
From (3.9) and (3.8) it follows that it is an N-basis. This completes the proof of
Theorem 2.3.

Note that in the case () (Theorem 1) the proof of Lemma 3.1 is considerably
easier and does not require construction of an N-basis (see [9]).

4. PROOF OF THEOREM 4

Let b1(t) = (b1,1(t),...,b1.n(t)) be an eigenvector of the matrix A(t), associated
with A1 (¢), and let e; = (0,...,0,1,0,...,0) be the unit vector. Put

. t—1 t+1
4.1 d(t) = A(t b1i(—1)—— —b1:(1)—— ) €;.
(1) =403 (DG b )
Let x. be the solution of the problem (1.1)—(1.2), and w(¢) the unique solution of
the corresponding collocation problem (2.6). We shall prove that the estimate (2.9)
holds (in the cases (@), (8), (7)), if € and h are sufficiently small.
Let

(4.2) (t) :; <<1,i(—1,g)t;1 —gl,i(1,g)t;1) e,
and
(4.3) d(t) = L.x(t),

where (1 (t,e) = (C11(t,€),...,(1n(t €))7 is an element of an F.S.S. of the equation
Lex =0 (see (1.6)). From (1.6)—(1.8), (4.1) and (4.3) we conclude that

(4.4) ld(t) - d(t) s < Ce.

Let z.(t) = G.d(t) and T.(t) = G.d(t) be solutions of the problem (1.1)-(1.2)
with right-hand sides d(t) and d(t), respectively, and let u(¢) and @(t) be solutions
of the corresponding collocation problem in cases (a), (8), (7). Take y.(t) =
T (t) — z(t) and v(t) = w(t) — u(t).

Proposition 4.1. For sufficiently small € and h
(4.5) y=(t) —v(t)[l0 < Ceh®.
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Indeed, y.(t) solves the problem (1.1)-(1.2) with the right-hand side d(t) — d(t),
and v(t) solves the corresponding collocation problem. Then the estimate (4.5)
follows from (4.4) and Theorems 1-3. The proposition is proved.

Rewrite the estimate (4.5) in the form

(4.6) |(Te — @) — (ze — u)||oo < Ceh?.
This means that the estimate (2.9) will be proved when we show that
(4.7) 7 () — a(t)lloo > CR>.
From (4.2) and (4.3) it follows that
(4.8) T(t) =7(t) + Gi(tse),

since T.(—1) = T.(1) = 0. Let us prove the estimate (4.7). First of all we observe
that, due to (1.6)—(1.8), we have

2

L Gten = (%@)le(t) exp {1 / tl i (s) ds}

+ O exp {2 /_tl 0 (s) ds}.

Since for —1 < t < t,,,_2 collocation points coincide with knots of the partition A
in all three cases, we have eu(t;) = A(t;)u(t;)+d(t;) (i = —2m, —2m+1,...,m—3).
Hence on [—1,t_,,—3],

(4.9)

(4.10) eu' (t) = R[A(t)u(t) + d(t)],
where R denotes the projection which maps every n-dimensional vector-function f
into the n-dimensional broken line interpolating f on t_oy,, ..., t_m—_3. From (4.10)
we have

I -
(4.11) u(t) =a(-1) + g/ R[A(s)u(s) + d(s)] ds

-1
for t € [—1,t_p,—3]. It is obvious that
I -
(4.12) T(6) = To(-1) + / [A(s)z. (s) + d(s)) ds.
-1

From (4.11) and (4.12) we obtain

1t
Te(t) —a(t) = (@(=1) —u(-1)) + - / (d(s) — Rd(s)) ds
(4.13) - !
+ g/ RA(s)(T:(s) —u(s))ds = S1 + S2 + Ss.
—1
Assume that the estimate (4.7) does not hold. Then there exists a function

v(e,h) — 0 as € — 0, h — 0 such that
(4.14) Ze (t) — 1(t)| oo < v(e, h)h?.

To be specific, let m be an even number. Put ¢ =t_g/9,, in (4.13). Then from
(4.14) we have

(4.15) [7-(~1) = 51| < vle, )2
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and
1 t_3/2m

! / RA(s)[7. (s) — 1(s)]ds

€J

(4.16) Rr

< C(t_sjom + 1)/ev(e, h)h* < Cv(e, h)h>.

The last inequality holds since Lemma 2.1 implies that, for —2m < ¢ < —3/2m
in cases (@), (8), (7),

(417) Cieh < tiy1 —t; < Cth, Ci > 0, Cy > 0.

Hence (t_3/2, + 1) < Ce.
Further, due to the smoothness of d(t) and (4.17),

(4.18) < Ce™Mt_gmy2 + 1)(eh)® < C(eh)*.

Rn

E / ) — Ri(s))ds

€J1

Let I be the unit matrix and E be the identity operator in C[—1,1]. Then, by
(1.6) and (4.8),

ST A - RAG)(9)ds

€J-1

1 [t-3m/2

=2 /_1 (E — R)(A(s)z:(s))ds

(419) 22 [ B - R s
+e /_173"1/2 (B~ R)(A(s) =1 (s)])
1 S

X (5771(575) exp (g /_1 vi (T, 5)d7’))

=J1+Jo+ Js.

To evaluate Ji,Jo,J3, let us use the formula for the residual term in linear
interpolation on [t;,t;11]. According to this formula, for each function f(s) €
C?[—1,1], for s € [t;,t;41] we have

Lf" )V’
2

(4.20) [(E—-R)f(s)) = (s —ti)(s — tit1), n € [tistip],

where j is a number of a component of the vector f = (f*, f2,..., f™).
Due to (4.2) we have |[T.(s)| < C. By virtue of this fact and (4.17), (4.20), for
f =77 we get

(4.21) Jy < Ceh?,

Relations (1.7) and (1.8) imply that the second derivative of the function located
under the symbol (E— R) in the expression for Js is estimated by C'/e. Considering
this estimate and formulas (4.20) and (4.17), we obtain

(4.22) Jy < Ceh?.

Let us estimate Jo. Choose a number j in such a way that by j(—1) > C' > 0 holds
for the jth component. Due to the smoothness of by(t), for any n € [—1,1_3,, /2]
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with € small we have by ;j(n,e) > C > 0. Therefore from (1.6)-(1.8) and (4.9) we
get

1 . 17
(4.23)  —=[ ()¢ ()l > e *Cexp (—/ Vl(S)d8> >Ce?, O >0,
2 €J

for n € [ti,tit1] (—2m < i < —3m/2) (since by virtue of (4.17) n +1 < Ce and
vi(n) < —yp < 0).
From (4.23) and (4.20), for s € [t;, t;iy1] (—2m < i < —3m/2) we have

(4.24) (B = R)(v1(s)Ci(s, €))7 = Ce™(s — ti) (ti1 — 5)-
By (4.24) and (4.17) we obtain

1 / TNE - R ()G (s, )P

€J-1
—3m/2-1 4
(4.25) Z 3 Z / C(s —t;)(tiv1 — s)ds
i=—2m vt
—3m/2—1
C (ti-i-l — ti)?’ Cth 2
=3 > > Ch C > 0.

However, (4.25) contradicts (4.13)—(4.19) and (4.21)—(4.22). Theorem 4 is proved.

5. PRELIMINARY RESULTS

This section is devoted to preparations for proving Theorem 5.

