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EXTREME EIGENVALUES
OF REAL SYMMETRIC TOEPLITZ MATRICES

A. MELMAN

Abstract. We exploit the even and odd spectrum of real symmetric Toeplitz
matrices for the computation of their extreme eigenvalues, which are obtained
as the solutions of spectral, or secular, equations. We also present a concise
convergence analysis for a method to solve these spectral equations, along with
an efficient stopping rule, an error analysis, and extensive numerical results.

1. Introduction

Spectral equations, or secular equations, as they are frequently called (see [13]),
are a convenient tool for computing a few eigenvalues of a matrix. These equa-
tions are different from the characteristic polynomial (even though equivalent) and
contain rational functions, which therefore exhibit singularities. Sometimes these
singularities are known explicitly, but this is not always the case, and it is not for
the equations that we consider here.

In the present work, we will use such equations for computing the smallest and
largest eigenvalues of real symmetric Toeplitz matrices. These matrices appear in
quite a large number of applications, chief among them digital signal processing (for
an overview of applications see [4]). The computation of the smallest eigenvalue of
such matrices was considered in, e.g., [9], [17], [21] and [26], whereas bounds were
studied in, e.g., [11], [15] and [24].

All the concepts we need will be defined and explained in the following section,
so for the moment let us just say that Toeplitz matrices have two kinds of eigenval-
ues: even and odd. As our basic tool to compute extreme eigenvalues, we use a set
of two equations, one for each type of eigenvalue. This is contrary to [9] and [21],
where no such distinction is made and only one secular equation is used. The idea
behind these equations is certainly not new, and to put matters in perspective, we
note that they appear in [10] in an equivalent form that is less suitable for compu-
tation, and are hinted at in [11] without being explicitly stated. No applications of
these equations were considered in either paper. In [17], one of these equations is
derived in a different way, without taking into account the spectral structure of the
submatrices of the matrix, thereby obscuring key properties of the equation. It is
used there to compute the smallest even eigenvalue.

More recently, in [23] and in [26], these same equations were derived in a form
suitable for computation. In [26], they were then used to compute the smallest
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eigenvalue of a real symmetric positive definite Toeplitz matrix. The crucial aspect
of the aforementioned algorithms is the rootfinder used for solving their respective
secular equations. In [9], the rootfinder is simply Newton’s method, whereas in [21]
and [26], it is a variant on the rational approximation method in [5], which is much
more efficient than Newton’s method.

In this work, we propose first of all a different and much shorter convergence
analysis of the rootfinder in [21] and [26]. A similar technique then leads to a more
efficient stopping rule for the algorithm, based on a rational approximation, rather
than the polynomial one used in [21] and [26]. We also propose an error analysis,
lacking in both [21] and [26], but which is necessary to understand the obtainable
accuracy of the computed solution. Finally, we present extensive numerical results,
beyond the single class of matrices investigated in [21] and [26], including a class
of matrices for which the algorithm works less well than might otherwise be con-
cluded from those papers. In addition to the smallest, we also compute the largest
eigenvalue. We will concentrate on positive definite matrices, which occur in most
practical applications, even though the approach in this work is valid for any real
symmetric Toeplitz matrix.

The paper is organized as follows. In section 2, definitions and basic results
on Toeplitz matrices are given. In section 3, we summarize the derivation of the
spectral equations and previous results. Section 4 deals with the numerical solution
of the spectral equations, while an error analysis and stopping rules are discussed
in section 5. In section 6, we present numerical results.

2. Preliminaries

A symmetric matrix T ∈ IR(n,n) is said to be Toeplitz if its elements Tij satisfy
Tij = t|j−i| for some vector t = (t0, . . . , tn−1)T ∈ IRn. Many early results about
such matrices can be found in, e.g., [3], [6] and [10].

Toeplitz matrices are persymmetric, i.e., they are symmetric about their south-
west-northeast diagonal. For such a matrix T , this is the same as requiring that
JT TJ = T , where J is a matrix with ones on its southwest-northeast diagonal and
zeros everywhere else (the exchange matrix). It is easy to see that the inverse of a
persymmetric matrix is also persymmetric. A matrix that is both symmetric and
persymmetric is called doubly symmetric.

A symmetric vector v is defined as a vector satisfying Jv = v, and a skew-
symmetric or antisymmetric vector w as one that satisfies Jw = −w. If these
vectors are eigenvectors, then their associated eigenvalues are called even and odd,
respectively. Drawing on results in [3], it was shown in [6] that, given a real sym-
metric Toeplitz matrix T of order n, there exists an orthonormal basis for IRn,
composed of n − bn/2c symmetric and bn/2c skew-symmetric eigenvectors of T ,
where bαc denotes the integral part of α. In the case of simple eigenvalues, this is
easy to see from the fact that, if Tu = λu, then T (Ju) = λ(Ju), because JTJ = T
and J2 = I. Therefore u and Ju must be proportional, and therefore u must be
an eigenvector of J , which means that either Ju = u or Ju = −u. Finally, we note
that for α ∈ IR, the matrix (T − αI) is symmetric and Toeplitz, whenever T is.

The identity and exchange matrices are denoted by I and J , respectively,
throughout this paper, without specifically indicating their dimensions, which are
assumed to be clear from the context.
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3. Spectral equations

In this section we summarize known results about the various spectral, or “sec-
ular”, equations for the eigenvalues of a real symmetric Toeplitz matrix. We will
assume from now on that T is positive definite, even though our approach is valid
for any real symmetric Toeplitz matrix, as will be briefly explained at the end of
this section.

Let us consider the following partition of a symmetric Toeplitz matrix T , which
we shall refer to in the future as “partition I”:

T =
(
t0 tT

t Q

)
,

where t = (t1, ..., tn−1)T and Q is an (n− 1) × (n − 1) symmetric Toeplitz matrix
generated by the vector (t0, ..., tn−2)T . Then the following well-known theorem
(see, e.g., [9]) holds:

Theorem 3.1. The eigenvalues of T that are not shared with those eigenvalues of
Q, whose associated eigenspaces are not entirely contained in {t}⊥, are given by
the solutions of the equation:

−t0 + λ+ t T (Q− λI)−1t = 0 .(1)

The eigenvectors belonging to the eigenvalues of T that are not in the spectrum of
Q are then given by (1,−(Q− λI)−1t)T .

We define the function f(λ) by

f(λ)
4
= −t0 + λ+ t T (Q− λI)−1t .(2)

Equation (1) is equivalent to

−t0 + λ+
p∑
i=1

c2i
ωi − λ

= 0 ,(3)

where {ωi}pi=1 are the p eigenvalues of Q for which the associated eigenspace Uωi
is not entirely contained in the subspace {t}⊥, i.e., for which Uωi 6⊂ {t}⊥ (see,
e.g., [11] for more details). Denote the orthonormal vectors which form a basis
for Uωi by {u(i)

j }
di
j=1, where di is the dimension of Uωi . Then the scalars c2i are

given by c2i =
∑di

j=1(tTu(i)
j )2. The rational function in (1), or (3), has p simple

poles, dividing the real axis into p+ 1 intervals, on each of which it is monotonely
increasing from −∞ to +∞. The p+ 1 solutions {λj}p+1

j=1 of equation (3) therefore
satisfy

λ1 < ω1 < λ2 < ω2 < · · · < ωp < λp+1 ,

i.e., the eigenvalues ωi strictly interlace the eigenvalues λj ; this is known as Cauchy’s
interlacing theorem. These results are well-known, and we refer to, e.g., [9], [11]
and [25].

