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USING THE THEORY OF CYCLOTOMY
TO FACTOR CYCLOTOMIC POLYNOMIALS
OVER FINITE FIELDS

GREG STEIN

ABSTRACT. We examine the problem of factoring the rth cyclotomic polyno-
mial, ®,(z), over Fp, r and p distinct primes. Given the traces of the roots of
®,.(x) we construct the coefficients of ®,(x) in time O(r*). We demonstrate
a deterministic algorithm for factoring ®,(z) in time O((r!/2t¢logp)?) when
®,.(x) has precisely two irreducible factors. Finally, we present a deterministic
algorithm for computing the sum of the irreducible factors of ®,(x) in time

O(r9).

1. INTRODUCTION

In 1990, V. Shoup [19] related the problem of deterministically constructing
arbitrary extensions of finite fields to that of factoring cyclotomic polynomials. We
concern ourselves here with the problem of factoring the rth cyclotomic polynomial,
r prime, over prime fields. The case where these two primes are the same is covered
very effectively by Artin-Schreier theory (see, for example, [T2] p. 325, Theorem 6.4]
or [T9 Lemma 2.3]), so we will only be concerned with the case where the primes
are distinct.

In this text the term operation refers to an addition or multiplication of binary
digits. By O(a) operations we mean that the number of operations is bounded by
some fixed multiple of a.

Please note that many polynomial time algorithms exist for factoring polynomials
over finite fields which are probabilistic or depend upon unproven hypotheses (see,
for example, [4], [7], [9], [L7], or [3], section 3.4.4]). The techniques presented here
are not intended to compete with these in running time. For this reason, analyses
of running times are not as accurate as possible. For more precise running times
for various operations the reader is referred to [3] and [11].

Sections 1 and 2 are an introduction and a brief review of the theory of cyclo-
tomy. In Sections 3 and 4 we show how to derive the factors of ®,(z) from the
traces of the roots of ®,.(x) over F, in time O(r*). In Section 5 we demonstrate a
deterministic algorithm which does not depend on ERH for finding these factors
in time O ((r*/?*¢logp)?) in the case where ®,(z) has precisely two irreducible
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factors over F,,. Section 6 gives a deterministic algorithm which does not depend
upon ERH, for computing the sum of the irreducible factors of ®, in time O(r%).

2. A REVIEW OF CYCLOTOMY

Throughout this text we shall apply the results of the theory of cyclotomy,
originally developed by Gauss, to explore the relationship between the traces of the
rth roots of unity and the irreducible factors of the rth cyclotomic polynomial. To
this end we begin with a brief review of the theory of cyclotomy. More thorough
treatments can be found in Storer [22], Berndt, Evans and Williams [2], Dickson
[6], Myerson [16], or Baumert and Mills [i].

In the classical treatment of cyclotomy the following definitions and observations
are made over Q. Given a prime number, r, positive integers d and m with dm = r—
1, and a primitive element, a, of F,. (that is, an element of F,. which multiplicatively
generates ), we define the cyclotomy classes

HO = {Lam,an’.“’a(d—l)Tn}’
Hl _ {a7 am—i—l’ a2m+17 o ’a(d—l)m-l—l}’
H, = {ai, am+i, a2m+i7 s a(d—l)m+i},
Hypo1 = {am717 Oé'er('mfl)7 O[2m+(m71), o ,a(dfl)er(mfl)}.

Noting that o™ Hy = o'Hy, we see that we may index the H; with Z/mZ. We
then define the cyclotomic numbers, (i,j), i,j € Z/mZ, by

(Zaj) = #(H:r n Hj)a
where HY = {z + 1|z € H;} CF,.

We should remark at this point that one may find primitive elements of F; in
time r®() (for each b € F* check whether VT = 1, for all primes [ dividing r — 1,
roughly O(r log? r) operations). Note also that H; can be computed by performing
d multiplications in IF,., that H j can be computed by performing d < r additions in
F,, that H;* N H; can be found in O(dlog d) operations (by sorting and looking for
matches) and then (4, j) can be computed by counting to at most d. Therefore, all of
the cyclotomy classes and cyclotomic numbers can be deterministically computed
in time O(rlog?r).

If we now think of working over some field, F, and let  represent a primitive
rth root of unity in an appropriate extension field, K, then one defines the periods,
tiv by

d—1
T SIS Sy
j=0 a€H;
Noting that ¢; = t,,,+i, we consider the ¢; to be indexed by Z/mZ.