5.1. On series and finite sums estimates.

Proposition 5.1. For every v and § (1 < v <) there is a constant C(v,0) such
that, for all numbers k and s,

*f 1 __Ck9)

A (k=) (14— s T (L + |k —s)r

Proof. Let k < s. Let us divide the sum in the left side of the inequality into four
SUMS, Y 1, D 95 23, 2y, il accordance with the change in i: i € (—o0, k] for ) ,;
i€ (kk+[(s—Fk)/2]) for Y oi€ [k+[(s—k)/2]+1,s] for > s;and i € [s+1,00)
for ),. We then obtain

1 - 1 C() C()
d.< (1+s—k)5i;w AHTh—i) ~(Qts—F ~(Ats—k7

1

The terms ) ,,> 5, >, are estimated in the same way. The proposition is proved.

Proposition 5.2. Let the function F(x) = f(k—x)g(xz—s) be monotone increasing
(decreasing) and continuous on the interval [q,p]. Then

Y F(i) < pF(a:)da: p F(i) < pF(x)dx
; /‘1 i:Xq—:i-l /q

This is a modification of the Cauchy-MacLaurin criterion.
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5.2. Some properties of singular exponents on the mesh A.
Lemma 5.1. For each v € (0,1] and g=m+1,...,j (j > m+ 1) the estimates
(5.1) exp(rro(t —t5)/e) = 0" ((q —m)**/(j —m)*), T € [tg,tgr1],

are valid.

Proof. Due to Lemma 2.1 we have

j—1 j—1

3¢ 1 3e
C_t>t — ¢t = > — I——— ) — — 1).
izt 3 k2o 30 e = (G (amm) o)

Substituting this in the exponential we obtain (5.1). This proves the lemma.

Lemma 5.2. Let functions g1(t,€), g2(t,e) € C3[—1,1] be such that for some k €
(0,1]

|d'g1(t,e)/dt'| < Ce™"exp(rvo(t — t;)/e), t € [tmg1,t;], 0<i <3,
|d'ga(t,e)/dt'| < Ce™"exp(kuo(t; —t)/e), telftj,1], 0<i<3.

Then there exist functions Z1(t,€), Za(t,e) € S(A,2,1), approximating g1 and g2,
such that

‘ d'(Z1 — g1)
5.2 W Dt
Ce™? . .
= (j —m)3~(q —m)3-i=3r (i=0,1im+1<q¢<j-1)

and

d"(Zy — Ce™*
(5.3) ‘ (27192) < % (i=0,1;q > j).

dt Loo[tq,tq+1] (g —m)

Proof. By virtue of an approximation theorem of de Boor [21] there is a function

Zi(t,e) such that form+1<¢g<j—1landi=0,1

d'(Z1 — gi)
dtt

< Chg_i Hgi”HLoo[tq—l Jtg2]
Loo[tqstqt1]

< Cle/(g —m))* e exp(ro(ty —t;)/e).
But, according to Lemma 5.1, exp(v(ty — t;)/€) < C(q—m)3*/(j —m)3*, implying
(5.2). The estimate (5.3) is obtained similarly. The lemma is proved.

5.3. Properties of N-bases in trial spaces. Let us study the functions V;; from
Lemma 3.4. Let b,(t) be an eigenvector of A(t) and let

(5.4) Nij = ZWZ{j ()bp(t).
p=1
Lemma 5.3. The representations
(5.5) V57 (t) = 6pBi1.1(t) + @ij(t, €) + fiaj(t, )
are valid, where 64, is the Kronecker symbol, j,p = 1,...,n, t € [tmtigt2,1] U

[—1,t—m—io—2], and i changes on the index set from Lemma 3.4. In addition, ff)ij
and fi;; satisfy formulas (3.5)—(3.8).
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Proof. Let the vectors by (t) be such that (by(t), by (t)) = dp for each fixed ¢ (here the
inner product is considered in R™). From (5.4), by simple computations, one can
show that v"7(t) = (Ny;(t),bs(t)). Hence by virtue of continuity and smoothness
of by (t) and by formulas (3.4)-(3.8), we get the lemma.

Denote the length of the B-spline support in the representation (3.4), (3.14),
(3.15) of the function N;; by Z;;. Let L¥ = —ed/dt — AT (t) be the formal conjugate
operator of L..

Lemma 5.4. There exists a constant C such that for any x(t) € (Leo[—1,1])",
[#]loo <1,

(56) |({,C,L:NU)| S Cmax{Lij,E}.

Proof. Let L;j < Ce. Consider the case in which N;; has the representation (3.4)
(the representations (3.14) and (3.15) are considered similarly). We have

|(@, LINij)| < |LINijlln < [ LZBisv1,1bj(tin)lln + [[LE®is (&) (|1 | LZpig (E, €)1

Further, by virtue of (3.7) and the inequalities || B;t1,1][1 < C'Lij and || B, 4l1 <
C, we have

(5.7) ILZBit1,1b;(tiv1)[l1 + |1L2®i511 < Cle + Lij)
and, due to (3.8),

Lzl <> ||€#w A(t)piz|| pedt
lp|>m+1""P
Ce
< n
(58) NP e 7 N ey
Ch
- T .
2 el (= )

From (5.7) and (5.8) the estimate (5.6) follows for L;; < Ce. In the case L;; > ¢,
the representation (3.14) or (3.15) holds for N;;, the term 6;; is missing, and the
term containing the B-spline is estimated similarly to (5.7). This proves the lemma.

Lemma 5.5. For anyp and q withm+ig <p < q<2m—2, and forj=1,2,...,n,
the estimates

< Celn((g —m)/(p —m))

q
L2Y Ny
v=p 1

are valid.

Proof. We have

q
L:ZNV]( L*ZBV-l-ll )ej(u-l-l +L Z(I)Vj +L*ZNV]
v=p

v=p =p

Further, by virtue of Lemmas 3.4, 2.1 and the above relation, we have

q
Z Byy1a(t) =1 fort € [tpra,tgral,
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and

q
L; Z Byiia(t)ej(tur)|| <ellByrri(t)ej(tprn)lh

v=p 1

< Cle+tgr2 — tp+1) < Celn((g —m)/(p — m)).

Next, according to (3.6), (3.7) and Lemma 2.1,

q
L: Z ®,,(t, 5)

q
<e Z@ (to)|| +C|D  Pu;(te)
1 v=p 1
q+2 q+2 tot1
< Z/ ZH‘I’ Nl ndt + C Z/ Dol n
rk=p+1 =p r=p+1
q+2
< Ce Z 1/(k—=m) 4+ C(tg+s — tp+1)
k=p+1
< Celn((g —m)/(p —m)).
Finally,
L*Zuw (t,e)
2m—1 t~+1 2m—1 typ1 9
3 / Zl\uwtf lpndt +C 37 / > Ml €)l| et
rK=m+1 r=m+1 v=p

2m—1 Ce
SIS Ty R—
W/ e pmax{ K )3, (v —m)3}
szl 2mzl Ce

W/ — max{(k —m)?, (v —m)}

2m—1 1
coe Y L _coe

r=m-+1 (li - m)3 B

The lemma is proved.

5.4. Properties of bases which are biorthogonal to bases {N;;}.

Lemma 5.6. In the space F' there are bases {\;j(t)} which are biorthogonal to the
bases {N;;} (i.e., (Nij, Aps) = 0i;0ps); moreover,

n 2m—2

(5.9) i) =>" > YN,

s=1p=—2m—-2
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where
(5.10) [kl < C/((+ |i = pl)? max{Lyj, Lps}),
(5.11) VA< C/((L+1i = )P (Lij Lps) ).

