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LOWER BOUNDS FOR NONOVERLAPPING
DOMAIN DECOMPOSITION PRECONDITIONERS
IN TWO DIMENSIONS

SUSANNE C. BRENNER AND LI-YENG SUNG

ABSTRACT. Lower bounds for the condition numbers of the preconditioned
systems are obtained for the Bramble-Pasciak-Schatz substructuring precon-
ditioner and the Neumann-Neumann preconditioner in two dimensions. They
show that the known upper bounds are sharp.

1. INTRODUCTION

Domain decomposition methods (cf. [5], [16], [22]) provide parallel algorithms
for the numerical solution of partial differential equations. One of the indicators
of the efficiency of a domain decomposition preconditioner is the rate of growth
of the condition number of the preconditioned system, which usually comes in the
form of an upper bound. In this paper we will establish lower bounds for two well-
known nonoverlapping domain decomposition preconditioners in two dimensions:
the substructuring preconditioner of Bramble, Pasciak and Schatz (cf. [3]) and
the Neumann-Neumann preconditioner (cf. [9], [10], [L6], [11] and the references
therein). Our results show that the known upper bounds for these algorithms are
sharp.

We will establish the lower bounds within the framework of additive Schwarz
preconditioners, which can be summarized as follows, where all vector spaces are
real and have finite dimensions.

Let V be a vector space, V' be the dual space of V, and (-,-) be the canonical
bilinear form on V' x V| ie., (a,v) = a(v) Va € V' ;v € V. We say that a
linear operator A : V. — V'’ is symmetric positive definite (SPD) if (Avy,ve) =
(Avg,v1) Vuy,v2 € V and (Av,v) >0V0#£v eV.

Let V;, 0 < j < J, be vector spaces and B : V; — Vj’ be linear SPD operators.
The additive Schwarz preconditioner B : V! — V for the linear SPD operator
A:V — V' is defined in terms of the B;’s by the formula

J
(1.1) B=) LB;'I},
=0
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where I; : V; — V is a linear operator that connects V; to V, and the operator
If . V' — V/is defined by (Ija,v) = (o, [jv) Vo € V' v € Vj.

The operator BA : V. — V is clearly symmetric positive semidefinite with
respect to the inner product (A-,-). Under the condition

(1.2) V=> LV

the operator B is invertible and BA is symmetric positive definite. The eigenvalues
of BA are therefore positive, and we have the following characterizations (cf. [19],
17, [20], [21], [8], [2], [24], [25], [12]) for the minimum and maximum eigenvalues
of BA:

A
(1.3) Amin(BA) = min — < ”’”} :
0AvEV min vy g0 205-0(Bivs vs)
v eV
A
(1.4) Amax(BA) = max — < U’U} .
0#veV min,_ss_ 1., > i—o(Bjvj, v5)
vjer

In order to obtain a lower bound for the condition number k(BA) = i‘\“"ﬁ"‘i((gﬁ)), we

need to find a lower bound £ for A\pax(BA) and an upper bound U for Ay, (BA). In
view of (1.3) and (1.4), the strategy for establishing the lower bound £ of Apax(BA)
is to find one 0 # v, € V and one decomposition v, = ijo I;v; for which we have
(Avi,v4) > ,CZ;-]=0<B]"UJ',U]‘>, and the strategy for establishing the upper bound
U of Amin(BA) is to find one 0 # v; € V such that (Avi,vy) < MZ;Z:O(B]»UJ-, vj)
holds for any decomposition v; = E;jzo Iiv;.

Based on these strategies we will show that, for a second order model finite ele-
ment problem, the condition number of the preconditioned system is bounded below
by c[1 + In(H/h)]? for both the BPS preconditioner and the Neumann-Neumann
preconditioner, where H represents the diameter of a typical subdomain, & is the
mesh size of the triangulation and the constant ¢ is independent of H, h and the
number of subdomains.

The rest of the paper is organized as follows. The descriptions of the model
finite element problem and the preconditioners are given in Section 2. The con-
structions of the functions v, and vt in the strategies stated above are based on
the constructions of special one dimensional piecewise linear functions, which are
carried out in Section 3. The lower bounds for the BPS preconditioner and the
Neumann-Neumann preconditioner are then established in Sections 4 and 5, re-
spectively. Section 6 contains the proofs of two technical lemmas from Section 3.

For the convenience of the readers, we state here the definitions of the Sobolev
norms and seminorms that are used throughout this paper.



LOWER BOUNDS FOR NONOVERLAPPING DOMAIN DECOMPOSITION 1321

Let © be a bounded open subset of R” and |{2| be the n-dimensional Lebesgue
measure of (2. We define

1
(1.5) o)1) = W/QMQM’
1
9 - 2
(16) |U|H1(Q) - |Q|17(2/") [2|Vv| dxﬂ
(1.7 ”U”?'-Il(ﬂ) = H”||2L2(Q) + |U|§11(Q> '

For a bounded open interval I C R, we define

(1.8) |v|?{1/21 Z//%dxdy,

(L9) lol31/200y = N0l 00) + 0172y

and for a bounded open set  C R? with a C%! boundary, we define

1
(1.10) 191 om = gy [ Iofds.
|v(z) —v(y)|*
1.11 ) / / ds(x)ds(y),
( ) | |H1/2 o) oa Joo |x—y|2 ( ) ( )
(1.12) ||U||H1/2(an) = HU||L2(89) + |’U|H1/2(aﬂ) ’

where |09 is the arc-length of 9, and ds is the differential of the arc-length.
Note that the norms and seminorms defined by (1.5)—(1.12) are invariant under

translation and scaling. Also, the inner products (-,-)r,, (+,")g1 and (-, ) g1/2 are

defined by the polarization identities of the corresponding norms || - ||1,, || - ||z and

- e

2. THE MODEL PROBLEM AND THE PRECONDITIONERS

Since our goal is to show that the known condition number estimates for the BPS
preconditioner and the Neumann-Neumann preconditioner are sharp, it suffices to
consider the simplest model problem.

