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THE L2-APPROXIMATION ORDER
OF SURFACE SPLINE INTERPOLATION

MICHAEL J. JOHNSON

Abstract. We show that if the open, bounded domain Ω ⊂ Rd has a suf-
ficiently smooth boundary and if the data function f is sufficiently smooth,
then the Lp(Ω)-norm of the error between f and its surface spline interpolant

is O(δγp+1/2) (1 ≤ p ≤ ∞), where γp := min{m,m − d/2 + d/p} and m is
an integer parameter specifying the surface spline. In case p = 2, this lower
bound on the approximation order agrees with a previously obtained upper
bound, and so we conclude that the L2-approximation order of surface spline
interpolation is m+ 1/2.

1. Introduction

Let d,m ∈ N := {1, 2, 3, . . .} with m > d/2. Let Hm be the space of all tempered
distributions f such that Dαf ∈ L2(Rd) for all |α| = m. We define the semi-norm
||| · |||Hm on Hm by

|||f |||Hm :=
∥∥∥|·|m f̂ ∥∥∥

L2(Rd\0)
,

where f̂ denotes the Fourier transform of f . Let Πk denote the space of all d-variate
polynomials whose total degree is less or equal to k. It is known [7] that if f ∈ Hm

and Ξ ⊂ Rd satisfies

p(Ξ) 6= {0} for all p ∈ Πm−1\0,(1.1)

then there exists a unique s ∈ Hm which minimizes |||s|||Hm subject to the interpo-
lation conditions s|Ξ = f|Ξ . The function s is called the surface spline interpolant

to f at Ξ and will be denoted by TΞf . In case Ξ is a finite subset of Rd satisfying
(1.1), TΞf has the concrete representation as the unique function in S(φ,Ξ) which
satisfies s|Ξ = f|Ξ . Here φ : Rd → R is the radially symmetric function given by

φ :=

{
|·|2m−d if d is odd
|·|2m−d log |·| if d is even,

and S(φ,Ξ) denotes the space of all functions of the form

q +
∑
ξ∈Ξ

λξφ(· − ξ),
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where q ∈ Πm−1 and the λξ’s satisfy∑
ξ∈Ξ

λξp(ξ) = 0, ∀p ∈ Πm−1.(1.2)

Surface spline interpolation is a prominent member of a family of interpolants
known as radial basis function interpolants. The approximation properties of these
interpolants have received considerable attention in the literature (for a sampling
see [8], [4], [26], [16], [9], [6], [19], [12], [22], [13], [23], [3], and the surveys [18], [5]).

In order to discuss the approximation properties of surface spline interpolation,
we assume that Ω ⊂ Rd is bounded and open and that the interpolation points Ξ
are contained within Ω := closure(Ω). The “density” of Ξ in Ω is measured by

δ(Ξ,Ω) := sup
x∈Ω

inf
ξ∈Ξ
|x− ξ| .

Roughly speaking, we say that surface spline interpolation provides Lp-approxima-
tion of order γ if for all bounded, open Ω ⊂ Rd having a sufficiently smooth bound-
ary and for all sufficiently smooth functions f ,

‖f − TΞf‖Lp(Ω) = O(δγ) as δ := δ(Ξ,Ω)→ 0.

The largest (or supremum of all) such γ is called the Lp-approximation order of
surface spline interpolation. Duchon [8] has shown that the Lp-approximation order
of surface spline interpolation is at least γp := min{m,m − d/2 + d/p} for all
1 ≤ p ≤ ∞. The precise details are as follows:

Theorem 1.3. Let Ω ⊂ Rd be bounded, open and have the cone property. Then
there exists δ0 > 0 (depending only on Ω,m) such that if f ∈ Hm and Ξ ⊂ Ω with
δ := δ(Ξ,Ω) ≤ δ0, then

‖f − TΞf‖Lp(Ω) ≤ const(Ω,m) δγp |||TΩf − TΞf |||Hm ,

and

|||TΩf − TΞf |||Hm → 0 as δ → 0.

Actually, Duchon has assumed additionally that Ω is connected and has a Lip-
schitz boundary. Nevertheless, his proofs can be easily adapted to prove Theorem
1.3.

On the other hand, it is known [12] that the Lp-approximation order of surface
spline interpolation is at most m+ 1/p for all 1 ≤ p ≤ ∞. Specifically, it is known
that if Ω is the open unit ball B := {x ∈ Rd : |x| < 1}, then there exists f ∈ C∞(Rd)
such that

‖f − TΞf‖Lp(Ω) 6= o(δm+1/p) as δ := δ(Ξ,Ω)→ 0.

For the sake of comparison, we mention that in the ideal case Ω = Rd, Ξ = hZd
(which of course violates our present setup), it is known ([4], [11]) that the Lp-
approximation order of surface spline interpolation is 2m, a value at least twice
γp.

The purpose of the present work is to show that the Lp-approximation order of
surface spline interpolation is at least γp + 1/2 for all 1 ≤ p ≤ ∞. In case p = 2,
this new lower bound matches the upper bound of m + 1/p, and so we conclude
that the L2-approximation order of surface spline interpolation is m+1/2. In order
to state our main result, we need the following definition which is taken from [1,
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p. 67]. Our statement of the definition has been specialized (simplified) to the case
when A has a bounded boundary.

Definition 1.4. Let k ∈ N and let A ⊂ Rd be an open set having a bounded
boundary. The set A has the uniform Ck-regularity property if there exists a finite
open cover {Uj} of ∂A, and a corresponding collection of one-to-one transformations
{Φj} with Φj taking Uj onto B, such that

(i) For each j, the components of Φj belong to Ck(Uj).
(ii) For each j, the components of Φ−1

j belong to Ck(B).
(iii) For some h > 0, (∂A+ hB) ⊂

⋃
j Φ−1

j (B/2).
(iv) For each j, Φj(Uj ∩A) = {y ∈ B : yd > 0}.

To illustrate this definition for d = 2, we mention that if g ∈ Ck(R) is positive
and 2π-periodic and if A is defined by

A := {(r cos θ, r sin θ) : 0 ≤ r < g(θ), 0 ≤ θ ≤ 2π},

then A has the uniform Ck-regularity property. Furthermore, if {Ai} is a finite
collection of translates of sets of the above form, then

⋃
Ai also has the uniform Ck-

regularity property provided that the distance from Ai to Aj is positive whenever
i 6= j.

Our main result is the following:

Theorem 1.5. Let Ω ⊂ Rd be bounded, open and have the uniform C2m-regularity
property. There exists δ0 > 0 (depending only on Ω,m) such that if f ∈ Bm+1/2

2,1

and Ξ ⊂ Ω satisfies δ := δ(Ξ,Ω) ≤ δ0, then

|||TΩf − TΞf |||Hm ≤ const(Ω,m)δ1/2 ‖f‖
B
m+1/2
2,1

and hence by Theorem 1.3,

‖f − TΞf‖Lp(Ω) ≤ const(Ω,m)δγp+1/2 ‖f‖
B
m+1/2
2,1

.

Here, Bm+1/2
2,1 denotes a certain Besov space which we define in Section 2.

An outline of the paper is as follows. In Section 2, we recall previous work
on this problem and state in Theorem 2.3 precisely what will be proven in the
present paper. In Section 3, we estimate the size of φ ∗µ in various function spaces
under various assumptions on the compactly supported distribution µ. A general
representation of TAf is then obtained in Section 4 assuming only that A is bounded
and f ∈ Hm. The regularity of TΩf in the exterior domain Ωext := Rd\Ω is studied
in Section 5 and the global regularity of TΩf is then deduced in Section 6. Finally,
in Section 7, the representation and global regularity of TΩf are employed to prove
Theorem 2.3.