This lemma was proved in [11].

Lemma 5.7. There exists a constant C such that for every i,7 and v with
2m—-2<i<2m-—-2,1<j<mn, 2m < v < 2m—1, and for every t €
[tu,tut1], the following estimates hold:

(5.12) N0l < O/ (Lis (1 +1i = 1)),
(5.13) i (Ol < C/(Liy mise L) /(1 + i = v])/2).

Proof. Applying Lemma 5.6, we have

n 2m—2

POl <3 N8
(514) s=1 p*—2m 2
<CY YD MEHIB0) + it 0)] e,
s=1p=v—2

where B, (t) denotes a B-spline of the first or second degree in the corresponding
basis function representation.

Further, due to (5.10), Lemma 3.4 and Proposition 5.1,

n 2m—2

Yoo > Pl Olae =" > hlllaps @)z

s=1p=—2m—-2 s=1 m+io<|p|<2m

<C/Ly > Y. 1((+[p—i)? max{(|p| — m)®, (|[v] — m| + 1)*})
s=1 mig<|p|<2m
< C/(Liymax{(1+ |i —m|)?, (1 +[|v| —=m|)*}) < C/(Li;(1 + |i — v])%.

The similar estimate of the first term in (5.14) follows from (5.10). Using a
similar argument, the estimate (5.12) can be proved.
Using (5.1), we can prove (5.13) in the same way. The proof is completed.

Lemma 5.8.
(5.15) Al < C.
Proof. Lemma 3.4 implies that ||Nps|l1 < CL,s. Hence by (5.10) we have

n 2m—2
il <7 D0 il Ngslh
s=1p=—2m—-2
2m—2
< CZ D Lps/((L+ i = pl)* max{Lys, Li;})
s=1p=—2m—2
n 2m—2
<c Y Ya+li-pl?
s=1p=—2m—2
The lemma is proved.
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Lemma 5.9.
(5.16) [GeXijlloo < Cmin{l/e,1/Lij}.

Proof. From the inequalities ||Ge(t, €)oo < Ce and || Nps/Lpslli < C and Lemma
5.6 we get

n 2m—2

IG XMl re <D D WIGNys(t)l|
s=1p=—2m—-2

n 2m—2

SOX X G/ Lyl /1 4l =)

n 2m—2

<C/e>" S INp/Lpslln /(14 ]i — pl)* < Ce.

s=1p=—2m—2
By virtue of Lemma 1.1, ||Ge||n..—1.. < C, and hence
1GAij (B)lloo < CllAijlloe < C/Lij-
The lemma follows from the last inequalities. The proof is completed.

5.5. Some properties of the Green function in the problem (1.1)—(1.2).

5.5.1. Ezxpansion of the Green function in the eigenvectors of the matriz A(t). Let
b, (t) be the eigenvectors of A(t), and expand G¢(t,&) in the following way:

(5.17) Ge(t,8) =Y Bu(t, el
v=1
Lemma 5.10. The estimates (v =1,2,...,n)
C
5189 [ oe0] < ewnli-de a-o
hold.

Proof. This follows from Lemma 1.1, the relation 5, (¢,£) = (Ge(t,£), b5(€)) (see
the proof of Lemma 5.3) and the smoothness of the vector b} (£).

5.5.2. On spline approzimation of the Green function. Let t € [ts,ts+1] C [Emtig+2, 1]-
We shall construct two specific spline approximations of the function G.(t,¢) as a
function of £ when t is fixed.

Lemma 5.11. There is a matriz function Z1(t) such that:
1. For each fized t, the rows of Z1(t) are elements of the space F.
2. maxeeqr, 1,441 |1 Z1(8,€) — Ge(t,&) || gnxn < C/(e(v —m)?), s <v < 2m —1.
3. supp Z1(t,&) C [t, 1], where ty = ty_j(s—m—1)/2) (t is fized, & changes).
4. ||Z1(t7§)||Loo < C/E (_1 <t €< 1)

Lemma 5.12. There is a matriz function Zs(t,£) such that:

1. The rows of Zs(t,s) are elements of the space F for every fized t.

2. massp, g1 [1Z5(1,€) — Gelt, &)l e < CJ(e(s —m)?), m+1<v < s.

3. supp Za2(t,€) C [tmt1,ts], where t. > tg; ts is a knot such that either t, = 1
or t, —ts = O*(e).

426l < CJe ((1<1,E<1).
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Let us prove Lemma 5.11. The proof of Lemma 5.12 is similar.

Consider an arbitrary row g.(t,¢) of the matrix G.(t,&) for some fixed ¢t. For
this row let us consider the problem L.§(¢) = [g-(¢,€)]T with boundary conditions
(1.2). The solution d.(¢,&) of this problem may be estimated as follows:

18-, ) e = H / 11 Gu(6.7)g- (1,7

Rn

1
<5 [ explomle = rl/e) exp(-mit = rl/ir

C [t — 7] [t — 7]
<—|1+——exp|—1o——
€ € €

< C(k)/eexp(—kuro|t — €| /e)

for every x € (0,1). Analogous estimates are also valid for 875, (t,£)/0&7, 5 = 1,2, 3.
Letting x = 2/3, from Lemma 5.1 we get that there is a spline d, ., (¢, £) defined
as a function of £ on (ts41, 1] and satisfying (for ¢ = 0,1) the inequality

C

w—m) V> s.

27 il

(519) ||(6€,m(t7€) - 6€(t7£))(i)||Lm[tuatu+l] < gitl

Continue the functions . ., on the interval [—1, 1] in such a way that the quantity
ell0e,mlloo + ||0c,m /o is controlled. With this aim in mind, take a point ¢, = t,
(b =s—[(s—m—1)/2]). It is easy to show that t; —t. = O*(¢). Let t.. be a closer
knot to the middle of interval [t.,¢s]. Then t.. —t. = O*(¢) and ts — t. = O*(e).
By using t.,t.«, and ts we construct “patch-functions” (see [7]) Z1(t) and Zs(t),
parabolic splines and for which

(@) - L
ZJ (t*)_o (Z,]—O,l),
Zi(ts) =0, Zi(ts) =1, Zs(ts) =1, Zs(ts)=0.
From estimates obtained in [7] it follows that
(5200 17Ol <Ce' 127 (D0 <CT (1=0,1).
For t € [t«,ts] we put

(5-21) 5s,m(tv§) = 5s,m(tvts+0)22(§) + 5;7m(t,t5+0)Zl (5)

The continued function is sewn smoothly into the point ¢; and vanishes with
its derivative at the point t,. Obviously it is possible to consider this function as
defined in the whole interval [—1,1], if we put 6., (t) = 0 for t € [-1,t,]. From
estimates of g.(¢,€) (see Lemma 1.1) and the definition of d. (¢, ) it follows that

(5.22) 1680, (8, tsv0) [ < O/
From (5.20)—(5.22) we obtain
(5.23) [ Lee,m (b, )| Lot 2, < Ce.

Now let Zi(t,£) be the matrix whose rows are the vectors Lede ., (t,§). Then
from (5.19) and (5.13) we let Lemma 5.11.

Let us establish two estimates on the approximation of the functions G (,€)
and Z,(t,§).
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Lemma 5.13. The following estimates hold:

H/ — Z1(t,€))Ai; (€)
(5.24) _c |
=% (( o )
fort € [ts,tsy1], m+io+2<s<i+2; and

H / — Za(t,€)hig (€)de

(5.25) R"

=% <<z —;1)3/2 e Iz‘l—SW“)

fort € [ts,tsy1], m+io+2<i+2<s<2m-—1.