Let Q= (—1,1) x (—1,1). The variational formulation for the Poisson equation
on 2 with homogeneous Dirichlet boundary condition follows.

Find u € H}(Q) such that

(2.1) a(u,v) = / fvdx Yo e Hy(Q),
Q
where f € Ly(2), and the variational form a(-,-) is defined by
(2.2) a(vy,v2) = / Vuy - Vg dx Yo, ve € H3 (Q).
Q

Anticipating the use of nonoverlapping preconditioners, we construct a triangu-
lation of € in the following way. Let Q be divided into J = 2%* nonoverlapping
squares q,...,Q (cf. Figure 1 where k¥ = 2). By adding a diagonal to each
2; we obtain a triangulation 7y of Q (cf. Figure 2). Then we perform a regular
subdivision of 7y to obtain the triangulation 7j (cf. Figure 3). Here H and h are
the lengths of the horizontal edges in 7y and 7}, respectively.



1322 SUSANNE C. BRENNER AND LI-YENG SUNG

FIGURE 1. FIGURE 2. FIGURE 3.

Let V, C H& Q) be the P; finite element space associated with 7;,. The dis-
cretization of (2.1) is to find up, € Vj, such that

(2.3) a(up,v) = /va dx YveV,.

In a nonoverlapping domain decomposition method we split the unknown uy in
(2.3) into two components with respect to the skeleton I' = U;-Izl (09; \ 99) as
follows. Let V5 (Q2\T') = {v € V}, : v vanishes on I'} and V4 (') C V4, be the a(-,-)
orthogonal complement of V,(Q\ T'), i.e.,

(2.4) V@) ={veVy: alv,w) =0 YweVh(Q\T)}.

The functions in V4 (I') are known as discrete harmonic functions and they are
completely determined by their nodal values along I'. We can write up = uy, + up,
where up, € V5(Q2\T) and ap, € V4(T'). The two components 4y and @ are
determined by

(2.5) a(tp,v) = /va dz Vo eV (Q\T),

(2.6) a(tp,v) = /va dz Yo e V,(T).

Since iy, can be obtained from (2.5) by solving in parallel a Dirichlet problem
in each subdomain, the goal of a nonoverlapping domain decomposition method
is to provide a good preconditioner for the system (2.6) so that it can be solved
efficiently by, for example, the preconditioned conjugate gradient method.

Let Sy : Vi (T') — V4 (T')’ be defined by

(27) <Sh’l)1,1)2> = a(vl, 1)2) V’Ul, Vo € Vh(I‘) .

We can write (2.6) as Spin = fn, where f, € [Vi(T)] is defined by (fn,v) =
fQ fvdzx. The operator Sy, known as the Schur complement operator, is then the
one that we want to precondition.

Below we will describe the BPS preconditioner and the Neumann-Neumann pre-
conditioner for S,. In both methods we use the coarse grid space Vg C H}(Q),
which is the P; finite element space associated with the triangulation 7z. The
space Vp is connected to V;,(I") by the operator Iy : Vg — Vj,(I") defined by

(2.8) (IHU)}F:U|F Vove Vg,
and the linear SPD operator Ay : Vg — V}; is defined by
(2.9) (Apvi,ve) = a(vy, v2) Vui,ve € V.
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BPS preconditioner. Let Fy, 1 < ¢ < L, be the common edge of neighboring
subdomains without the endpoints, and let the edge space V,(Ey) be defined by

(2.10) Vi(Ee) ={veVp(l): v=00nT\ Ep}.

Each V3, (Ey) is connected to V4(T') by the natural injection Ip : Vi (E;) — V3 (T),
and there is a linear SPD operator S; : Vi,(Ey) — V3, (E¢) defined by

(2.11) (Spv1,v2) = a(vy,v2) Yoy, vs € Vi (Ee).

The BPS preconditioner Bpps : Vi, (T')) — V3(I') is given by

L
(2.12) Bpgps ZIHA;;I}_I—FZI[S[II;.
=1
It is clear that (1.2) is satisfied. In fact, we have the stronger condition

(2.13) Vh(F)ZIHVHEBVh(El)EB---@Vh(EL).

The following condition number estimate (cf. [3]) holds:

H 2
(2.14) H(BBpssh) <C (1 +In %> ,

where the positive constant C' is independent of H, h and J.

Remark 2.1. In the original BPS algorithm (cf. [3]) the exact solves 5]71 are re-
placed by spectrally equivalent interface preconditioners that are easier to compute.
But for our purpose we may as well use exact solves.

Remark 2.2. There is numerical evidence (cf. [3]) that the estimate (2.14) is sharp.
A mathematical proof will be given in Section 4.

Neumann-Neumann preconditioner. Let V;, 1 < j < J, be the restriction of
Vi to €, i.e., V; is the P, finite element space on 2; associated with the trian-
gulation 7; whose members vanish on 02 N 0€);. The skeleton 0€Q; \ 99 of Q; is
denoted by T';.

The SPD bilinear form é;(-,-) is defined by

(2.15)  aj(v1,v2) z/Q Vo1 - Vs dat:—l—H_Q/Q V109 dT V1,09 € Hl(Qj).