A positive-definite matrix T will therefore certainly have an eigenvalue in the
interval (0, ω1). In [9], the smallest eigenvalue is then computed from f(λ) = 0.

It would appear that the previous partition of T is inappropriate, given the
persymmetry of Toeplitz matrices. We therefore consider the following, more nat-
ural, partition for a matrix (see [11], [23] and [26]), which is both symmetric and
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persymmetric and which in the future we shall refer to as “partition II”:

T =

 t0 t̃ T tn−1

t̃ G Jt̃
tn−1 (Jt̃ )T t0

 ,

where t̃ = (t1, ..., tn−2)T and G is an (n− 2)× (n − 2) symmetric Toeplitz matrix
generated by the vector (t0, ..., tn−3)T . In what follows, we denote the even and
odd eigenvalues of T by λei and λoi , and the even and odd eigenvalues of G by µi
and νi, respectively. We then have the following theorem from [23] and [26], which
yields two equations: one for even and one for odd eigenvalues of T .

Theorem 3.2. The even eigenvalues of T that are not shared with those even
eigenvalues of G, whose associated eigenspaces are not entirely contained in {t̃ }⊥,
are the solutions of

−t0 − tn−1 + λ+ t̃ T (G− λI)−1(t̃ + Jt̃ ) = 0 ,(4)

whereas the odd eigenvalues of T that are not shared with those odd eigenvalues of G,
whose associated eigenspaces are not entirely contained in {t̃ }⊥, are the solutions
of

−t0 + tn−1 + λ+ t̃ T (G − λI)−1(t̃ − Jt̃ ) = 0 .(5)

The symmetric and skew-symmetric eigenvectors of T belonging to eigenvalues that
are not in the spectrum of G are then given by (1,−(G − λI)−1(t̃ + Jt̃), 1)T and
(1,−(G− λI)−1(t̃− Jt̃),−1)T , respectively.

Proof. Using partition II of T , the problem Tx = λx, or (T−λI)x = 0, is equivalent
to the following system of equations:

(t0 − λ)x1 + t̃ T x̃+ tn−1xn = 0,(6)
x1 t̃ + (G− λI)x̃ + (Jt̃ )xn = 0,(7)

tn−1x1 + (Jt̃ )T x̃+ (t0 − λ)xn = 0,(8)

where x̃ = (x2, ..., xn−1)T and, as before, t̃ = (t1, ..., tn−2)T . If λ is not an eigen-
value of G, we have from (7) that

x̃ = −(G− λI)−1
(
x1t̃ + xn(Jt̃ )

)
.(9)

First of all, this means that x1 and xn cannot be simultaneously zero without x̃
being zero as well. Substituting (9) into (6) and (8) yields the following system of
linear equations in x1 and xn:

(t0 − λ− t̃ T (G− λI)−1 t̃ )x1 + (tn−1 − t̃ T (G− λI)−1(Jt̃ ))xn = 0,(10)

(tn−1 − (Jt̃ )T (G− λI)−1 t̃ )x1 + (t0 − λ− (Jt̃ )T (G− λI)−1(Jt̃ ))xn = 0 .(11)

For this system in x1 and xn to have a nontrivial solution, its determinant has to
be zero, which means that

(t0 − λ− t̃ T (G− λI)−1 t̃ )2 − (tn−1 − t̃ T (G− λI)−1(Jt̃ ))2 = 0 ,(12)

where we have used the fact that J2 = I and the persymmetry of the inverse of
a Toeplitz matrix. Thus, the values of λ satisfying (12) are the solutions of the
following two equations:

− t0 − tn−1 + λ+ t̃ T (G− λI)−1(t̃ + Jt̃ ) = 0,(13)

−t0 + tn−1 + λ+ t̃ T (G− λI)−1(t̃ − Jt̃ ) = 0 .(14)
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This also means that either x1 = xn or x1 = −xn, corresponding to symmetric or
skew-symmetric eigenvectors, respectively, and this could also have been used to
derive our equations directly from (10) and (11). Even eigenvalues are therefore
obtained by solving equation (4), whereas the solutions of equation (13) yield odd
eigenvalues. Since λ was not in the spectrum of G, equation (12) provides the
expression for the eigenvectors.

Let us now denote an orthonormal basis of IRn−2, composed of orthonormal
eigenvalues of G, by {vi}ri=1 ∪ {wj}sj=1, where r = n − 2 − b(n − 2)/2c, s =
b(n− 2)/2c, (vi, µi) are symmetric eigenvector – even eigenvalue pairs and (wj , νj)
skew-symmetric eigenvector – odd eigenvalue pairs. This is always possible be-
cause of the results in [6], as was explained in the preliminaries. We can therefore
write t̃ =

∑r
i=1 aivi +

∑s
j=1 bjwj . However, some eigenvalues might have an as-

sociated eigenspace that is entirely contained in {t̃ }⊥, so that we actually have
t̃ =

∑r′

i=1 aivi +
∑s′

j=1 bjwj with r′ ≤ r and s′ ≤ s, and the summation does not
contain the eigenvectors associated with these particular eigenvalues. This means
that

Jt̃ =
r′∑
i=1

ai(Jvi) +
s′∑
j=1

bj(Jwj) =
r′∑
i=1

aivi −
s′∑
j=1

bjwj ,

and therefore

t̃ T (G− λI)−1(t̃ + Jt̃ ) = 2

 r′∑
i=1

aivi +
s′∑
j=1

bjwj

T

(G− λI)−1

 r′∑
i=1

aivi


= 2

 r′∑
i=1

aivi +
s′∑
j=1

bjwj

T  r′∑
i=1

ai
µi − λ

vi


= 2

r′∑
i=1

a2
i

µi − λ
·

Analogously, we obtain

t̃ T (G− λI)−1(t̃ − Jt̃ ) = 2
s′∑
j=1

b2j
νj − λ

·

Equations (4) and (5) now become

−t0 − tn−1 + λ+ 2
r′∑
i=1

a2
i

µi − λ
= 0(15)

and

−t0 + tn−1 + λ+ 2
s′∑
j=1

b2j
νj − λ

= 0 ,(16)

which means that no eigenvalues whose associated eigenspaces are entirely con-
tained in {t̃ }⊥ appear as poles, so that some of the solutions of (15) or (16) might
coincide with these eigenvalues. This concludes the proof.
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Let us assume once again that all eigenvalues of G are simple (the general case
does not differ substantially). We then have r = r′ and s = s′ in the proof of
Theorem 3.2, which shows that the rational functions in each of equations (4) and
(5) are of the same form as the function in (1). It is also clear that T will certainly
have an even eigenvalue on (0, µ1) and an odd one on (0, ν1). These equations
were also hinted at in [11], without however being proved or explicitly stated. The
meaning of Theorem 3.2 is therefore that those even and odd eigenvalues of G whose
associated eigenspaces are not completely contained in {t̃ }⊥ interlace, respectively,
the even and odd eigenvalues of T that are not shared with those eigenvalues of G.
This result was obtained in [10] in a different way, along with equivalent forms of
equations (15) and (16) that are less suitable for applications.

