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ERROR ESTIMATES FOR THE THREE-FIELD FORMULATION
WITH BUBBLE STABILIZATION

FRANCO BREZZI AND DONATELLA MARINI

ABSTRACT. In this paper we prove convergence and error estimates for the so-
called 3-field formulation using piecewise linear finite elements stabilized with
boundary bubbles. Optimal error bounds are proved in L? and in the broken
H' norm for the internal variable u, and in suitable weighted L? norms for
the other variables A and .

1. INTRODUCTION

The aim of this paper is to consider the effects of bubble stabilizations of the
so-called three-field formulation for domain decomposition methods. Let us briefly
recall it. Assume that we have to solve a linear elliptic problem whose variational
formulation is

(1.1) find w € V such that a(w,v) = (f,v) Yv eV,

on a domain 2. We assume that the problem is associated to a second-order
differential operator, so that the space V will be a subspace of H*(£2). By splitting
Q into subdomains Q° one introduces suitable subspaces V* (to be made precise
in the sequel) of H'(Q*), and defines M* = H~Y2(9Q°%), & = J,09°, and
® = {traces on ¥ of the functions of V'}. Setting V* :=[[, V*® and M* := [[, M?,
the three-field formulation of (1) then reads

find u € V*, A€ M*, and ¢ € ® such that

(1.2) 1) as(u®,v) — (A%, 0)s = (f,v)s Yv e V¥ Vs,

i) (1% us)s = (1°,1)s V' € M*, Vs,

i) Y (A%, ) =0 Yo € ®
(the nearly obvious meaning of ag, (.,.)s and (.,.)s will be made precise in the next
section).

This formulation was originally introduced in [§], [9], where it was proved that,
under reasonable assumptions, problem (I.2]) has a unique solution related to the

solution of ([LT)) by

i)u® = wpos- for each s
.o P _ 8
(1.3) i) A* = 8;‘; o0 for each s
i)y = W)z,
with %I o = outward conormal derivative to °. In order to approximate ([.2)

one has to choose, for every s, finite dimensional subspaces V7, My and ®; of
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Ve, M? and ® respectively, to construct V" := [[, V7 and M := [], Mj;, and to
consider the following discretized problem:

find up € Vi, A € M}, and ¢, € @), such that

(1 4) i) GS(uwa) - <)‘Zav>s = (fvv)s Vv € fo7 Vs,
' i) (u°,up)s = (1%, ¥n)s Vus e My, Vs,
iii) ZSO\Z,@)S:O Vo € &y,

In [§], [9] we proved that a finite element discretization of (L2)) on compatible
grids (with a suitable interpretation of Mj) gives back the global finite element
solution of (1) with formulae identical to (I-3)). To deal with more general ap-
proximations, including the use of (possibly) different discretizations for the three
variables in the same subdomain, or from one subdomain to another, a wide class
of stabilization procedures was introduced and discussed in [2]. However, it is in-
teresting to see if, for particular cases, a simpler and cheaper stabilization could
be used, instead of the more general (but heavier and costlier) stabilization of [2].
A typical example of interest is clearly the case where the variables u and v are
approximated by continuous piecewise linear finite elements, although on different,
incompatible grids, and the variable A by piecewise constants. This was done in [7],
where a stabilization procedure was proposed, based on the idea of adding suitable
boundary bubbles to the space V;’. The underlying concept is reasonably simple: it
is clear that in (IC4]) the only control on 1y, can be obtained from (C4lii). Therefore,
to gain control on vy, one can increase the space M;. As each space M; is made
of piecewise constants, this can be done simply by refining the mesh. It has to be
pointed out that, once the first refinement has been made, the grid for M} could
undergo a further refinement (if convenient for some technical reason) without jeop-
ardizing the control on . In its turn, the control on A, can only be obtained from
equation (IA4li), since (T4 iii) is clearly too weak (any monster taking the same
value with opposite signs at the interfaces will satisfy (L4l iii)). Hence, to control
Aj, we have to enrich the finite element spaces V;7, and the cheapest way is to add
boundary bubbles. In [[7] we showed, on a single domain problem, that an almost
arbitrary mismatch between the grid for M and that for V¥ can be stabilized (to
gain control on Aj) by suitable quadratic boundary bubbles. We also showed that
the bubbles, together with the unknown \p, could be easily eliminated by static
condensation, thus remaining with a symmetric (if problem (I]) is symmetric)
positive definite problem in the unknown uy, only. In particular, in [7] we assumed,
as a starting point, that two original, unrelated grids were given, one for \; and
one for uy,. For technical reasons (essentially, in order to be able to perform the
static condensation on Aj afterwards) our first step was to refine the grid for M},
by adding all the boundary nodes of the grid for V;°. However we had to assume,
to avoid technical difficulties, that the points of the two original grids were not too
close (otherwise the refined grid for M} might contain very small intervals) and
that the two given grids were “comparable” in the following sense:

(1.5) hy > ~h;
(with 7 a fixed constant), with obvious meaning for the symbols. These assumptions

were removed or relaxed, always for the single domain case, in [I0], where an optimal
estimate for u — u;, was proved, allowing the presence of “very close nodes” and
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changing (IH) into the much weaker
(1.6) hy = (k)

(see [10] for further details.)

Here we tackle the whole problem (I:4)), proving optimal error estimates for the
three variables u, A, 1. We assume that two independent grids are given, this time
for V¥ and ®),. It seems particularly reasonable to assume the grid for ®,, as given,
since in many cases this will be the space where multidomain preconditioners (for
the Schur complement) will be applied: to have a convenient grid might then allow
the use of more powerful preconditioners (see for instance [13], [I5], [3], [5], [20],
[14), [18], [9].

Similarly, the given grids for V;? might have been chosen, in each subdomain, to
match specific difficulties arising in that subdomain, and related to the coefficients
of the operator and/or to the right-hand side. On the other hand, the choice of
the grid for M; seems to be less crucial, at least in some applications, and could
be made in order to allow an easier stabilization. As in the single domain problem,
we work with piecewise linear finite elements for 1, and up. The bubbles used for
stabilization, as well as the unknowns Aj (piecewise constants), can be eliminated
by static condensation. For simplicity we restrict ourselves to the case were the
given grids for V7 and ®;, are “comparable”, in the above sense. It would surely be
interesting to have results under weaker assumptions, at least of the type (6. On
the other hand, we allow the case of “very close nodes” that can be generated by
merging the nodes of the two given independent grids. For a multifield formulation
similar to the one discussed here (but using four fields) and related preconditioners,
we refer to [16].

We now give an outline of the paper. In the next section we make precise
our assumptions on the domain, the operator, the given decompositions and the
formulation of the stabilized discrete problem. We shall also recall a few trace
theorems that will be used in the subsequent sections. In Section 3 we prove the
error estimates: we start with u — up, proving optimal estimates first in the broken
H'-norm and then in the L?-norm. Optimal error estimates are then proven for
1 —1y, and for A— )y, in suitable weighted L?-norms. Under our assumptions, these
estimates imply optimal error bounds in L?(¥) for ¢ — 1. The same is true for
A— Ap, but only outside the possible “very small intervals”. Finally, in Section 4 we
cover some numerical aspects, such as the actual implementation of the procedure
and its expected numerical performance.

2. STATEMENT OF THE PROBLEM AND DISCRETIZATION

2.1. Assumptions on the operator, the domain, and the subdomains. To
fix ideas, let us consider the following differential problem
Au=f in Q C R?,
u=20 on 0},
where (2 is a convex polygon, and
2

(2.2) Au= - % <aij(x)§—z> + ao(x)u.

ij=1 "7

(2.1)

We assume that 0 < ag(z) < K for almost every z in €2, and that the 2 x 2 matrix
(ai;(x)) is symmetric and positive definite, with smallest eigenvalue > a > 0 and
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largest eigenvalue < (3, independent of x. To the operator A we assign the bilinear
form

2

(2.3)  a(w,v) = /Q Z a;;(z) ow 9 +ao(x)wo | dz, w, v e H(Q).

ij=1 0z; O,
Let V = H} (), with norm ||-||y = |-]1,0. With our assumptions on the coefficients
the bilinear form is continuous and V-elliptic, i.e.,
(2.4) Ja>0: aplfg< a(v,v) Yo eV,
(2.5) M >0: a(w,v) < Mllw|ollvlhe YwveV.