Let V»(Q;) = {v € V; : v vanishes on 0Q;} and V,,(I';) C V; be the a;(-,-) orthog-
onal complement of V;,(Q;), i.e.,
(2.16) V() ={veV;: aj(v,w) =0 VweVy()}.

The functions in V;,(T';) are discrete harmonic with respect to the bilinear form
a;(-,-), and are determined by their nodal values on T';.
Each V,,(T;) is connected to V;,(T') by I; : Vi (T';) — Vi(T) defined by

. 0 if the node p is not on I';,
(2.17) (Lv)(p) = { !

v(p)/n(p) if the node p is on I';,

where n(p) is the number of subdomains sharing the node p. There is also an SPD
linear operator S; : Vj,(I';) — V4, (T';)" defined by

(2.18) <S’j’U1, ’UQ> = &j (’Ul, ’Ug) V’Ul, Vo € Vh(Fj) .
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The Neumann-Neumann preconditioner Byy : Vi, (I') — V,(T')’ is given by
J
(2.19) By = InAy'Ty + > LS.
j=1

It is easy to check that (1.2) holds.
The following condition number estimate (cf. [9], [T0], [T1]) holds:

o 2
(2.20) H(BNNS}L) <C (1 + In Z) s

where the positive constant C' is independent of H, h and J.

Remark 2.3. For a subdomain 2; that has at least one side on 9§2, we can define
dj('7 ) by

dj(’l)l,’Ug)Z/ Vi - Vg dx V’Ul,vg EHl(Qj),
Q;

and then define the space V;,(I';) accordingly. The results in Section 5 for the
Neumann-Neumann preconditioner also hold for this choice of @;(-,-).

Remark 2.4. Numerical results for the Neumann-Neumann preconditioner without
a coarse grid space can be found in [15].

For future reference, we collect some well-known facts concerning discrete har-
monic functions and the space H'/? in the following lemma . The proofs of these
facts can be found either in [3], [7], or by straightforward calculations using (1.10)—
(1.12).

Lemma 2.5. Let D be a square with a uniform triangulation T, and Vi, C H'(D)
be the Py finite element space associated with Ty. Suppose that v € Vy, is discrete
harmonic with respect to the bilinear form d(-,-) defined by

d(vi,ve) = / Vuy - Voo do,
D

i.e., d(v,w) = 0 for all w € V), which vanishes on dD. Then we have |v|g (p)y ~
[v|1/2(9p)- On the other hand, if v € V), is discrete harmonic with respect to the

bilinear form cf(, -) defined by

1
d(vy,v2) = / Vo1 - Voo dx + —/ vV d
D 1Dl Jp
i.e., CZ(U,U)) =0 for all w € Vy, which vanishes on 0D, then we have ||v||g1(p) ~
0]l gr1/20py. Moreover, for any function v € H' (D) which vanishes on one side of
9D, we have ||[v| g1/29p) = [V g1/2(0D) -

3. SPECIAL ONE DIMENSIONAL PIECEWISE LINEAR FUNCTIONS

Let (a,b) be a finite open interval. The space Héé 2 (a,b) plays an important role
in the theory of nonoverlapping domain decomposition methods in two dimensions,
and it is defined by

1

(3.1) H)!?(a,b) = {v € Ly(a,b) : 5 € H/*(R)},
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where 0 is the trivial extension of v to R, i.e., 0(z) = g(x) ﬁgés\(bi p - We define the

norm of v € Héf(a,b) to be |6|H1/2(R), ie.,

2 _ |’U
|’U|Hé(§2(a,b)_// |.13— |2 d dy
b
|’U y)? / )2 1 1
3.2 dxd 2 d
(32) = |2 g2 [P () @
9 9 1 1
:|U|H1/2(a,b)+2 ) |v(a:)| x—a+b— dz .

Note that the norm defined by (3.2) is invariant with respect to translation and
scaling.
It is well known (cf. [18], [23]) that

(3.3) Hy)*(a,b) = [L2(a,b), H (a,b)]: /s

with an equivalent norm, where [Ls(a,b), Hg (a,b)]1/2 is the interpolation space
halfway between La(a,b) and Hg(a,b) obtained by the complex method (cf. [I],
23], [1]).

Let ¢ be a continuous function defined on (a,b) which is piecewise linear with
respect to the uniform subdivision of mesh size p, and ¢(a) = ¢(b) = 0. The
following estimate (cf. [3], [7]) is crucial to the condition number estimates for
nonoverlapping domain decomposition methods in two dimensions:

1/2
(3.4) 101 1c oy < CCLA+ [ p]) 216l 1o, -

Therefore the first step towards proving the sharpness of (2.14) and (2.20) is to
produce a piecewise linear function for which the estimate (3.4) is sharp. This
will be achieved through the interpolation of finite sine series by piecewise linear
functions.

In order to avoid the proliferation of constants, we will henceforth use the nota-
tion A < B (or B > A) to represent the statement that A < constant x B, where
the constant is a universal constant (i.e., independent of any parameters). The
notation A ~ B means that A < B and A > B.

Let v = Y | vy sin ((n7/€)x) be an arbitrary function in L (0, £). By Parseval’s
identity, we have

[e )

(3.5) 1017 50,00 = D ol
n=1
where the scaling invariant norm || - ||z, (o,¢) is defined in (1.5). Similarly, v belongs

to Hg(0,¢) if and only if >°>7 , n?|v,|? < oo, and we have

(3.6) loll7 0.0) = Z n?lonf?,
n=1

where the scaling invariant norm || - || g1(g,¢) is defined in (1.7).
Let the space Fs be defined by

(3.7) ={vely0,0): v= Zvnsm (n7/0)x) and z:nQS|vn|2 < oo},

n=1
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with the norm || - ||s defined by

(3.8) ol =D n*fval*.
n=1

Then the spaces F form a Hilbert scale (cf. [I4]) and we have
(3.9) Fry2 = [Fo, Filiy2 -

Since Fo = L2(0,¢) and F; = H}(0,£), the following lemma is an immediate
consequence of (3.3), (3.5)—(3.9) and interpolation.