Although the classical theory of cyclotomy is used to study roots of unity over
the rationals, all of the basic definitions and theorems make sense and are true over
any field. In particular, we wish to look at a special application of this theory with
the intention of factoring the rth cyclotomic polynomial, ®, = ”2::11 =1l+x+
224+ 2" over F,, r and p distinct primes. The elementary theory of finite
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fields (see, for example, [I0], [13] or [14]) tells us that @, will factor into m distinct
irreducible polynomials, each of degree d, where d = ord(p, r), the order of p in F}
(that is, the least positive integer d so that p¢ = 1 mod r) and m = %1. We now
compute the cyclotomy classes using this choice of d and m.

As Hy is the unique subgroup of F} with order d and, since ord(p,r) = d, it
follows that

HO = <p> = {17pap27 s 7pd_1} g F:

Now let ¢ be a primitive rth root of unity in some extension field of I, so that
the irreducible factors of ®,(z) over I, are

d—1 o
gi(x) = H(a: -y = H (x —¢%), i € Z/mZ,
7=0 a€H;

and note that ¢; = trace g, (¢2"), the sum of the roots of g;(x) or, equivalently, that
—t; is the coefficient of 41 in g;(z).

It will also be of use to include here some of the basic identities concerning the
cyclotomic numbers. A proof of the following may be found in [22, Lemma 3, p.
25] or in [2, Theorem 2.2.1, p. 69].

Lemma 2.1. 1. (i,j) = (m—14,j —1).

o G) d even,
2. (Z,]){ (j+%2,i+%2) dodd

1 deven,i=0,
3. YT (i, 4) = d — 60; where 6; ={ 1 d odd, i =3,
0 otherwise.

—1,. . 1 j=0,
4. 3575 (i,§) = d —n; where n; = { 0 otherwise.

A simple observation we will need later on, but not proved in any of the citations
above, is the following lemma.

Lemma 2.2. Ford# 1, in F,
> v=0.
YEH;
Proof. Note that, in F,.
Z N =al +aip+aip? £+ alp?? 4 aiptl;
YEH;
therefore,
p Z v = aip—i— ain + ozip‘3 +- ozipd*1 + aipd
YEH;
and, since p = 1, we have
IR 3
YEH; YEH;

But d # 1 implies that p # 1 and, since p and r are distinct primes, it follows that
p#0. Hence > p v =0. O
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3. DETERMINING THE COEFFICIENTS
OF THE ¢;(x) FROM THE {;

The primary technique used here, delineated in Lemma B.1] was actually first
alluded to in the characteristic zero case by Gauss in [8, Section VII]. In this section
we explicitly describe this technique, apply it to the characteristic p case, and make
a running time analysis. In particular, we show that we may compute, in time
O(r*), each of the coefficients of the g;(z) in a specific way as Z-linear combinations
of the t;. To accomplish this we first make a combinatorial observation.

Given p and r, distinct primes, let o be a primitive element of Z/rZ and let d,
m and the H; be as defined as in the previous section. Rather than work over F,
we shall work in R, where R = Z[Y]/(Y" —1). In R define the counterpart of ¢; to
be

d—1
vi=> v iez/mz,
k=0
and the counterpart of g;(z) to be
d—1 '
(3.1) fi) = [[a—v*'"?"), iez/mz,
k=0
in Rlz].

Lemma 3.1. There exist two unique sets of integers, {ag?)}u,tez/mz’sez/dz and

{Bgu)}uEZ/mZ7seZ/dZ, which can be computed deterministically in time O(r*), so
that the coefficient of x° in fy,(x) is

m—1
(1)t <ﬂ§“’ s a.iz%i) |
1=0

We postpone the proof until we have made some observations.

Since Y™ = 1 in R, we may view the exponents of Y as elements of Z/rZ.
Therefore each f, € R has a unique coset representative which is a polynomial in
x of degree d whose coefficients are (r — 1)t degree polynomials in Y over Z.