Then for smooth data, say, f € L*(Q) and a;; € C*(Q), problem (L)) has a unique
solution w € H}(Q) N H2().

Now let 2 be partitioned into a finite number N of polygonal subdomains §2°
(s =1,...,N), with boundary I'* = 9Q* and diameter H;. We make precise the
notation of (L2) by defining, for s =1,..., N,

Ve={ve H(Q), v=0 onT* NN},
(,)s = duality pairing between Hl/Q(FS) and H_l/Q(FS)v

(2 6) ('a ')s = scalar pI‘OduCt in L2(QS),
. 2
ow Ov
as(w,v) = (ai (@) 5=, 5—)s + (ao(z)w,v)s, woveV.
i%:% T O O0x;

In agreement with the definition of V' and ® = {traces on ¥ of the functions of V'},
we will have

(2.7) ®={pe HY*): o =0o0n N}

With this notation problem (ITJ) is equivalent to problem (), and the relationship
between the solution w of (I1) and the solution (u, A, ) of (I2) is precisely given
in ([I3). We explicitly note that ([21) will also hold in each Q°, if we replace €2, V
and a with Q% V*® and as respectively.

Finally, we recall some known results related to trace theorems, whose proof can
be checked by using trace theorems on the reference element. We have that for
every 0y < 7/3 there exists a constant C = C(6y) such that, for every triangle T
with minimum angle bounded from below by 6,

(2.8) [vlyjs0r <C hr  Yoe HYT),
o

(2.9) ‘ ! <Clolar  Ywe HXT),
Inq 1/2,0T

(2.10) [v]3/2.0r < C [vlor Vo€ H(T),

where, as we shall do throughout the whole paper, the usual notation for Sobolev
norms and seminorms (see e.g. [I2]) is used. On the other hand, we can easily
deduce that, if e is an edge of T', and hr its diameter,

(2.11) WIIE.e < Chp'ollor(lvllor + hrlvlr) Vo€ HY(T),

always with a constant C' depending only on 6y. The basic instrument for proving
(ZZ1) is the fundamental theorem of calculus applied to v2, where v, is a sequence
of smooth functions converging to v in H(T).
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We end this section by recalling a well known property of Sobolev fractional
norms and seminorms. We report it for seminorms of fractional order 6 in dimen-
sion one, but the result is more general. If an interval I is the disjoint union of
subintervals Iy, then

(2.12) S i <G, Ve D).
k

2.2. Assumptions on 7, 7,7 and generation of the 7 decompositions. In
order to discretize problem ([L2), let 7, be a decomposition of 3 into intervals I,
and for each s = 1,..., N let 7,7 be a decomposition of {2° into triangles 7', and

v a decomposition of I'* into intervals I. We shall denote by hf, h, hy the mesh
size of 7,7, T?, Ty respectively. Next, we define the finite element spaces

(2.13) Vi={veV*: yreP(T)VT € T;} Vs,
(2.14) Mj={p* € L*(T*): piy € P(I)VI€TT} Vs,
(215) (I)h:{ﬁpéq)i (puEPl(I) VI€'T¢},