Proof. Let us prove (5.24). The estimate (5.25) is established in a similar way. We
have

H / ~ 260 (€)

R'n.

(5.26) < / (Gelt€) — Za(1,€) [ sonen | Miy ()| o

—1
1
+ / 1G(t,€) — Z1(t, ) nrn | 0y (©)]] .
Further, due to (5.13),

t
/_ IGH(E.€) = Z1(.) v A€

(5.27) , .
< [ 16 Olmee INONE + [ 1266 e g€ n
—1 -1
t
Gt rnee I Ol
C t
(5.2) <Z [ emlomle /2N Ol de

C tm tm+1 t
S )
€ -1 tm t7n+1

Since ¢|lne| < 1/m and t € [t,y1,1], we have exp(—1p|é — t|/e) < Ce? for
¢ € [-1,ty,]. Thus, according to (5.15),

tm
(5.20) 1/e / " exp(rnlt = €A s < Ce.

Further, due to (5.13),

1 [tmi

g/ exp(—vol€ — t[/2) [ Aij ()| rd€ < ClING (O Lt ,trms]
5.30) b

( C(i—m)/? - c

= g|llnel(i —m)5/2 = (e(i —m)?)
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Now applying Lemmas 5.1, 5.7, 2.1 and Proposition 5.2 we obtain

1 t
Z /tm+1 exp(—vol€ — t/2)]| Nij (&) || d€

s tp+1

exp(—10|€ — t|/e)[|Xij (§)[| rnd§

tp

»(p—m)*(p — m)Y2(i —m)'/?
(s —m)3(1 + |i — p|)5/2

IA
ol
|
WE
>

p=m-+1
(5.31) L0 v fp=mPp—m) P —m)'?
T A= (= me(s —m)P(1+ i - pl)>
C(i—m)? 1
ez zm o
~ e (s—m)l/? Z (1+i—p)5/2

p=m-+1
<9 (s —m)/(1+i—s)52, s—m<i-—s,
T e | 1/(1+i—s)%? s—m>1i—s,
<C/(e(1+1i—s)%?).

By means of property 4 from Lemma 5.11 and (5.13) we get analogously

/_1 IIZl(t,é)lanxnI|/\ij(§)land€=/t 121 (E, )| rmxn [ Aij (€) || e d

C t
<= | X () rndg

e Ju,
< Z /tw((p —m)(i —m)"? /(L + i = p|)>/ %" dg
(5.32) =g =),
C . . 1
< =(i-— /2
S g(l m) ; (1+1i—p)5/2(p —m)1/?
Cli-m g~ 1 c
=7 <
= ¢ (s—m)1/2 pg; (1+i—p)5/2 = 6(1+z’—3)3/2’

where s’ = s —[(s —m —1)/2].
From (5.27) and (5.32) we obtain the estimate

—~

t
/HQ&@—%@MWMWMMW%
(5.33) -1

| Q

<=1/ 4i-s5)>2+1/(1i—m)¥?).

€
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Due to property 2 from Lemma 5.11, estimate (5.11), Lemma 2.1 and Proposi-
tion 5.1, we have

1
/t G (t,€) = Z1(t; )l gron | Aij ()l rm dE

9 mz (2—771)1/2(1/—771)1/2
(5.34) e = (wv-mPv-—m e/(1+]i—v])>?
. C(i —m)/2 20 1 _

== Z@_m)s/z(w—vwm

¢

~ (i —m)?

From (5.33) and (5.34) we obtain (5.24). The lemma is proved.

5.5.3. On decomposition of the matriz Z,(t,§) in the basis functions of the space
F. Since each row Z,(t,£) (p = 1,2) is an element of F, it may be decomposed in
the basis {N]}, i.e.,

-2

n 2m
(5.35) Zpt,6) = > tNS©),

j=1li=—2m—-2
where the aj;(t) are column vectors. Let us study the coefficients af; (t).

Lemma 5.14. Let t € [ts,ts41] C [tmtio+2, 1]. Then

(5.36) ap; () = B5(t, tivz) (1 +0 <|z|+m) O (W))

(if s < i+ 2, then for p = 1; if s > i + 2, then for p = 2), where (3;(t,§) is the
function from (5.17).

Proof. To be specific, let s < i+ 2. For £ € [tm4iy+2, 1] we have

n  2m-—2

(5.37) => Y o« (©),

j=1 k=m+ig

since N,;(§) =0 for kK < m+ iy and & € [tm4ig+2, 1] (see Lemma 3.4).
Further, in accordance with Lemma 5.11,

(5.38) Z1(t,€) = Go(t, &) + O(1/(e(i —m)?), € ty,tyyr), v>s+1.
Substitute £ = ¢, in this representation and apply (5.37). Then

(5.39) Zn:

forv=s4+1,8+2,...,2m. To simplify (5.39) we use the decompositions obtained
in Lemmas 5.3 and 5.10, and write

=S Wegt), Geltit) = 3 Byltitu)eq(ts)
q=1 p=1

Z_ (NG (E) = Ge(t,t,) + O(1/ (e(v — m)?)
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Substitute these decompositions in (5.39) and equate the coeflicients of the vectors
eq(t,). In accordance with (5.5) we get

(5.40) i (G2 + By (t0) + pns (t) g (1) = By(t:t,) + O(1/(e(v — m)?),
r=m-+1ig

v=s+1,s+2,....2m, j=12,...,n.
Since Lemma 5.11 yields || Z1(t, &)||gnxn < C/e, from (5.37) we then obtain

2m—2
(5A1) D" (Bumtz + Tuj(ty) + fij () ak; (1) = O(1/e),
r=m-+1ig

v=m+io+2,...,8, j=12,...,n,

in a similar way.

Let us consider (5.40), (5.41) as a system of linear algebraic equations with
unknowns a}lj (t). From Lemma 5.3 it follows that for sufficiently large iy the matrix
of this system has its inverse matrix bounded uniformly in € and m. Therefore,
since ||Ge(t, &)|| gnxn < C/e, we have

(5.42) max ||o<,1€j(t)||Rn < CJe.
v,jite[—1,1] -

By virtue of Lemma 5.3, the values ju,;(f,) and ®,;(f) satisfy the relations
(5.43)
lfinj(tn)| < Cmin{l/(k — m)?,’ 1/(v— m)g}’ Py (t) = O(1/(k —m))dynto.

Finally, transform the system (5.40) in the following way. Move the terms with
number K = m + g, ..., — 2 to the right-hand side and use the estimates (5.42),
(5.43). As a result we get

2m—2
D Gunra(L+ 01/ (k= m))ay;(t) = B;(t t,) + O(1/(e(v = m)?)
rk=s—1
forv=s4+1,s+2,...,2m. This is a system with a diagonal matrix. Solving this

system, we have
(1) = Bj(t tra2) (1 + O(1/ (5 — m)) + O(1/(e(k — m)?))).
Hence (5.36) holds. The proof is completed.

6. PROPERTIES OF THE FUNCTIONS G:\;;(?)

The two statements below play an important role in the proof of Theorem 5.