Throughout this paper we use standard multi-index notation:Dα := ∂α1

∂x
α1
1

∂α2

∂x
α2
2
· · ·

∂αd

∂x
αd
d

. The natural numbers are denoted N := {1, 2, 3, . . .}, and the nonnegative in-

tegers are denoted N0. For multi-indices α ∈ Nd0, we define |α| := α1 +α2 + · · ·+αd,
while for x ∈ Rd, we define |x| :=

√
x2

1 + x2
2 + · · ·+ x2

d. For multi-indices α,

we employ the notation ()α to represent the monomial x 7→ xα, x ∈ Rd. The
space of polynomials of total degree ≤ k can then be expressed as Πk :=
span{()α : |α| ≤ k}. The Fourier transform of an integrable function f is defined by
f̂(w) :=

∫
Rd e

−iw·xf(x) dx. The space of compactly supported C∞ functions whose
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support is contained in A ⊂ Rd is denoted C∞c (A). If µ is a distribution and g is
a test function, then the application of µ to g is denoted 〈g, µ 〉. We employ the
notation const to denote a generic constant in the range (0 . .∞) whose value may
change with each occurence. An important aspect of this notation is that const
depends only on its arguments if any, and otherwise depends on nothing.

2. A reduction of the problem

The Besov spaces, which we now define, play an essential role in our theory.

Definition 2.1. Let A0 := B, and for k ∈ N, let Ak := 2kB\2k−1B. The Besov
space Bγ2,q, γ ∈ R, 1 ≤ q ≤ ∞, is defined to be the set of all tempered distributions
f for which f̂ is a locally integrable function and

‖f‖Bγ2,q :=
∥∥∥∥k 7→ 2kγ

∥∥∥f̂ ∥∥∥
L2(Ak)

∥∥∥∥
`q(N0)

<∞.

We also employ the Sobolev spacesWn,p(A) defined for openA ⊂ Rd and n ∈ N0,
p ∈ [1 . .∞] by

Wn,p(A) := {f ∈ L2(A) : ‖f‖Wn,p(A) <∞},

where ‖f‖Wn,p(A) := (
∑
|α|≤n ‖Dαf‖pLp(A))

1/p for 1 ≤ p < ∞ and ‖f‖Wn,∞(A) :=
max|α|≤n ‖Dαf‖L∞(A). The closure of C∞c (A) in Wm,p(A) is denoted

Wm,p
0 (A) := closure(C∞c (A);Wm,p(A)).

For s ≥ 0, the Sobolev space W s is defined by

W s := {f ∈ L2 : ‖f‖W s :=
∥∥∥(1 + |·|2)s/2f̂

∥∥∥
L2

<∞}.

All of the above defined spaces are Banach spaces. The following continuous em-
beddings can be found in [17] (they are also easy to prove from the definitions):

Bs12,q1
↪→ Bs22,q2

if s1 > s2,

Bs2,q1 ↪→W s ↪→ Bs2,q2 if q1 ≤ 2 ≤ q2, s ≥ 0, and

W s1 ↪→ Bs2,q ↪→W s2 if s1 > s > s2 ≥ 0.

Moreover, if s ≥ 0, then W s = Bs2,2 (with equivalent norms), and if n ∈ N0, then
Wn,2(Rd) = Wn (with equivalent norms).

A significant part of our task (proving Theorem 1.5) has already been established
in [14]. Before stating the relevant result, we must define the convolution between
φ and a compactly supported distribution. The Fourier transform of φ can be
identified on Rd\0 with the locally integrable function cφ |·|−2m, where is cφ is a
nonzero real constant which depends only on d,m (see [10]). If µ is any compactly
supported distribution, then we define the convolution φ∗µ in the Fourier transform
domain via

(φ ∗ µ)̂ := φ̂µ̂.

That this is well defined stems from the fact that φ̂µ̂ is a tempered distribution
(as can be seen from the fact that µ̂ ∈ C∞(Rd) and |µ̂(x)| has at most polynomial
growth as |x| → ∞). The following has been proven (in greater generality) in [14]:
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Theorem 2.2. Let Ω be a bounded, open subset of Rd having the cone property.
There exists δ0 > 0 (depending only on Ω,m) such that if f ∈ C(Rd) is such that
there exists q ∈ Πm−1, µ ∈ B−m+1/2

2,∞ satisfying suppµ ⊂ Ω, 〈Πm−1, µ 〉 = {0}, and
q + φ ∗ µ = f on Ω, then

(i) TΩf = q + φ ∗ µ and
(ii) |||TΩf − TΞf |||Hm ≤ const(Ω,m)δ1/2 ‖µ‖

B
−m+1/2
2,∞

whenever Ξ ⊂ Ω satisfies δ := δ(Ξ,Ω) ≤ δ0.

In view of Theorem 1.3 and Theorem 2.2, the task of proving Theorem 1.5 is
reduced to proving the following:

Theorem 2.3. Let Ω be a bounded, open subset of Rd having the uniform C2m-
regularity property. If f ∈ Bm+1/2

2,1 , then there exists q ∈ Πm−1 and µ ∈ B−m+1/2
2,∞

such that suppµ ⊂ Ω, 〈Πm−1, µ 〉 = {0}, q + φ ∗ µ = f on Ω, and

‖µ‖
B
−m+1/2
2,∞

≤ const(Ω,m) ‖f‖
B
m+1/2
2,1

.(2.4)

We mention that in the special case d = m = 2, Ω = B, it has already been
shown in [13] that such a q and µ exist (without (2.4)) whenever f ∈ C∞(R2). In
this special case, it is possible to express µ explicitly in terms of the boundary data
and normal derivatives of f on ∂B; however, such an approach would be hopeless
for general Ω.

3. An examination of φ ∗ µ
The purpose of this section is to prove the following:

Proposition 3.1. Let r > 0 and let µ ∈ B−m2,2 be supported in rB. The following
hold:

(i) If 〈Πm−1, µ 〉 = {0}, then φ ∗ µ ∈ Hm and

const(d,m) ‖µ‖B−m2,2
≤ |||φ ∗ µ|||Hm ≤ const(d,m, r) ‖µ‖B−m2,2

.

(ii) If 〈Π2m−1, µ 〉 = {0}, then φ ∗ µ ∈Wm and

const(d,m) ‖µ‖B−m2,2
≤ ‖φ ∗ µ‖Wm ≤ const(d,m, r) ‖µ‖B−m2,2

.

(iii) φ ∗ µ ∈ Wm,2(rB) and ‖φ ∗ µ‖Wm,2(rB) ≤ const(d,m, r) ‖µ‖B−m2,2
.

(iv) If µ∈L2, then φ∗µ∈W 2m,2(rB) and ‖φ ∗ µ‖W 2m,2(rB)≤const(d,m, r) ‖µ‖L2
.

Our proof of Proposition 3.1 requires the following two lemmata.

Lemma 3.2. If g ∈ C∞c (Rd) satisfies |g(w)| = O(|w|2m−d+1) as |w| → 0, then

〈g, φ̂ 〉 = cφ

∫
Rd
g(w) |w|−2m

dw.

Proof. The proof can be adapted from that of [13, Lemma 2.3] in a straightforward
fashion.