Let S be the collection of all cardinality [ subsets of Z/dZ. Expanding (B1])
formally, we can write the coefficient of x4~ in f,(x) as

(3.2) -0t Y vt

{ir,..., i} €S

and note that there is a one-to-one correspondence with the ((li) terms in (32)) with
the elements of S. We then define an equivalence relation on S by {i1,...,4;} ~
{irn+k,...,iy + k} for every k € Z/dZ and note that under this relation no parti-
tion contains more than d elements. Now let S C S be the union of all partitions
containing precisely d elements of S and let So C S be the union of all parti-
tions containing fewer than d elements of S. In addition, let 77 = {{i1,..., 41} €
Si|pt+--+pt=0modd} and T, =S, — T1.

Now observe that if p* + --- + p* = 0 mod r, then pt* 4 ... 4 putk =
pE(pt + -+ +p") = 0 mod r and conversely, since p¥ #Z 0 mod r and r is prime.
That is, if {i1,...,41} ~ {j1,...,41} then {i1,...,4;} € T1 (or T2) if, and only if,
{j1,---,Ji} € Th (or Ta, respectively). Therefore we may write 73 = Py U---U Py,
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and 73 = Q1 U --- U Qp,, disjoint unions, where the P, and the @; are partitions

under the equivalence relation. Further note that S = 77 U 75 U Sy, where 77, 7
and Sy are pairwise disjoint. We may now rewrite ([B.2)) as

(—1)l f: Z ya“(pi1+~~~+pi‘)+§: Z yat (et +op')

k=1 {i1,...,i;}€Px k=1 {i1,....i; } EQs
(3.3) + Z Yau(i”jl"""'-i-pjl)
{j1,--:J1}ES2

Lemma 3.2. If Py, Qi and Sy are as above, then
LYt iten yo' et = g
2. E{il,...,il}er yarpl+o+pt) — vs, where pil 4o _|_piz € Ho i and
3. Z{jl,...,jz,}esz Yy et tetnt) = 4(S,).

Proof of Lemma 3.2 1.
{i1,...,i1} € Py = p" +---+p" =0modr = yoa et hept)

Since #(Py) = d, the result follows. O

Proof of Lemma 3.2 2. Say
Qr={{i1,...,u},..., {la+{d-1),...;9+(d—1)}},

then {i1,...,i1} € Qp = p* +---+p" #0€F, = a*(p +---+p'") #0 € F,.
Therefore there exists ej, 1 < e, < m — 1, so that pt + .-+ pit = a®p! € H,,,
hence pt+7 + ... 4+ pitn = qerpntl € 0, and

d—1 d—1
Wil il u+tep , ntl utep n
(34) E ye (Pt 4p) = E Y« Fp = E Yy« PPt Vyt-ey, -
{i1,- 0 }EQK n=0

n=0

O

Proof of Lemma 3.2 3. If {j1,...,51} € Sa, then there exists n € Z/dZ — {0} so
that {j1,...,51} = {ji+n,...,ji+n} € Sz, hence p/* +- - -+pit = (jvj1 + - +pj")p"
€ F,, but p” # 1 or 0 mod r, so p?* +- -+ p? = 0 mod r, hence a*(p’* + - -+ p')
= 0 mod r, and therefore Yo" ("' +++2") — 1 € R, and the lemma is proved. [

We are now in a position to prove Lemma Bl
Proof of Lemma 3.1. If we now let agi)l’t be the number of the @1,...,Q,, from

Lemma [3:2] so that Z{il i}eQs yea ('t +-+ptt) vy and let ﬂc(;i)l equal #(S2) +
dna, then, referring to Lemma [32 and (3:3), we have that the coefficient of x4~
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in fu(x) is
(3.5)
m 3 i "2 . .
(_1)1 Z Z Yau(pu Feeppit) i Z Z Yau(pu fotpil)
k=1 {i1,....,51 }€Py k=1 {i1,...,i; }€Qp

+ Yyt
{1, a1 }€S2

) [ Y e #s)

k=1 {i1,..., .1 }€Qr
m—1

e (0 5 el
=0

where the s in the next to last expression is the s such that p’* +--- +pi € H,_,.

To see that these integers are unique, we note that 1,vg,v1,...,vm_1 each have
unique coset representatives in R which are polynomials in Y with coefficients in Z
having degree no more than r, no two of them sharing terms of like degree. They
are therefore linearly independent in Q[Y]/(Y" — 1), viewed as an r-dimensional
Q vector space, hence unique in R = Z[Y]/(Y" — 1), which can be thought of as
sitting inside of Q[Y]/(Y" — 1).