Lemma 6.1. The following formulas are valid:
1°. For —m <i<m —3,t € [ts,ts41], and —2m < s <2m — 1,

(6.1) [GeAij ()] rn < Cm ((1 n |z’1— s[)? + (n _|1¢|)3/2) '

2°. For |i| > m +ig, t € [ts,ts+1], and s € [-2m,m + i+ 1] (i > 0) or
s€[-m—1ip—2,2m—1] (i <0),

C 1 1
(6.2) [GeAij (Bl rm < . ((1 i — 8|2 T (li| - m)3/2> '
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Lemma 6.2. For |i| > m +ig, t € [ts,ts+1], |$| = m + 10+ 2, and i > s we have
(6.3)

() = 8, BRI RS 1 1
aaxstt) = st (140 () 40 (o + )
where the §;(t,§) are defined on [—1,1] x [—1,1], and

C
(64) Haqﬁj(t,g)/aquRn < cl+

6.1. Proof of (6.1). Let t € [ts,ts41]. In accordance with (5.12), the relation
L;j = O*(1/m) and Lemma 1.1 we have

(6.5)

1GAis (B)lle = H / 11 Gt 7€)

qexp(—l/0|t—§|/£), q=0,1.

2m1

v=—2m

5[ eano

tyt1
Z T ) evolt = gl/epe

2m—1

<Cm Z m exp(—wplt — t,|/€)(1 — exp(—wvohy/€).

v=—2m

If v changes from —m to m, then all values exp(—w|t — t,|/€), except maybe a
single one, would have been of order O(g?) due to the condition ¢|Ine| < 1/m. If
|v| > m + 1, then

1- eXp(—l/()h,,/E) < Oh,,/€ < C/(|V| - m)

From these facts we have

(6.6)
Cm ! 1 exp(—wvolt — tu|/€)
G i@)lpn < ——mMmMm—=+C -
12Ol (1+ i —m|)? " m(,,_zm;rl (1+1i—v|)? v—m
—m—1
exp(—wvolt — t,|/€)
_|_
V_X_;m 1/( 1+|Z—V|) vl —
Cm 2m—1 1 —m—1 1
< —5+Cm —— t - .
e on (3 e 3, wree)
Further,
2m—1 1 2m—i 2m—1
—_— = e + e
2, ) V_%f ! mz( !
C’ln C
S TmoiE CV Xm: Z = =l

The second sum in (6.6) is estimated analogously. Thus from (6.6) we get
IGXijll R < Cm(1/(1+ i = s)* +1/(m — [i])?).
This concludes the proof.
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6.2. Proof of (6.2). To be specific, let i > m+ig and ¢ € [ts, tsy1] C [—1, tmtio+2]
(the other case is considered in a similar way). By virtue of (5.9), (5.10) and
Lemma 5.1

2m—1

3 / QYRS e

v=—2m

|GeXij ()| mr

2m—1 n +1

> S gl / exp(—valt — €l/e)i

v=—2m s=1

2m—1
C 1
— P EEEErE—— max exp(—ugl|t — ).
- > (RSP p(—wolt —¢&l/¢)

(6.7)

IN

<

v=-—2m

First consider the case when t € [t_y—iy—2, tm+io+2]. Since €|lne| < 1/m, due
to Lemmas 5.1 and 2.1 we then have

(6.8)

O(g?), for all v except maybe v = s — 1,
s,8+ 1, if t € [t_m,tm],
max _exp(—uw|t —§&|/e) <
€€ty tuta] p(—wolt —¢l/e) < O(1/(1+|v—m]|)?), ift€ [tm,tmtiot+2]s

O(L/(1+ |y —ml)?), € [t iy .t ml.

Therefore from Proposition 5.1 we have

2m—1

c 1
- ———— max exp(—wlt—E&|/e
€ Z (1 + |z _ m|)2 ge[t,,7t,,+1] p( 0| €|/ )

v=—2m

C —m—ig 1 |
_;<V—Z2m (L+[i=v])* (1 + [v —m|)?) * (14 i —s])?
" Z 1+|z—u|) >

v=m-+1ig

(6.9)

C 1 1
SZ((1+|z’—s|>2+<1+|z‘—m|>2>'

From (6.8) and (6.9) we have

C 1 1
. n < —
||G6)\1j(t)||R = ¢ ((1 + |i — s|)2 + I+ — m|)2> 7

which yields the estimate (6.2).
Now let t € [—1,t_m—iy—2]. In this case we have

+
R"

/t G (t, €)My (€)1

—m

(6.10) | GAij (1) < H / Ny (€)de

Rn
Since |L;j| > ham—1 > Cm/e, by virtue of (5.11) one gets

bom c m [t-m? C
| " caongiene| <% [ ot lmende < =S
The second term in (6.10) may be estimated from the inequality
||G5(t,§)||Ran S 0/5 eXp(I/o(f — t)/f) S 052

Rn
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for g € [t—m, 1] (compare (6.8)). This concludes the proof.

6.3. Proof of Lemma 6.2. To be specific, let i > m +i and s > m +ip + 2. In
the case s < i+ 2 we have
1

(6.11) @wm=/X@w@—ame@%+//m@M@m:

1 _
Due to Lemma 5.13,
(6.12

)
‘VBQW@—%me@w

_C 1 N 1
ge € \(lil=m)¥2 = (L+i—s[)?2)
t)

Further, according to the definition of A;;(¢) and (5.35), (5.36),

(6.13)
1
/ Z1(t, E)XNij ()d€ = aj;(t) = Bij(t,ti2) (1 + O/ (Ji] —m)) + O(1/(e(|i] —m)?).

-1

The relations (6.11), (6.13) and (5.17) imply formulas (6.3)—(6.4). Lemma 6.2 is
proved.

7. PROOF OF THEOREM 5

7.1. Galerkin projection. Let D = {z € (C'[-1,1])": 2!(~1) = -+ = 2F(-1) =
2F*t1(1) = ... = 2™(1) = 0} be the domain of definition of the operator L.. Let
x € Dand f = Lcx. Then z is the solution of the corresponding problem (1.1)—(1.2)
for d = f.

Let P, be the orthogonal projection of (La[—1,1])™ onto F(e,m). It is easy
to show that the Galerkin problem (2.7) for d = f is equivalent to the problem
P.L.xy, = Py, f or Lex,y, = P, f. Hence z,,, = G.P,,f = G.P,, L-x. The operator
Qm = GePpL.: D — E is called the Galerkin projection (see [4]). Obviously
Q?n = Qm-

Error estimates for the solution of problem (2.7) are closely connected to an
estimate of the norm of projection @,,. Namely, the following statement is true.

Lemma 7.1. The following estimates hold:

[2 = QmT[loo < (1 +[[Qmlloc) |7 — Tnlloo,

where

[@mlloc = @mllLc—Le = sup  [|Qm[s,
z€D: ||z]|<1

and & is the best approzimation of x in E in the sense of Loo[—1,1].

Since QT = Tm, the proof is evident.

Since z. satisfies (1.5), one can easily obtain ||z. — Z.||cc < C/m? through de
Boor’s approximation theorem analogously to Lemma 5.2. Hence, by means of
Lemma 7.1, we conclude that it is sufficient to prove the estimate

(7.1) [Qmllec < C

uniformly in € and m.
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7.2. Representation of Galerkin projection and preliminary estimates.
Considering

n 2m—2

Qm = C{SPmL5 and Pmy = Z Z (y, Nij)/\ij (t),

j=1i=—2m—2

we have

2m—2

(7.2) Qmz = Z Z (Lex Nzg )GeXij (1)

j=1i=—2m—-2

Since we need to bound the norm of Q,,, we shall further consider ||z|/s < 1.
Integrating (7.2) by parts, we get rid of the derivative of the function z. As a result
we obtain

(7.3)
Qma =Y [(we, LINy) + ¢ (w(=1), Nig(—1)) + epe (x(1), Nij (1))]G=Aij (8),
5,J
where ¢. and 1. are bilinear functionals, bounded uniformly on e, by means of

which the terms outside the integral are expressed.
From estimates of the function N;; (see Lemma 3.4) we obtain

(7.4)

|pe(z(—1), Nij(—1)) <O, [¢he(2(1), Ni; (1)) < C, i=—2m—2,2m—2,
(7.5) |6 (2(—1), Nij(—1))| < C/(2m +2 —|i])*,

Y NGO S C/emr2— i), i f—2m—2,2m 2,
Due to Lemma 5.9, |[|[eGeAi;|| < C. This fact and (7.4), (7.5) lead to

(7.6) D e(@e(w(=1), Nij(=1)) + v (2(1), Nij (1)) GeNig | < C.