Finally, because of the orthogonality of the eigenvectors, equations (4) and (5)
can be written in a more symmetric way, as shown in the following two equations,
which at the same time define the functions fe(λ) and fo(λ):

fe(λ)
4
= −t0 − tn−1 + λ+

1
2

(t̃ + Jt̃ )T (G− λI)−1(t̃ + Jt̃ ) = 0,(17)

fo(λ)
4
= −t0 + tn−1 + λ+

1
2

(t̃ − Jt̃ )T (G− λI)−1(t̃ − Jt̃ ) = 0 .(18)

We note that equation (17) was also obtained in [17], where it was used to
compute the smallest eigenvalue, which was known in advance to be even. However,
the derivation of the equation is quite different, concentrating exclusively on the
smallest eigenvalue and disregarding the spectral structure of the submatrices of T ,
which obscures important properties of that equation.

Let us now consider the largest eigenvalue of a real symmetric Toeplitz matrix,
which we obtain by computing the smallest eigenvalue of a different real symmetric
Toeplitz matrix, given an upper bound δ on the largest eigenvalue. This can be
accomplished by translating the origin in the spectral equations to δ, replacing the
resulting new variable by its opposite and multiplying the equation by (−1), thus
obtaining the exact same type of spectral equation for the matrix (δI − T ), which
is always positive definite. Computing the smallest eigenvalue of this new matrix
then yields the largest eigenvalue, since λmin(δI −T ) = δ−λmax(T ). One possible
value for δ is the Frobenius norm of T , defined as (see [14])

‖T ‖F =

 n∑
i,j=1

T 2
ij

1/2

,

which for a Toeplitz matrix can be computed in O(n) flops.
The same procedure for computing the smallest eigenvalue of real symmetric

postive-definite matrices can be used for general real symmetric matrices as well,
provided that a lower bound on the smallest eigenvalue is available. Any known
lower bound can be used (see, e.g., [11] or [15]), or one could be obtained by a
process where a trial value is iteratively lowered until it falls below the smallest
eigenvalue.

For simplicity, we shall assume in what follows that T and Q or T and G do
not have their extreme eigenvalues in common, so that we really are computing
the extreme eigenvalues of T . When this is not the case, then our equations only
lead to the computation of the smallest and largest of those eigenvalues that were
defined in Theorem 3.1 and Theorem 3.2.
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4. Solution of the spectral equations

The functions f , fe and fo are increasing convex functions on (−∞, ω1), (−∞, µ1)
and (−∞, ν1), respectively. To solve these equations, we will use the method from
[9] and [21] for f(λ) = 0 and adapt it to solve the equations fe(λ) = 0 and fo(λ) = 0
for the smallest root of T . Once the eigenvalues are computed, it is a simple matter
to obtain the eigenvectors, as shown by Theorem 3.1 and Theorem 3.2.

We shall first summarize the method and present its convergence analysis for
the equation f(λ) = 0. Since all our spectral functions are of the same form, it will
then be easy to do the same for fe = 0 and fo = 0.

We recall that

f(λ) = −t0 + λ+ t T (Q− λI)−1t = −t0 + λ+
n−1∑
j=1

c2j
ωj − λ

,

where 0 < ω1 < ω2 < ... < ωn−1. We then solve f(λ) = 0 for its smallest root
λ∗, which satisfies λ∗ < ω1. The algorithm requires a starting point λ1 ∈ (λ∗, ω1).
However, the ωj’s are unknown, so that the algorithm really consists of two phases:
phase I, which determines the starting point λ1, and phase II, which is the part of
the algorithm that will be proved to converge monotonely to λ∗ from the right.

To evaluate f , the Yule-Walker (YW) system (Q − λI)−1w = −t needs to be
solved (the sign of t is by convention), which can be accomplished recursively by
Durbin’s method (see [11] for the original reference, but a good overview of this
and other Toeplitz-related algorithms can be found in [14]). The flop count for this
method is 2n2 + O(n), where we define one flop as in [14], namely a multiplica-
tion/division or an addition/subtraction. Once f has been computed, f ′ is obtained
by an inner product in O(n) flops: f ′(λ) = 1+‖w‖2. In addition, Durbin’s method
provides a factorization (proved in [8]) of (Q− λI) of the form UT (Q− λI)U = D,
where D is an n × n diagonal and U an upper triangular n × n matrix whose
`th column is given by (Jw(`−1), 1)T , where w(`) is the solution of the `th dimen-
sional subsystem obtained in the course of solving the aforementioned YW system.
The elements of D are obtained as by-products of the solution of the YW system.
Sylvester’s law of inertia then supplies a means to determine the position of λ rel-
ative to ω1, e.g., if D contains only positive elements, then λ < ω1. The same can
be done for (T − λI) to determine λ’s position relative to λ∗. This is also used in
[9], [21], [25] and [26].

Durbin’s method is not the only method available for solving the YW equations.
There are the so-called superfast solvers (see [1] and [2]), and then there are the
standard methods that do not take into account the Toeplitz structure. This is a
secondary issue, as we are mainly interested in the solution of the YW equations,
regardless of how it was obtained.

In [9], the spectral equation is solved by Newton’s method, which is based on a
linear approximation. This is however not very appropriate for a rational function,
and it would be better to use a rational approximation. This idea was in the present
context of eigenvalue computations already used in, e.g., [5] and many others. It
was applied to the equations at hand in [21] and [26], and we will do the same here.

The following useful form of f(λ) was suggested in [21]:

f(λ) = f(µ) + f ′(µ)(λ − µ) + (λ− µ)2g(λ) ,(19)
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where −∞ < µ < ω1. The advantage of this form is that, no matter how g is
approximated, the resulting approximation to f will always coincide with f at
λ = µ up to first derivatives. The function g(λ) is of the same general form as the
rational part of f(λ) and has the same singularities. This can be seen from

g(λ) =
f(λ)− f(µ)

(λ− µ)2
− f ′(µ)
λ− µ

=
(λ− µ) +

∑n−1
j=1 c

2
j

(
1

ωj−λ −
1

µ−λ

)
(λ− µ)2

− f ′(µ)
λ− µ

=
1

λ− µ

n−1∑
j=1

c2j
ωj − µ

(
1

ωj − λ
− 1
µ− λ

)
=

n−1∑
j=1

c2j
(ωj−µ)2

ωj − λ
=

n−1∑
j=1

α2
j

ωj − λ
,

where α2
j = c2j/(ωj − µ)2. We note that, not surprisingly, limλ→µ g(λ) = f ′′(µ)/2.

An iterative method for the solution of f(λ) can then be constructed as follows.
Phase I starts off by interpolating f(λ) at λ = 0 by −t0 + λ + a/(b − λ). As will
be shown in Theorem 4.1, the root of this interpolant is an upper bound on λ∗.
Bisection and Sylvester’s law of inertia are then combined to find a point λ̄ < ω1.
If λ∗ < λ̄ < ω1, phase I terminates. If not, the procedure is repeated, this time
by interpolating g(λ) in (19) with µ = 0 at λ = λ̄ by a/(b − λ). The root of the
approximation to f thus obtained is once again an upper bound on λ∗, and once
again bisection and Sylvester’s law of inertia are used to find the next λ̄. This
process is repeated with µ in (19) successively equal to the second to last λ̄, until
phase I terminates, at which point we have two points: λ0, equal to the last µ
obtained, and λ1, equal to the last λ̄, so that −∞ < λ0 < λ∗ < λ1 < ω1. In phase
II, we interpolate g(λ) in (19) with µ = λ0 at the point λ = λ1 by a/(b−λ). The next
iterate is then that root λ2 of the function f(λ0)+f ′(λ0)(λ−λ0)+(λ−λ0)2(a/(b−λ))
which satisfies λ∗ < λ2 < λ1 < ω1. The iterate λ2 now plays the role of λ1;
λ0 remains fixed, and the process continues until a suitable stopping criterion is
satisfied.