Lemma 3.1. A functionv =" v, sin((nr/f)x) € L2(0,¢) belongs to Hé({2(0, )
if and only if > oo nlvg|? < 0o, and we have |U|i11/2(0 9~ oo nfua |
00 )

Let N =2% (k=0,1,2,3,...) and the function G on (0,1) be defined by

(3.10) Gn(z) = Z (4711— 3) sin ((4n — 3)7z) .

n=1

The properties of Gy are summarized in the following lemma.

Lemma 3.2. The function Gy is symmetric with respect to the midpoint of (0,1),
where it attains its maximum in absolute value. Moreover, we have

(3.11) ||GNH%{1(0,1) ~N,
2 ~
(3.12) |GN|H362(0,1)N1+IDN’
(3.13) ”GN”LOO(OJ) =Gn(1/2)~1+InN.

Proof. The symmetry of Gy is straightforward, and (3.13) follows from Lemma 6.1
in Section 6. The estimate (3.11) follows from (3.6), and (3.12) follows from
Lemma 3.1 and Lemma 6.1. |

Let £,(0, 1) be the space of continuous functions which are piecewise linear with
respect to the uniform subdivision of (0,1) of mesh size p, and 11, : H'(0,1) —
£,(0,1) be the nodal interpolation operator.

Lemma 3.3. Let p=1/N and j, = ﬁpGN. Then g, is symmetric with respect to
the midpoint of (0,1) and we have

(3.14) 1901l Lo 0.1y = gn(1/2) = 1+ [Inp],
~ 12 ~
(3.15) 19005272 0.0) = 1+ [Tl
Proof. The symmetry of g, and (3.14) follows immediately from the symmetry of
Gy and (3.13).

We have the following interpolation error estimate (cf. [6], [4]) for the interpo-
lation operator II,,:

(3.16) 1€ =l ac0.1) + PIC = ol 0y S Il 01y ¥C € HY0,1).

In view of (3.3), we can interpolate (3.16) to obtain

(3.17) ¢ =T0Clarz oy S 272Kl VG € HY0,1).



LOWER BOUNDS FOR NONOVERLAPPING DOMAIN DECOMPOSITION 1327

By (3.17) and (3.11) we have

(318) Ox ~ iyl a0y S 1.

The estimate (3.15) then follows from (3.12) and (3.18). O
Combining (3.14) and (3.15), we have

(3.19) 3ol zocc0,n) = (L4 100D 230 sz ) -

In other words, we have constructed a continuous piecewise linear function for which
(3.4) is sharp.

Remark 3.4. A related estimate is (cf. [B], [7])

(3.20) 1M1 2. 0y S (1 + [0 pD) Y2 (18] 1127200

which holds for any continuous function ¢ on (a,b) that is piecewise linear with
respect to the uniform subdivision of mesh size p. The estimate (3.19) shows that
(3.20) is also sharp, since

190 )12 0.1y = (L4 10D 2 NGl iz g 1y = (1 1o 2(1Gp /20,1 -
The sharpness of (3.20) was also investigated numerically in [13].

Remark 3.5. Let v be a discrete harmonic function defined on the unit square D
with vertices (0,0), (1,0), (1,1) and (0, 1) with respect to the uniform triangulation
of mesh size p such that v(z,0) = §,(x) for 0 < x <1 and v vanishes on the other
three sides. Then it follows from Lemma 2.5 and Lemma 3.3 that

[Vl Lwpy 2 (1 + [ p)) 2 0]l 1 ()
which implies that the discrete Sobolev inequality (cf. [3]) is sharp.
The following corollary is obtained from Lemma 3.3 by scaling.

Corollary 3.6. Let g;, be the function on [—H, H| defined by

(3.21) e =a, () for 0= (557

Then gn has the following properties:

(i) gn s piecewise linear with respect to the uniform subdivision of [—H, H] of
mesh size h, and gn(—H) = gn(H) = 0;
(il) gn is symmetric with respect to the midpoint 0;
(i) gl poo (— 1,1y and |gh|H362(7H’H) are estimated by

H
(3.22) 9n(0) = ll9nll Lo (~r,) ® 1+ In T
H
2 - a2
(3.23) |gh|HééQ(7H’H) ~1+1In -

The piecewise linear function g, will play a key role in the constructions in
Sections 4 and 5, and we will also need the estimates for some related piecewise
linear functions. First we state two technical lemmas (Lemma 3.7 and Lemma 3.8)
on the unit interval whose proofs are deferred to Section 6.

Recall that ﬁ% : HY(0,1) — £1(0,1) is the nodal interpolation operator with

respect to the subdivision {0,1/2,1}.
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Lemma 3.7. The following estimate holds:
(324) |gp - H%gp|§{ég2(0,l/2) = |gp - H%gpleééQ(l/Q,l) R (1 + |1np|)3 .

Let p,, a continuous function on [0, % + p] which is piecewise linear with respect
to the uniform subdivision of mesh size p, be defined by

(3.25) P, = (1) =24, ( 1 d (2 =0
25) Py [o,%fp]—gp‘[o,%fp]a Po\5 | =359\ 35 and  pp §+P =Y,

% — p, 1], be defined by

(1 1. /1 (1
(L4p1] e B :§gp 3 and ¢, §—p =0.

