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TENTH DEGREE NUMBER FIELDS
WITH QUINTIC FIELDS HAVING ONE REAL PLACE

SCHEHRAZAD SELMANE

ABSTRACT. In this paper, we enumerate all number fields of degree 10 of dis-
criminant smaller than 10! in absolute value containing a quintic field having
one real place. For each one of the 21509 (resp. 18167) found fields of signa-
ture (0,5) (resp. (2,4)) the field discriminant, the quintic field discriminant, a
polynomial defining the relative quadratic extension, the corresponding rela-
tive discriminant, the corresponding polynomial over Q, and the Galois group
of the Galois closure are given.

In a supplementary section, we give the first coincidence of discriminant of
19 (resp. 20) nonisomorphic fields of signature (0,5) (resp. (2,4)).

1. INTRODUCTION

In this paper, we enumerate all number fields of degree 10 of discriminant smaller
than 10'! in absolute value containing a quintic field having one real place.

The list corresponding to the signature (0,5) (resp. (2,4)) contains 21509 (resp.
18167) fields. For each field in the given two lists, the field discriminant, the
quintic field discriminant, a polynomial defining the relative quadratic extension,
the corresponding relative discriminant, the corresponding polynomial over Q, and
the Galois group of the Galois closure are given.

To establish these lists, we have followed, without major modification, the
method of [4] [7]; Section 2 of this paper contains a brief description of the method
used. We describe the results in the third section. The existence of several noniso-
morphic fields, of composite fields, of unramified extensions, of Hilbert class fields
as well as other characteristics, have been examined in more detail.

Finally, in a supplementary section, we give the first coincidence of a discriminant
of 19 (resp. (2,4)) nonisomorphic fields of signature (0, 5) (resp. (2,4)) with a value
of its discriminants out of the originally chosen bound.

2. THE METHOD

If L is a number field of degree n, we denote by 9, its ring of integers, by dy, its
discriminant, and by Ay, its class number. For § € L, we denote the corresponding
conjugates by S, ..., (") and set T5(3) = Sy 132,

To establish the lists of all number fields of degree 10 over Q and of field dis-
criminant smaller than 10'! in absolute value containing a quintic subfield having
one real place, we have followed without major modification the method of explicit
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construction of quadratic relative extensions as described in [4}[7]. In the following,
we are going to briefly describe the main stages that led us to establish the lists for
the desired fields.

Let K be a number field of degree [K : Q] = 10, of signature (r,s) and of dis-
criminant dx such that |dx| < 10! containing a quintic field F of signature (1,2).
According to [4], K contains an integer 6, § ¢ F' such that

K =F(9),

Min(0, F) = P(z) = 2 > + ax + b € Ip[z],

10 13 x| 1
1 912 <« LN @2 o (19K
(1) ;I | 72;&1 I vl I

r=0or2

(since the signature of F' must be compatible with that of K).

To compute all the polynomials P(x) having a root 6 subject to inequality (1),
we will work in the field F'. As

d = (—1)°dEN(9),

where § is the relative discriminant of K/F and N is the absolute norm in the
extension F/Q, we must consider all quintic fields F of signature (1,2) with dis-
criminant smaller than 102 . All quintic fields F' used were taken from the tables
of F. Diaz y Diaz, M. Pohst and A. Schwartz [3].

We denote by W = {w; =1,ws,...,ws} an integral basis of F and by o;
(1 <4 <5) the distinet Q-isomorphisms of F into C, and we set M = (|dK|/4dp)% .

According to [4], the coefficient a of P can be chosen in ¥r (mod 2¥g). More-
over, according to [7], each one of the 32 possible values of a can be chosen so that
C= %Zle |a|? + M is minimum.

Once a convenient value of a is determined, we compute the set of suitable values
of b= Z?Zl b;w; from the second relative symmetric function

S9 = 0%+ 0" = a® — 20,

where 0’ denotes the other root of P. The values of sy are computed from the
inequality

5
S s9P < e,
=1

which comes from inequality (1) and the inequality

5 .
Msyi<c
=1

We find ourselves in the presence of a long list of polynomials P. The main
simplifications used to reduce, as much as possible, the number of polynomials to
be considered to construct the complete lists of the desired fields are described
below.

