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THE L,-APPROXIMATION ORDER
OF SURFACE SPLINE INTERPOLATION

MICHAEL J. JOHNSON

ABSTRACT. We show that if the open, bounded domain © C R? has a suf-
ficiently smooth boundary and if the data function f is sufficiently smooth,
then the Ly (€2)-norm of the error between f and its surface spline interpolant
is O(87+1/2) (1 < p < o), where 7 := min{m, m — d/2 + d/p} and m is
an integer parameter specifying the surface spline. In case p = 2, this lower
bound on the approximation order agrees with a previously obtained upper
bound, and so we conclude that the Lo-approximation order of surface spline
interpolation is m + 1/2.

1. INTRODUCTION

Let d,m € N:={1,2,3,...} with m > d/2. Let H™ be the space of all tempered
distributions f such that D*f € Ly(R9) for all |a| = m. We define the semi-norm
Il Wl g on H™ by

170 g o= |11 7 |

La(RINO)

where fdenotes the Fourier transform of f. Let II;, denote the space of all d-variate
polynomials whose total degree is less or equal to k. It is known [7] that if f € H™
and = C R? satisfies

(1.1) p(E) # {0} for all p € II,;,_1\0,
then there exists a unique s € H™ which minimizes [||s||| ;. subject to the interpo-
lation conditions S|z = f|:. The function s is called the surface spline interpolant

to f at = and will be denoted by T=f. In case Z is a finite subset of R? satisfying
(1.1), T=f has the concrete representation as the unique function in S(¢, =) which
satisfies S|z = f|:. Here ¢ : RY — R is the radially symmetric function given by

bim [P if d is odd
TP log || if d s even,

and S(¢, =) denotes the space of all functions of the form

g+ Y Aeo(- —¢),

£eE
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where g € II,,_1 and the A¢’s satisfy
(1.2) D> Aep(§) =0, VYp Ty, 1.

£eE

Surface spline interpolation is a prominent member of a family of interpolants
known as radial basis function interpolants. The approximation properties of these
interpolants have received considerable attention in the literature (for a sampling
see [8], [4], [26], [16], [9], [6], [19], [12], [22], [13], [23], [B], and the surveys [1§], [5]).

In order to discuss the approximation properties of surface spline interpolation,
we assume that Q C R? is bounded and open and that the interpolation points =
are contained within Q := closure(Q2). The “density” of = in € is measured by

§(Z,Q) :=sup inf |z —¢].
zeNEEE

Roughly speaking, we say that surface spline interpolation provides L,-approzima-
tion of order +y if for all bounded, open 2 C R? having a sufficiently smooth bound-
ary and for all sufficiently smooth functions f,

If =~ T=fll, )= OF) s 6:=5(E,Q) —0.

The largest (or supremum of all) such 7 is called the L,-approximation order of
surface spline interpolation. Duchon [8] has shown that the L,-approximation order
of surface spline interpolation is at least 7, := min{m,m — d/2 + d/p} for all
1 < p < 0. The precise details are as follows:

Theorem 1.3. Let Q C R? be bounded, open and have the cone property. Then
there exists o > 0 (depending only on Q,m) such that if f € H™ and 2 C  with
§:=46(5,Q) <y, then

1f = T=f 11, < const(,m) 87| Taf — T=f |l
and
I Taf —T=f|l|gm — 0 as 6 — 0.

Actually, Duchon has assumed additionally that 2 is connected and has a Lip-
schitz boundary. Nevertheless, his proofs can be easily adapted to prove Theorem
1.3.

On the other hand, it is known [12] that the L,-approximation order of surface
spline interpolation is at most m + 1/p for all 1 < p < co. Specifically, it is known
that if Q is the open unit ball B := {z € R? : |z| < 1}, then there exists f € C*°(R?)
such that

If = T=fllp, ) # o(6™7) as  6:=3(2,9) —0.

For the sake of comparison, we mention that in the ideal case Q = R%, = = hZ¢
(which of course violates our present setup), it is known ([4], [I1]) that the L,-
approximation order of surface spline interpolation is 2m, a value at least twice
Yp-

The purpose of the present work is to show that the L,-approximation order of
surface spline interpolation is at least v, + 1/2 for all 1 < p < co. In case p = 2,
this new lower bound matches the upper bound of m + 1/p, and so we conclude
that the Lo-approximation order of surface spline interpolation is m+1/2. In order
to state our main result, we need the following definition which is taken from [I]
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p. 67]. Our statement of the definition has been specialized (simplified) to the case
when A has a bounded boundary.

Definition 1.4. Let & € N and let A € R? be an open set having a bounded
boundary. The set A has the uniform C*-reqularity property if there exists a finite
open cover {U; } of 0A, and a corresponding collection of one-to-one transformations
{®;} with ®; taking U, onto B, such that

(i) For each j, the components of ®; belong to C*(Uj).

(ii) For each j, the components of <I>j_1 belong to C*(B).

(iii) For some h >0, (0A+ hB) C |; <I>j_1(B/2).

(iv) For each j, ®;(U; N A) ={y € B : yq > 0}.

To illustrate this definition for d = 2, we mention that if g € C*(R) is positive
and 27-periodic and if A is defined by

A:={(rcosf,rsinf):0<r <g(f), 0<0<2r},

then A has the uniform C*-regularity property. Furthermore, if {A;} is a finite
collection of translates of sets of the above form, then [ J A; also has the uniform C*-
regularity property provided that the distance from A; to A; is positive whenever

i j.

Our main result is the following:

Theorem 1.5. Let Q C R be bounded, open and have the uniform C*™-reqularity
m+1/2

property. There exists 0 > 0 (depending only on 2, m) such that if f € By
and ZE C Q satisfies § := 6(Z,Q) < g, then

ITef = T=f g < const(€,m)8 2 [|f] sz
and hence by Theorem 1.3,

I = T=fl ) < const(2, m)a™ /2] f]

m+41/2 .
By

Here, Bgf 1+ /2 denotes a certain Besov space which we define in Section 2.