and we set, as before, V* := [[,V? and M} := [[, M;. Then we look for an
approximate solution (up,Ap,¥n) of (C2), with u, € V)5, A\ € M, and ¢y, €
®y,. If the three decompositions are totally arbitrary, the discrete problem can be
unstable, and even singular. Here we assume that the decompositions 7,7 and 7
are given and ‘untouchable’. To avoid unnecessary complications in the bubble
stabilization described below, we just require that, for each s, the decomposition
7,7 does not include triangles having more than one edge on the boundary of Q°.
As we have seen in the Introduction, we can however choose the grid 7y’ in such
a way that the problem becomes stabilizable by the simple addition of boundary
bubbles to the spaces V. To do that, however, we shall need, as in [7], some
minor assumptions on the two decompositions 7,7 and 7. Next, we will generate
the 7)Y decomposition and introduce the stabilization through boundary bubbles.
We assume that the decomposition 7y, is quasi-uniform [12] and that, for all s, the
restriction to the boundary I'* of 7.7 is also quasi-uniform. We assume moreover
that the decompositions are comparable. In particular we introduce hyax as the
biggest among the lengths of the intervals of 7y and the lengths of the boundary
edges of the decompositions 7,7, for all s. Similarly, we define Ay as the minimum
over the same set. We assume that:

(2.16) Jv1 > 0 such that hpax < Y1hmin.

In the sequel, to avoid heaviness in the notation we shall write h in place of hnyin
and h for the maximum diameter over 7, and over all 7,°’s (including internal
triangles). We apologize for the rather unusual notation but, as we shall see, h will
be used much more often than .

Remark 1. The assumptions on the 7, grid are rather heavy, and will forbid the
application of the present theory to several interesting cases. We remark neverthe-
less that, in some cases, grid refinements and self-adaptive procedures might occur
only in the interior of the subdomains, thus escaping our present limitations. On
the other hand, as we shall see in the last section, we believe that the above as-
sumptions are just technical ones, and that the results (and the applicability of the
whole method) are valid in more general circumstances.
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We now generate the grid for the Ay’s as
(217) T = merge {(T) 0o, (T)pe} Vs,

More precisely, for all s, we take as nodes for 7, the union of the nodes of 7y
and the nodes of 7,7 belonging to I'*. In doing this it may occur that 7y has
very small intervals, whenever two nodes of (7,7)|rs and (7 )|rs get too close. Such
“small intervals” will be allowed in our discussion (neglecting possible programming
problems), but will need a special treatment from the theoretical point of view.
For this we introduce a constant 3 such that 0 < § < 1, and we say, following
essentially the notation of [I0], that the intervals whose length is smaller than Sh
are “irregular”. More precisely, for I{ € 77, we say that

(2.18) I5 is “irregular” if |I3| < Bh.
Otherwise I§ will be called “regular”. Therefore, we have
(2.19) Fvy2 > 0 such that, Vs VIS € T, if I§ is “regular”, then |I5| > y2h.

Note that one endpoint of an irregular interval must be a node of 7,7, and the other
one a node of 7.

2.3. Introduction of the bubbles. For each s, we add to the discretization of u®
as many bubbles as the intervals of 7,°. More precisely, let T be a triangle having
an edge T" on I'*, so that 77 = | J, I, I € 7;°. Accordingly, T' = |J,, Tk (see Figure
). A boundary bubble by, is a function by € H'(Q®) such that supp(by) C T} and
I} 1, bk # 0. (See [7] for more details.) The optimal shape of these bubbles is still
under investigation. As a simple example, one can think of a quadratic function
vanishing on the two internal edges of T} (see Figure [[)). As the choice has to
be made up to a scaling factor, we can then assume that by has value 1/4 at the
midpoint of I. With this choice one can easily compute that

3 ]2
(2.20) b dx = |Ty|/12, / b ds = |I| /6, |Zbk|2 dx = M,
Ty I, Ty 48|Tk|

where the ey ; are the edges of T). Consequently, we can deduce that
(2.21) b1 7, z/ |V |? de < yhr /|11,
Tk

with hp = diameter of T', |I;;| = length of I, and 7 a positive constant independent
of hy and |I|.