Lemma 3.3. Let r > 0, γ ≥ 0, n ∈ N, and let µ ∈ B−γ2,2 be supported in rB. Then

‖µ̂‖Wn,∞(B) ≤ const(d, γ, n, r) ‖µ‖B−γ2,2
,

and if 〈Πn−1, µ 〉 = {0}, then∥∥∥|·|−n µ̂∥∥∥
L∞(B)

≤ const(d, γ, n, r) ‖µ‖B−γ2,2
.
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Proof. Since µ is compactly supported, µ̂ is entire. Let η ∈ C∞c (Rd) be such that
η = 1 on rB and for α ∈ Nd0, let ηα := ()αη ∈ C∞c (Rd). Note that

Dαµ̂ = i−|α| (()αµ)̂= i−|α| (ηαµ)̂= i−|α|(2π)−dη̂α ∗ µ̂.
Hence, for w ∈ B,

|Dαµ̂(w)| = (2π)−d
∣∣∣∣∫
Rd
µ̂(t)η̂α(w − t) dt

∣∣∣∣
≤ (2π)−d

∥∥∥∥ µ̂

1 + |·|γ
∥∥∥∥
L2

‖(1 + |·|γ) η̂α(w − ·)‖L2
≤ const(η, γ, α) ‖µ‖B−γ2,2

.

Therefore, after a suitable choice of η, ‖µ̂‖Wn,∞(B) ≤ const(d, γ, n, r) ‖µ‖B−γ2,2
. Now

assume that 〈Πn−1, µ 〉 = {0}. It follows that Dαµ̂(0) = 0 ∀ |α| < n. Hence,
by Taylor’s theorem, |µ̂(w)| ≤ const(d, n) |w|n ‖µ̂‖Wn,∞(B) ∀w ∈ B. Therefore,∥∥∥|·|−n µ̂∥∥∥

L∞(B)
≤ const(d, γ, n, r) ‖µ‖B−γ2,2

.

Proof of Proposition 3.1. Assume 〈Πm−1, µ 〉 = {0}. Put f := φ ∗ µ. Let |α| = m.
Then (Dαf)̂= im()αφ̂µ̂. If g ∈ C∞c (Rd), then g1 := im()αµ̂g ∈ C∞c (Rd) satisfies
|g1(w)| = O(|w|2m) as |w| → 0 and hence by Lemma 3.2,

〈g, (Dαf)̂ 〉 = 〈g1, φ̂ 〉

= cφ

∫
Rd
|w|−2m g1(w) dw = cφi

m

∫
Rd
|w|−2m wαµ̂(w)g(w) dw.

The assumptions on µ ensure that |·|−2m ()αµ̂ ∈ L2; hence, (Dαf)̂∈ L2 and by
the Plancherel theorem, Dαf ∈ L2. Therefore, f ∈ Hm. Now,

|||f |||2Hm =
∥∥∥|·|m f̂ ∥∥∥2

L2(Rd\0)
= c2φ

∞∑
k=0

∥∥∥|·|−m µ̂∥∥∥2

L2(Ak)
.

For k > 0 we have 2−mk ‖µ̂‖L2(Ak) ≤
∥∥∥|·|−m µ̂∥∥∥

L2(Ak)
≤ 2m2−mk ‖µ̂‖L2(Ak) while

for k = 0 we have ‖µ̂‖L2(B) ≤
∥∥∥|·|−m µ̂∥∥∥

L2(B)
≤ const(d,m, r) ‖µ‖B−m2,2

by Lemma

3.3. It now follows that const(d,m) ‖µ‖B−m2,2
≤ |||f |||Hm ≤ const(d,m, r) ‖µ‖B−m2,2

which proves (i). For (ii) assume 〈Π2m−1, µ 〉 = {0}. The argument used to prove
(i) can be easily adapted to show that Dαf ∈ L2 for all |α| ≤ m. Hence f ∈ Wm.
Now

‖f‖2Wm =
∥∥∥∥(1 + |·|2

)m/2
f̂

∥∥∥∥2

L2

= c2φ

∞∑
k=0

∥∥∥∥(1 + |·|2
)m/2

|·|−2m µ̂

∥∥∥∥2

L2(Ak)

.

For k > 0 we have

2−mk ‖µ̂‖L2(Ak) ≤
∥∥∥∥(1 + |·|2

)m/2
|·|−2m

µ̂

∥∥∥∥
L2(Ak)

≤ 22m2−mk ‖µ̂‖L2(Ak) ,

and for k = 0 we have

‖µ̂‖L2(B) ≤
∥∥∥∥(1 + |·|2

)m/2
|·|−2m

µ̂

∥∥∥∥
L2(B)

≤ const(d,m, r) ‖µ‖B−m2,2

by Lemma 3.3. It now follows that

const(d,m) ‖µ‖B−m2,2
≤ ‖f‖Wm ≤ const(d,m, r) ‖µ‖B−m2,2
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which proves (ii). Turning now to (iii)–(iv), we no longer assume 〈Πm−1, µ 〉 =
{0}. There exist µα ∈ C∞c (rB) such that for all |α| , |β| < 2m, 〈()β , µα 〉 = δα,β,
‖µα‖L2

≤ const(d,m, r), and ‖φ ∗ µα‖W 2m,2(rB) ≤ const(d,m, r). For |α| < 2m we
have

|〈()α, µ 〉| = |Dαµ̂(0)| ≤ ‖µ̂‖W 2m,∞(B) ≤ const(d,m, r) ‖µ‖B−m2,2

by Lemma 3.3. Put ν := µ−
∑
|α|<2m〈()α, µ 〉µα. Then suppν ⊂ rB, 〈Π2m−1, ν 〉 =

{0}, and

‖ν‖B−m2,2
≤ ‖µ‖B−m2,2

1 +const(d,m, r)
∑
|α|<2m

‖µα‖B−m2,2

 ≤ const(d,m, r) ‖µ‖B−m2,2
.

(3.4)

Therefore,

‖φ ∗ µ‖Wm,2(rB) ≤ ‖φ ∗ ν‖Wm,2(rB) +

∥∥∥∥∥∥φ ∗
∑
|α|<2m

〈()α, µ 〉µα

∥∥∥∥∥∥
Wm,2(rB)

≤ const(d,m, r)
(
‖φ ∗ ν‖Wm + ‖µ‖B−m2,2

)
≤ const(d,m, r) ‖µ‖B−m2,2

by (ii) and (3.4). Hence (iii). In order to prove (iv), we assume µ ∈ L2. It follows
from Lemma 3.3 that |〈()α, µ 〉| ≤ const(d,m, r) ‖µ‖L2

∀ |α| < 2m and consequently

‖ν‖L2
≤ ‖µ‖L2

1 + const(d,m, r)
∑
|α|<2m

‖µα‖L2

 ≤ const(d,m, r) ‖µ‖L2
.(3.5)

Hence,

‖φ ∗ µ‖W 2m,2(rB) ≤ ‖φ ∗ ν‖W 2m,2(rB) +

∥∥∥∥∥∥φ ∗
∑
|α|<2m

〈()α, µ 〉µα

∥∥∥∥∥∥
W 2m,2(rB)

≤ const(d,m, r)
(
‖φ ∗ ν‖W 2m + ‖µ‖L2

)
.

(3.6)

Now,

‖φ ∗ ν‖2W 2m = c2φ

(∥∥∥(1 + |·|2
)m
|·|−2m

ν̂
∥∥∥2

L2(B)
+
∥∥∥(1 + |·|2

)m
|·|−2m

ν̂
∥∥∥2

L2(Rd\B)

)
≤ const(d,m)

(∥∥∥|·|−2m
ν̂
∥∥∥2

L2(B)
+ ‖ν̂‖2L2(Rd\B)

)
≤ const(d,m, r) ‖ν‖2L2

by Lemma 3.3 and the Plancherel theorem which, in view of (3.6) and (3.5), proves
(iv).