An outline of the paper is as follows. In Section 2, we recall previous work
on this problem and state in Theorem 2.3 precisely what will be proven in the
present paper. In Section 3, we estimate the size of ¢ * p in various function spaces
under various assumptions on the compactly supported distribution pu. A general
representation of T'4 f is then obtained in Section 4 assuming only that A is bounded
and f € H™. The regularity of Tq f in the exterior domain Qey := R\ is studied
in Section 5 and the global regularity of T f is then deduced in Section 6. Finally,
in Section 7, the representation and global regularity of T, f are employed to prove
Theorem 2.3.

Throughout this paper we use standard multi-index notation:D® := 88;;31 8‘1—222 e
%. The natural numbers are denoted N := {1,2,3,...}, and the nonnegative in-
tegers are denoted Ny. For multi-indices a € Ng, we define || := ag + e+ -+ g,
while for z € R?, we define |z| := /27 +2%+---+22. For multi-indices «,
we employ the notation ()® to represent the monomial x — z% x € RY. The
space of polynomials of total degree < k can then be expressed as Il :=
span{()® : |a| < k}. The Fourier transform of an integrable function f is defined by

f(w) == [ga e~ f(r) dr. The space of compactly supported C° functions whose
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support is contained in A C R? is denoted C2°(A). If u is a distribution and g is
a test function, then the application of u to g is denoted (g, ). We employ the
notation const to denote a generic constant in the range (0..occ0) whose value may
change with each occurence. An important aspect of this notation is that const
depends only on its arguments if any, and otherwise depends on nothing.

2. A REDUCTION OF THE PROBLEM

The Besov spaces, which we now define, play an essential role in our theory.

Definition 2.1. Let Ay := B, and for k € N, let A := 2¥B\2*"1B. The Besov
space B;q, v E€R, 1< g < 00, is defined to be the set of all tempered distributions

f for which ]?is a locally integrable function and

< o0.
£4q(No)

1£lsz, = Hk ~ 2|7

We also employ the Sobolev spaces W™ (A) defined for open A C R? and n € Ny,
p € [l..o0] by
WP(A) :={f € La(A) : [ fllwnray < o0},

where [|fllynnay = QCjaj<n HDaleip(A))l/p for 1 < p < ocoand |[f|lyneecay =
max|q|<n [[Dfll__(a)- The closure of C2°(A) in W™P(A) is denoted

WP (A) = closure(C°(A); WP (A)).
For s > 0, the Sobolev space W* is defined by

W= {f € Lo: | fllw. += |0+ 1727 |

< .
Lo OO}

All of the above defined spaces are Banach spaces. The following continuous em-
beddings can be found in [I7] (they are also easy to prove from the definitions):

s1
B27Q1
Bs,tn =W — BS,q2 ifg1 <2< g9, s>0, and

Wt — B3, — W™ ifs1>5>s822>0.

S2 :
— 327(12 if 51 > S92,

Moreover, if s > 0, then W* = B3 , (with equivalent norms), and if n € Np, then
Wm2(R?) = W (with equivalent norms).

A significant part of our task (proving Theorem 1.5) has already been established
n [14]. Before stating the relevant result, we must define the convolution between
¢ and a compactly supported distribution. The Fourier transform of ¢ can be
identified on R4\0 with the locally integrable function ¢, |-|~>™, where is ¢4 is a
nonzero real constant which depends only on d,m (see [10]). If 4 is any compactly
supported distribution, then we define the convolution ¢+ p in the Fourier transform
domain via

(6% 1) "= of.

That this is well defined stems from the fact that aﬁ is a tempered distribution
(as can be seen from the fact that i € C°°(R9) and |fi(x)| has at most polynomial
growth as |z| — o0). The following has been proven (in greater generality) in [I4]:
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Theorem 2.2. Let Q be a bounded, open subset of R? having the cone property.

There exists 5 > 0 (depending only on Q,m) such that if f € C(RY) is such that
m+1/2

there exists ¢ € 1, b € By o satisfying suppp C Q, (1,1 ) = {0}, and
g+ o*xu=f onfQ, then
() Tof =q+¢+u and
(i) W Zaf = T=flllgm < const(,m)8"> |l 52
whenever = C Q) satisfies 6 := §(Z,Q) < &.
In view of Theorem 1.3 and Theorem 2.2, the task of proving Theorem 1.5 is
reduced to proving the following;:

Theorem 2.3. Let Q be a bounded, open subset of R? having the uniform C?™-

regularity property. If f € B;’fl“/Q, then there exists q € Il,;,—1 and p € B;m+1/2

such that suppp C Q, (1,0 ) ={0}, ¢+ ¢p*p=f on Q, and
. —m < m .
(2.49) 11l 72 < const(€,m) ] o

We mention that in the special case d = m = 2, Q = B, it has already been
shown in [I3] that such a ¢ and p exist (without (2.4)) whenever f € C*°(R?). In
this special case, it is possible to express p explicitly in terms of the boundary data
and normal derivatives of f on dB; however, such an approach would be hopeless
for general (.

3. AN EXAMINATION OF ¢ * j4
The purpose of this section is to prove the following;:

Proposition 3.1. Let r > 0 and let p € By 3" be supported in rB. The following
hold:

(i) If (ILyy—1, 0 ) = {0}, then ¢xp € H™ and

const(d, m) [l gy < I116% il < const(d, m. ) [l
(ii) If (IIgm—1,n ) = {0}, then ¢x p € W™ and

const(d,m) (1] < 16 il < const(dym,r) [l

(iii) ¢+ pu € W™2(rB) and ||¢ * w2 (rpy < const(d,m,r) ||,u||B£E,L.
(iv) If w€ Lo, then ¢px e W2™2(rB) and ||¢ * tllwrzm 2y < const(d, m, ) || pll -
Our proof of Proposition 3.1 requires the following two lemmata.