All that remains is to show that these integers can be computed in time O(r?).
Recall from the paragraph following Lemma 3.1 that the f;(z) can be viewed as
dth degree polynomials in & whose coefficients are (r — 1)%* degree polynomials in
Y. The results of Lemma[3.2 show that a((;;) is the coeflicient for v; in the coefficient
for Y* in the coefficient of 2. We now demonstrate a technique for expanding (BJ])
which differs from the one in Lemma

Let

W (2) = H (m - Ya“'p’“) € Rlal,

k=0

and note that f,(z) = Wéi)l (x) and that

w, i+1 w, i+1

(36) W@ =W @) (v -y ) = aw (@) - v W (@),
For any i € Z/dZ, Wi(u) (z) is a polynomial in x of degree at most d < r with
coefficients which are polynomials in Y of degree at most r. The coefficients of these

polynomials in Y are integers bounded above by the ag), which are in turn bounded

by #(S) = ((li) < 24, Computing Wz‘(ﬂ (x) from Wi(u) (x) as suggested in ([B8), we
see that computing xWi(u) (x) involves increasing each exponent of x in Wi(u) (x) by
1, O(r) operations. We then compute Y“u”HlWi(u) () by multiplying each of the
polynomial coefficients of Wi(u) (x) by Y'P"™" which involves at most d-r additions
modulo r, or O(r? log ) operations. Finally, computing xWi(u) (x) —_y ™ Wi(u) (x)
involves at most d - additions of integers bounded by 2¢, or O(r3) operations. As
this process is repeated d times, we see that an upper bound for the computation
is O(r*) operations. This completes the proof of Lemma [3.11 O
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Before specializing to finite fields, we make the following observation.
i) (0)

0
) and oz;t =,

Lemma 3.3. Fori,t € Z/mZ,s € Z/dZ , 39 = 6!

Proof. Let f;(z) = Z;(l)(x —ye'rt e Rz] as in @&Tl). From @B3) we get that the
coefficient of ¢! in f;(z) is

XN ES VL D D WD S s AT W G s
k=1 {i1,...,ii}EPy {1551 }ES2

where Sy is as in Lemma B.2] and here the Py run through all of the partitions of
Si1. If e, = p* + -+ p¥ mod r for some one of the {iy,...,i;} € Py, then we have

d—1 d—1

i81 it iu w( igtu . itu

(3.8) Yoyttt o yenalst o N yat (p ),
{i1,...,01 }EPy u=0 wu=0

If e, = 0 € F,, then BR) is precisely d. Otherwise, we have that
{era’, exalp, ... epa’p®™ '} = Hyyy,

where e = a®p’ € H,, some i, hence (BX) is vsiq. If {j1,...,51} € Sa, then, as

in Lemma [32, Z{jl o )ess yaiplt4talplt _ #(S5). So certainly ﬂgi) = g0

Now, a” is the number of partitions which yield v;y; and these are the same

s,t+1
pa}"titions which yielded v; in the coefficient of x4 for f(z). So aif1+i = ag?g, or
al) =al) . O

The following version of the preceding lemma will prove useful later on. It should
be noted that this result was noted by Gauss and is usually thought of as a result of
Galois theory. This version has been presented in order to express it in our notation
and to present a combinatorial proof.

Lemma 3.4. Ifi, t, k € Z/mZ,s € Z/dZ , then
; i itk i itk
Bgz):ﬁgk), (@) (i+k) (mda(s% i)

Qgi = Qg st = g pag-
That is, if the coefficient of x° is
Aoto + Ait1 + Aatoe + -+ A—otm—2 + Am—1tm—1 + 0
in go, then the coefficient of x° is
Am—1to + Xot1 + Aita + -+ Ap—stm—2 + Ap—otm—1 + 5, in g1,
Am—2to + Am—1t1 + Xota + - - + A—atim—o + A—3tm—1 + 3, in ga,
)\m73t0 + >\m72t1 + )\mfth e )\m75tm72 + )\m74tm71 + ﬂv mn 93,

Ato + Aoty + Aato + -+ Am_1tm_2 + Xotm_1 + 8 N Gm_1.