2%

From (7.3), (7.4) it follows that, if the bound

oo

2m—2

(7.7) Z > (@ LIN)GA; ()| <C

j=1li=—2m—-2 oo

holds for arbitrary x € (Loo[—1,1])" with ||z]lco < 1, then it would be sufficient to
prove the estimate (7.1).

7.3. Proof of (7.7). We first notice that, by (5.6) and (5.16), every term in the
sum (7.7) is bounded uniformly in € and m. Thus it is sufficient to bound each of
the expressions

m—3
(7.8) L= Y (@, LENyG)Ge (1)
and
2m—2
(7.9) L= Y (,LINij)GeAij(t)
i=m-+ig

o0
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(the estimate of the sum Z;:T;;S_Z can be obtained through a similar argument
as for (7.9)).
We first consider ;. Let ¢ € [ts, ts+1]. According to (6.1) and (5.6) we have

m—3 m—3
C
D (@, LeNiy, G ()] < - Y GG @)l re
i=—m R» i=—m
- = (1+]i—s])3/2 = 7
and hence
(7.10) I, <C.

Now let us bound Io. If t € [ts,ts+1] C [—1, timtig+2], then Is can be bounded in
the same way as I1 by (5.6) and (6.2). Let t € [ts, ts+1] C [tm+io+2, 1]- In this case
by (7.6) and (6.3)—(6.4) we have

(7.11)
2m—2

> (¢, LINy) (ﬁj(t,mg) <1+0 < ! )+o (ﬁ)

. . T—m
1=m-1ig

2m—2

<0 3 (o Tra)

1=m-+1ig

2m—2 2m—2

> (@ LENG)B; (¢ tiva)

i=m-+1ig

+Ce et | I

Bj(t,tit2)
T—m

i=m-+ig

2m—2

>

i=m-+ig

Rn R™

2m—2

Z (z, LENij) B (t, tiv2)

i=m-+ig

<C+C

+

— exp(—vo|t — tiva|/c)

Rn
Further, due to Lemma 5.1, we get

2m—2

>

1=m-+1ig

§c< f fizm? 5~ 7((S_m;j> <c

i1=m-+ig 1=s—1

— - exp(=10ft — tiya|/e)

Thus, to complete the estimation of I it is sufficient to bound the last expression
in (7.11). For every j =1,2,...,n

2m—2 s—2
> (@ LING)Bi(ttia)|| < || D (@, LENi)B; (¢ tiga)
(7.12) e Rr lli=mdtio R
2m—2
1| Y (@ LING)B; (t tig)
1=s—1 Rn
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To bound each sum in the right-hand side of (7.12), use Abel’s transformation

q q—1
(7.13) D (Aigr = Aibi = Agarbg — Apby — Y Ai(bira — by).
i=p i=p

To estimate the first sum put b; = §;(¢, ti42); then

s—2
A = —Z(x,L:N,,j) (i=m+ip,m+ig+1,...,8—2; p=m+ip,q=25).
Then, by virtue of (7.12) and (7.13),
(7.14)
s—2
> (@, LINij)Bj(t tiva)
i=m-+ig Rn
< (17 L Z Nva) Bi(t tmyio+2)||  + (@, LZNs—2;)B;(t, ts)|| rr
v=m-+1ig R"
s—3 s+2
+> ( L ZM) (B (t,tis2) — Bj(t,tis1))
i=m-1ig Rn
Further, due to Lemmas 5.1, 5.5 and estimates (6.4),
s—2
‘ (va: Z NVj) Bi(t, tm+io+2)
v=m-ig Rn
(7.15) 5—2
sz x, L Z Ny | exp(vo(tmtio+2 — t)/€)
v=m-ig
<eln(s—m) <C,
(7.16) [(, LI Ns;)B5(t, ts)lloo < Cllzfloe < C,
s—3
Z (x L*ZNVJ> ﬂ] t t1+2) 6j(tati+1))
i=m-+ig Rn
s—3
<C Z (w L*ZNVJ> i(1/€%) exp(—wolt — tival/e)
i=m-+ig R™
(7.17) < C||1%| o,
s—3 .
In((s—m—2)/(t —m
g e mm=D/GEmm) ot — tigalfe)
. _ i—m
1=m-1g R™
C s—3
1=m-+ig

(the last step in (7.17) is made by means of Proposition 5.2).
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From (7.14)—(7.17) the estimate for the first sum in (7.12) follows. The second
sum is estimated in the same way by setting
i—1

bi = Bj(t, titr2), A = Z (2, LZNij),

v=s—1

t=s—1,8...,2m—1, p=s—1, q=2m—2,

and making calculations analogous to (7.14)—(7.17). This completes the proof of
Theorem 5.

8. NUMERICAL EXAMPLES

To confirm the theoretical results we consider the following examples.

Example 1.
o (3 e (l) e
(8.2) a'(—1) = 2%(1) = 0.

The exact solution of the problem (8.1)—(8.2) may be written in the form
zt(t) = Cy exp(2t/e) — Oy exp(—2t/e) + 0.5,
22(t) = 3Cy exp(2t/e) 4+ 3Cy exp(—2t/e) — 0.5,
where
C1 = (exp(2/e) — exp(=2/¢))/(2(3 exp(4/e) + exp(—4/¢))),
Cy = (3exp(2/e) — exp(=2/¢))/(2(3 exp(4/e) + exp(—4/¢))).
Example 2 ([23]).
(8.3) ez’ =A(t, Nz + f(t,e,N), x = (27, 7 (=1)=2%(1) =0,

A(EN) = E(t, ) (‘01 g) ENL ),

sin \t  cos At
cos At —sin At /)’

(8.4)
B(t,\) = E7(t,\) = (

Example 2 differs from the example considered in [23] only by inessential vari-
ation of the boundary conditions. Analogously with [23] (see (7.1)) we write the
solution of the problem (8.3), (8.4) in the form

z(t) = E(t, \)®(t, N)s + zp(t),

where E(t, \)®(¢,\) is a fundamental matrix of a homogenous system (8.3) (see
[23]) and z,(t) = (exp(t),exp(—t))T. A constant vector s should be chosen in such
a way that z(t) satisfies the boundary condition (8.4). As in [23], we set A = 7/4.

The results of the numerical computations for Examples 1 and 2 are presented
in Tables 1-6. For € and m the corresponding cell contains the quantity

— Loy, Lt — . o — s
€e,m = fﬁi’é —2175%%‘)%21710;1}%}(10 |23 (85 + Kk(tj41 — 15)/10) — 2o (t; + k(tj41 — t;)/10)]

in the upper part of the cell and the observed rate
Ve,m = 10g2(e€)m/2/657m)

in the lower part of the cell.
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The numerical results for the collocation method are given in Tables 1-4. Ta-
bles 1 and 2 contain the results for Examples 1 and 2, respectively, for the algorithm
in cases («) and (f); the analogous results for case () are presented in Tables 3
and (4). The numerical results for the Galerkin method are presented in Tables 5
and 6. The symbol “—” means the observed rate becomes negative.