First of all, we solved the problem of the signature of the field K by ensuring
that the polynomial discriminant A = a? — 4b of the real conjugate polynomial has
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the sign (—1)°. However, for the signature (0,5), we also needed to verify that the
roots of the other conjugate polynomials are not real for the 50 quintic fields having
discriminant square. Then, we proceed with the elimination of polynomials having
too large values of T»(6) by checking whether the inequality

5
(2) S A0 < 211
i=1
is fulfilled. Indeed, since

10 . 1 5 ) 5 .
>0 = (Sl 30101
i=1 =1 =1

then the inequality

10 ‘ 1 5 )
D02 < 3 > aDP 4+ M
i=1 =1

is equivalent to inequality (2). Finally, we checked the irreducibility of the poly-
nomial P for the signature (2,4).

For the polynomials surviving these tests, we started by computing the relative
discriminant d using a theorem on ramification in Kummer extensions. Only those
polynomials for which N(J) < 1011d§2 were kept, which allowed us to obtain the
value di directly. As we obtained several polynomials for a given discriminant, we
used the function OrderIsSubfield in [I] to decide whether or not such polynomials
define the same field up to isomorphism. Then, we computed the polynomial

5 10
flx) = H(a: 2t oi(a)r +oi(b) = Ztixlo_i (to=1)
i=1 i=0
and the Galois group of the Galois closure for each field in the lists using KANT

alp

3. DESCRIPTION OF RESULTS, AND DISCUSSION

In this section, we give a brief discussion of some information provided by these
computations.

In Table 1, we give the number of fields that were constructed and we present the
number of discriminants for which there are exactly k& nonisomorphic fields having
the same discriminants.

e The smallest discriminant in the list corresponding to the signature (0,5) is
—209352647 with

f(z) = 2" — 32% + 82% — 1427 + 202° — 2225 + 192* — 1323 + 622 — 22 4+ 1
and
P(x) =2+ (=p* +2p° = p* + p— Dz + (p* — p*) € Irlal,
where p is a root of
g(z) =2° —22* +2° — 1 € Z[].

The relative discriminant being the prime ideal (23, p + 19) of F over 23.
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TABLE 1.
(r,s) (0,5) (2,4)
Number of fields 21509 18167
k Number of k£ nonisomorphic fields
2 1996 1618
3 183 176
4 131 76
5 11 10
6 3 1
8 5 5
9 0 1
12 1 1
> 12 0 0
TABLE 2.
(0,5)
dr, | -3 | —-4|-7|-8|-11]| —-15| —-19 | —51
nb | 586 | 315 | 29 | 30 10 2 3 1
nby | 162 | 56 5 2 — — — —
2.4
dr, 5 8 13 | 17 53 141
nb | 128 | 23 5 3 1 1

nby | 30 2 - - - -

e The smallest discriminant in the list corresponding to the signature (2,4) is
799905449 with

flz) =2 — 2% 422 — 525 — 2% 4 32* + 423 + 2% — 22— 1
and
P(x)=2®+ (—p* +2p— Da + (—p* + 20> — 2p + 1) € Ip|a],
where p is a root of
g(x) = 2° — 22" + 22 — 2? — 1 € Z[].
The relative discriminant ¢ being the prime ideal (41, p + 4) of F over 41.
We notice that there exist no extensions K/F with § = (41,p+7) and 6 =
(41, p + 15).
Among the fields that we found there were exactly 983 (resp. 161) fields K of
signature (0,5) (resp. (2,4)) containing, in addition of a quintic field, a quadratic
subfield. In Table 2, we present the number nb of fields K containing the quadratic

field L and the number nb; of composite fields K (K = F.L and F N L = Q). We
have nb = 1 for 7 fields cited in Proposition 3.2.