FIGURE 1.
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2.4. The stabilized problem. From now on we shall always assume that the
decompositions 7y, and 7,7 are given and satisfy (2.I6]), that the decompositions 7}’
are generated according to (ZIT), and that the spaces V}*, M and ®;, are defined
as in (Z13)), (214) and (ZID), respectively. Moreover, for every s, let Bj be the
space of bubbles introduced above. We shall replace the space V;’ by the augmented
space

(2.22) VP = Vi®B;, Vs
and then set V¥ = I1, Ve, My = [I, M;. The stabilized discrete problem is now

find up, € Vi, A, € M and 4y, € @, such that

i) as(ug,v) — (A, v)s = (f,0)s, Yv € V,f, Vs,
11) <M8ﬂuz>5 = <M87wh>sv V,U'S € M}‘ia VS,
iii) >0 (AR, s =0 Vi € ®y,.

Remark 2. As pointed out in [7] and further developed in [10] for the single-domain
case, the bubbles and the multipliers A; can be eliminated by static condensation,
leaving, as unknowns, only vy and the piecewise linear part of u,. This will be
further discussed in the last section.

(2.23)

3. ERROR ESTIMATES
Comparing (C2) and 223) we easily obtain the error equations
i) as(u® —uj,v) — (N = A}, v)s = 0, Vv € ‘N/hs Vs,

(3.1) i) (p%u® —up)s = (1*, ¥ — ¥n)s, Vu® e My Vs,
ii) Y (A=A, s =0, Vo € ®p,.

Let uf € Vhs, A] € My, i1 € @) be some interpolants of u® € V°, \* € M?, v € ®
respectively, to be specified later. Then, by adding and subtracting these inter-
polants in ([BJ) we obtain

a) ) ut —uiff o

(3.2) < %:as(us —up,u’ —uy) + %:as(us —up,uy —up)  (use (B1N4))

— I O =X uf - ).
S
For the second term in ([Z2)), by adding and subtracting u® we have

DN =N ug )
s
=D N = Xuf— s ) N = AL - g

S

(3.3)

— I1 N =N - u)s
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By inserting Aj in the last term of (B:3) and using [@I1ii), we now have

ST = A — )

(34) :Z<)\3_)\?,u‘9_uz>s +Z<)\?_>\Z’u3_ui>s
S s

- I Y0 = N — )
Finally, inserting A® in the last term of (84)) and using (BI1iii), we have
ST = X — s
(3.5) S =D TN —dn)s Y (N =N —dr)s

= % + V.

We will now define proper interpolants to estimate the different pieces of (3.2,
B3), B4), and (). From now on we will omit the superscript s unless it is really
necessary.

Let ¥; € &, be the usual continuous piecewise linear interpolant of i, and, for
each s, let uy € V;? be the usual continuous piecewise linear interpolant of u. The
standard interpolation estimates are [12]

(3.6)  |lu—wusllrr < Ch3 " |ulor VI eT) (r=0,1),
(3.7)  Ju—usllre < Cle* "ulzja. Ve edgeof T, VI €T; (r=0,1),
(38) ¥ = ullrr < CHPlsjnr VIET, (r=0,1).

(Here and in the sequel C' will denote a constant independent of the mesh size, not
necessarily the same in the various occurrences.) For the A-variable two different
‘interpolants’ will be needed. For each s, let us denote by A; the piecewise constant
function on the Ty-grid defined by

(3.9) /I (A=Ar)ds=0 VI € Ty,

W
and by NeM 5 the piecewise constant function on the 7Tx-grid defined by
(3.10) /IS(A—X)bds:O VI{ € M, Vb € B;.
We recall that the foll;Wing interpolation estimates hold (see [12]):
(3.11) IN=Arllorg, <O " Nijar,, 0<7r <1/2,
(3.12) A= lrsg < M2 N g, 0<r <172

We also recall that ([.3) implies that A takes opposite values on the two sides of
each subdomain interface. In its turn Az, being defined on the 7y-grid, inherits the
same property. Hence,