Our numerical examples show that the observed rates of convergence for the
collocation method tends to 2 uniformly in & and m with 1/(em) < const in cases
(o) and (B), and in € and m with em < const in case (). Note that, for ¢ < 1/m
in cases («) and (), and for 1/m < ¢ in case (), errors of evaluation strictly grow.
This means that different values €/m need to be applied in different algorithms.

The observed rate for the Galerkin method is close to 3 uniformly for small e.

TABLE 1
e 4 8 16 32 64 128
o 1| 381E -2 | 7355 -3 | LT3E —3 | 4.24E —4 | LOSE —4 | 2.62E —5
2.25 2.08 2.03 2.01 2.007
Ly | 468E —2 | 9.33E —3 | 2195 —3 | 5.38E —4 | 1335 —4 | 331E —5
2.33 2.09 2.03 2.01 2.008
ap o | P60E —2 | LOBE —2 | 2585 —2 | 6275 —4 | 1.55E —4 | 3.85E — 5
2.38 2.06 2.04 2.02 2.008
g o | B88E 2 [ L12E —2 | 269 —3 | 6.54E —4 | 1.61E —4 | 401E —5
2.40 2.05 2.04 2.02 2.009
o3| LTIE—1 | LI13E—2 | 274E —3 | 6.66E —4 | 1645 —4 | 4.08E 5
3.92 2.05 2.04 2.02 2.009
4| LB4E 0 | LI4E -2 | 275E —3 | 6.6TE —4 | 1655 —4 | 4.09E 5
7.34 2.05 2.04 2.02 2.009
g5 | L8BE+1 | 854E —2 | 275E 3 | 6.6TE —4 | 1655 —4 |  2.009
7.79 4.96 2.04 2.02 2.009
g | LOLE+2 [ B67E —1 | 6.045 —3 | 6.67E —4 | 1.655 —4 | 4.09E —5
7.78 7.17 3.13 2.02 2.009
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TABLE 2
e 4 8 16 32 64 128
op 1| 3PLE =2 | 7T35E —3 | 1LT3E —3 | 4.24E —4 | 2.30E —4 | 4.51E 2
2.29 2.08 2.03 0.83 —
g | 482E -2 | 933E -3 | 2.19E —3 | 5385 —4 | 1.33E —4 | 331K -5
2.33 2.09 2.03 2.01 2.008
s o | 560E —2 | LOBE —2 | 258E —3 | 6.27E —4 | L.55E —4 | 3.85E —5
2.23 2.06 2.04 2.02 2.008
g o | B89E -2 | L12E —2 | 2.69E —3 | 6545 —4 | L61E —4 | 401E —5
2.40 2.05 2.04 2.02 2.009
g3 | 6:02E—2 | L13E —2 | 275E —3 | 6.66E —4 | 1645 —4 | 408E —5
241 2.05 2.04 2.02 2.009
(4| GO3E—2 | LI4E -2 | 2756 —3 | 6.67E —4 | L65E —4 | 4.09E —5
2.41 2.05 2.04 2.02 2.009
g5 | G03E—2 | LI4E —2 | 275E —3 | 6.6TE —4 | 1655 —4 | 4.09E —5
241 2.05 2.04 2.02 2.009
g | GO3E =2 | LI4E -2 | 2756 —3 | 6.67E —4 | L65E —4 | 4.09E —5
2.41 2.05 2.04 2.02 2.009
TABLE 3
e 4 8 16 32 64 128
o1 | 3TAE —2 | 823F —3 | 2.03E —3 | 5.00E —4 | 1.24E —4 | 3.10E — 5
2.18 2.02 2.02 2.01 2.004
g 1| 410E —2 | 846E —3 | 2.07E —3 | 506 —4 | 1.25E —4 | 3.12E —5
2.28 2.03 2.03 2.01 2.006
sp o | 4335 -2 | 844E -3 | 205E —3 | 4.99E —4 | 1.23E —4 | 3.06E — 5
2.36 2.04 2.04 2.02 2.008
g | 440E -2 | 830E —3 | 203E ~3 | 4945 —4 | 122 —4 | 3.03E 5
241 2.03 2.04 2.02 2.009
g3 | LTOE+0 | 837E -3 | 202F -3 | 4915 —4 | 1215 —4 | 301E -5
7.71 2.05 2.04 2.02 2.009
4| LO2E+2 [ 938E 1 | 1275 —3 | 491 —4 | 1.21E —4 | 3.01E -5
7.68 6.02 4.69 2.02 2.009
\E_5 | 200E+4 | 101E +2 | 134E +0 | 1.96E —2 | 3.27E —4 | 3.01E -5
7.63 6.23 6.10 5.90 3.44
B 6 00 1.04E +4 | 1.39E +2 | 212E 40 | 3.29E —2 | 5.16E — 5
00 6.23 6.03 6.01 9.23
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TABLE 4
e 4 8 16 32 64 128
op 1| 342E —2 | 259E —2 | 4.68E —2 | 6.685 —2 | L19E —1 | L64E +0
0.40 - - - -
g 1| 39TE—2 | 8B40E -3 | 3.07E —3 | 445E —3 | 5.20E —3 | 5.98E —3
2.24 1.45 — — —
ap o | 429E -2 | 843E —3 | 205 —3 | 4.99E —4 | 1.23E —4 | T.06E —5
2.35 2.04 2.04 2.02 0.80
g o | 435E =2 | 839E -3 | 2.03E ~3 | 494F —4 | 1.21E —4 | 3.03E -5
2.38 2.05 2.04 2.02 2.009
g3 | 446E -2 | 837TE -3 | 202E ~3 | 4915 —4 | 1215 —4 | 301E -5
2.42 2.05 2.04 2.02 2.009
g 4| 448E —2 | 836E —3 | 2.02E ~3 | 491F —4 | 1.21E —4 | 3.01E -5
2.42 2.05 2.04 2.02 2.009
g5 | A48E -2 | 836E -3 | 202E ~3 | 4915 —4 | 1215 —4 | 301E -5
2.42 2.05 2.04 2.02 2.009
LB | 448E —2 | 836E —3 | 2.02E ~3 | 491 —4 | 1.21E —4 | 3.01E -5
2.42 2.05 2.04 2.02 2.009
TABLE 5
e 4 8 16 32 64 128
o1 | LIBE =3 | 149E —4 | 1.85E —5 | 2285 —6 | 3.12E —7 | 4.61E —8
2.99 3.01 3.02 2.87 2.66
(g 1| LTBE =3 | 213E 4 | 2.66E —5 | 3.32E — 6 | 4.08E —7 | 521E 8
3.02 3.00 3.00 3.02 3.23
sp o | 2065 —3 | 2885 —4 | 34TE —5 | 4255 — 6 | 5.26E — 7 | 6ATE 8
3.21 3.05 3.03 3.01 3.02
g | 3062E -3 | 388E —4 | 428F —5 | 4785 —6 | 5.76E —7 | T.05E —8
3.22 3.18 3.16 3.05 3.03
g3 | P2LE—3 | 6.04F —4 | 687E —5 | 7645 —6 | 8265 —7 | 9.11E —8
3.11 3.14 3.17 3.21 3.18
g 4| 615E =3 | TAOE —4 | 882F —5 | LOAE -5 | 1.21E —6 | 1.39E — 7
3.05 3.07 3.08 3.10 3.12
g5 | 676E =3 | 825E —4 | 1L.00E —4 | 122E —5 | 146E —6 | L.75E — 7
3.03 3.04 3.04 3.06 3.06
5| T1BE—3 | 883E 4 | 10SE —4 | 133E —5 | 162E —6 | L98E — 7
3.02 3.03 3.02 3.04 3.03
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TABLE 6