Proposition 3.1. Let F be a quintic field of signature (1,2) and of discriminant
smaller than 9829 in which 2 remains inert. Let pdp = Hle e be the decompo-
sition of a prime number p in the field F with N(gp;) = p/+.

i) There are exactly 4 (resp. 3) nmonisomorphic number fields K of signature
(0,5) (resp. (2,4)) and of discriminant |d| = 219 d2.
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TABLE 3.

dK (to7 ...,tlo) 1) h,K
—229345007 (1,-1,6,-3,11,-3,11,-3,6,—1,1) (47, p+ 17) 1
—3077056399 | (1,5,18,42, 82,120,127, 93,42,10,1) (79,p+7) 1
—11592740743 | (1,4,3,—6,13,93,157,114, 36,5, 1) (103, p + 58) 1
—23863536599 | (1,3, 10,23, 45,73, 87,65,28,7,1) (T,p+4)(17,p+5) |1
— (1,2,—4,-10,33,—-43,33, —10,—4,2,1) | (7,p+3)(17,p+15) |2
—33038369407 | (1,-2,3,1,—-3,10,27, —59,41, —3,9) (127, p + 80) 1
—38579489651 | (1,—-1,9,4, 26, 30,37,47,37,18,4) (131, p + 104) 1
—59797108943 | (1,2,6,10,11,10,12,6,4,2, 1) (11,p4+7)(13,p+10) | 1
(1,4,9, 30,107, 253,397, 418,292,125, 25) | (11,p 4+ 8)(13,p+9) |2

i1) For each p; such that 210pf’id% < 10', there exists exactly 4 nonisomorphic
fields K of signature (0,5) (resp. (2,4)) and of discriminant |dy| = 2'%p7idZ.

Remark 3.1. The polynomials f defining the fields K in Proposition 3.1 are even
and, moreover, the f (x%)’s are just polynomials defining the corresponding quintic
subfield.

Proposition 3.2. Let F be a quintic field of signature (1,2) and of discriminant
dp such that dp = m? with m < 105 . Let [ = Q(v/—m) be the corresponding
imaginary quadratic field. For m # 136, we have hy = 5.1 and there exists [
nonisomorphic totally imaginary number fields K containing F' and L with dx =

—mb.

Remark 3.2. The quoted quintic fields in Proposition 3.2 have D5 for Galois group.

Remark 3.3. Each field K in Table 3 is a subfield of the Hilbert class field H of the
imaginary quadratic field L = Q(v/—m). In particular, for I = 1 we have K ~ H.

For m = 136, we have h;, = 4 and there exists, up to isomorphism, one to-
tally imaginary number field K of discriminant —46525874176 with K = F(#) and
F =Q(p), where 0 is a root of

pla) =2 + (1= p*)z + (=1 +2p— p* — p* + p")
and where p is a root of
g(z) =a° — 2" +22° —z +2.

The Hilbert class field of the imaginary quadratic field Q(1/—136) is defined by
the polynomial 28 4 122% + 492* 4 7822 + 4 of field discriminant 342102016 which
contains the quartic subfield of signature (2,1) and of discriminant —2312.

Proposition 3.3. For each quintic field of signature (1,2) and of discriminant
smaller than 10"/2 having class number 2 there exists an unramified extension K/F
of signature (2,4).

4. SUPPLEMENT

It is well known that the set of isomorphism classes of number fields of given
discriminant is finite (Hermite). With the chosen bound & = 10! we have obtained
up to 12 nonisomorphic fields of discriminant —93771920384 (resp. 93771920384)
for the signature (0,5) (resp. (2,4)). To our knowledge, for a fixed degree and



850 SCHEHRAZAD SELMANE

signature, the maximum number of nonisomorphic fields with same discriminant is
not known.

Here, we give the first coincidence of 19 nonisomorphic fields for the signature
(0,5) and the first coincidence of 20 nonisomorphic fields for the signature (2,4).
We think that these numbers are maximum for these kind of fields. In the following,
we will describe how we have obtained such results.