(313) Z<>‘a 50>s = Z<)‘1790>5 =0 VSO €,

S S

as o € & is single-valued on X. On the other hand, X does not enjoy this property.
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Some comments are in order before proceeding to estimate the various pieces in
B2)-B3). In doing this, two types of difficulties will arise. One is connected with
the fact that, on the left-hand side of (3:2)), we have the broken H!-seminorm of the
error while, in estimating some of the pieces, it would be easier to use the broken
H'-norm. Hence, we will need to bound the norm of the error with its seminorm.
This is not a major problem, and is dealt with in Lemma 4. The second source of
difficulties lies in the estimate of pieces I1 and V', whose treatment is actually very
similar, where an estimate of A — A\ in terms of u — up, is needed. This is done in
Lemma 1.

Lemma 1. Let T be a boundary triangle of 7.0, and let I, be a boundary edge as
in Figure[. Then we have

(3.14) A = Xllo.s, < Ch |1l = unll iz,

where (u, A\, 1) is the solution of and (up, A, ¥p) that of (223).
Proof. We have

|>\h — >\||1k = |/ >\h — )bk d8|/ bk ds (use (m))
_|/ O — A bkds|// by ds (use @I 1))
(3.15) = |a(u — up,br)|/ | brds (use (2.9))

1y,
< Mlu - Uh||1,Tk||bk||1,Tk//I bpds (use (2.20)-2.21)
k
< Chr' 2|1 732 Ju — unl |1 7y,
The result follows by observing that
(3.16) A0 = Mlo,r = A = Ny [T 2
O

The unsatisfactory part of (B.14) is clearly the presence of |I|~!. To deal with
it in the treatment of I1 and V we shall need an estimate for v — u; and 9 — vy,
respectively, where |Ij| appears as a factor. This is done in the following lemma.

Lemma 2. Let e C I'® be either an edge of a triangle of T, or an interval of Ty,
and let I, be an interval of T, included in e. Let g be a function in H3/2(e), and
let g1 be its linear interpolant on e (that is, g' € Pi(e), and g' = g at the endpoints
of e). Then

(3.17) g — g1llo,r. < Clel"?|Ll|gl3 /2.

Proof. If Ij, is a regular interval, the result follows immediately from standard
interpolation estimates [12] and (216), (2.19). Indeed, we have

(3.18) lg = g1llo. < Cle’?|gl3/2,e < Clel"?|Ik||g]3/2,c-

If instead Iy is irregular, then one of its endpoints must coincide with an endpoint
of e. Setting then d = g — gy, and choosing a coordinate system on e such that
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I, = (0,|Ix]) and d(0) = 0, from the fundamental theorem of calculus and the
Cauchy-Schwarz inequality we get

(3.19) d(s) = /0 4t dt < 51/2(/05(65'(75))2 i)'/,

From (B19) we then have

s, = | sy as < / a ([ wapza) as

(3.20)
[T | [T ) 5 1o
< |Ik|/ / (d'(t))*dt | ds = |I| |dI3 1, »
0 0
so that
(3.21) llg = grllo,r, < [Ikllg — grl1,1y-

Finally, the result follows from (3:2I]) and interpolation estimates [12]:

(3.22) lg — 91|1,Ik <lg— 91|1,e < C|€|1/2|9|3/2,e~

O

Lemma 2 is the crucial step where we could not avoid the assumption (2:16), at
least in the present line of proof. Indeed, for intervals I which are away from the
endpoints of e, we cannot estimate ||g — gr||o.7, better than |e|?|I;|'/?, even using
a W22 regularity for g (which, in the applications, will be either u or ¢.) This
is not enough to compensate for the |I;| ™! term in (B:14)), unless |e| is bounded in
terms of |Ij|. The use of a higher regularity for g and/or a nonlinear bound for |e|
in terms of |I| would greatly increase the ugliness of the paper without seriously
improving the quality of the results. An ideal result would be to derive optimal
error bounds without assuming any relationship between 7,5 and 7, but we have
not succeeded in that so far. In view of this, from now on we shall use (2.10)
whenever this can simplify the proofs, even when it is not strictly necessary.