e 4 8 16 32 64 128

9F — 1 5.66F —3 | 5.80E —4 | 953E —5 | 1.21E -5 | 1.52E —6 | 2.92E — 7
3.29 2.61 2.98 2.99 2.38

1E -1 731E -3 | 958E —4 | 1.23E —4 | 1.56E —5 | 1.96E —6 | 2.46E — 7
2.93 2.96 2.98 2.99 2.99

3F 9 856E —3 | 1.13E —3 | 143E —4 | 1.82E —5 | 2.28E —6 | 2.85E — 7
2.92 2.98 2.97 3.00 3.00

1E -9 893FE —3 | 1.22E -3 | 1.54FE —4 | 1.96E —5 | 2.44FE —6 | 3.05E — 7
2.87 2.99 2.97 3.01 3.00

1E—3 9.10E -3 | 1.25E -3 | 1.59E —4 | 2.02E —5 | 2.53E —6 | 3.14E — 7
2.86 2.97 2.98 3.00 3.00

1E — 4 9.11E -3 | 1.26E -3 | 1.59E —4 | 203E -5 | 2.53E —6 | 3.13E — 7
2.85 2.99 2.97 3.00 3.01

1E—5 9.11E -3 | 1.26E —3 | 1.59FE —4 | 2.03E —5 | 2.53E —6 | 3.09E — 7
2.86 2.99 2.97 3.00 3.03

1E—6 9.12E —3 | 1.26E —3 | 1.60E —4 | 2.04E —5 | 2.62E —6 | 3.27TE — 7
2.86 2.98 2.97 2.96 3.00

ACKNOWLEDGMENTS

The authors would like to express their deep gratitude to the editor and the ref-
eree for their useful suggestions on improving the readability of the paper. Thanks
are due to Yu. Rojeck; numerical results were obtained with a program based on a
code written by him.

REFERENCES

1. C. de Boor and B. Swartz, Collocation at Gaussian points, STAM J. Numer. Anal. 10 (1973),
582-606. MR 51:9528

2. J. Cerutti, Collocation for systems of ordinary differential equations, Comp. Sci. Tech. Rep.
230. Univ. Wisconsin—-Madison, 1974.

3. U. Ascher, J. Christiansen, and R. Russell, A collocation solver for mized order systems of
boundary value problems, Math Comp. 33 (1979), 659-679. MR 80b:65108

4. F. Natterer, Uniform convergence of Galerkin’s method for splines on highly nonuniform
meshes, Math Comp. 31 (1977), 457-468. MR 55:6870

5. P. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam,
1978. MR 58:25001

6. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Lecture Notes in Math.,
vol. 1054, Springer-Verlag, Berlin, 1984. MR 86k:65006

7. I. A. Blatov and V. V. Strygin, Convergence of the Galerkin method for nonlinear two-point
singularly perturbed boundary value problems in the space Cla,b], Zh. Vychisl. Mat. i Mat.
Fiz. 25 (1985), 1001-1008; English transl., USSR Comput. Math. and Math. Phys. 25 (1985),
no. 4, 25-30. MR 87b:65102

, Convergence of the spline collocation method on optimal grids for singularly perturbed

boundary value problems, Differentsial’nye Uravnenia 24 (1988), 1977-1987; English transl.,

Differential Equations 24 (1988), 1330-1338. MR 90f:65128

, The spline collocation method on adaptive meshes for singularly perturbed boundary

value problems, Soviet Math. Dokl. 39, (1989), 136-139. MR 90e:65112




11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

ORDER OF CONVERGENCE IN GALERKIN’S METHOD 715

. I. A. Blatov, The projective method for singularly perturbed boundary value problems, Zh.
Vychisl. Mat. i Mat. Fiz. 30 (1990), 1031-1044; English transl. in USSR Comput. Math. and
Math. Phys. 30 (1990). MR 91h:65123

V. V. Strygin and V. V. Sirunjan, The Galerkin method for singularly perturbed boundary
value problem on adaptive meshes, Sibirsk. Mat. Zh. 31 (1990), no. 5, 138-148; English
transl., Siberian Math. J. 31 (1990), 817-826. MR 92a:65235

U. Ascher and R. Weiss, Collocation for singular perturbation problems. 1: First order systems
with constant coefficients, STAM J. Numer. Anal. 20 (1983), 537-557. MR 85a:65113

, Collocation for singular perturbation problems. II: Linear first order systems without
turning pints, Math. Comp. 43 (1984), 157-187. MR 86g:65138a

C. Ringhofer, On collocation schemes for quasilinear singularly perturbed boundary value
problems, SIAM J. Numer. Anal. 21 (1984), 864-882. MR 86j:65096

J. A. Nitsche, Loo-convergence of finite element approximations, Mathematical Aspects of
Finite Element Methods, Lecture Notes in Math., Vol. 606, Springer-Verlag, Berlin, 1977, pp.
261-274. MR 58:8351

F. Natterer, Uber die punktwiese Konvergenz finiter Elemente, Numer. Math. 25 (1975),
67-77. MR 57:14514

R. Scott, Optimal L°° estimates for the finite element method on irreqular meshes, Math.
Comp. 30 (1976), 681-697. MR 55:9560

A. H. Schatz and L. B. Wahlbin, On the finite element method for singularly perturbed
reaction-diffusion problems in two and one dimensions, Math. Comp. 40 (1983), 47-89. MR
84c:65137

A. B. Vasil’eva, Asymptotic behavior of solutions of certain problems for ordinary monlinear
differential equations with a small parameter multiplying the highest derivatives, Uspekhi
Mat. Nauk 18 (1963), no. 3, 15-86; English transl., Russian Math. Surveys 18 (1963), no. 3,
13-84. MR 28:1363.

N. S. Bakhvalov, On optimization of the methods for solving boundary value problems in the
presence of a boundary layer, Zh. Vychisl. Mat. i Mat. Fiz. 9 (1969), 841-859; English transl.
in USSR Comput. Math. and Math. Phys. 9 (1969). MR 40:8273

C. de Boor, A Practical Guide to Splines, Appl. Math. Sci., vol. 27, Springer-Verlag, Berlin,
1978. MR 80a:65027

I. A. Blatov and V. V. Strygin, Order-sharp estimates in the Galerkin finite element method
for singularly perturbed boundary value problems, Russian Acad. Sci. Dokl. Math. 47 (1993),
93-96. MR 94g:65088

R. Weiss, An analysis of the box and trapezoidal schemes for linear singularly perturbed
boundary value problems, Math. Comp. 42 (1984), 41-67. MR 86b:65085

DEPARTMENT OF APPLIED MATHEMATICS AND MECHANICS, VORONEZH STATE UNIVERSITY, UNI-

VERSITETSKAYA PL.1, VORONEZH, RUssIA, 394693

E-mail address: blatov@kvm.vsu.ru

E-mail address: strygin@kvm.vsu.ru