Lemma 3.2. If g € C°(RY) satisfies |g(w)| = O(Jw*™ ") as |w| — 0, then

(9,0 )= c¢/ g(w) |w|_2m dw.
Rd
Proof. The proof can be adapted from that of [13, Lemma 2.3] in a straightforward
fashion. O
Lemma 3.3. Letr >0,7v>0,n€eN, and let u € BQ_; be supported in rB. Then
1Al ) < const(d,y.m,r) ] g
and if (Il,—1,p ) = {0}, then

H||*n ﬁH < const(d,y,n,r) HMHB;;’ )

Leo(B)
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Proof. Since p is compactly supported, 7 is entire. Let n € C°(R9) be such that
n=1onrB and for a € N¢, let 1, := () € C>(R?). Note that

D= i1 (%) "= 71 (rpagn) = i1 (2m) 7+ .

Hence, for w € B,

|Dfi(w)| = (2m)

[ A -t
Rd

~

o
L+ |7
Therefore, after a suitable choice of 7, ||fillyn. 5y < const(d,v,n,r) HMHB;;- Now

assume that (II,_;,p ) = {0}. It follows that D*f(0) = 0 V|a| < n. Hence,
by Taylor’s theorem, |fi(w)| < const(d,n) |w|" [Ellyyn.oe gy Yw € B. Therefore,

< (2m)~¢

1L+ ) a(w =), < const(n, v, o) |pll gy -
Lo ’

1 < const(d e H
Hl | MHLOC(B) > cons ( 7’yanar) H/’I/HBZJ

Proof of Proposition 3.1. Assume (IT,,_1,u ) = {0}. Put f:= ¢ * pu. Let |a| = m.
Then (Df) "= im()%¢p. If g € C(RY), then g1 = i™()*fig € C°(R?) satisfies
lg1(w)| = O(Jw|*™) as |w| — 0 and hence by Lemma 3.2,

-~

(0. (D°))™ ) = (91,
= o [ ol gr(wyd = ™ [l 0 w)glo) du.

The assumptions on y ensure that |-|~>™ ()% € La; hence, (D“f)~ € Ly and by
the Plancherel theorem, D¢ f € Ly. Therefore, f € H™. Now,

2 m 2 - —m ~ 2
I = 17, gy =B 22 72
k=0

La(Ay)

< 2m27mk [l 0 while

For k > 0 we have 27 |7 .4, < H|.|*m ﬁHL "
2 k

—m ~

for k = 0 we have ||il|;, ) < H| H‘ < const(d, m,r) H’UHBQ,E" by Lemma

’LQ(B)
3.3. It now follows that const(d,m)||ullg-m < |[[flllgm < const(d,m,r) |ull gy

which proves (i). For (ii) assume (Ilgp,—1,p ) = {0}. The argument used to prove
(i) can be easily adapted to show that D*f € Ly for all || < m. Hence f € W™.
Now

m/2 2
2 —2m ~
(1 17)
Lz(Ak)

m/2
2 2
11 = | (1 1) 7
For k£ > 0 we have

Cmk |~ 2\"™2 | —2m ~
2 il < (14 1F) "

2 o)
_ 2
—%Z

k=0

Lo

<2227 [l b4,
LQ(Ak)

and for k£ = 0 we have
2\"/2 | om ~
(L+F2)

by Lemma 3.3. It now follows that

112l £y 5y < < const(d, m, ) ||l gy

L2(B)

const(d, m) [l 5, < [ Flly < const(d, m, r) |l 5,
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which proves (ii). Turning now to (iii)—(iv), we no longer assume (Il,,_1,u ) =
{0}. There exist j, € C2°(rB) such that for all |a|,|3] < 2m, ()P, pta ) = da.s,

ﬂ“aHLz < const(d, m, r), and [|¢ * fialy2m. (. 5y < const(d, m,r). For |af < 2m we
ave

{O% 1)l = [D*RO) < [[Ellwzm.~ ) < const(d, m,r) [l g,
by Lemma 3.3. Put v := u—z|a|<2m<()aa )M io- Then suppy C 7B, (Ilay,—1,v ) =
{0}, and
(3.4)

sy < Wil pmg (1 +constldm, ) S el oy | < constldym, ) sy
|a|<2m

Therefore,

6% ptll oz ey < 165 Vilymoimy + |65 D (0% 1 Mia
|a]<2m Wm.2(rB)

< const(d,m, ) (116 % vllym + lll ) < const(d, m, ) ]

by (ii) and (3.4). Hence (iii). In order to prove (iv), we assume p € Lo. It follows
from Lemma 3.3 that [(()*, 2 )| < const(d, m,7)||ul|;, V|a| < 2m and consequently

(3:5) 1y, < Il | 1+ constldomar) 3 lally, | < constid,m, ) ],
|a|<2m

Hence,

¢ :LL||W2mv2(rB) <l¢= ’/Hw2my2(7~3) + ||@ * Z (0% 1 ) pa

( . ) |a|<2m W2m.2(rB)

< const(d, m, 7) (6 * vllyam + lullz,) -

Now,

2 2\ | —2m |2
||¢*u||w2m=c3)<H(1+|-|) 175

m 2
+[| (i) )
L2(B)

L2(Rd\3))

< const(d, m) (H|'|_2m ﬁHQ

2 2
) + ||V||L2(Rd\B)) < const(d,m,7) V|7,

by Lemma 3.3 and the Plancherel theorem which, in view of (3.6) and (3.5), proves
(iv). O

4. A REPRESENTATION OF T4 f

The following representation of T'4 f is probably known, particularly by Duchon,
but to the best of our knowledge has yet to be clearly stated and proved. Since our
subsequent development relies heavily on this representation, we give it a careful
treatment.
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Theorem 4.1. Let A C R? be bounded and satisfy (1.1). For all f € H™, there
exists a unique polynomial q and compactly supported distribution p such that

Taf =q+¢xp.
Moreover, the following hold
(i) ¢ € -1, p € By3', and suppu C A.