4. A representation of TAf

The following representation of TAf is probably known, particularly by Duchon,
but to the best of our knowledge has yet to be clearly stated and proved. Since our
subsequent development relies heavily on this representation, we give it a careful
treatment.
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Theorem 4.1. Let A ⊂ Rd be bounded and satisfy (1.1). For all f ∈ Hm, there
exists a unique polynomial q and compactly supported distribution µ such that

TAf = q + φ ∗ µ.
Moreover, the following hold

(i) q ∈ Πm−1, µ ∈ B−m2,2 , and suppµ ⊂ A.
(ii) 〈Πm−1, µ 〉 = {0}.
(iii) ‖µ‖B−m2,2

≤ const(d,m)|||TAf |||Hm .

Proof. An important property of surface spline interpolation (see [15]) is that if
Ξ ⊂ Rd satisfies (1.1), then for all g ∈ Hm,

|||g − TΞg|||2Hm = |||g|||2Hm − |||TΞg|||2Hm .(4.2)

If Ξ̃ ⊂ Ξ both satisfy (1.1) and g ∈ Hm, then TΞ̃g = TΞ̃(TΞg) and hence

0 ≤ |||TΞg − TΞ̃g|||
2

Hm
= |||TΞg|||2Hm − |||TΞ̃g|||

2

Hm

(4.3)

= (|||TΞg|||Hm − |||TΞ̃g|||Hm)(|||TΞg|||Hm + |||TΞ̃g|||Hm).

Let Ξn be an increasing sequence of finite subsets of A, each satisfying (1.1), such
that δ(Ξn, A) → 0 as n → ∞. Let f ∈ Hm. Duchon [7] has shown that there
exists qn ∈ Πm−1 and µn ∈ span{δξ : ξ ∈ Ξn}, satisfying 〈Πm−1, µn 〉 = {0},
such that TΞnf = qn + φ ∗ µn. Here δξ denotes the Dirac δ-distribution defined
by 〈f, δξ 〉 = f(ξ). Since Ξn ⊂ Ξn+1, it follows from (4.3) that the sequence
{|||TΞnf |||Hm}n∈N is monotonically increasing. Since this sequence is bounded above
by |||f |||Hm , it is convergent. By choosing a subsequence of {Ξn}, if necessary, we
may assume without loss of generality that |||TΞn+1f |||Hm − |||TΞnf |||Hm ≤ 2−2n

∀n ∈ N. Let r > 0 be the smallest positive real number satisfying A ⊂ rB. By
Proposition 3.1 (i) and (4.3),

‖µn+1 − µn‖B−m2,2
≤ const(d,m)|||φ ∗ (µn+1 − µn)|||Hm

= const(d,m)|||TΞn+1f − TΞnf |||Hm ≤ const(d, f,m)2−n.

It follows that {µn} is a Cauchy sequence in the Banach space B−m2,2 , and hence
there exists µ ∈ B−m2,2 such that µn → µ in B−m2,2 . Since the space of distributions in
B−m2,2 which are supported in A and annihilate Πm−1 is a closed subspace of B−m2,2 , it
follows that suppµ ⊂ A and 〈Πm−1, µ 〉 = {0}. It follows from Proposition 3.1 (iii)
that φ∗µn → φ∗µ in Wm,2(rB). Since m > d/2, the Sobolev Imbedding Theorem
[1, p. 97] asserts that Wm,2(rB) is continuously imbedded in C(rB) (taken with the
L∞(rB)-norm). Consequently f−φ∗µn → f−φ∗µ in C(rB). But f−φ∗µn = qn
on Ξn. Hence, there exists q ∈ Πm−1 such that qn → q in Πm−1. It follows now
that f = q + φ ∗ µ on A. By Proposition 3.1 (i), q + φ ∗ µ ∈ Hm, and by (4.2),
|||q + φ ∗ µ|||Hm = limn→∞ |||φ ∗ µn|||Hm ≤ |||TAf |||Hm . Therefore TAf = q + φ ∗ µ.
Note that (i) and (ii) hold and that (iii) follows from Proposition 3.1 (i). It remains
to show that q and µ are unique. Assume that the polynomial q̃ and the compactly
supported distribution µ̃ are such that TAf = q̃+φ∗ µ̃. Then q− q̃+φ∗ (µ− µ̃) = 0
and consequently (q − q̃)̂+ φ̂ (µ− µ̃)̂= 0. Since (q − q̃)̂ is supported on {0} and
φ̂ = cφ |·|−2m on Rd\0, it follows that (µ− µ̃)̂= 0 on Rd\0 and hence µ = µ̃. Thus
(q − q̃)̂= 0, which implies q = q̃.
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With the proof of Theorem 4.1 in hand, the following corollary, which generalizes
the latter half of Theorem 1.3, is irresistable.

Corollary. Let A ⊂ Rd be bounded and satisfy (1.1). If f ∈ Hm, then for every
ε > 0 there exists δ > 0 (depending only on ε, f , A, and m) such that

|||TAf − TΞf |||Hm < ε

whenever Ξ ⊂ A satisfies δ(Ξ, A) < δ.

Proof. Let f ∈ Hm, and let {Ξn}, {µn} be as in the proof of Theorem 4.1. Note
that since every function in Hm is continuous, TAf = TAf . It follows from (4.3)
that if Ξ̃ ⊂ Ξ, then

|||TΞf − TΞ̃f |||Hm ≤
√

2(|||TΞf |||Hm − |||TΞ̃f |||Hm)|||f |||Hm .

Hence, if Ξ ⊂ A and |||TΞf |||Hm |||f |||Hm > |||TAf |||Hm |||f |||Hm − ε2/2, then
|||TAf − TΞf |||Hm < ε. Since |||TΞnf |||Hm → |||TAf |||Hm as n → ∞, it follows
that there exists n ∈ N such that |||TΞnf |||Hm |||f |||Hm ≥ |||TAf |||Hm |||f |||Hm − ε2/4.
Let us write Ξn = {ξ1, ξ2, . . . , ξN} and µn =

∑N
k=1 λkδξk , where N := #Ξn. Since

the linear system of equations which determines {λk} (see [22, eq. (1.2)]) depends
continuously on Ξn, it follows that {λk} depends continuously on Ξn. Since the
mapping Rd 3 ξ 7→ δξ ∈ B−m2,2 is continuous, and with Proposition 3.1 (i) in view, it

follows that there exists δ > 0 such that if Ξ̃ = {ξ̃1, . . . , ξ̃N} satisfies
∣∣∣ξk − ξ̃k∣∣∣ ≤ δ

∀k, then |||TΞ̃f |||Hm |||f |||Hm > |||TΞnf |||Hm |||f |||Hm − ε2/4. Now, let Ξ ⊂ A be such
that δ(Ξ, A) < δ. Since Ξn ⊂ A, there exists Ξ̃ = {ξ̃1, . . . , ξ̃N} ⊂ Ξ such that∣∣∣ξk − ξ̃k∣∣∣ ≤ δ ∀k. Hence

|||TΞf |||Hm |||f |||Hm ≥ |||TΞ̃f |||Hm |||f |||Hm > |||TΞnf |||Hm |||f |||Hm − ε
2/4

≥ |||TAf |||Hm |||f |||Hm − ε
2/2,

whence follows the desired conclusion.

5. The regularity of TΩf in Ωext

At this point we know that the µ in the representation TΩf = q + φ ∗ µ belongs
to B−m2,2 whenever f ∈ Hm. The main hurdle in proving Theorem 2.3 is to show

that if Ω has a sufficiently smooth boundary and f ∈ Bm+1/2
2,1 , then the regularity

of µ increases to that of B−m+1/2
2,∞ . As will become clear in Section 7, there is an

intimate relation between the regularity of µ and the regularity of TΩf . We begin
by studying the regularity of TΩf in the exterior domain

Ωext := Rd\Ω.