Lemma 3.8. The following estimate holds:
A2 a2 ~ 3
(3:27) 5o Pps 10y = 100 yago sy~ (1[I0l

and similarly ¢,, a continuous piecewise linear function on [

(326)  dply ) = 90

Let IIg be the nodal piecewise linear interpolation operator with respect to
the subdivision {—H,0, H} of [-H, H]. The following corollary is obtained from
Lemma 3.7 by scaling.

Corollary 3.9. Let gy, be the function defined by (3.21). Then we have

3
_ 2 — _ 2 ~ _
|gh Hth|H362(—H,O) |gh Hth|H362(O,H) (1 +1n h ) .

Let py, a continuous function on (—H, h) which is piecewise linear with respect
to the uniform subdivision of mesh size h, be defined by

1
(328) ph|[—H,—h] = gh|[—H,—h] ) ph(o) = igh(o) and ph(h) =0,
and similarly gp,, a continuous piecewise linear function on [—h, H], be defined by
1
(3.29) (Ih}[h,H] = gh}[h,H] o an(0) = igh(o) and gn(=h)=0.

The functions pj, and g3 are scaled analogs of p, and §,, and the following corollary
is a scaled version of Lemma 3.8.

Corollary 3.10. The following estimate holds for the functions py, and qp defined
by (3.28) and (3.29):

3
2 2
= ~(1l+1In— .
PRz = 10 g < h
4. LOWER BOUND FOR THE BPS PRECONDITIONER

According to (1.3), (1.4), (2.7), (2.9), (2.11) and (2.13), we have the following
characterizations of Amax(BppsSh) and Amin (BppsSh):

a(v,v)
4.1 )\min B Sh) = iy 7
(4.1) (BppsSh) 0#£veEVL(T) a(vy, vl) + ZéLzl a(ve, ve)
a(v,v
(4.2) Amax(Bpps Sh) = o

max 7 )

020V (D) a(vy, ve) + Yoy alve, ve)

where vy € Vg and v, € V,(E;) (1 < ¢ < L) form the unique decomposition
v=Igvyg + Zle vy
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(HH) D (HH)
Q, Q.
A ° B
Q, Q,
(H,-H) C (H-H)
FIGURE 4.

Lemma 4.1. We have A\pax(BgpsSy) > 1.

Proof. Let 0 # v, belong to one of the edge spaces, say, v, € Vi,(E1). The decom-

position of v, is given by vy = 0, v1 = v, and 0 = v9 = --- = vy = 0. Hence we
have
a(vy, vy) _ a(vy, vy) _1
a(ve,vy) —l—ZLl a(ve,ve)  a(vs,vx) ’
and the lemma follows from (4.2). O

Lemma 4.2. We have Amin(BppsSk) < [1 + 1n(H/h)]

Proof. We need to construct 0 # v+ € V4 (I') such that
L

712
(4.3) a(vi,v4) < [1+lnﬁ} l a(ver, v) Z a(vg, vy)

L=

holds for the unique decomposition v = Igvyg + Zezl vg, where vy € Vy and
ve € Vi (Ey) for 1 < /¢ < L. The lemma then follows from (4.1) and (4.3).

The definition of v; involves the four subdomains €21, 02, Q3 and €4 neighboring
the center of 2, whose vertices are given by (0,0), (0,+H), (£H,0) and (+H,+H)
(cf. Figure 4).

Let gp, be the function defined by (3.21). The function v+ € V(') is defined to
be 0 on I' except on the line segments AB and C'D, where it is given by

(4.4) vi(z,0) = gn(z) for —H<z<H,
(4.5) v1(0,y) =gn(y) for —H<y<H.

It is clear that vy vanishes outside 2; U2 UQ3U€y. In the unique decomposition
of vy, the coarse grid function vgy is just the nodal interpolant of v; in the coarse
grid space Vy, and the only nontrivial edge space functions are associated with the
four edges 1 = OA, E5 = OB, E3 = 0OC, and Ey, = OD.

By Lemma 2.5, we have

(4.6) a(vi,vy) Z |UT|H1(Q N~ Z |UT|H1/2(aQ )0

and from (1.11), (3.2), (4.4), (4.5), and the symmetry of g we find

(47) |’UT|§-11/2(BQJ') ~ |gh|i]é(§2(—H,H) for 1 S] é 4.
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Combining (3.23), (4.6) and (4.7), we conclude that
H
(4.8) a(vi,v4)) = 1+1n 7
Since vy € Vg vanishes at all the vertices of 7y except the origin, where
v (0,0) = gn(0), a simple calculation shows that a(vg,vy) ~ [v(0)|? = |gn(0)|?,
and then it follows from (3.22) that

h

Finally we estimate a(ve,v,) for the edge functions v, (1 < ¢ < 4). Since v; =
Igvyg + Z;}zl vg, on the edge E, the function vy equals the difference between v¢
and its coarse grid interpolant, and v, vanishes on I'\ Ej.

Let €4, and €, be the two subdomains neighboring E,. We have, by Lemma 2.5,
(1.11) and (3.2),

(4.9) alvy, vir) ~ <1 +ln£>2 .

a(ve, ve) = |W|%11(Q,_;1) + |U£|?'-11(Q[2) ~ Wﬁfééz(Ed )

and then Corollary 3.9 and (4.4)—(4.5) imply that
7\ 3
(4.10) a(vg,vg) &~ (1 +1In E) for1<¢<4.

The estimate (4.3) (and hence the lemma) follows from (4.8)—(4.10). O

Combining Lemmas 4.1 and 4.2, we have the following theorem on the lower bound
of H(BBpssh).