Other initial points, based on higher-order rational approximations, are possible,
but we have concluded from extensive numerical experiments that although this
leads to fewer iterations in phase I, it causes an increase in the total amount of work
because of the computational cost of the higher derivatives, and we consequently
do not report these results in section 6.

We define the following abbreviations before stating a conceptual algorithm:
INTPSLV1(f, α, λ̄) indicates the calculation of the root λ̄ of the interpolant

−t0 + λ+ a/(b− λ) for f(λ) at the point λ = α;
INTPSLV2(f, α, β, λ̄) indicates the calculation of the root λ̄ of the interpolant

f(α) + f ′(α)(λ − α) + (λ− α)2(a/(b− λ)) for f(λ) at the point λ = β;
BSCT(α, β, λ) stands for bisection of the interval (α, β), keeping α as its left

limit, until the interval (α, λ) is reached;
STP indicates the satisfaction of some stopping rule;
¬STP is the negation of STP.
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Algorithm 4.1.

INTPSLV1(f, 0, λ1)
BSCT(0, λ1, λ) until 0 < λ < ω1

λ2 ← λ1

γ ← 0
WHILE 0 < λ2 < λ∗ and ¬STP

INTPSLV2(f, γ, λ2, σ)
BSCT(γ, σ, λ) until γ < λ < ω1

γ ← λ2

END
λ3 ← λ2

WHILE ¬STP
INTPSLV2(f, γ, λ3, λ)
λ3 ← λ

END

The following theorem proves the basic properties of the rational approximation,
which were already alluded to.

Theorem 4.1. Let g(λ) be defined by (19) with −∞ < µ < ω1. Then the in-
terpolant a/(b − λ) of g(λ) at λ = λ1, determined by a/(b − λ1) = g(λ1) and
a/(b− λ1)2 = g′(λ1), satisfies the following on the interval (−∞, ω1):

(1) a > 0 and ω1 < b < ωn−1.

(2) g(λ) ≥ a

b− λ.

(3) f(λ) ≥ f(µ) + f ′(µ)(λ− µ) + (λ− µ)2 a

b− λ ≥ f(λ1) + f ′(λ1)(λ − λ1) .

Proof. In what follows, we will frequently abbreviate g(λ) by g, g(λ1) by g1 and
g′(λ1) by g′1. From a/(b − λ1) = g1 and a/(b − λ1)2 = g′1, we readily obtain
b− λ1 = g1/g

′
1 and a = g2

1/g
′
1. Since g1 > 0, this means that a > 0. For b, we have

b− λ1 =

∑n−1
j=1 α

2
j/(ωj − λ1)∑n−1

j=1 α
2
j/(ωj − λ1)2

=
n−1∑
j=1

(
α2
j/(ωj − λ1)2∑n−1

j=1 α
2
j/(ωj − λ1)2

)
(ωj − λ1) .

This means that (b − λ1) is a strictly convex combination of the (ωj − λ1)’s and
therefore that ω1 − λ1 < b− λ1 < ωn−1 − λ1, so that ω1 < b < ωn−1, which proves
the first part of the theorem.

The proof of the second part is based on the observation that if a/(b− λ) inter-
polates g(λ) up to first order, then (b − λ)/a interpolates 1/g(λ) up to first order.
Since (1/g)′′ = g−3(2g′2 − gg′′), we know from Lemma 2.3 in [22] with ρ = −1
that 1/g(λ) is concave, so that (b−λ)/a ≥ 1/g(λ), implying that a/(b−λ) ≤ g(λ),
which concludes the second part of the proof.

Finally, some simple algebra yields(
f(µ) + f ′(µ)(λ− µ) + (λ− µ)2 a

b− λ

)′′
=

2a(b− µ)2

(b− λ)3
·

Since a > 0 and b > λ on (−∞, ω1), this approximation to f is, like f itself, convex
on (−∞, ω1). This means that it will dominate its own linear interpolant at λ = λ1
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on that same interval. It also coincides with f at λ = λ1 up to first order, so that
on (−∞, ω1):

f(µ) + f ′(µ)(λ− µ) + (λ− µ)2 a

b− λ ≥ f(λ1) + f ′(λ1)(λ − λ1) .

This latest expression, combined with the second part, concludes the proof.

Since f is increasing and convex on (−∞, ω1), Newton’s method for f(λ) = 0
converges to λ∗ from any point in (λ∗, ω1). Its order of convergence is at least qua-
dratic, because f ′(λ∗) 6= 0. Theorem 4.1 then shows that Algorithm 4.1 converges
to λ∗ monotonely from the right at least as fast as Newton’s method.

A slightly less general version of Theorem 4.1 was proved in [21], but with a
different and much longer proof. Each time the root of an approximation is com-
puted, the algorithm executes 2n2 + O(n) flops. During a bisection step this can
be less, as the step terminates as soon as a negative diagonal element of D (see the
previous description of Durbin’s algorithm) is found.

We now turn to the equations fe(λ) = 0 and fo(λ) = 0. In this case, one
basically has the same two phases as before, with a few differences to account for
the fact that there are now two equations and because it is not known in advance
whether the smallest eigenvalue is even or odd. During phase I, bisection is used,
with upper bound the smaller of the two upper bounds (one for each equation). In
phase II, one computes iterates for both equations, each time picking the smaller
of the two to continue, until either fe or fo becomes negative. From that point on,
the algorithm continues with the equation that has a positive function value.

The convergence analysis is entirely analogous to Algorithm 4.1, as all functions
involved have the same rational form and therefore the same properties. The flop
count is basically the same as for the previous method, since for any Toeplitz
matrix T we have T (Jy) = −Jt if Ty = −t. This means that fe and fo can be
evaluated together at basically the same cost as an evaluation of f . The number of
extra calculations that are carried out is negligable compared to the evaluation of
a single function value, even for relatively small matrices.

We have the following conceptual algorithm, where the abbreviations have the
same meaning as in Algorithm 4.1, with slight and obvious changes to account for
the different parameters in the equations.

Algorithm 4.2.
INTPSLV1(fe, 0, λ1)
INTPSLV1(fe, 0, λ1)
λ1 ← min{λe1, λo1}
BSCT(0, λ1, λ) until 0 < λ < min{µ1, ν1}
λ2 ← λ1

γ ← 0
WHILE 0 < λ2 < λ∗ and ¬STP

INTPSLV2(fe, γ, λ2, σe)
INTPSLV2(fo, γ, λ2, σo)
σ = min{σe, σo}
BSCT(γ, σ, λ) until γ < λ < min{µ1, ν1}
γ ← λ2

λ2 ← λ
END
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λ3 ← λ2

WHILE ¬STP
WHILE fe > 0 and fo > 0 and ¬STP

INTPSLV2(fe, γ, λ3, λ
e)

INTPSLV2(fo, γ, λ3, λ
o)

λ3 ← min{λe, λo}
END
IF fe > 0

WHILE ¬STP
INTPSLV2(fe, γ, λ3, λ

e)
λ3 ← λe

END
ELSE

WHILE ¬STP
INTPSLV2(fo, γ, λ3, λ

o)
λ3 ← λo

END
END

END

5. Error analysis and stopping rules

We start by considering the error in the solution of the YW systems by Durbin’s
method, as this error determines the accuracy with which the corresponding spectral
function can be evaluated. Let us begin with the YW system arising in partition I
of T . All computed quantities will be denoted by a “hat”.