We assume throughout this section that Ω ⊂ Rd is open and bounded and has
the uniform C2m-regularity property. It follows from this that Ωext has a bounded
boundary and the uniform C2m-regularity property. Our purpose in this section is
to prove the following:

Proposition 5.1. If f ∈W 2m, then for all |α| = m, DαTΩf ∈Wm,2(Ωext) and

‖DαTΩf‖Wm,2(Ωext)
≤ const(Ω,m) ‖f‖W 2m .
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We will employ a regularity result regarding a solution of a linear elliptic partial
differential equation. Since we are concerned only with the differential operator
∆m, we will state a simplified result which applies to constant coefficient differential
operators. The following result appears as a remark generalizing [2, Th. 9.8].

Theorem 5.2. Let A ⊂ Rd be an open set having a bounded boundary and hav-
ing the uniform C2m-regularity property. Let {aα,β}|α|,|β|≤m be complex numbers
satisfying

Re
∑

|α|,|β|=m
aα,βξ

α+β ≥ E0 |ξ|2m ∀ξ ∈ Rd(5.3)

for some constant E0 > 0. Let b be the Dirichlet bilinear form

b[u, v] :=
∑

|α|,|β|≤m
aα,β

∫
A

Dαu(x)Dβv(x) dx.(5.4)

If u ∈ Wm,2
0 (A) and g ∈ L2(A) are such that

b[u, v] =
∫
A

g(x)v(x) dx ∀v ∈ C∞c (A),(5.5)

then u ∈W 2m,2(A) and

‖u‖W 2m,2(A) ≤ const(A,m, {aα,β})
(
‖g‖L2(A) + ‖u‖L2(A)

)
.

Proof. First of all, we point out that the assumptions on A ensure that A is of class
C2m as defined in [2, Def. 9.2]. The case when A is bounded is covered by [2, Th.
9.8] so we assume A is unbounded. Let r0 be the smallest positive real number
such that Rd\r0B ⊂ A and put r := r0 + 4

√
d. By [2, Th. 9.8],

‖u‖W 2m,2(A∩rB) ≤ const(A,m, {aα,β})
(
‖g‖L2(A) + ‖u‖L2(A)

)
.(5.6)

The proof of (5.6) is done in two steps. First, it is shown that (5.6) holds with
‖u‖L2(A) replaced by ‖u‖Wm,2(A), and then G̊arding’s inequality is employed to
show that

‖u‖Wm,2(A) ≤ const(d,m, {aα,β})
(
‖g‖L2(A) + ‖u‖L2(A)

)
.(5.7)

We turn now to A\rB. For j ∈ Zd, put Gj := j + 2
√
dB and G̃j := j +

√
dB,

and let N := {j ∈ Zd : G̃j ∩ (A\rB) 6= ∅}. Since A\rB = Rd\rB, the choice of
r ensures that Gj ⊂ A ∀j ∈ N . By [2, Th. 9.6], for each j ∈ N , ‖u‖W 2m,2(G̃j)

≤
const(d,m, {aα,β})

(
‖g‖L2(Gj)

+ ‖u‖Wm,2(Gj)

)
. Hence,

‖u‖2W 2m,2(A\rB) ≤
∑
j∈N
‖u‖2W 2m,2(G̃j)

≤ const(d,m, {aα,β})
∑
j∈N

(
‖g‖2L2(Gj)

+ ‖u‖2Wm,2(Gj)

)
≤ const(d,m, {aα,β})

(
‖g‖2L2(A) + ‖u‖2Wm,2(A)

)
which, in view of (5.7) and (5.6), completes the proof.
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In our proof of Proposition 5.1, we employ the following two lemmata in establishing
the hypothesis of Theorem 5.2. The first lemma is an immediate consequence of [1,
Th. 7.55].

Lemma 5.8. Let A be as in Theorem 5.2. If f ∈ Wm equals 0 on Rd\A, then
f ∈ Wm,2

0 (A).

Lemma 5.9. If µ is a compactly supported distribution, then

∆m(φ ∗ µ) = (−1)mcφµ,

where ∆ := ∂2

∂x2
1

+ ∂2

∂x2
2

+ · · ·+ ∂2

∂x2
d

denotes the Laplacian operator.

Proof. Let g ∈ C∞c (Rd). Then

〈g, (∆m(φ ∗ µ))̂ 〉 = (−1)m〈g, |·|2m µ̂φ̂ 〉 = (−1)m〈g |·|2m µ̂, φ̂ 〉

= (−1)mcφ
∫
Rd
g(w) |w|2m µ̂(w) |w|−2m

dw, by Lemma 3.2,

= (−1)mcφ〈g, µ̂ 〉.

Before embarking on the proof below, an explanation is in order. Ideally, we would
like to choose u, in Theorem 5.2, to be f −TΩf . Unfortunately, we only know that
TΩf ∈ Hm which means that |TΩf(x)| may grow as |x| → ∞; hence we cannot
assert that f −TΩf belongs to Wm,2(Ωext). Fortunately, the offending part of TΩf
(q + φ ∗ ν in the language of the proof below) can be subtracted off and treated
seperately.

Proof of Proposition 5.1. For |α| < 2m, let µα ∈ C∞c (Ω) be such that 〈()β , µα 〉 =
δα,β ∀ |α| , |β| < 2m and

∑
|α|<2m ‖µα‖L2

≤ const(Ω,m). Let f ∈ W 2m and let
q ∈ Πm−1, µ ∈ B−m2,2 be as in Theorem 4.1. Then suppµ ⊂ Ω, 〈Πm−1, µ 〉 = {0},
TΩf = q + φ ∗ µ, and

‖µ‖B−m2,2
≤ const(d,m)|||TΩf |||Hm ≤ const(d,m)|||f |||Hm ≤ const(d,m) ‖f‖Wm .

(5.10)

Let r be the smallest positive real number for which Ω ⊂ (r/2)B. Note that since
q = f − φ ∗ µ on Ω and Πm−1 is finite dimensional, it follows that

‖q‖W 2m,2(rB) ≤ const(Ω,m) ‖q‖Wm,2(Ω)

≤ const(Ω,m)
(
‖f‖Wm + ‖φ ∗ µ‖Wm,2(rB)

)
≤ const(Ω,m)

(
‖f‖Wm + ‖µ‖B−m2,2

)
≤ const(Ω,m) ‖f‖Wm

by Proposition 3.1 (iii) and (5.10). Put ν :=
∑

m≤|α|<2m〈()α, µ 〉µα and note that
〈Π2m−1, µ − ν 〉 = {0}. Hence we can write TΩf = q + φ ∗ ν + φ ∗ (µ − ν) with
φ ∗ (µ − ν) ∈ Wm by Proposition 3.1 (ii). It follows from Lemma 3.3 that for all
|α| < 2m,

|〈()α, µ 〉| = |Dαµ̂(0)| ≤ ‖µ̂‖W 2m−1,∞(B)

≤ const(Ω,m) ‖µ‖B−m2,2
≤ const(Ω,m) ‖f‖Wm
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by (5.10). Hence,

‖ν‖L2
≤

∑
m≤|α|<2m

|〈()α, µ 〉| ‖µα‖L2
≤ const(Ω,m) ‖f‖Wm .(5.11)

Consequently, we have by Proposition 3.1 (iv), that

‖φ ∗ ν‖W 2m,2(rB) ≤ const(Ω,m) ‖ν‖L2
≤ const(Ω,m) ‖f‖Wm .