Proof. That 4{" = A" is immediate from Lemma B3} To sce that agfk =al 7"
i)
t

simply observe that, from Lemma and using ¢t — k in place of ¢, we have agl

b=k

ag?t)_i_k and, by replacing i by i + k, ai”;"k} = ag?t)_i_k. To see that agz = a(gz:__f,z

note that ag = ag?g_i = ag?t) and, by replacing ¢ by ¢ + k and replacing ¢ by t + k,
(i+k) _ _(0) _ (0

Qs itk — Nsprk—(itk) = Ysji—i- O



1244 GREG STEIN

We now restate Lemma B Ilover [, rather than R.

Theorem 3.5. We can deterministically compute two subsets of IFp,
and { ﬁg“)}

in time O(r*), so that the coefficient of z° in g,(x) is
m—1

(3.9) (-1 (6&” + oci%) :
=0

Furthermore, we have that, for i, t, k € Z/mZ, and s € Z/dZ,
B = B,

st

{a’}
wt€Z/mZL,s€L)dT wEZ/mZ,s€L)dL’

i 0
0‘3% = ag,t)—iv
B = B,
i itk

ai,i—k = O‘é,t g

i i+k

o) =l

Proof. To prove existence and to compute the ag?) and ﬂg“) we simply reduce,
modulo p, those integers discussed in Lemmas B.1] B:2] and [B:41 When replacing Y
by ¢ and computing over IF,,, we need only compute some of the additions modulo p,
thereby replacing one factor of r in the time bound by a factor of log p, thus giving
us a time bounded by a polynomial in 73 and log p. Please note that if p >> r,
in particular, if p > 2¢, then, since these coefficients never exceed 2¢, we may
perform the additions as before without reduction modulo p. Hence, the number of

operations needed to compute the ag) and 5§“> is O(r?). O

It should be noted that since 1 = —tg —t; — -+ - — t,;,—1 we may rewrite (3.9) as

(3.10) (—1)ds lmz_: 5&)14 ,
=0

where 55) = ozg) — 5§“>, allowing us to write the coefficients of the g;(x) as homo-
geneous linear polynomials in the #;. We may further observe that, as a result of
Lemmas B3 and B4, we have, for i, t, k € Z/mZ and s € Z/dZ,

j 0
52:) = 5;1247
i itk
5;271@ - 52,: ) ’
i itk
5;2 = 5§,t+12'

Please note that in the statement of Theorem we have lost the uniqueness
portion of Lemma B and that, as tg+ - -+ t,,—1 = —1, the ag) and 5§“) will not
be unique.

One remark that should be made at this point is that in the computation of
the agz) and the §“’, p itself has only been used to determine the cyclotomy
classes Hy, ..., Hy,—1 in Z/rZ. Therefore, if p; and ps are primes with ord(py,r) =
ord(pe,r) (in particular, if p; = p» mod r) they will generate the same cyclotomy
classes and in the same order (assuming that the same primitive element, «, for F;*

was used). Hence, aside from the reduction mod p; or ps, the a6 and (53;)

si v M8



USING THE THEORY OF CYCLOTOMY 1245

will be the same for both p; and ps, and that, if both of these primes are > 2%, we
need not even concern ourselves about this reduction.

Example 3.6. Let p = 31 and r = 19. We find that d = 6, m = 3, choose a = 2
and let ¢ represent a primitive 19th root of unity over F3;. From this we compute
the cyclotomy classes

Hy = {1,12,11,18,7,8},
H, = {2,5,3,17,14,16},
H, = {4,10,6,15,9,13},
and the cyclotomy periods
to = C+¢PHCT T+
fo= 43T M S,
to = ¢t cl0 4 ¢S4 1B 48,

Using formula (35) from Lemma [B] we arrive at Table 1 which describes the
coeflicients of the powers of ( for each power of x. The number in row z° and

@
go = a®—tox® + (3410 + t2)at — (2+ 2t + t1)a?
+(3 4t +ta)x? — tox + 1,
and by Lemma [3-3 we have
gi(x) = 25 —t12° + (34t +to)at — (2+ 1 + 2ta)2®
+(3 4+t +to)x? —tiz +1,

- . . (0
column ¢* is a,”. The number in column 1 and row z° is ﬁg ). Hence

g2(x) = 25 —toa® + (34t +t1)xt — (24 ta + 2t0)2®
+(B 4+t +t)2? —toz + 1.
Alternatively, using the characterization in (B10), we get

go(z) = a5 —toad — (2tg + 3ty + 2ta)a® + (1 + 2t2)a®
—(2to + 3ty + 2t9)x? — tox + 1,

gi(z) = a8 —t12° — (2t + 2ty + 3to)z* + (2t + t2)2®
—(2to + 2t1 + 3to)x? — tyx + 1,

g2(x) = x5 — tox® — (3tg 4 2t1 + 2to)xt + (to + 2t1)2?