We define the residual η as follows: η = (Q−λI)ŵ+ t, where ŵ is the computed
solution of (Q− λI)w = −t, with w denoting the exact solution. We have

(Q− λI)w = −t = (Q− λI)ŵ − η,

and therefore ŵ = w + (Q − λI)−1η. We note that for λ < λmin(Q) we have
‖(Q−λI)−1‖ = (λmin(Q)−λ)−1, which becomes larger as (λmin(Q)−λ) becomes
smaller. This gap therefore has a clear influence on the accuracy with which ŵ can
be computed, as was also observed in [9].

For the spectral function, corresponding to partition I, this yields

f̂(λ) = −t0 + λ+ tTw + tT (Q− λI)−1η ,

so that f̂(λ) = f(λ)− wT η. This means that

f(λ)− ‖w‖ ‖η‖ ≤ f̂(λ) ≤ f(λ) + ‖w‖ ‖η‖ .

Even for λ = λ∗, the computed value of f would only satisfy f̂(λ∗) = wT η. Since
w = (Q − λI)−1t, |wT η| could potentially be rather large, depending once again
on how small (λmin(Q) − λ) is. This is entirely corroborated by the numerical
experiments. We found the error bound for Durbin’s method from [14], due to G.
Cybenko, to be too pessimistic to be useful. We also found that the accuracy of
Durbin’s method is inferior (sometimes by several orders of magnitude) to, e.g.,
Cholesky factorization, which is, however, (inevitably) more costly.
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A good measure for the accuracy of the computed eigenvalue/eigenvector pair
(λ̂, v̂) is the quantity ‖T v̂ − λ̂v̂‖/‖v̂‖, which for partition I becomes∥∥∥∥( t0 tT

t Q

)(
1
ŵ

)
− λ̂

(
1
ŵ

)∥∥∥∥
(1 + ‖ŵ‖2)1/2

=

∥∥∥∥( t0 − λ̂+ tT ŵ

t+ (Q− λ̂I)ŵ

)∥∥∥∥
(1 + ‖ŵ‖2)1/2

=

(
f̂2(λ̂) + ‖η‖2

1 + ‖ŵ‖2

)1/2

·

(20)

If η � |f̂(λ̂)|, then ‖T v̂ − λ̂v̂‖/‖v̂‖ ≈ |f̂(λ̂)|/‖v̂‖.
From Theorem 5 on p. 141 in [18], we know that there is an eigenvalue λT of T

such that

|λ̂− λT | ≤
‖T v̂ − λ̂v̂‖
‖v̂‖ ·

For a small enough value of the right-hand side expression, we can ensure that
λT = λ∗.

To get a rough idea of how accurately we can compute the eigenvalues with our
algorithms, let us make the rather reasonable assumption that ‖(Q − λI)−1η‖ �
‖w‖, so that ‖w‖ ≈ ‖ŵ‖. Let us also assume that |f̂(λ̂)| ≈ ‖w‖ ‖η‖, which is about
the best we can hope to obtain for |f̂(λ̂)|. Then, by the above, about the best we
can hope to obtain for |λ̂− λ∗| is given by

|λ̂− λ∗| ≤ ‖η‖ .(21)

Both our assumptions and the error bound are, in general, quite nicely verified by
the numerical experiments.

A similar analysis can be carried out for the even and odd spectral equations.
Let us consider the even case. We define ζ = (G−λI)ŷ+ t̃, where ŷ is the computed
solution of (G− λI)y = −t̃, with y denoting the exact solution. We have

f̂e(λ) = −t0 − tn−1 + λ+ t̃T (y + Jy) + t̃T (G− λI)−1(ζ + Jζ) ,

so that f̂e(λ) = fe(λ) + yT (ζ + Jζ), which means that

fe(λ) − ‖y‖ ‖ζ + Jζ‖ ≤ f̂e(λ) ≤ fe(λ) + ‖y‖ ‖ζ + Jζ‖ .
For the odd spectral function, we obtain analogously that

fo(λ)− ‖y‖ ‖ζ − Jζ‖ ≤ f̂o(λ) ≤ fo(λ) + ‖y‖ ‖ζ − Jζ‖ .

The even eigenvalue/eigenvector pair (λ̂e, (1, ŷ + Jŷ, 1)T ) satifies∥∥∥∥∥∥
 t0 t̃T tn−1

t̃ G Jt̃
tn−1 (Jt̃)T t0

 1
ŷ + Jŷ

1

− λ̂e
 1

ŷ + Jŷ
1

∥∥∥∥∥∥
(2 + ‖ŷ + Jŷ‖2)1/2

=

∥∥∥∥∥∥
 t0 + tn−1 − λ̂e + t̃T (ŷ + Jŷ)

(t̃+ Jt̃) + (G− λ̂eI)(ŷ + Jŷ)
t0 + tn−1 − λ̂e + (Jt̃)T (ŷ + Jŷ)

∥∥∥∥∥∥
(2 + ‖ŷ + Jŷ‖2)1/2

≤
(

f̂2
e (λ̂e) + 2‖ζ‖2

2 + ‖ŷ + Jŷ‖2)1/2

)1/2

·
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We obtain an analogous bound for the odd eigenvalue/eigenvector pair by re-
placing f̂e(λ̂e) by f̂o(λ̂o) in the last expression.

Because (λmin(G) − λ) > (λmin(Q) − λ) for any λ < λmin(Q), we can expect
better accuracy for the calculation of fe and fo than of f , and this is indeed borne
out by the numerical experiments.

We now turn to the question of how to terminate the iterations in the solution of
the spectral equation. The stopping rule used in [9] and [25] is based on the relative
change in the iterates, whereas in [21] and [26] the stopping rule is based on a lower
bound on the solution, which leads to slightly better results when compared to the
one used in [9] and [25]. We propose a rule, based on a different lower bound.
Before we continue, let us briefly review the lower bound in [21]. Throughout the
rest of this section we will consider the solution of f(λ) = 0, as fe and fo are of the
same form as f and have similar properties.

Denoting the last iterate on the left-hand side of λ∗ by λ0 and the current iterate
(which lies on the right-hand side of λ∗) by λ1, the bound in [21] is obtained as
the root of a quadratic polynomial p(λ), on the interval (λ0, λ1). This polynomial
is determined by the interpolation conditions p(λ0) = f(λ0), p′(λ0) = f ′(λ0) and
p(λ1) = f(λ1). It is shown in [21] that the root on (λ0, λ1) of p(λ) is a lower bound
on λ∗. This approach suffers from two shortcomings: first, no use is made of f ′(λ1),
even though it is computed anyway, and, second, the interpolant is a polynomial,
a poor approximation for a rational function.