Let σ ∈ C∞c (rB) be such that σ = 1 on Ω and ‖σ‖W 2m,∞(rB) ≤ const(Ω,m). We
then obtain the estimate

‖f − σ(q + φ ∗ ν)‖W 2m ≤ ‖f‖W 2m + ‖σ(q + φ ∗ ν)‖W 2m

(5.12)

≤ ‖f‖W 2m + const(Ω,m) ‖q + φ ∗ ν‖W 2m,2(rB) ≤ const(Ω,m) ‖f‖W 2m .

Put u := f − σ(q + φ ∗ ν)− φ ∗ (µ− ν). Note that u = 0 on Ω and

‖u‖Wm ≤ ‖f − σ(q + φ ∗ ν)‖Wm + ‖φ ∗ (µ− ν)‖Wm

≤ const(Ω,m)
(
‖f‖W 2m + ‖µ− ν‖B−m2,2

)
, by (5.12) and Proposition 3.1 (ii),

≤ const(Ω,m) ‖f‖W 2m

by (5.10) and (5.11). By Lemma 5.9, ∆m(φ ∗ (µ− ν)) = (−1)m(µ− ν) = 0 on Ωext.
Hence, if g := (−1)m∆m(f −σ(q+φ∗ ν)), then (−1)m∆mu = g on Ωext. Note that
by (5.12),

‖g‖L2
≤ const(Ω,m) ‖f‖W 2m .

Let {cα}|α|=m be the positive integers defined by |ξ|2m =
∑
|α|=m cαξ

2α, ξ ∈ Rd.
We wish now to employ Theorem 5.2 on the exterior domain Ωext with

aα,β :=

{
cα if α = β and |α| = m,

0 otherwise.

Condition (5.3) is satisfied with E0 = 1 since the quantity on the left side of
(5.3) equals |ξ|2m. Since u ∈ Wm and u = 0 on Ω, it follows by Lemma 5.8
that u ∈ Wm,2

0 (Ωext). Note that the Dirichlet form in (5.4) simplifies to b[u, v] =∑
|α|=m cα

∫
Ωext

DαuDαv. To see that (5.5) holds, let v ∈ C∞c (Ωext). Then

b[u, v] =
∑
|α|=m

cα〈Dαv,Dαu 〉 = (−1)m
∑
|α|=m

cα〈D2αv, u 〉

= (−1)m〈∆mv, u 〉 = (−1)m〈v,∆mu 〉 =
∫

Ωext

v(x)g(x) dx

where the first and last equality hold since supp v ⊂ Ωext. Therefore, by Theorem
5.2, u ∈W 2m,2(Ωext) and
‖u‖W 2m,2(Ωext)

≤ const(Ω,m)
(
‖g‖L2(Ωext)

+ ‖u‖L2(Ωext)

)
≤ const(Ω,m) ‖f‖W 2m .

Now TΩf can be written as TΩf = q + φ ∗ ν + f − σ(q + φ ∗ ν) − u. Let |α| = m
and note that Dα(φ ∗ ν) = φ ∗Dαν. Since Dαν ∈ B−m2,2 and 〈Π2m−1, D

αν 〉 = {0},
we have by Proposition 3.1 (ii) that φ ∗Dαν ∈Wm and

‖φ ∗Dαν‖Wm ≤ const(Ω,m) ‖Dαν‖B−m2,2

≤ const(Ω,m) ‖ν‖L2
≤ const(Ω,m) ‖f‖Wm
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by (5.11). Therefore,

‖DαTΩf‖Wm,2(Ωext)
≤ const(d,m) (‖Dα(φ ∗ ν)‖Wm + ‖f − σ(q + φ ∗ ν)‖W 2m)

+ ‖u‖W 2m,2(Ωext)
≤ const(Ω,m) ‖f‖W 2m .

6. The global regularity of TΩf

As in the previous section, we assume throughout this section that Ω ⊂ Rd is
open and bounded and has the uniform C2m-regularity property. Our purpose in
this section is to prove the following:

Theorem 6.1. If f ∈ Bm+1/2
2,1 , then for all |α| = m, DαTΩf ∈ B1/2

2,∞ and

‖DαTΩf‖B1/2
2,∞
≤ const(Ω,m) ‖f‖

B
m+1/2
2,1

.

The following definition and theorem are taken from [1, p. 83–86].

Definition. Let A ⊂ Rd be open. For given k and p, a linear operator E :
W k,p(A) → W k,p(Rd) is called a simple (k, p)-extension operator for A if for all
u ∈ W k,p(A),

(i) Eu(x) = u(x) a.e. in A and
(ii) ‖Eu‖Wk,p(Rd) ≤ const(A, k, p) ‖u‖Wk,p(A).

E is called a strong n-extension operator for A if E is a linear operator mapping
functions defined a.e. in A into functions defined a.e. in Rd and if for every k ∈
{0, 1, . . . , n} and for every p ∈ [1 . .∞), the restriction of E to W k,p(A) is a simple
(k, p)-extension operator for A.

The following theorem is proved in [1, p. 84].

Theorem 6.2. Let n ∈ N. If A ⊂ Rd is open, has a bounded boundary, and has
the uniform Cn-regularity property, then there exists a strong n-extension operator
E for A.

The assumptions on Ω ensure that Ωext := Rd\Ω has a bounded boundary and
the uniform C2m-regularity property. Hence, by Theorem 6.2 there exists a strong
m-extension operator E for Ωext.

Lemma 6.3. If |α| = m and f ∈ Bm+1/2
2,1 , then EDαTΩf ∈ B1/2

2,1 and

‖EDαTΩf‖B1/2
2,1
≤ const(Ω,m) ‖f‖

B
m+1/2
2,1

.

Proof. We employ a result regarding real interpolation of Banach spaces. If X1, X2

are two Sobolev spaces, then Peetre’s K-functional is defined for t > 0, f ∈ X1 +X2

by

K(t, f) := inf{‖f1‖X1
+ t ‖f2‖X2

: f = f1 + f2, f1 ∈ X1, f2 ∈ X2}.
For 0 < θ < 1 and 1 ≤ q <∞, let

(X1, X2)θ,q := {f ∈ X1 +X2 : ‖f‖(X1,X2)θ,q
:=
(∫ ∞

0

t−θq−1K(t, f)q dt
)1/q

<∞}.

It is known [24, p. 39–40] that if s1, s2 ∈ N0 with s1 6= s2, then (W s1 ,W s2)θ,q =
Bs2,q (with equivalent norms) where s := s1(1− θ) + s2θ. Taking θ = 1/(2m), q = 1
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yields (Wm,W 2m)θ,q = B
m+1/2
2,1 and (L2,W

m)θ,q = B
1/2
2,1 . To see that the operator

EDαTΩ is a bounded linear operator from Wm into L2, we observe that

‖EDαTΩf‖L2
≤ const(Ω,m) ‖DαTΩf‖L2(Ωext)

≤ const(Ω,m) ‖DαTΩf‖L2

≤ const(Ω,m)|||TΩf |||Hm ≤ const(Ω,m) ‖f‖Wm .

In addition, EDαTΩ is a bounded linear operator from W 2m into Wm. Indeed,

‖EDαTΩf‖Wm ≤ const(Ω,m) ‖DαTΩf‖Wm,2(Ωext)
≤ const(Ω,m) ‖f‖W 2m

by Proposition 5.1. It follows by the interpolation property (see [24, p. 38]) that
EDαTΩ is a bounded linear operator from B

m+1/2
2,1 into B1/2

2,1 .