(i) (1,10 ) = {0},
(i) ([l 5 < const(d, m)|I T f]

Hm -

Proof. An important property of surface spline interpolation (see [I5]) is that if
= C RY satisfies (1.1), then for all g € H™,

2 2 2
(4.2) llg = T=glllzrm = lglllzrm — N T=glllgm-

If 2 C E both satisfy (1.1) and g € H™, then T=g = T=(T=g) and hence
(4.3)

2 2 2
0 <729 — Tz9llligm = 1 T=glllzm — NTz9llzm
= (1T=glll gm = T2l g )1 =gl g + 1 T2l )-

Let Z,, be an increasing sequence of finite subsets of A, each satisfying (1.1), such
that 6(2,,A) — 0 as n — oo. Let f € H™. Duchon [7] has shown that there
exists g, € I—1 and u, € span{de : £ € =,}, satisfying (IL,,—1,u, ) = {0},
such that 1=, f = gn + ¢ * pu,. Here ¢ denotes the Dirac d-distribution defined
by (f,0¢ ) = f(§). Since =, C E,41, it follows from (4.3) that the sequence
{IT=,, fll| gm }nen is monotonically increasing. Since this sequence is bounded above
by ||| Il ggm, it is convergent. By choosing a subsequence of {=,}, if necessary, we

may assume without loss of generality that |||Tx, ., flll y — T2, flllgm < 272"

Vn € N. Let » > 0 be the smallest positive real number satisfying A C rB. By
Proposition 3.1 (i) and (4.3),

ttnt1 = pnll pyp < const(d, m)|l[¢ * (pnr = pn) Il
= const(d, m)|||T=,,, f — T&, flll ym < const(d, f,m)27".

Zn

It follows that {u,} is a Cauchy sequence in the Banach space B, 5, and hence
there exists u € B, 5" such that p, — pin By 5", Since the space of distributions in
B, 5" which are supported in A and annihilate IT,,,_; is a closed subspace of By 5", it
follows that suppu C A and (IT,,,_1, ) = {0}. Tt follows from Proposition 3.1 (iii)
that ¢ * g, — ¢*p in W™2(rB). Since m > d/2, the Sobolev Imbedding Theorem
[T, p. 97] asserts that W™ 2(r B) is continuously imbedded in C(rB) (taken with the
Loo(rB)-norm). Consequently f— ¢, — f—¢*pin C(rB). But f—d*p, = qn
on =,. Hence, there exists ¢ € II,,_1 such that ¢, — ¢ in II,,,_1. It follows now
that f = ¢+ ¢ * p on A. By Proposition 3.1 (i), ¢+ ¢ *x u € H™, and by (4.2),
g+ % il g = 1imnce 16 * finlllsrm < 174l - Therefore Taf = g+ 6 i
Note that (i) and (ii) hold and that (iii) follows from Proposition 3.1 (i). It remains
to show that ¢ and p are unique. Assume that the polynomial ¢ and the compactly
supported distribution ji are such that Taf = g+ ¢+ 1. Then g—g+¢*(u—px) =0
and consequently (¢ —q) "+ QZ(# — )= 0. Since (¢ — q) "is supported on {0} and
b= co ||| 72" on RA\0, it follows that (1 — 2) ~= 0 on R%\0 and hence y = fi. Thus
(¢ — §) =0, which implies ¢ = q. O
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With the proof of Theorem 4.1 in hand, the following corollary, which generalizes
the latter half of Theorem 1.3, is irresistable.

Corollary. Let A C RY be bounded and satisfy (1.1). If f € H™, then for every
e > 0 there exists 6 > 0 (depending only on €, f, A, and m) such that

[1Taf — T=f]
whenever Z C A satisfies §(Z, A) < 4.

Proof. Let f € H™, and let {Z,}, {in} be as in the proof of Theorem 4.1. Note
that since every function in H™ is continuous, T4 f = T4 f. It follows from (4.3)
that if 2 C =, then

IT=F = Tefll g < /20171

Hence, if 2 C A and || T=flllgm 1flgm > WTaSf g [1F |z — €2/2, then
WTaf —T=flllgm < e. Since [Tz, flllgm — I Taflllgm as n — oo, it follows
that there exists n € N such that ||| Tz, f||| g [ F1ll g = WTAF N g Ll e — €2 /4.
Let us write 2, = {&1,&2,... ,&n} and py, = Eszl Ailg,, where N := #E,,. Since
the linear system of equations which determines {A;} (see [22], eq. (1.2)]) depends
continuously on Z,,, it follows that {A;} depends continuously on E,,. Since the
mapping R? > ¢ — §¢ € BQ_;” is continuous, and with Proposition 3.1 (i) in view, it

follows that there exists § > 0 such that if = = {El, e ,EN} satisfies ‘fk — Ek‘ <9

i, then [Ty [ Fllgee > 1175, Pl 1L — <2/4. Now, let = € A be such
that 6(2,A) < 0. Since =, C A, there exists E = {{1,...,&v} C = such that

m <€

= T2 F g I -

’fk — Ek < J Vk. Hence
TN g AW g = W2 gy MW g > W, £l gy NNy — €274
> | Taf W ggon [11f M g — €2/2,
whence follows the desired conclusion. O