We propose a different and more accurate bound, which is based on a rational,
rather than a polynomial, interpolant, and which does exploit the availability of
f ′(λ1). It needs, in addition to λ1, another point on (λ∗, ω1), which we denote by
λ2. Such a point, together with g(λ2) and g′(λ2), is available from the previous
iteration. Let us first write f(λ) in the form

f(λ) = f(λ0) + f ′(λ0)(λ − λ0) + (λ− λ0)2g(λ) ,(22)

with λ0 ∈ (0, λ∗). To obtain our bound, we interpolate g(λ) by a rational function

of the form φ(λ)
4
= a + b/(c − λ). As we will show in the following theorem, the

function φ(λ) satisfies φ(λ) ≥ g(λ) on (−∞, λ1), so that replacing g(λ) by φ(λ) in
the spectral function leads to a lower bound on λ∗.

Theorem 5.1. For −∞ < λ1 < λ2 < ω1, the function

φ(λ)
4
= a+ b/(c− λ)

such that

φ(λ1) = g(λ1), φ′(λ1) = g′(λ1),

φ′′(λ1) = −2g′3/2(λ1)
g′
−1/2(λ1)− g′−1/2(λ2)

λ1 − λ2
,

satisfies φ(λ) ≤ g(λ) for all λ in (−∞, λ1).

Proof. We first consider the function ψ(λ)
4
= ā + b̄/(c̄ − λ), determined by the

conditions

ψ(λ1) = g(λ1), ψ′(λ1) = g′(λ1), ψ′′(λ1) = g′′(λ1) .(23)

In [23], it was shown that c̄ > ω1 for such an approximation, so this means that
ψ′
−1/2(λ) ≡ (c̄− λ)/

√
b̄ approximates g′−1/2(λ) linearly. Computing (g′−1/2)′′, we
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obtain

(g′−1/2)′′ =
1
2
g′
− 5

2

(
3
2
g′′

2 − g′g′′′
)
.(24)

The right-hand side in (24) is negative by Lemma 2.3 in [22] with ρ = −2, which
means that g′−1/2 is concave on (−∞, ω1), so that (c̄ − λ)/

√
b̄ ≥ g′

−1/2(λ) on
that same interval. Since b̄, (c̄ − λ) and g′(λ) are positive, this is equivalent to
b̄/(c̄− λ)2 ≤ g′(λ). We then have, for λ ≥ λ1,∫ λ

λ1

b̄ dσ

(c̄− λ)2
≥
∫ λ

λ1

g′(σ)dσ,

and therefore
b̄

c̄− λ −
b̄

c̄− λ1
≥ g(λ)− g(λ1) .

Adding and subtracting ā in the left-hand side of this inequality and using ψ(λ1) =
g(λ1) yields ψ(λ) ≥ g(λ) on (−∞, ω1). Since this derivation is based on the con-
cavity of g′−1/2, all inequalities still hold on (−∞, λ1) if we replace the linear
approximation at λ = λ1 by the one obtained by approximating (g′−1/2)′(λ1) with
(g′−1/2(λ1) − g′

−1/2(λ2))/(λ1 − λ2) for some point λ2 such that λ2 ∈ (λ1, ω1).
Because (g′−1/2)′ = (−1/2)g′−3/2

g′′, this is equivalent to replacing g′′(λ1) in the
interpolation conditions (23) by

−2g′3/2(λ1)
g′
−1/2(λ1)− g′−1/2(λ2)

λ1 − λ2
,

which leads to the coefficients a, b and c that define φ. We can therefore conclude
that φ(λ) ≥ g(λ) on (−∞, λ1).

It is easily verified that the function

f(λ) = f(λ0) + f ′(λ0)(λ− λ0) + (λ− λ0)2φ(λ)

is convex and increasing on [λ0, λ1], so that its root on that interval is a lower
bound on λ∗. Consequently, this procedure can be used as a stopping rule, once
at least two iterates on the right-hand side of λ∗ are available. The root can easily
be computed by solving a cubic equation, or with Newton’s method and λ1 as a
starting point, with a negligable number of flops compared to one evaluation of f .

We now formally define the two stopping rules.
(1) Stopping Rule 1. The stopping rule from [21]: stop when

|λ−B1|
(1/2)(λ+B1)

≤ ε1 ,

where ε1 is a tolerance, λ is an iterate obtained in phase II of the algorithm, and
B1 is the corresponding bound, obtained in [21]: λ0 < B1 ≤ λ∗ < λ1.

(2) Stopping Rule 2. The stopping rule, based on Theorem 5.1: stop when

|λ−B2|
(1/2)(λ+B2)

≤ ε2 ,

where ε2 is a tolerance, λ is an iterate obtained in phase II of the algorithm, and B2
is the corresponding bound, obtained by the rational interpolant in Theorem 5.1:
λ0 < B2 ≤ λ∗ < λ1. It is used as soon as at least two iterates on the right-hand
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side of λ∗ are available. Until then (in fact just for the first iteration in phase II),
stopping rule 1 is used.

6. Numerical results

Let us first formally define the methods that will be compared in the numerical
experiments.

(1) CVLM. “The Cybenko-Van Loan method”. This is Algorithm 4.1. When
equipped with stopping rule 1 or 2 from the previous section, we denote it CVLM1

or CVLM2, respectively.
(2) SPM. “The Spectral Parity method”. This is Algorithm 4.2. It comes, like

the CVLM, equipped with stopping rule 1 or 2, and is denoted accordingly SPM1

or SPM2. When computing the largest eigenvalue, both methods use the Frobenius
norm to obtain an upper bound as explained at the end of section 3.

We have tested these methods on three classes of positive semi-definite matrices.
For each class and for each of the dimensions n = 100, 200, 400, 800, we have run the
following experiments: 200 experiments comparing the two stopping rules for the
smallest eigenvalue, 200 experiments computing the smallest and largest eigenvalues
for the three methods CVLM1 (the method in [21]), SPM1 (Algorithm 4.2 with the
stopping rule from [21]) and SPM2 (Algorithm 4.2 with the new stopping rule), and
200 experiments comparing the amount of work done per phase for the methods
CVLM1 and SPM2. The results appear in Tables 1 through 9. In Table 1 through
Table 6 one finds, in the first column underneath each dimension, the average values
(with their standard deviations in parentheses) of the number of flops required to
compute a single eigenvalue in terms of the number of flops required for one full
step in the CVLM1 method, which is 2n2 + 3n flops. This expression takes into
account the number of flops required by Durbin’s method and the inner products
that must be computed. The second column underneath each dimension represents
the average value of − log10(‖Tv − λv‖/‖v‖) with its standard deviation, i.e., the
accuracy of the eigenvalue/eigenvector pair. The accuracy is given for illustrative
purposes only, as these values are not directly controlled by the stopping rules.

In Table 7 through Table 9, the entries represent average percentages (with
their standard deviations in parentheses) for the CVLM1 ans SPM2 methods, as
follows: the last number in each entry is the amount of work executed in phase
II as a percentage of the total work in the computation of one eigenvalue. To
provide a clearer picture of what happens in phase I, we have divided this phase
into two parts: the part where an attempt is made at finding an upper bound on
the eigenvalue which is smaller than the second eigenvalue, and the part where
bisection is performed when this attempted bound lies to the right of the second
eigenvalue. The percentage of work devoted to these parts is given in the first and
second numbers in each entry, respectively. The sum of these two numbers then
represents the percentage of work carried out in phase I. We note that, due to
roundoff, the percentages may sometimes not add up to 100.