Our point of view now is the following: Assuming f ∈ Bm+1/2
2,1 and |α| = m, we

have that both Dαf and EDαTΩf belong to B
1/2
2,1 . The function DαTΩf equals

Dαf on Ω and equals EDαTΩf on Ωext, and based on this we wish to show that
DαTΩf ∈ B1/2

2,∞. The purpose of the following three lemmata is to relate the B1/2
2,∞-

norm of a function g with the rate at which an approximate identity convolved with
g converges to g in the L2-norm.

Lemma 6.4. Let A be an open subset of Rd having a bounded boundary and the
uniform C1-regularity property. There exists ε > 0 (depending only on A) such that
if r ∈ [1 . .∞), γ ∈ (0 . . r] and h ∈ (0 . . εγ/r], then

md((∂A+ hB) ∩ (x+ γB)) ≤ const(A)hγd−1 ∀x ∈ Rd,

where md denotes Lesbegue measure in Rd.

Proof. Let Uj and Φj be as in Definition 1.4. By replacing Uj , if necessary, with
Φ−1
j ((1 − τ)B) for some sufficiently small τ > 0, we may assume without loss of

generality that the components of Φj belong to Ck(Vj) for some open Vj containing
Uj. It then follows from [20, Th. 9.19] and [21, Th. 7.26] that there exists c1 > 0
(depending only on A) such that for all j

|Φj(x) − Φj(y)| ≤ c1 |x− y| ∀x, y ∈ Uj(6.5)

and

md(V ) ≤ c1md(Φj(V )) ∀ open V ⊂ Uj .(6.6)

Put Ũj := Φ−1
j (B/2). By Definition 1.4 (iii), there exists δ ∈ (0 . . 1] such that

∂A + δB ⊂
⋃
j Ũj. Let ε be the largest positive real number satisfying ε ≤ δ and

Ũj + 6εB ⊂ Uj ∀j. Let r ∈ [1 . .∞), γ ∈ (0 . . r], h ∈ (0 . . εγ/r], and x ∈ Rd.
Put F := (∂A + hB) ∩ (x + γB). It is a straightforward matter to show that
md(∂A + hB) ≤ const(A)h. Hence, if γ ≥ ε, then md(F ) ≤ md(∂A + hB) ≤
const(A)h ≤ const(A)hγd−1. So assume γ < ε. Let a ∈ F . Then there exists
a′ ∈ ∂A such that |a− a′| < h. Put F1 := (∂A ∩ [a′ + 2(h+ γ)B]) + hB and note
that F ⊂ F1. Indeed, if y ∈ F , then there exists y′ ∈ ∂A such that |y − y′| < h.
Since |y − x| < γ, we have |x− y′| < h+ γ. Hence,

|y′ − a′| ≤ |y′ − x|+ |x− a|+ |a− a′| < (h+ γ) + γ + h = 2(h+ γ).

Thus y′ ∈ ∂A∩(a′+2(h+γ)B) and consequently y ∈ F1. LetN := {j : F1∩Ũj 6= ∅}.
We note that if j ∈ N , say y ∈ F1 ∩ Ũj , then |a′ − y| ≤ 2(h + γ) + h ≤ 3(h + γ)
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and hence a′ ∈ Ũj + 3(h+ γ)B ⊂ Ũj + 6εB ⊂ Uj . Consequently, Φj(a′) is defined
whenever j ∈ N .

Claim. If j ∈ N , then

Φj(F1 ∩ Ũj) ⊂ {w ∈ Rd : |wd| ≤ c1h, |(w1, . . . , wd−1, 0)− Φj(a′)| ≤ 3c1(h+ γ)}.

Proof. Let z ∈ F1 ∩ Ũj and put w = Φj(z). Then there exists z′ ∈ ∂A ∩
(a′+ 2(h+ γ)B) such that |z − z′| < h. Note that z′ ∈ z+hB ⊂ Ũj + εB ⊂ Uj and
hence w′ := Φj(z′) is defined. Since w′d = 0, we have |wd| ≤ |w − w′| ≤ c1 |z − z′| ≤
c1h by (6.5). And

|(w1, . . . , wd−1, 0)− Φj(a′)| ≤ |w − Φj(a′)| ≤ c1 |z − a′| , by (6.5),

≤ c1(|z − z′|+ |z′ − a′|) ≤ c1(h+ 2(h+ γ)) ≤ 3c1(h+ γ)

which proves the claim.

Since F ⊂ F1 ⊂ ∂A+ hB ⊂ ∂A+ δB ⊂
⋃
j Ũj, it follows that

md(F ) ≤
∑
j∈N

md(F1 ∩ Ũj) ≤ c1
∑
j∈N

md(Φj(F1 ∩ Ũj)), by (6.6),

≤ c1
∑
j∈N

md({w ∈ Rd : |wd| ≤ c1h, |(w1, . . . , wd−1, 0)− Φj(a′)| ≤ 3c1(h+ γ)})

= c1
∑
j∈N

const(d)c1h(3c1(h+ γ))d−1 ≤ const(A)hγd−1.

Lemma 6.7. For all f ∈ B1/2
2,1 and h > 0,

‖f‖L2(∂Ω+hB) ≤ const(Ω)h1/2 ‖f‖
B

1/2
2,1

.

Proof. We employ the atomic decomposition of B1/2
2,1 (see [25, p. 70–81]). It is

known that there exists r ≥ 1 and functions an,j ∈ C1(Rd), n ∈ N0, j ∈ Zd,
(depending only on d) satisfying

supp an,j ⊂ 2−n(j + rB)(6.8)

and

‖Dαan,j‖L∞ ≤ 2n(|α|+(d−1)/2) ∀ |α| ≤ 1(6.9)

such that for all f ∈ B1/2
2,1 , there exists {λn,j} such that

∞∑
n=0

∑
j∈Zd
|λn,j |2

1/2

≤ const(d) ‖f‖
B

1/2
2,1

,(6.10)

and

f =
∞∑
n=0

∑
j∈Zd

λn,jan,j (convergence in L2).(6.11)
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It follows from (6.8) that for all n ∈ N0,

∥∥∥∥∥∥
∑
j∈Zd

λn,jan,j

∥∥∥∥∥∥
2

L2(∂Ω+hB)

≤ const(d)
∑
j∈Zd
|λn,j |2 ‖an,j‖2L2(∂Ω+hB) .(6.12)

We estimate ‖an,j‖2L2(∂Ω+hB) in two cases. Let ε > 0 be as in Lemma 6.4 with
A = Ω. If h ≤ ε2−n, then by Lemma 6.4, md((∂Ω + hB) ∩ 2−n(j + rB)) ≤
const(Ω)h(2−nr)d−1 and hence,

‖an,j‖2L2(∂Ω+hB) ≤ ‖an,j‖
2
L∞(∂Ω+hB)md((∂Ω + hB) ∩ 2−n(j + rB))

≤ 2n(d−1)const(Ω)h(2−nr)d−1 ≤ const(Ω)h.

On the other hand, if h > ε2−n, then md(2−n(j + rB)) ≤ const(d)2−nd and hence

‖an,j‖2L2(∂Ω+hB) ≤ ‖an,j‖
2
L2
≤ ‖an,j‖2L∞md(2−n(j + rB))

≤ 2n(d−1)const(d)2−nd ≤ const(d)2−n ≤ const(Ω)h.

It therefore follows by (6.12) that∥∥∥∥∥∥
∑
j∈Zd

λn,jan,j

∥∥∥∥∥∥
2

L2(∂Ω+hB)

≤ const(Ω)h
∑
j∈Zd
|λn,j |2 .