The combined use of Lemma 1 and Lemma 2 allows us to prove the following
Lemma 3 and Corollary 1, which provide the basic instruments for estimating the
terms IT and V, respectively.

Lemma 3. Let T be a boundary triangle of T.? with a boundary edge T', and let
Ii, be an interval of T,? included in T'. Then

(3.23) | [ A=) (u—ur)ds| < C(hF N1z 1, + herllu — w1 ) |ul2
Iy

where (u, A, ) is the solution of (L2, (un,An,¥n) that of (Z23), and uy is the

linear interpolant of .

Proof. Using the Cauchy-Schwarz inequality, the triangle inequality, the interpo-
lation estimate (BI2) and then BI4)) and (BIM) with ¢ = u, we easily deduce
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that
/ (A = An)(u = ur)ds| < [[A = Anllo,r[[u = wrllo,r,
Iy,
(3.24) < (A = Moz + [IA = Anllo.r)[Ju = urllo.s,
< (O M2 N1 2,1 + 1A = Ao, )| — urllo 1,
< COL2 M1, + by 2| Tl ~Hlw = wnll0) by * [T uls 2.0,
and the result follows immediately from ([ZI0) and |Ix| < Chy. 0

With similar arguments we can prove the following result.
Corollary 1. Under the hypotheses of Lemma [3 we have

(3.25)

/ A= M)W — 1) ds| < CULL2 Nyane + hal >l = unlloo) T 2[5 /2.1,
Iy,

where (u, A, 1) is the solution of (L2), (up, An,¥n) that of @23), L is the interval
€ Ty such that I, C Iy, and vy is the linear interpolant of 1.

Proof. The proof mimics exactly that of Lemma 3 with w =, uy = ;. O

We now have all the necessary instruments to estimate the pieces (B2)—-(B.3).

To simplify the following notation, we set, for s =1,..., N,

(3.26) B o = |lu—un||? o Ef = Y hylulir;
TCQs

(3.27) Ep =) Ei; E} =) Eif,.

We can now estimate the different pieces in (B.2)-(B.5). We begin with (3.2)):

I:Zas(u—uh,u—uj) (use (Z.3))

<MYl = upllo llu — urll1.0r (C-S)
S

(3.28) <MY llu—unllf o) 2D llu —urlff 00)"?  (use B26) and B.27)
S s
= MEWEr;

C-S indicates the use of the Cauchy-Schwarz inequality. We now estimate (B33).
We recall that (ZTI6]) implies that for every triangle 7' in 7,7 having an edge T” in
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I'* there are only a finite number of subintervals I;; of 7% contained in 7”. Then

Il = Z</\ — /\h,U,[ - ’LL>S
:ZZZ/I (A= An)(ur — u)dl (use B23) and (Z12)
s T k k
(329) <O > (h3Aijaa + hrllu—upllr)|ulzr (use (L3) and @Z3))

<CY N (hplular + hrllu —unll o) luler (C-S)

s T

< C(E} + EnEJ).

The estimate of (B4) is also simple, provided that we introduce the following
notation. For every s, and for every I, in I'* we denote by Ty a generic triangle
(not necessarily in 7. but respecting the minimum angle condition) belonging to
Q° and having I, as an edge. Then

ITT = (A= Ar,u—up)s
=> Y /(A — A1) (u — uyp,) dl (B3) and duality)
s Iy
(3.30) <Y A= Allaga,

U — Ufh|1/2,lw (Use (IB:III) and (IISI))

S Iw
<O S IylIMy2.r, lu — unl, (use (29) and C-S)
s Iw
<CY O hplular) 2w — unlr a0 (C-S)
s T
< CEE),.