—(3tg + 2t1 + 2t9)x? — tow + 1.

TABLE 1.
Hy H, H,

1¢ C12 CH Cls C7 Cs C2 C5 CS C” CM Clﬁ C4 ClO C6 C15 Cg C13
1/1fo 0 0 0 O O[O O O O O OJO O O O O O
z|{0/1 1 1 1 1 1/{0 0 0 O O O|O O O O O O
2213111 1 1 1/0 00 O O Of1 1 1 1 1 1
2212 2 2 2 2 21 11 1 1 1/0 0 0O O O O
03/t 1 1 1 1 1/0 00 O O Of1 1 1 1 1 1
{0/t 1 1 1 1 10 0 0O 0 0 OO O O O 0 O
z2%/1l0 0 0 0o 0 0/0O O O O O O|O O O O O O
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Recalling the remarks immediately preceding this example, we see that we may
replace p = 31 with any prime p with ord(p, 19) = 6, and we will get precisely the
same results.

u)

4. FURTHER IDENTITIES AMONG THE o’ AND 5§“>

We now wish to demonstrate some symmetries which occur among the ag?) and
the ﬂ§“>. We begin by comparing the coefficients of ! and z4~!. It should be noted
that versions of the following results are alluded to without proof in [8] p. 423] for
the characteristic zero case.

Let S be the collection of all [ element subsets of Z/dZ and S’ the collection of
all d — [ element subsets of Z/dZ. Let ¢ : S — S’ be the bijection ¢(I) = I (the
complement of I in Z/dZ). Define an equivalence relation, ~, on both § and &’
as in the proof of Lemma [B1] that is, {¢1,...,4} ~ {i1 + k,...,,u + k}, for each
k € Z/mZ, and note that for I, I € S we have

(4.1) I ~ I & o(I1) ~ ¢(I2).

Let &1 be the subset of S consisting of all elements belonging to equivalence classes
with d elements, and let Sa be the set of all elements of S belonging to equivalence
classes with fewer than d elements. Similarly define S; and S5, subsets of S’
Let Pi,..., P, and Pj,..., P, be the equivalence classes contained in &; and Sj,
respectively. By () we see that ¢(S1) = 87, and ¢(S) = S5, that w = ¢, and
that, with the appropriate ordering, ¢(P) = ¢(P}), 1 < k < t. Recalling ([B3.1) we
note that in f;(z) the coefficient of 29~ is

4.2) (1) zt: Z yo' (ptetptt) | Z yo (o7 4ot ,

k=1 {i1,...,i;}€Py {j15--d1 }ES2
and that the coefficient of 2! is

t ol (pH+1 4 ppid
(43) (_1)d—l < Zk:l Z{il+17~~~,id}EP,; Y (p P ) > .

al (pIt+1 4o 4pld
+E{jz+1,~~~7jd}eséy ( )

Recall that al(?) is the number of Py in (£2) that yield v, that agz()—)z,t is the number
of P/ in (E3) that yield vy, and that Bl(o) = #(S2) + d(the number of equivalence
classes from (B2) which do not yield any v;) and that 6&0_)1 = #(S5%) + d(the number
of equivalence classes from ({3) which do not yield any v;).
Lemma 4.1. If d is even, then, for s € Z/dZ, i,k € Z/mZ, we have

(1) _ ()

1 = Pasp

(1) _ _(®)
Qe = Qg g g

Proof. Note that (pd/2)2 =1 € F,. Since ord(p,r) = d, it follows that p?/? # 1,

hence p#? = —1 € F,. Now, if d is even, then d/2 € {0,1,...,d} C F,. More
generally, for k=0, ..., % — 1, we have
(4.4) a'ph = —alp??tk e F,.