Hence by (6.11),

‖f‖L2(∂Ω+hB) ≤
∞∑
n=0

∥∥∥∥∥∥
∑
j∈Zd

λn,jan,j

∥∥∥∥∥∥
L2(∂Ω+hB)

≤ const(Ω)h1/2
∞∑
n=0

∑
j∈Zd
|λn,j |2

1/2

≤ const(Ω)h1/2 ‖f‖
B

1/2
2,1

by (6.10).

Lemma 6.13. Let ψ ∈ C∞c (Rd) be such that ψ̂(0) = 1 and put ψh := h−dψ(·/h),
h > 0. Then for all g ∈ L2,

(i) ‖g − ψh ∗ g‖L2
≤ const(ψ)h1/2 ‖g‖

B
1/2
2,∞

∀h > 0, and

(ii) ‖g‖
B

1/2
2,∞
≤ const(ψ, ε)

(
‖g‖L2

+ sup0<h≤ε h
−1/2 ‖g − ψh ∗ g‖L2

)
∀ε > 0.

Proof. Let g ∈ L2 and h > 0. We first prove (i). If h ≥ 1, then ‖g − ψh ∗ g‖L2
≤

(1 + ‖ψ‖L1
) ‖g‖L2

≤ const(ψ) ‖g‖
B

1/2
2,∞
≤ const(ψ)h1/2 ‖g‖

B
1/2
2,∞

. So assume 0 < h <



SURFACE SPLINE INTERPOLATION 735

1. Let k be the least integer such that 2k ≥ h−1. Then

(2π)d ‖g − ψh ∗ g‖2L2
=
∥∥∥(1− ψ̂(h·))ĝ

∥∥∥2

L2

=
∞∑
n=0

∥∥∥(1− ψ̂(h·))ĝ
∥∥∥2

L2(An)

≤
∞∑
n=0

∥∥∥1− ψ̂(h·)
∥∥∥2

L∞(An)
‖ĝ‖2L2(An)

≤ const(ψ) ‖g‖2
B

1/2
2,∞

(
k∑

n=0

|h2n|2 2−n +
∞∑

n=k+1

2−n
)

≤ const(ψ) ‖g‖2
B

1/2
2,∞

h

which proves (i). Let ε > 0 and put M := sup0<h≤ε h
−1/2 ‖g − ψh ∗ g‖L2

. Let k

be the least positive integer such that 2−k < ε and
∥∥∥ψ̂∥∥∥

L∞(Rd\2kB)
≤ 1/2. For

n ∈ {0, 1, . . . , 2k} we have 2n/2 ‖ĝ‖L2(An) ≤ 2k ‖ĝ‖L2
≤ const(ψ, ε) ‖g‖L2

. For
n > 2k, put h := 2k−n+1 < ε. Then

2n/2 ‖ĝ‖L2(An) ≤ 21+n/2
∥∥∥(1− ψ̂(h·))ĝ

∥∥∥
L2

= 21+n/2(2π)d/2 ‖g − ψh ∗ g‖L2

≤ 21+n/2(2π)d/2Mh1/2 ≤ const(ψ, ε)M.

Therefore, ‖g‖
B

1/2
2,∞

= supn∈N0
2n/2 ‖ĝ‖L2(An) ≤ const(ψ, ε)(‖g‖L2

+M).

Proof of Theorem 6.1. Let f ∈ Bm+1/2
2,1 and |α| = m. Put g := DαTΩf and note

that ‖g‖L2
≤ (2π)−d/2|||TΩf |||Hm ≤ const(d,m) ‖f‖

B
m+1/2
2,1

. Put Ωh := ∂Ω + hB,

h > 0. Let ε be the largest positive real for which md(Ω\Ω2ε) ≥ md(Ω)/2. Let
ψ ∈ C∞c (B) be such that ψ̂(0) = 1. We intend to estimate ‖g‖

B
1/2
2,∞

using Lemma

6.13. Let h ∈ (0 . . ε]. Then

‖g − ψh ∗ g‖L2(Ω\Ωh) = ‖Dαf − ψh ∗ (Dαf)‖L2(Ω\Ωh) ≤ ‖Dαf − ψh ∗ (Dαf)‖L2

≤ const(ψ)h1/2 ‖Dαf‖
B

1/2
2,∞
≤ const(m,ψ)h1/2 ‖f‖

B
m+1/2
2,1

by Lemma 6.13 (i). Similarly,

‖g − ψh ∗ g‖L2(Ωext\Ωh) = ‖EDαTΩf − ψh ∗ (EDαTΩf)‖L2(Ωext\Ωh)

≤ ‖EDαTΩf − ψh ∗ (EDαTΩf)‖L2

≤ const(ψ)h1/2 ‖EDαTΩf‖B1/2
2,∞
≤ const(m,ψ)h1/2 ‖f‖

B
m+1/2
2,1

by Lemma 6.3. Define G := gχ
Ω2h

. Then

‖g − ψh ∗ g‖L2(Ωh) ≤ ‖G− ψh ∗G‖L2
≤ const(ψ) ‖G‖L2

= const(ψ) ‖g‖L2(Ω2h)

≤ const(ψ)
(
‖Dαf‖L2(Ω2h) + ‖EDαTΩf‖L2(Ω2h)

)
≤ const(Ω, ψ)h1/2

(
‖Dαf‖

B
1/2
2,1

+ ‖EDαTΩf‖B1/2
2,1

)
≤ const(Ω,m, ψ)h1/2 ‖f‖

B
m+1/2
2,1
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by Lemma 6.7 and Lemma 6.3. Therefore,

‖g − ψh ∗ g‖L2
≤ const(Ω,m, ψ)h1/2 ‖f‖

B
m+1/2
2,1

∀0 < h ≤ ε.

Hence, by Lemma 6.13, ‖g‖
B

1/2
2,∞
≤ const(Ω,m, ψ) ‖f‖

B
m+1/2
2,1

which, after a suitable
choice of ψ, completes the proof.

7. The proof of the main result

Proof of Theorem 2.3. Let {cα}|α|=m be the positive integers defined by |ξ|2m =∑
|α|=m cαξ

2α, ξ ∈ Rd. Then
∥∥∥|·|m f̂ ∥∥∥2

L2(Ak)
=
∑
|α|=m cα ‖(Dαf)̂ ‖2L2(Ak) ∀f ∈

L2, k ∈ N0. Let f ∈ B
m+1/2
2,1 . Then ‖DαTΩf‖B1/2

2,∞
≤ const(Ω,m) ‖f‖

B
m+1/2
2,1

∀ |α| = m by Theorem 6.1. Let µ, q be as in Theorem 4.1. Since TΩf = q + φ ∗ µ,

it follows that µ̂ =
1
cφ
|·|2m (TΩf)̂ on Rd\0. By Theorem 4.1 (iii),

‖µ̂‖L2(A0) ≤ ‖µ‖B−m2,2
≤ const(d,m)|||TΩf |||Hm ≤ const(d,m) ‖f‖

B
m+1/2
2,1

.

For k ≥ 1 we have

‖µ̂‖L2(Ak) ≤
1
|cφ|

2mk ‖|·|m (TΩf)̂ ‖L2(Ak)

=
1
|cφ|

2mk

 ∑
|α|=m

cα ‖(DαTΩf)̂ ‖2L2(Ak)

1/2

≤ 1
|cφ|

2(m−1/2)k

 ∑
|α|=m

cα ‖DαTΩf‖2B1/2
2,∞

1/2

≤ const(Ω,m)2(m−1/2)k ‖f‖
B
m+1/2
2,1

,

by Theorem 6.1. Hence

‖µ‖
B
−m+1/2
2,∞

= sup
k∈N0

2(−m+1/2)k ‖µ̂‖L2(Ak) ≤ const(Ω,m) ‖f‖
B
m+1/2
2,1

.
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