5. THE REGULARITY OF Tof IN Qext

At this point we know that the p in the representation Tqf = g + ¢ * p belongs
to B, ;" whenever f € H™. The main hurdle in proving Theorem 2.3 is to show

that if Q has a sufficiently smooth boundary and f € Bgf 1+ 1 2, then the regularity

of p increases to that of B;g“m. As will become clear in Section 7, there is an

intimate relation between the regularity of p and the regularity of T f. We begin
by studying the regularity of T f in the exterior domain

Qext = Rd\ﬁ
We assume throughout this section that Q C R? is open and bounded and has
the uniform C?™-regularity property. It follows from this that Q. has a bounded

boundary and the uniform C?™-regularity property. Our purpose in this section is
to prove the following:

Proposition 5.1. If f € W?™, then for all |a| = m, D*Tof € W™2(Qax) and
10°Te lls @y < comS(m) |l
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We will employ a regularity result regarding a solution of a linear elliptic partial
differential equation. Since we are concerned only with the differential operator
A™ we will state a simplified result which applies to constant coefficient differential
operators. The following result appears as a remark generalizing [2, Th. 9.8].

Theorem 5.2. Let A C R? be an open set having a bounded boundary and hav-
ing the uniform C?™-regularity property. Let {@a,p}al,18/<m be complex numbers
satisfying

(5.3) Re > aap™™? > Eyl¢f™ VEeR

lal,|8|=m
for some constant Ey > 0. Let b be the Dirichlet bilinear form
(5.4) blu,v] := Z aawg/ D%u(z)DPv(x) dx.
lal|8I<m A

Ifue WJ™*(A) and g € Ly(A) are such that

(5.5) blu,v] = / g(z)v(z)de Vve CF(A),
A

then u € W?2™2(A) and

[ullyy2m.2 4y < const(A, m,{aap}) <||gHL2(A) + ||uHL2(A)) :

Proof. First of all, we point out that the assumptions on A ensure that A is of class
C?™ as defined in [2] Def. 9.2]. The case when A is bounded is covered by [2, Th.
9.8] so we assume A is unbounded. Let 79 be the smallest positive real number
such that R\roB C A and put 7 := 7o + 4v/d. By [2, Th. 9.8],

(5:6)  ullyznz(anrs) < const(A,m, {aas}) (9l + el a)) -

The proof of (5.6) is done in two steps. First, it is shown that (5.6) holds with
lullz,a) replaced by [[ullymz2 4y, and then Garding’s inequality is employed to
show that

6T Tl < constd.m, {aas}) (9], + lull,cn )

We turn now to A\rB. For j € Z%, put G; = j + 2v/dB and éj = j +VdB,
and let N := {j € Z¢ : G; N (A\rB) # 0}. Since A\rB = R%\rB, the choice of
r ensures that G; C A Vj € N. By [2, Th. 9.6], for each j € N, lullyyzmag,) <

const(d, m, {aa,}) (l9l1,a,) + Nulwne,)) Hence,

2 2
||u||W27n,2(A\7-B) < Z ||uHW2""’2(éj)
JEN

2 2
< const(d, m, {aa,s}) S (19130 + ullfmear) )
JEN

2 2
< const(d m. {aa,}) (1913,00) + lullfymaa) )

which, in view of (5.7) and (5.6), completes the proof. O



SURFACE SPLINE INTERPOLATION 729

In our proof of Proposition 5.1, we employ the following two lemmata in establishing

the hypothesis of Theorem 5.2. The first lemma is an immediate consequence of [I}
Th. 7.55].

Lemma 5.8. Let A be as in Theorem 5.2. If f € W™ equals 0 on RY\A, then
f e Wg(A).

Lemma 5.9. If i is a compactly supported distribution, then
AT (¢ x p) = (=1)"cop,
where A 1= é;d—; + é;d—; + -+ % denotes the Laplacian operator.
1 2 d
Proof. Let g € C2°(R%). Then
m ~ m 2m ~7 m 2m ~ 7
(9, (A™(@* ) ") = (=1)" (g, ["|"" fig ) = (=1)" (g ['I™" i, ¢ )
=(-1)"¢ g(w) |w*™ fi(w) |w|"*™ dw, by Lemma 3.2,
(] .y

= (=1)"ey(g, 1 ).
O

Before embarking on the proof below, an explanation is in order. Ideally, we would
like to choose u, in Theorem 5.2, to be f — T f. Unfortunately, we only know that
Tof € H™ which means that |Tqf(z)| may grow as |x| — oo; hence we cannot
assert that f — Tq f belongs to W™2(Qy). Fortunately, the offending part of Tq f
(¢ + ¢ x v in the language of the proof below) can be subtracted off and treated
seperately.

Proof of Proposition 5.1. For |a| < 2m, let p, € C2°(Q2) be such that ()%, o ) =
da,p Val,|B] < 2m and 37, oy [[Hally, < const(2,m). Let f € W2 and let
q € Wm—1, p € By 5" be as in Theorem 4.1. Then suppu C Q, (Il,—1,1 ) = {0},
Tof =g+ ¢+, and
(5.10)

l1all gy < const(d, m)[||Ta f]]

gm < const(d, m)||| fl|l gm < const(d,m) || fllym -

Let r be the smallest positive real number for which £ C (r/2)B. Note that since
q=f—¢+ponQand I, is finite dimensional, it follows that

allwzm.2(rp) < const(2,m) [lq]lym.2 ()
< const(Qm) (/e + 16 % pllzern)
< const(Q2, m) (||f||W + ”“HB;;") < const(Q, m) || fllyym

by Proposition 3.1 (iii) and (5.10). Put v := 3", /<2, ()%, 1t }ita and note that
(MMgpp—1, 0 — v ) = {0}. Hence we can write Tof = ¢+ ¢ *xv + ¢ * (u — v) with
¢ * (u—v) € W™ by Proposition 3.1 (ii). It follows from Lemma 3.3 that for all
la| < 2m,