Having noticed that the obtained 4, 8 and 12 nonisomorphic fields had a dis-
criminant of the form

|dic| = 2'°p" d,

where 2 remains inert in the quintic field F' and p is a prime number such that
pip = szl o5t with N(p;) = p’i, we looked for the first prime number which
splits completely in a quintic field where 2 remains inert and such that 2!° p d% is
as small as possible.

The smallest prime number found, which splits completely, is 83 in the quintic
field F' of discriminant 2209. Since the target discriminant must have |dg| =
210.83.22092, we have fixed the bound to & = 5-10'!. Table 4 contains the results.

We denote by fi,..., foo (vesp. fi,..., flg) the polynomials of signature (2,4)
(resp. (0,5)) in the order in which they appear in Table 4. If we denote by

fi(@) = 2" + ta2® + t42° + tex* + ts2® + tho,
then

f/z(l‘) =10 — t2$8 + t41‘6 — t61‘4 + t8$2 — t10-

TABLE 4.

(2,4) (0,5)

2% + 328 — 525 + 227 4+ 5122 — 83 10 _ 328 — 52% — 22" + 5122 + 83
10 _ 528 4 72% — 162* + 6722 — 83 104 528 4 72° + 162" + 6722 4 83
10 _ 8z 4+ 272% — 53z* + 8522 — 83 10 4 828 +272% + 532* + 8522 + 83
10 8 6 4 2 10 8 6 4 2
—x° —132° + 172" + 542 — 83 +2° —132° — 172" + 542~ + 83
10 _ 548 4+ 1225 — 472" 4 4922 — 83 10 4 548 + 1225 + 472* + 4922 + 83
10 _ 648 + 825 + 52 + 3222 — 83 10 4 628 + 825 — 52 + 3222 4 83
1% 4+ 2% — 28z* — 627 — 83 10 4 26 4 282* — 62 4+ 83
1% — 42% — 2% — 22% + 2422 — 83 10 _ 28 —132°% + 482 — 9322 + 83
10 4+ 28 — 1325 — 482* — 9322 — 83 10 4 42® — 25 — 182 + 1422 + 83
1% — 42® — 2% + 182* 4 1422 — 83 104 328 + 162° + 332* + 6122 4 83
10 8 6 4 2 10 8 6 4 2
" —3x° + 16x° — 332~ + 61x° — 83 +4x° — x° 4+ 22" + 24x° + 83
20 + 528 + 625 — 182 — 7122 — 83 10 _ 548 + 625 + 182" — 7122 + 83
20 — 528 + 28 + 142 + 3122 — 83 104 528 4+ 2% — 142* + 3122 + 83
2% + 102% + 322° + 312* — 2022 — 83 10 _ 102® + 322° — 312* — 2022 + 83
10 8 6 4 2 10 8 6 4 2
o +4z° —x° — 31lx” — 81lx® — 83 —4x° — x° + 31z" — 81x“ + 83
20 + 528 + 182°% + 152* + 2% — 83 10 _ 548 + 1825 — 152 + 2% + 83
10 8 6 4 2 10 8 6 4 2
o 4+ 2%+ 9x° + 192" — 422° — 83 —x° 4+ 9x° — 192° — 422° + 83
z'0 — 8z% + 192% — 172* + 4122 — 83 10 4 848 + 1925 + 172 4+ 4122 + 83
zt0 — 72% — 33z* + 22 — 83 104 728 4+ 332* + 22 + 83
z'% 4+ 82° — 192 4+ 1022 — 83

88 8 8 8

88 88 88 8 888888888888
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Notice that the polynomial freo(x) = 2194+82°+192% 41022483 defines a totally
imaginary number field of degree 10 of discriminant —83 - 22092. Let y = x%; we
have f1;,(y) = — fi(—y), and moreover f;(y) and f7;(y) are just polynomials defining
the quintic subfield F.

All computations have been done on a Pentium MMX 200.
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