We stress that we have reported the amount of work needed to compute both
the eigenvalue and the eigenvector. In general, this entails one full step more than
would be required if we computed eigenvalues only. This is so because the stopping
rule allows us to determine that the next iterate does indeed satisfy the stopping
rule without having to compute another function value. However, if we also want
to compute the associated eigenvector, then we need to solve an additional YW
system.
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Let us now list the three classes of matrices.
(1) CVL matrices. These are matrices defined in [9] (whence their name) as

T = µ

n∑
k=1

ξkT2πθk ,

where n is the dimension of T , µ is such that Tkk = 1, k = 1, ..., n, and

(Tθ)ij = cos(θ(i− j)) .
These matrices are positive semi-definite of rank two. We generated random ma-
trices of this kind by taking the value of θ to be uniformly distributed on (0, 1).

(2) KMS matrices. These are the Kac-Murdock-Szegö matrices (see [19]),
defined as

Tij = ν|i−j| ,

where 0 < ν < 1 and i, j = 1, ..., n, where n is the dimension of the matrix. These
matrices are positive definite and are characterized by the fact that their even and
odd eigenvalues lie extremely close together. Random matrices of this kind were
generated by taking the value of ν to be uniformly distributed on (0, 1).

(3) UNF matrices. We define UNF matrices by first defining a random vector
v of length n whose components are uniformly distributed on (−10, 10). We then
modify that vector by adding to its first component 1.1 times the absolute value of
the smallest eigenvalue of the Toeplitz matrix generated by v. Finally, the vector
v is normalized by dividing it by its first component, provided that it is different
from zero. The Toeplitz matrix generated by this normalized vector is then called
a UNF matrix. From their construction, these matrices are positive semi-definite.
Theoretically, some of the matrices generated in the experiments might be singular,
although we never encountered this situation in practice. We also never encountered
a case where the smallest or largest eigenvalue was a double eigenvalue for both T
and Q or T and G.

The tolerance for the relative error on the eigenvalue (for both ε1 and ε2 in the
definition of the stopping rules) was set equal to 10−10, which cannot always be
obtained because of (21), which was found to be very realistic. As a safeguarding
measure, the algorithm was stopped if roundoff caused the function value to become
negative in phase II.

It should be mentioned that the deviations from the mean are almost always in
the same direction for all methods, i.e., in the case where a particular method needs
to carry out a higher (or lower) number of operations than the average, then this
is almost always true for all other methods as well. The experiments then clearly
show (as was also reported in [26]) that exploiting the even and odd spectra yields
a better method, both in the number of iterations and in the standard deviation,
especially for the CVL and UNF matrices, where the improvement in the average
amount of work for the computation of the smallest eigenvalue is at least 25% across
dimensions. The smaller standard deviation indicates a more stable root-finding
process, as could be expected by the larger distance from the root to the nearest
singularity of the spectral function. The magnitude of the improvement diminishes
with decreasing distance between the even and odd eigenvalues, as is obviously true
for the KMS matrices, where the improvement is not significant.
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Table 1. Comparison of the methods with ε1 = ε2 = 10−10 for the smallest eigenvalue of CVL matrices.

Method Dimension
100 200 400 800

CVLM1 8.50(2.57) / 14.08(0.72) 9.03(2.36) / 13.58(0.69) 10.15(2.90) / 12.95(0.73) 11.01(2.85) / 12.54(0.88)
CVLM2 7.91(2.47) / 13.54(0.87) 8.50(2.26) / 13.31(0.75) 9.63(2.80) / 12.75(0.75) 10.39(2.72) / 12.40(0.80)
SPM1 6.21(1.36) / 14.14(0.69) 7.00(1.32) / 13.71(0.67) 7.96(1.74) / 13.11(0.74) 8.63(1.90) / 12.59(0.99)
SPM2 5.83(1.26) / 13.90(0.84) 6.64(1.14) / 13.53(0.73) 7.61(1.55) / 13.01(0.76) 8.14(1.56) / 12.54(0.96)

Table 2. Comparison of the methods with ε1 = ε2 = 10−10 for the smallest eigenvalue of KMS matrices.

Method Dimension
100 200 400 800

CVLM1 13.52(2.56) / 13.70(0.61) 15.10(2.74) / 13.30(0.61) 16.70(2.86) / 12.92(0.63) 17.77(2.79) / 12.44(0.64)
CVLM2 13.42(2.63) / 13.62(0.76) 15.07(2.76) / 13.25(0.67) 16.70(2.87) / 12.92(0.63) 17.77(2.79) / 12.44(0.64)
SPM1 12.60(2.50) / 13.87(0.55) 14.29(2.81) / 13.49(0.59) 15.74(2.94) / 13.06(0.63) 17.12(2.75) / 12.59(0.59)
SPM2 12.38(2.58) / 13.71(0.81) 14.23(2.87) / 13.47(0.60) 15.74(2.95) / 13.06(0.63) 17.12(2.75) / 12.59(0.59)

Table 3. Comparison of the methods with ε1 = ε2 = 10−10 for the smallest eigenvalue of UNF matrices.

Method Dimension
100 200 400 800

CVLM1 8.38(2.64) / 14.54(0.44) 9.93(3.24) / 14.31(0.49) 10.58(2.98) / 13.95(0.49) 11.02(3.28) / 13.66(0.54)
CVLM2 7.71(2.58) / 13.46(1.43) 9.21(3.15) / 13.17(1.47) 9.89(2.97) / 12.97(1.39) 10.24(3.32) / 12.45(1.44)
SPM1 6.51(0.96) / 14.71(0.46) 7.02(1.27) / 14.40(0.45) 8.24(1.80) / 14.09(0.44) 8.83(1.79) / 13.79(0.53)
SPM2 5.98(0.80) / 14.16(1.18) 6.40(1.11) / 13.53(1.33) 7.48(1.71) / 13.13(1.22) 8.16(1.73) / 13.03(1.07)
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Table 4. Comparison of the methods for minimum and maximum eigenvalues with ε1 = ε2 = 10−10 for CVL matrices.

Method Dimension
100 200 400 800

M CVLM1 8.52(2.58) / 14.08(0.73) 9.10(2.71) / 13.52(0.79) 10.45(3.18) / 12.87(0.65) 11.54(3.07) / 12.47(0.79)
I SPM1 6.24(1.39) / 14.14(0.69) 6.90(1.36) / 13.63(0.75) 7.67(1.43) / 13.08(0.81) 8.86(2.10) / 12.53(0.80)
N SPM2 5.86(1.28) / 13.89(0.85) 6.51(1.21) / 13.47(0.75) 7.29(1.29) / 12.93(0.77) 8.31(1.90) / 12.43(0.73)

M CVLM1 14.37(2.97) / 15.19(0.43) 14.40(2.73) / 15.00(0.42) 15.32(3.19) / 14.77(0.45) 15.83(3.95) / 14.65(0.52)
A SPM1 12.15(1.61) / 15.31(0.43) 12.79(1.87) / 15.13(0.43) 13.20(1.64) / 14.95(0.46) 13.05(1.74) / 14.81(0.50)
X SPM2 11.22(1.63) / 12.53(2.06) 11.96(1.89) / 12.94(2.04) 12.47(1.60) / 13.53(1.68) 12.45(1.64) / 13.91(1.47)

Table 5. Comparison of the methods for minimum and maximum eigenvalues with ε1 = ε2 = 10−10 for KMS matrices.