Theorem 4.3. For the model problem described in Section 2, we have

7\ 2
k(BppsShy) > ¢ <1 +1In E) ,
where ¢ is independent of h, H and J.

Remark 4.4. The proof of Lemma 4.2 (and hence Theorem 4.3) requires at least
one cross point, which is satisfied by the model problem in Section 2. It also agrees
with the fact that x(BppsSy) < 1 when there are no cross points (cf. [3]).

5. LOWER BOUND FOR THE NEUMANN-NEUMANN PRECONDITIONER

According to (1.3), (1.4), (2.7), (2.9), and (2.18), we have the following charac-
terizations of Apax(BanSh) and Apin (BynSh):

) a(v,v)
5.1)  Amin(BnnSh) = — .
( ) mm( NN h) Ogévnel%/r:(F) 7 )
min - {a(vm,vm) + Y a5(v5,v;)
1;:1H1;H+2JJ:1 Ijv 1
v €V v €V () L 1= i
a(v,v)
(5.2) )\max(BNNSh) = max = = .
0#veVy(T) J
min a(vg,vm) + Z a;(ve,ve)
1;:1H1;H+2JJ:1 Ijv 1
v €V v €V () L 1= i

This time we will first establish an upper bound for A\pin(BynSr). We begin
with the construction of a piecewise linear function on (0, H).
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B
T~ D

Ql Q2
1 c

FIGURE 5.

Lemma 5.1. There exists a continuous function ¢ on (0, H), not identically zero,
which is piecewise linear with respect to the uniform subdivision S of mesh size H/8,
and has the following properties:

(i) ¥(x) =0 forx & (4, 21),
(i) (¥, w)g1/2mys,7m/s) = 0 for any linear polynomial w on (H/8,TH/8).

Proof. Let V be the space of continuous piecewise linear functions associated with
S that satisfy (i). Then dimV equals three, while there are only two linearly
independent conditions in (ii). O

Lemma 5.2. We have Ayin(BnnSh) < 1.

Proof. For H/h < 4, this is a consequence of the estimate (cf. [9], [10], [11])

)\max(BNNSh) S (]- +In %)2

For H/h > 8, we construct a function v; € V3 (T") as follows. Let AB be the line
segment connecting (0, 0) to (0, H), and denote by ©; and €2 the two neighboring
subdomains (cf. Figure 5). We define v4 to be 0 on I' except on the line segment
AB, and on AB we have

(5-3) vi(0,y) =v(y) for0<y<H,
where 9 is the function from Lemma 5.1. Clearly v; vanishes outside €2 U Q, and
we have, by Lemma 2.5 and Lemma 5.1 (i),
(5.4) a(vr, vp) = [0l ) + [viline,) = 1032 ey
where C = (0, H/8) and D = (0,7H/8) (cf. Figure 5).
Consider now an arbitrary decomposition vy = Igvy + Z}]:l fjvj, where vy €

Vi and v; € Vi, (T;). On the line segment CD, by (2.8) and (2.17), Igvy = vy is
a linear polynomial, and

(55) o= vnlen = (52

CD

It follows from Lemma 5.1 (ii), (5.3) and (5.5) that

(5.6) 1ol /2cmy < ot = vallEn 2 opy S 101lFn2py + 1v2ll3/2 o) -
Since a;(-,-) = - ||%11(Q7,) (cf. (1.7) and (2.15)), it follows from (5.6) and the trace
theorem (cf. [23]) that

(5.7) 01312 py S @1(v1,01) + 2 (v2, v2)

Combining (5.4) and (5.7), we find a(vi,v4) < a(ve,ve) + Z}]:1 a;(vj,v;). Since
this last estimate holds for any decomposition of v4, the lemma follows from (5.1).

O

Now we prove a lower bound for Amax(BnnSh).
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Lemma 5.3. We have Amax(BnnSh) > [1+ ln(H/h)}Q.

Proof. We need to construct 0 # v, € V,(T') such that, for one decomposition
vy = Igvg + Z}'le Liv;, where vy € Vg and vj € Vi, (T';), we have

7\ 2 J
(5.8) a(Vi, V) = (1 +1In %) a(vg,vy) + Z a;(vj,vj)
j=1

The lemma then follows from (5.2) and (5.8).

The construction of v, again involves the four subdomains neighboring the center
of Q (cf. Figure 4). We define w € V,(I'1) to be 0 on I'; except on the two line
segments OA and OD, where we define

(5.9) w(x,0) = gn(x) for —H<z<0,
w(0,y) = gn(y)  for 0<y<H.

The function v, is then defined to be flw, and we choose the decomposition
(5.10) O=vg=vy=v3=---=wv; and v =w.

By Lemma 2.5 and Corollary 3.6, we have

N H
(5'11) a1(1}1,’u1) ~ |w|§.[1/2(391) ~ |gh|§{é(§2(_H,H) ~1 +1I1F.

From the definition of I; (cf. (2.17)) and (5.9), it is clear that v, vanishes outside
Q1 UQy UN3U Q. It follows that

4
(5.12) a(Vy, vy) = Z |v*|fql(ﬂj).
j=1
Using (2.17), (3.28), Corollary 3.10, (5.9), and Lemma 2.5, we have

3
613 [l = 0Barsony ~ Wiy~ (1407 )

It follows from (5.11)—(5.13) that a(v.,v.) = (1+1n %)2 a1 (v1,v1), which implies
(5.8) for the decomposition in (5.10) and hence the lemma. O

Combining Lemmas 5.2 and 5.3, we have the following theorem on the lower bound
of K(BNN Sh)

Theorem 5.4. For the model problem described in Section 2, we have

i 2
H(BNNS}L)>C<1+1I1E> ,

where ¢ is independent of h, H and J.
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6. PROOFS OF THE TWO TECHNICAL LEMMAS

We will present the proofs of Lemma 3.7 and Lemma 3.8 in this section. We
begin with an elementary lemma from calculus.