That is, in H; = {a%,a'p, ..., aip?} C F} we have

i i,.d/2 i, i,d/2+1 i,d/2—1 __ )
(07 ——ap/,ozp——ap/ 7...,Oép/ = —Qap
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Therefore
(4.5) ye H; & —vy € H;,
and, recalling Lemma [2:2]
(4.6) > y=o.
YEH;

Let I = {i1,...,5} € S and I¢ = {ij41,...,iq} € S’. From ([@B) we have that,

since Hy = {p% p,p?,...,p?" '} and {i1,...,iq} = {0,1,...,d - 1},
PPt = (M 4 p) € F

Now, if T = {i1,...,4} € Sa, hence I? = {il+1,...,id}, and pt + .- +p =0,
then pit+1 4 ... 4 pid =0, so YP''+ P = yPH 40 — | ¢ R Therefore

(4.7) Z yPlbetpt Z AR T
{i1,...,i1} €S {i141,--,1a }€S4

Similarly, if {i1,...,i;} € Py and p't +--- + p' =0 € F,., then

(4.8) Z yP et Z yP il (D).
{i1,..i  }EP, {41, ia b EP;

Lastly, suppose {i1,...,4;} € P, and p"t 4+ - -+p" = e,, # 0 € F,., then e,, € H,,
where e,, = a®p’ € F,., some i. Further note that e,, = p’* +-- -4 p® implies e, p* =
piitt 4.4 pittt and that, by (@H), we have H, = {ewp“}i;(l) = {—ewp“}i;(l).
Referring now to (34) and (&4),

d—1 d—1

Z Ypil +...+pil _ ZYpi1+u+“.+pil+u _ Z Yewpu

{i1,rit}EPy u=0 u=0

d—1 d—1 ‘ ’
_ nyewpu = Z y — [P+ 4epid]
u=0 u=0

d—1 v _
= Zyz)“[z)”+1+~~+p’d]
u=0
d—1
- ZYP”+”’“+---+p"’d+”
u=0

— Z yP e ptd
{i141,..,8a YEP],
and, noting that Zi;(l) YewP" = o, we see that P, yields v, if, and only if, P/,
yields vs.
Since 041(2) is the number of the P, which yield v; and a&o)

P/, which yield vy, it follows that ozl(g) = O‘g?z,k- Further, (1) and ([A8) show that

l(o) = ((10—)1' Combining this result with Lemma B3] we have

1. is the number of

i 0 0 %
0 = 0 = 42, = i1

and

(@ _ (0 _  (0) _ (@)
Qe =g s = Oq kg = g ks

which completes the proof of the lemma. O
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For the case where d is odd we have a similar result with a similar proof.

Lemma 4.2. If d is odd, d # 1, then, for s € Z/dZ, i,k € Z/mZ, there exists
a € Z/mZ so that

7 i+a
9 = g

(1) _ (ita)
Qe = Qg k-

?

Proof. First note that, unlike the case for d even, if p° = —1mod r, 1 <s<d-—1,
then d divides 2s. But d is odd, so d divides s, but 0 < s < d, a contradiction.
Therefore there exists an a € Z/mZ— {0} such that —1 € H,; that is, —1 = a%p"
mod r for some 0 < h < d — 1. So we have

Hy = {1,p,p2, . ..,pdil} CFy
and
H, = {aaps7aaph+1,aaps+1, N 7aaph+d—1} C F*,
and, for 0 <k <d-1,
(4.9) pF = —ap"th e T
In particular,
v€ Hy<s —y € H,.

Let I = {i1,...,i;} € S and I¢ = {ijy1,...,iq4} € S'. Working in F,, from (E3)
we have

Pt = = (@ T atph)
and from Lemma [2.2] we have, since H, = {oz“7 ap,. .., a“pd’l} and

{h-l—il,...,h-l—id}:{0,1,...,d—1}

that

aaph-‘ril + . + aaph-i-’il — _ (aaph+il+1 + . + aaph-‘r’id) ,
hence

pil R +p“ — aaph+il+1 4t Oéapthid.