Method Dimension
100 200 400 800

M CVLM1 13.22(2.70) / 13.78(0.55) 15.30(2.65) / 13.31(0.60) 16.23(2.77) / 12.91(0.61) 17.91(2.81) / 12.38(0.67)
I SPM1 12.03(2.39) / 13.94(0.59) 14.28(2.73) / 13.42(0.58) 15.66(2.87) / 12.99(0.58) 17.19(2.73) / 12.57(0.64)
N SPM2 11.81(2.47) / 13.81(0.87) 14.23(2.78) / 13.40(0.63) 15.66(2.87) / 12.99(0.58) 17.19(2.73) / 12.57(0.64)

M CVLM1 13.01(3.71) / 14.45(0.42) 15.84(4.22) / 14.10(0.43) 17.47(4.18) / 13.66(0.50) 19.21(4.24) / 13.28(0.52)
A SPM1 11.93(3.56) / 14.60(0.41) 14.85(4.15) / 14.24(0.45) 16.86(4.18) / 13.84(0.50) 18.66(4.31) / 13.41(0.50)
X SPM2 11.63(3.70) / 14.38(0.85) 14.73(4.29) / 14.18(0.62) 16.82(4.27) / 13.83(0.50) 18.64(4.33) / 13.40(0.48)

Table 6. Comparison of the methods for minimum and maximum eigenvalues with ε1 = ε2 = 10−10 for UNF matrices.

Method Dimension
100 200 400 800

M CVLM1 8.03(2.34) / 14.52(0.39) 9.67(2.99) / 14.28(0.47) 11.15(3.31) / 13.94(0.50) 11.39(3.69) / 13.60(0.52)
I SPM1 6.68(1.13) / 14.70(0.41) 7.14(1.48) / 14.37(0.43) 8.18(1.87) / 14.10(0.48) 8.62(1.67) / 13.72(0.48)
N SPM2 6.05(0.94) / 14.10(1.16) 6.54(1.35) / 13.55(1.36) 7.48(1.78) / 13.19(1.22) 7.94(1.64) / 13.07(1.05)

M CVLM1 14.79(3.03) / 15.37(0.42) 15.14(2.77) / 15.20(1.00) 15.89(3.48) / 15.07(0.47) 16.72(3.73) / 14.93(0.52)
A SPM1 13.12(1.60) / 15.44(1.03) 13.56(1.60) / 15.41(0.43) 13.81(1.70) / 15.25(0.45) 14.21(1.91) / 15.10(0.46)
X SPM2 12.27(1.58) / 13.24(2.03) 12.77(1.57) / 13.31(2.01) 13.20(1.58) / 13.81(1.79) 13.72(1.83) / 14.21(1.56)
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Table 7. Comparison of the work per phase for minimum and maximum eigenvalues with ε1 = ε2 = 10−10

for CVL matrices.

Method Dimension
100 200 400 800

M CVLM1 33(9) / 17(14) / 50(12) 36(8) / 17(14) / 46(11) 39(10) / 19(16) / 41(11) 42(10) / 20(15) / 38(10)
N SPM2 35(7) / 12(10) / 53(12) 41(6) / 13(8) / 46(10) 47(7) / 13(8) / 40(8) 49(7) / 15(9) / 36(7)

M CVLM1 9(2) / 57(8) / 34(7) 9(1) / 60(7) / 32(6) 8(1) / 62(7) / 31(6) 7(1) / 62(7) / 30(6)
X SPM2 12(2) / 58(6) / 30(5) 10(1) / 63(5) / 27(4) 9(1) / 66(4) / 25(3) 9(1) / 66(4) / 25(3)

Table 8. Comparison of the work per phase for minimum and maximum eigenvalues with ε1 = ε2 = 10−10

for KMS matrices.

Method Dimension
100 200 400 800

M CVLM1 8(2) / 68(8) / 24(7) 7(1) / 73(5) / 20(4) 6(1) / 76(5) / 18(4) 6(1) / 78(4) / 16(3)
N SPM2 9(2) / 67(7) / 25(5) 7(2) / 71(6) / 21(5) 6(1) / 75(6) / 19(4) 6(1) / 77(4) / 17(3)

M CVLM1 9(4) / 62(16) / 29(12) 8(5) / 69(15) / 23(11) 6(3) / 76(11) / 18(8) 6(2) / 79(8) / 16(6)
X SPM2 11(5) / 60(17) / 29(12) 9(5) / 67(17) / 24(12) 7(3) / 74(12) / 19(9) 6(3) / 77(9) / 17(6)

Table 9. Comparison of the work per phase for minimum and maximum eigenvalues with ε1 = ε2 = 10−10

for UNF matrices.

Method Dimension
100 200 400 800

M CVLM1 25(5) / 21(14) / 54(11) 24(6) / 27(15) / 49(11) 23(5) / 32(15) / 45(11) 22(5) / 34(15) / 44(11)
N SPM2 31(4) / 17( 8) / 52(8) 31(5) / 17(10) / 51( 9) 31(6) / 25(14) / 44(10) 29(6) / 31(12) / 40(8)

M CVLM1 8(1) / 61( 8) / 32(7) 7(1) / 63(7) / 30(6) 7(1) / 65(7) / 28(7) 6(1) / 67(7) / 27(6)
X SPM2 9(1) / 64( 5) / 26(4) 9(1) / 67(4) / 25(3) 8(1) / 68(4) / 24(3) 8(1) / 70(4) / 22(3)
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Comparing stopping rules, we can see clearly that stopping rule 2 is better than
stopping rule 1, even though the improvement is modest for the classes of matrices
that we investigated. The reported accuracy is generally lower for the second stop-
ping rule; this is explained by the fact that this stopping rule is better at detecting
when the relative accuracy of the eigenvalue falls below a given value, and therefore
stops earlier. This does not mean that the method is less accurate: a higher tol-
erance in the stopping rule will achieve a higher accuracy for the eigenvalue. The
improvement for the KMS matrices is marginal, due to the fact that in this case
the algorithm usually terminates after the first iteration in phase II, so that only
stopping rule 1 is used.

The computation of the largest eigenvalue presents a very different picture. Be-
cause the Frobenius norm provides a much cruder bound for the largest eigenvalue
of our matrices than zero for the smallest, a large amount of work is spent in phase
I, leading to a much higher overall number of flops. This is typical for any situa-
tion where the initial bound is not very good, such as when computing the smallest
eigenvalue for a matrix which is not positive-definite. In these cases, the advantages
of our method are sharply reduced.

Looking at Tables 7, 8 and 9, we find, in general, that slightly more than half
the work is spent in phase I, and that there are no large differences between the
methods in this respect. The percentage of work executed in the bisection part of
phase I exhibits a large variability. Here too we should mention that the deviations
from the mean are usually in the same direction for both methods and once again
we found a lower variablity for the SPM2 method than for the CVLM1 method. As
can be expected, the worse the initial bound, the more work is spent in phase I.
This is certainly true for the maximum eigenvalue for all three matrix classes, and
it would also occur in the computation of the smallest eigenvalue of a matrix which
is not positive-definite, if a good lower bound is not available. For KMS matrices,
with their closely spaced eigenvalues, more than 80% of the work is spent in phase
I, most of it in the bisection part.

We found that the error analysis from the previous section explained the numer-
ical behavior of the algorithms very adequately. The limitations on the obtainable
accuracy are mainly caused by the error in Durbin’s algorithm. If so desired, it-
erative refinement can be used to improve accuracy. It is rather immaterial which
method is used to solve the YW equations, as this does not influence the perfor-
mance of the methods relative to one another; it only affects the absolute number
of arithmetic operations that are executed, and the attainable accuracy.
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