(0% )] = [D°BO)] < Allygan- ()
< const(€,m) [Ju] 5 » < const(€2,m) [£]ly
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by (5.10). Hence,
(5.11) W, < > KO% ) lually, < const(€,m) || fllym -

m<|a|<2m
Consequently, we have by Proposition 3.1 (iv), that
165 Vllyy2m 2 py < const(€,m) [[v]|, < const(€,m) || f[lym -

Let o € Cg°(rB) be such that o =1 on @ and [|o{|2m.00(,.5) < const(2,m). We
then obtain the estimate
(5.12)

1f = o(a+ &% V) lwan < [ Flywen + llo(q + 6 1) lyyan
< [ Fllyan + const(§,m) g+ 6% vl yyam 2, ) < const(€,m) | fllyen -

Put u:=f —o(q¢+ ¢*v) — ¢ * (u—v). Note that u =0 on Q and
ullym < NIf = olg+é*v)llym + (16 (1 =)l
< const(£2, m) (Hf||W2n + [l = V|‘B£;"> , by (5.12) and Proposition 3.1 (ii),
< const (2, m) || f|lyy2m

by (5.10) and (5.11). By Lemma 5.9, A™(¢* (u—v)) = (—=1)"( —v) = 0 on Qexs.
Hence, if g := (=1)™A™(f —o(q+ ¢ *v)), then (—1)""A™u = g on Qext. Note that
by (5.12),

lgllz, < const(€,m) |l flly2m -
Let {ca}|aj=m be the positive integers defined by lE)>™ = 2 lal=m cal?®, € € RL.
We wish now to employ Theorem 5.2 on the exterior domain ey with
¢o ifa=gand |af =m,
Qo3 = .
0 otherwise.

Condition (5.3) is satisfied with Ey = 1 since the quantity on the left side of
(5.3) equals |§|2m. Since v € W™ and v = 0 on {2, it follows by Lemma 5.8
that u € W/"?(Qext). Note that the Dirichlet form in (5.4) simplifies to blu,v] =
> lal=m Ca erxt D*uD%v. To see that (5.5) holds, let v € C°(Qext). Then

blu, ] = Y ca(D, D) = (—1)" > ca(D*v,u)

la|=m la|=m
=(=1)"™(A"v,u ) = (=1)""(v,A"u ) = /Q v(x)g(x) dx
where the first and last equality hold since suppv C Qe: t Therefore, by Theorem
5.2, u € W2™2(Qey) and
lalhym sy < com5t(2m) (9] 10y + 10l 2y ) < CONSEE M) [l -

Now Tqf can be written as Tof = ¢+ ¢*xv+ f—o(qg+ ¢ xv) —u. Let [a] =m
and note that D%(¢ * v) = ¢ x D®v. Since D*v € B, 5" and (Ilay,—1, DV ) = {0},
we have by Proposition 3.1 (ii) that ¢ x D*v € W™ and

|6 % D}y m < const(£2,m) HDQVHBEE"

< const(Q, m) [[v]|,, < const(Q,m) || fllyym
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by (5.11). Therefore,
DT fllwms2 (0, < const(d,m) ([D(¢* v)|lym + [|f =g+ ¢ *v)llyzm)
< const(Q, m) || flly2m -

+ ||’U:||V[/2m,2(Qext >
O

6. THE GLOBAL REGULARITY OF T f

As in the previous section, we assume throughout this section that Q C R? is
open and bounded and has the uniform C?™-regularity property. Our purpose in
this section is to prove the following;:

Theorem 6.1. If f € Bg?lm, then for all |a| = m, DT f € 321/020 and
||D“TQf||B;{; < const (€2, m) [ f]

BmtL/2 -
2,1
The following definition and theorem are taken from [1l p. 83-86].

Definition. Let A € R? be open. For given k and p, a linear operator E :
WkP(A) — WEP(R?) is called a simple (k,p)-extension operator for A if for all
u € WhP(A),

(i) Fu(z) =u(z) a.e.in A and

(1) [ Bullyr.p@ay < const(A, k;p) [lullynpiay-
E is called a strong n-extension operator for A if E is a linear operator mapping
functions defined a.e. in A into functions defined a.e. in R¢ and if for every k €
{0,1,...,n} and for every p € [1..00), the restriction of E to W*P(A) is a simple
(k, p)-extension operator for A.

The following theorem is proved in [T} p. 84].

Theorem 6.2. Let n € N. If A C R? is open, has a bounded boundary, and has

the uniform C™-regularity property, then there exists a strong n-extension operator
E for A.

The assumptions on Q ensure that Qe := R?\Q has a bounded boundary and
the uniform C?™-regularity property. Hence, by Theorem 6.2 there exists a strong
m~extension operator E for Qext.