Lemma 6.1. Let ¢ be a positive, continuous and decreasing function defined on
(0,00). Then we have

K K
S Fk) ~ F(1) + / f(z)ds.

k=1
Proof. Using Riemann sums and the sign and monotonicity of f(z), we have
-1

K K K
flB) < f(1)+ f(x)dz and flx)de < fk). O
> I /

K
k=1
The coefficients of the sine series Y~ | o, sin(2nmz) of the function G —ﬁ% Gn
on the interval (0,1/2) are given by
1/2 .
ay = 4/ [GN — H%GN] sin(2nmx) dx
0
2 [1/? - /
= — [GN —H;GN} cos(2nmx) dx .
nm Jo 2

Note that (ﬂ%GN)(x) = [2Gn(1/2)]@ on (0,1/2). Hence we have, by (3.10),

N
(6.1) Gy ~T,Gn)' (2) == lz cos ((4m — 3)7x) | — 2Gn(1/2)
m=1
for0<z < %
We can therefore write
N
_ (=
(62) Ay = T E Z Am,n
m=1
where
(6.3) _ 1 1
' e ot dm—3 m—4Am+3
0o 1 N 2
L 2. — < 1.
emma 6.2. It holds that Z - (Z am,n> <1
n=3N+1 m=1
Proof. From (6.3) we have, for n > 3N, Z%ﬂ amn| < ‘ZZ=1% < Y. Then
Lemma 6.1 implies that
[eS) 1 N 2 [eS) 1
2 ~
> o) v 3 han o
n=3N-+1 m=1 n=3N-+1

3N

N 2

1

Lemma 6.3. It holds that Z - <Z am,n> < (1+InN)>2.
n=N m=1
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Proof. For N <n < 3N, we have, by Lemma 6.1,

N 1 L1 (2n+AN -3
= -In| —— | =
m=12n+4m—3 2n+1 4 2n +1
and
N 1 6N711
— I —~1+InN.
g 2n—4m—|—3}’“ 2 Gl

m=1 j=1

It follows from these two estimates, (6.3) and Lemma 6.1 that

BN | (N 2 BN
ZE<ZGW> 5(1+1nN)QZHz(1+1nN)2. O
n=N m=1 n=N
N1, /N 2
L 4. — ~ 3,
emma 6.4. It holds that Z - <Z am,n> (I1+InN)
n=1 m=1
Proof. For 1 <n < N — 1, we can write, by (6.3),
N
(6.4) Z Am.n = Cn — by,
m=1
where

- 1
bp=»
Z 2n—4m+ 3

m=1

and

N 1 N 1
“n = [Z 2n+4m—3] - l > o —4dm + 3

m=1 m=n-+1
We claim that
(6.5) |bn] S1 forl1<n<N.

Assume first that n is even. Then we have, for n = 2¢,
¢

1 1
o] = 2(2n—4m+3+2n—4(m+€)+3>

m=

L

1 1
B W;<2n—4(€—m+1)+3+2n—4(m+€)+3)‘

_ZZ: 1
o dm—1 4m -3

m=1

<1.

~

On the other hand, when n = 2¢ — 1, we also find by using the previous case that

n+1 1 1
2. +
m:12n—4m+3 2n+1

|bn| =

~
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Next we estimate |c,|. Observe that —Zazn_H m = Zﬁ;? m,

and hence

N N
6.6 <c, <2
(6.6) 2:1n+4m 3*0 mzz: n—|—4m 3
Therefore, we obtain by Lemma 6.1

N

1 1 2n+4N — 3

6.7 p (222
(6.7) §:2n+®n 3 2n+1+4n( 2n + 1 )

m=1

From (6.4) we have

o BER )

n=1 n=1 n=1 m=1
N-1 N-1
1 1
<2 [ -2 +2 —bi]
n=1 n n=1 n
The estimates (6.5), (6.7) and Lemma 6.1 imply that
N-1y N-1y
(6.9) —b2 < —<1+InN,
n n
n=1 n=1
N-1 ~1 N-1
1 1 1 2n+4N -3
6.10 —c2 — “In? (| ————=
(6.10) o Cn n3 + Znn < m+1 )]
n=1 n=1 n=1
N Ly 2l
T & 2n +4N -3

So it only remains to estimate En;f(l/n) In? [(2n +1)/(2n 4+ 4N — 3)]. By
Lemma 6.1 we have

Jflln2 o + 1
n 2n+4N — 3
n=1

N—

1) o[ 241
n
— 2n—|—1 2n—|—4N 3) 2n+4N —3

N—-1
24(N — 1) o 2w+1
11 ~(1+InN)? 1
(6.11) (1+1InN) +/1 22+ 1)(22 + 4N —3) (2x+4N—3)d$

N-1
2z 41
=(1+WN)?+ |0’ ————
(1+1InN) +{n <2x+4N—3)]1

~(1+InN)>.
The lemma follows from (6.8)—(6.11). O

Proof of Lemma 3.7. By the symmetry of §,, it suffices to estimate the first term
|G, — H%gp|Hég2(0!1/2). According to Lemma 3.1 and (6.2), we have

2
9] N
1
|GN—H GNl 1/201/2) ZE (nlz_:lam,n> .
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Hence it follows from Lemmas 6.2—6.4 that

(6.12) |Gn — ﬁ%GNﬁ{éézm/Q) ~(1+InN)>=(1+|Inp|)?.