If {i1,..., i1} € Sa, then p?l +--4pt =0, s0 a®phtir 4. .. +q“ph+id =0, hence
a®ph (atpi+t + -+ + a%p't) = 0, and finally since a®p" # 0, a®pii+1 +- - -+ apid =
0. So we have YP"' + 42" — yp' 49’ — 1 ¢ R and so
(4.10) SOyttt o Nyt er) ),

{i1,0+-,91 }ESo {#141,---,9a } €55

Similarly, if {i1,...,i;} € Py and pt +--- 4 p® =0 € F,., then

(4.11) Yooyttt o Nyt et oy,

{il,.u,’il}EPk {il+1,.A.,’id}€P,é
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Lastly, suppose {i1,...,i;} € Py, and p’t +---+pi = e, # 0 € F,., then e, € H,
where e, = a®p’ € F,., some i, and we have

d—1 ) )
u i1 gpll
vy = E yer' — E ypt et
u=0 {it, i1} EPy
_ Z Y(yap;L+il+1+m+aaph+id
{it41,--9a}EP,,
_ Z Y((yupil+l+...+(yapid)
{i,,_*_l,.A.,id}eP{“

So P,, thinking of go(z), yields v, if, and only if, P, thinking of g,(z), yields
vs. Since al(g) is the number of the P, from g()(x) which yield vy, and afia_)hk is

the number of P, from g,(x) which yield vy, it follows that al(g) = agla_) | - Further,

({I0) and (£11)) show that Bl(o) = C(l(i)l. Combining this with Lemma[3.3] we have
7 0 a i+a
A= A0 = 0, =
and

@ _ (0 _  (a) _ _(ita)
Qe = Qg 3 = Qg ki = Xk

which completes the proof of the lemma. O

5. THE CASE m = 2

In this section we prove a result first presented in [20]. The original work did
not contain the explicit description of the algorithms used or as sharp a running
time analysis.

Theorem 5.1. Given p and r odd primes, with ord(p,r) = %1, then we may
factor ®,(x), the rth cyclotomic polynomial, over F,, deterministically in time

o) ((T1/2+€ 1ng)9) .

Proof. As a result of Theorem [30] it suffices to compute the traces tg and t;.
Note that if p = 2, then since ty + t; = —1 we must have that, without loss
of generality, tp = 0 and ¢; = 1. So assume p # 2 and consider the polynomial
(x —to)(x —t1) = 2% — (to + t1)x + tot1 = 2? + x + tot1. Hence
1+ /T = dtoty
to,t) = —— Y 071
2
From [T5] pp. 200—201] we have that 1—4tpt; = +r asr = +1 mod 4, respectively,
hence

—1+Er

2 )
where the sign of r under the radical is determined by whether » = £1 mod 4. In
1985 R. Schoof showed in [1§] that if n is a quadratic residue mod p, then /n can be
deterministically computed in F, in time O((|n|1/2'|r€ log p)?). Since to and t; exist,
it follows that 1 — 4tgt; is a quadratic residue mod p and so can be deterministically
computed in time O ((7"1/24‘E logp)g) . O

tOvtl =
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6. THE SUM OF THE g;(z)

In this section we see how to compute the sum of the irreducible factors of the
cyclotomic polynomial.
We combine the results of Theorem [3.5] and Lemma [3.3] to prove

Lemma 6.1. Given p and r, distinct primes, then we may explicitly compute
go(x) + -+ + gm-1(x) € Fplx], the sum of the irreducible factors of the rth cy-
clotomic polynomial over F,, in time O(r®).

Proof. Adding the coefficients for z° from Theorem B35l we have

m—1 m—1 m—1 m—1 /m—1
(6.1) STBM D aln ) =DM+ Y el
u=0 i=0 ’ u=0 u=0 i=0 ’

Now, using Lemma B3, we have that ([61) equals
m—1 /m—1 m—1 /m—1
mp + 30 D all i) =mp0 + 3| D ol
u=0 \ i=0 i=0 \ u=0

m—1 m—1 m—1 m—1
=mpBY + Z t; Z ag?i)_u =mp + Z t; Z ag?g
i=0 u=0 i=0 a=0

m—1 m—1 m—1
s+ (500 (550) s - (37 00)
a=0 1=0 a=0

Theorem proves that the ag?()L and Bgo) may be computed in time O(r*). Per-
forming the above computation will therefore cost O(r®) operations, and then re-
peating for all values of s takes us to O(r%) operations. |

Example 6.2. From Example 3.6 we get that the sum of the factors of ®19(x) over
[, for any prime p with ord(p,19) = 6 is

328 — (to +t1 + ta)a® + (=Ttg — Tty — Tto)x* — (=3tg — 3ty — 3t2)2®
+(—7t0 — Tty — 7t2).232 — (to + 1t + tg)l‘ +3
= 38+ + 72 =33+ 72+ 2+ 3.
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