Lemma 6.3. If o] =m and f € B;?{H/Q, then ED*Tqf € B;/f and
|ED* Tafll 10 < const(2,m) | f

+1/2 .
B3

Proof. We employ a result regarding real interpolation of Banach spaces. If X7, X5
are two Sobolev spaces, then Peetre’s K-functional is defined for t > 0, f € X7+ X
by

K, f) =mt{|[fillx, +tlfallx, : f = fr+ fo. fr € X1, fo € Xo}.
For0<f<land1l<g<oo,let

oo 1/q
(60 Xahog = € X0+ X5 Ul o= ([ 0O A1) <o),
’ 0

It is known [24, p. 39-40] that if s1,s2 € Ny with s1 # sg, then (W*, W*2)g , =
Bs5 , (with equivalent norms) where s := s1(1 —0) + s20. Taking 0 = 1/(2m), ¢ =1
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yields (W™ W2m), = Bm+1/2 and (Lo, W™)g 4 = 32 2. To see that the operator
ED*Tq is a bounded hnear operator from W™ into Lg, we observe that

IEDTof|p, < const(Q,m) [D*TafllL,q,,,) < const(Q,m) [|D*TaflL,
< const(Q, m)|[|To f|| gm < const(2,m) || flyym -
In addition, ED®Tq is a bounded linear operator from W?2™ into W™. Indeed,
IED*Tof|lyym < const(Q,m) [ DTafllymaq,.,) < const(€,m) || £y

by Proposition 5.1. It follows by the interpolation property (see [24, p. 38]) that

ED%Tq is a bounded linear operator from Bmﬂ/2 into B;/f. O

m+1/2

Our point of view now is the following: Assuming f € B, and |a| = m, we

have that both D*f and ED*Tqf belong to 32/1 . The function DeTq f equals
D%f on Q and equals EDYTq f on Qeyt, and based on this we wish to show that

DTqf € B . The purpose of the following three lemmata is to relate the B, 1/ 2.
norm of a functlon g with the rate at which an approximate identity convolved Wlth
g converges to g in the Ls-norm.

Lemma 6.4. Let A be an open subset of R? having a bounded boundary and the
uniform C'-regularity property. There exists e > 0 (depending only on A) such that
ifrel..o00),y€ (0..r] and h € (0..ey/r], then

ma((0A+ hB) N (z 4 vB)) < const(A)hy?™t Vo € RY,
where mq denotes Lesbeque measure in R?.

Proof. Let U; and ®; be as in Definition 1.4. By replacing Uj, if necessary, with
@;1((1 — 7)B) for some sufficiently small 7 > 0, we may assume without loss of
generality that the components of ®; belong to C*(V;) for some open V; containing
Uj. It then follows from [20, Th. 9. 19] and [2I] Th. 7.26] that there exists ¢; > 0
(depending only on A) such that for all j

(6.5) @j(z) = ;(y)| S ez —y| Vo,yeU;
and
(6.6) ma(V) < e1mq(®,;(V)) Vopen V C Uj.

Put U; := ®;'(B/2). By Definition 1.4 (iii), there exists § € (0..1] such that
0A+ 6B C Uj l~]j. Let € be the largest positive real number satisfying ¢ < § and
(~fj +6sB C U; Vj. Let r € [1..00), v € (0..7], h € (0..e7/r], and = € R%
Put F := (0A+ hB) N (x + vB). It is a straightforward matter to show that
ma(0A + hB) < const(A)h. Hence, if v > &, then mg(F) < mq(0A + hB) <
const(A)h < const(A)hy?~1. So assume v < e. Let a € F. Then there exists
a’ € A such that |a —a/| < h. Put Fy := (0AN[a’ + 2(h + v)B]) + hB and note
that FF C Fy. Indeed, if y € F, then there exists y’ € A such that |y — y'| < h.
Since |y — x| < 7, we have |z — y'| < h + . Hence,
[y —d|<ly —zl+]e—al+la—d|<(h+7)+7+h=2(h+7)

Thus y’ € AAN(a'+2(h+7)B) and consequently y € Fy. Let N := {j : FynU; # 0}.
We note that if j € N, say y € F1 NUj, then |a' —y| < 2(h+~)+h < 3(h+7)
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and hence o’ € (~fj +3(h+v)B C Tj'j + 6eB C U;. Consequently, ®;(a’) is defined
whenever j € N.

Claim. If j € NV, then

O;(Fin (7]) C{w e R : |wy| < e1h, [(wi,... ,wa—1,0) — ®;(a’)| < 3er(h+7)}.
Proof. Let z € F1 N ﬁj and put w = ®,;(z). Then there exists 2/ € 9A N
(a' 4+ 2(h++)B) such that |z — 2’| < h. Note that 2’ € z4+hB C U;+¢B C U; and

hence w’ := ®;(2’) is defined. Since w); = 0, we have |wy| < |w —w'| < ¢ |z — 2| <
c1h by (6.5). And

(w1, ... ;wi—1,0) = ®;(a)| < Jw—P;(a’)| < er|z—d'|, by (6.5),
<ca(lz=2+|z' =d|) <a(h+2(h+7)) <3ci(h +7)

which proves the claim. [l

Since F C F} CO0A+hB C0A+ 6B C Uj (~fj, it follows that

ma(F) < ma(FiNTj) <1 Y ma(®;(FyNT;)), by (6.6),

JEN JEN
<cp Z ma({w € RY . lwa| < erh, [(wi,... ,wa—1,0) — ®;(a’)] < 3ci(h+7)})
JEN
= Z const(d)cih(3cr(h + 7)) < const(A)hy?L.
JEN

Lemma 6.7. For all f € B;

11l (o nm) < const(@)R2 [1£1] sz

i and h >0,

Proof. We employ the atomic decomposition of B;,/lz (see [25, p. 70-81]). It is

known that there exists » > 1 and functions a,; € CYRY), n € Ny, j € 74,
(depending only on d) satisfying

(6.8) supp an,; C 27"(j + rB)
and
(6.9) |D%an,j]|, < 2n{elFd=1/2 ya| <1

such that for all f € 3217/12, there exists {A, ;} such that

1/2
(6.10) S S sl < const(a) 1y
n=0 \jezd
and
(6.11) f= Z Z An,jan; (convergence in Ly).

n=0 jezd
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It follows from (6.8) that for all n € N,

2

2 2
(6.12) Z An,jQn,j < const(d) Z Anil™ lanillz, 001np) -
JEZA L2(8Q+hB) jezs

We estimate ”an’j”iz(aQJth) in two cases. Let ¢ > 0 be as in Lemma 6.4 with

A= Q. If h < 27" then by Lemma 6.4, mq((02 + hB) N 27"(j + rB)) <
const(Q2)h(27"r)4~1 and hence,

2 2 (4
a1l 00enm) < lanillioasns ma((0Q+hB)N27"(j +rB))
< 2@ Deonst (Q)R(27"r)4 ! < const(Q)h.