On the other hand, as in the proof of Lemma 3.3, standard interpolation error
estimates and (3.11) imply that

(6.13) IGN = ol 2012 S 1-
Since ﬂ%GN = ﬁ%gp, the estimate (3.24) follows from (6.12) and (6.13). O

We now turn to the proof of Lemma 3.8. First we consider, for N > 4, the
function Hy on [0,1/2] defined by

Gn(z) 0 {ES%
[Yen(-H)|a-22) -k <as

o= 2|H

(6.14) HN(J?) = {

Let Y77, By sin(2n7z) be the sine series of Hy on the interval (0,1/2). Using
(3.10) and (6.14), we find

1/2
Bn =4 Hy(z)sin(2nmx) dx
0

9 [1/2
= _ H, 2 d
- ~ () cos(2nmz) dx
N 11
= "7 cos ((4m — 3)ra) cos(2nna) d
= — — nrx)dx
— sz:l ; cos ((4m TTX) COS

1/2
—NGy(% - %)/ cos(2nmx) dx} .

Note that

1

/057 cos ((4m — 3)wx) cos(2nmz) da

2|

1/2)—(1/N
(6.15) 1 sin ((2n+4m—3)7rx) N sin ((2n_4m+3)7rx) (1/2)—(1/N)
. o 2n +4m — 3 9 — 4m 1 3 0
_1 n
= %(am,n—bmm)’

where @y, ,, is defined by (6.3) and

(6.16) b 1—cos((2n+4m —3)n/N) 1 —cos((2n — 4m + 3)7/N)
' e 2n+4m — 3 2n —4m+3 '
Therefore (§,, can be written as

2 [1 &
(6.17) Bo= (D" |3 ;(am,n — b)) —dnN|
where
(6.18) oy = NGy (% - %)M.

2nm
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It is clear from (3.13) and (6.18) that

o)

1 e
(6.19) TS Y PP CMESEIL 'y
n=N n=N

1

3 < (InN)2.

On the other hand, using (3.10) and Lemma 6.1 we find

N
1 dn — 3 1
1_ 1
GN(§_N)*E 4n_gcos( W)Zln(ZLN 3)+0(1) for n<N,

n=1
and hence we obtain from (6.18)

In N

1
(6.20) dn,y = (4N = 3) + WO(nQ) +0(1) for n<N.

2
0o N
1
Lemma 6.5. It holds that E — < E bm}n> < InN for N > 4.
n

n=1 m=1

m=1

2
Proof. As in the proof of Lemma 6.2, we have ZZO=3N+1 % (ZN bmm) <1

On the other hand, in view of

2
2 4m —
|1 —cos ((2n+4m — 3)r/N)| < <7H_Tm3> ,
2n —4m +3\°
|1 —cos ((2n — 4m + 3)7/N)| < (%) ,

which hold for 1 < n < 3N, we have ‘Zazl bn| S 1for 1 <n <3N, and

therefore Lemma 6.1 implies that

SN | (N 2 BN
ZE<me’"> gZESInN. 0
m=1

n=1 n=1
2 ~ 3
Lemma 6.6. [t holds that |HN|H3({2(0,1/2) ~ (InN)” for N > 4.

Proof. According to Lemma 3.1, we have |H]\;|?q1/2(0 T S nB2. We deduce
00 )
immediately from (6.17), (6.19), (6.20) and Lemmas 6.2-6.5 that

oo

> by < (InN)>.

n=1

To prove the reverse estimate, we observe from (6.6) and Lemma 6.1 that

1 2 4N — 3 1
cn < 1(7”7)4—0(5) for n< N,

~In
2 2n+1
which together with (6.4), (6.5), (6.17) and (6.20) imply that
2
= (—1)"—(n + 0n n)s
P = (=1)" —(n + dn + pn)

where
B In N

In(2n+1), J, NE

O(n?*) and p, =0(1).

Yo =

e
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Hence we have, by Lemma 6.1,

o0 N-1 Ny a2
2 2 n 2 3
Znﬂnzznﬂnz W[;‘(%‘H’n)} 2 (InN)*. O
n=1 n=1 n=1
5 2 ~ 3
Lemma 6.7. It holds that |HPHN|H§[{2(0,1/2) ~ (InN)° for N > 4.

Proof. We have, by (6.14),

1 (GN - ﬂpGN) (z)

(ty ~ 1y t1x) () = { | =

N[=

<
<

_ z <

o= O
N[—= ZlH

1
N
Therefore, as in the proof of Lemma 3.3, standard interpolation error estimates and
(3.11) imply that

(6.21) |Hy — ﬂpHN|H362 1.

0.1/2)
The lemma follows from (6.21) and Lemma 6.6. O

Proof of Lemma 3.8. By the symmetry of g, it suffices to estimate |p,| 1/2., 1, .-
Hy$™(0,5+p)

For N = 2, the estimate (3.27) is trivial. Let N be greater than or equal to 4,
and p, (resp. II,Hy) be extended to be zero outside (0,3 + p) (resp. (0,1/2)).
By (3.25), (6.14) and recall g, = prGN, we see that p, — prHN is a continuous
function that vanishes outside (3 — p, 3 4+ p). Moreover, it is linear on (3 — p, 3)

and (%, % + p), and equals %GN(l/Z) at © = 1/2. For such a function, a scaling
argument yields

(6.22) Bo — T HN |12y =~ G (1/2) .
The estimate (3.27) for N > 4 follows from (3.2), (3.13), (6.22), and Lemma 6.7. O
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