On the other hand, if h > 27", then my4(27"(j + rB)) < const(d)2~"¢ and hence

2 2 2 ngs
lan.illLy00rnm) < lanilly, <llan;lL  ma27"(G +rB))
< 2@ Deonst(d)27? < const(d)2™" < const(Q)h.
It therefore follows by (6.12) that

2

Z An,jln,j < const(Q)h Z |/\n7j|2.

; d ; d
JjeL Lo(9Q+hB) JjeL

Hence by (6.11),

(o]
||f||L2(BQ+hB) < Z Z An,jln,j

n=0 ||jezd

L2(8Q+hB)
1/2
< const(Q)h!/? Z Z |)\n,j|2 < const(Q)h'/? I £l g2/2
n=0 \jezd .
by (6.10). O

Lemma 6.13. Let 1) € C°(RY) be such that 12)\(0) =1 and put ¢y, := h=%(-/h),
h > 0. Then for all g € Lo,

@) llg —¥n*gllg, < const(¢)h/? ||g||B;{; VYh > 0, and
(i) 19l /2 < const(1h.€) (llgly, +5uPocnse b2 llg = vn gll,,) Ve > 0.

Proof. Let g € Ly and h > 0. We first prove (i). If h > 1, then [|g — ¢n *g|;, <
(4100 gl < const() lgll 2 < const()h1/? [g] - So assume 0 < h <
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1. Let k be the least integer such that 2k > =1 Then

o0
~ 2
<>~ w(h~)HL o 91
n=0 e
< const (¢ H9||Bl/2 <Z|h2"| 27"+ Z 2_n>

n=k+1

=N 2
n) g = vn gl = |0 - dya], = 7 .

< const () ||9||B§/2 h

which proves (i). Let & > 0 and put M := supy_,<. h™*/?|lg —bp * gll,,. Let k

be the least positive integer such that 27% < ¢ and H@H < 1/2. For
Lo (R?\2F B)

n e {0.1,... .2k} we have 22 il o) < 2*[dll, < const(.) lgl,. For
n > 2k, put h:=25""*t! < ¢. Then

22 Gl pya, < 22 (L= BRG] =272 Y2 g = % gl
< 21/2(9m)42 M2 < const(y, e) M
Therefore, [lgl] 12 = sup sy, 272 Gl 1., < const(,2)(lgll, + M): O

Proof of Theorem 6.1. Let f € Bm'H/2 and || = m. Put g := D*Tqf and note
that llgl,, < @) 2| TofIlm < const(d,m) [|fll /o Put y i= 02 + B,
h > 0. Let ¢ be the largest positive real for which md(Q\QQE) > mq(Q)/2. Let
1 € C°(B) be such that 1/)( ) = 1. We intend to estimate Hg||3211/02o using Lemma
6.13. Let h € (0..¢]. Then

llg — ¥n * gHLz(Q\Qh) = |D*f —n * (Daf)”Lz(Q\Qh) <[ DYf — tn * (Daf)HLz
< corlst(w)hl/2 D% fll gr/2 < const(m, w)hl/2 I/

By
by Lemma 6.13 (i). Similarly,

lg = ¥n * 9l Ly enrn) = [ED Taf =i x (EDTaf)l 1,0 00)
< ||ED*Taf — ¢+ (ED*Taf)|,

< const(p)h'/? EDTafl g2 < const(m, )h/? | £l goms2
2,00 2,1
by Lemma 6.3. Define G := 9Xq,, " Then
19 = ¥n*gll L,y S NG =¥ Gll, < const(y) |G, = const(¥) [lgll ., ()
< const(®) (1D fl ) + 1EDToS 1,0, )
< const(€2, 1p)h'/? (||D°‘f||B;{12 + ||ED(XTQf||le{12>
< const(€, m, ¥)h'/? | £|

m+1/2
By
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by Lemma 6.7 and Lemma 6.3. Therefore,
I = 5 gl < const(shm, W)Y g V0 < B 5
Hence, by Lemma 6.13, ”9”321,/30 < const(Q2, m, ) |‘fHB;y’L1+1/2 which, after a suitable
choice of 1, completes the proof. O
7. THE PROOF OF THE MAIN RESULT
Proof of Theorem 2.3. Let {ca}|a|=m be the positive integers defined by |§|2m =
oo™ € € B Then |17 F | = Siopcall 020 0 ¥ €
Lo, k € Ng. Let f € BZLI'H/Q. Then HD‘*TQfHB;@ < const(Q2,m) Hf”B;’ff“l/Q
V|a| = m by Theorem 6.1. Let u,q be as in Theorem 4.1. Since T f = q + ¢ * ,
it follows that g = % |-|*™ (To.f) ~on R%\0. By Theorem 4.1 (iii),
12l Lo a0y < Nl gy < const(d, m)l[[Taflll gpm < const(d, m) || 1] gyrsar-

For k£ > 1 we have

~ 1 ~
7l any < 772" N (T2f) " lpyay)

]
1/2

1 E ~ 2

= @27% > ca (D Taf) " 17, 0a0)
la|=m
1/2
m— o 2
laj=m

< const(Q, m)2m—1/2k Nl gz s
2,1
by Theorem 6.1. Hence

||M||B;;,é+1/2 = ks;g o(—m+1/2)k ||//'Z||L2(Ak) < const(Q2,m) |‘f|‘B;rLl+l/2 )
E) 0 ?
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