The term I'V would be a potential source of major difficulties, as it requires in
principle an estimate of ¥ — 9, in terms of u — up. Our choice of A;, however,
makes it vanish thanks to (B.13):

(3:31) 1V = 300 =X =), =0,

Before estimating V' we need further notation. For every triangle T in 7.°, we
define I;(T") as the union of the intervals Iy, in 7, which intersect 0T on a set of
nonzero length. Note that there are only a finite number of them, depending only
on the constant v, in (ZI6). We also denote by 7T} any triangle (with the minimum
angle property) in Q° having I,,(T) as an edge. Then the estimate of the last piece

proceeds as follows. Using successively (3:28), (Z12) and (ZI6), (Z9), and (ZI0),
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and the C-S inequality we have
V= "\ =t — r)s
S

=X Y% [ - -
s T k 7

< CZ Z Z(|Ik|3/2|/\|1/2,lk + |l — wnll1 ) L[V 10l3 2.1,

(3.32) sk

<N N B3 Njee + hrllu = unllua)ls 2,z o)

s T

<CY Y (hluler + hrllu = unlle)|ulsm,

s T

< C(E} + EvEJ).

We can now collect equations (B.2)—(3.5) and the estimates (3.28)—(3.32), thus
obtaining

(3.33) a |us —upli oo < C(ET + E1Ey).

The final estimate would then be achieved if we could bound the term E; =
> llu — unl3 oo appearing in the right-hand side of (333) in terms of the left-
hand side. For this we need the following lemma.

Lemma 4. If (u,\,%) and (up, A, ¥p) are the solutions of ([L2) and 223) re-
spectively, then

(3.34) D = unllf gs <CDJu—unli g
S S
Proof. For each s, let g5 be defined as

(3.35) 0o = ([ (0w da)/I92,

Qb’
and let ¢ be the piecewise constant function defined on €2 by gos = ¢s. Then set
(3.36) wW=1U—Uup — q.

Since w has zero mean value in each Q°, we easily have
(3.37) Dollwllfa <CY wlia=C) |u—unliq-
S S S

Now let x € H}(Q) N H?(Q2) be the solution of —Ax = g in Q; set 7 = V, and for

Ox
ons |Ts

triangulation in each 2° that agrees with 7, on I'* and has maximum diameter
smaller than or equal to h (plus, clearly, the usual minimum angle condition). Note

every s =1,..., N, set pu} = = T ngps. We now consider a new, artificial



924 FRANCO BREZZI AND DONATELLA MARINI

that, in this way, we obtain a compatible decomposition of the whole 2. Now let
7! be the lowest order Raviart-Thomas interpolant of 7 (see e.g. [6]). We have

(3.38) 17 [ (ains) < ClITlhe < Clixllze < Cllallo.o-
We notice that, for each s, if 5 is the interpolant of p* defined as in (B3), then
(3.39) py =71 ngrs.

By classical arguments we then have

lallio == [ Axade==3 [ Ava.do
:—Z/ ué‘qde:—Z/ 17qs dT'
S rs S rs
(3.40) :—Z/F u?(qs+w)dr+2/ piw dl
S ° s s
:—Z/ u?(u—uh)df—i—Z/ uiwdl
s I's s s
—-% [ —wyar+ Y [ o,
S rs S rs

The first term in the last line of (BA40) vanishes thanks to (BI3), and the second
can be bounded as follows:

(3.41)

Z/ u?wdF:Z/ Tl~nsde‘:Z(/ div 7! w dx +/ 1 Vwdz)
s JI*® s ? s Qs ?

< arqaie) O lwllf o) < Cllalloa O llwllf )2,

where in the first step we used ([3.39)), and in the last step we used ([B8:38). Hence,

from 3.40), B.41)) and B.37),

(3.42) lallo.e < CQ_ Hwllf @)'? < OO lu—unlf 02

Since

(3.43) Do lu—unllfgr = llw+dlfa =D (o +lall§ o)

using ([B42) in (3:43) we have the result. O

From (B33) and ([3:34) we deduce the first convergence theorem.

Theorem 1. Let (u, A\, %) and (up, A\p,¥pn) be the solutions of ([[L2) and [Z:23))
respectively. Then

(3.44) En = _llu—unll} g:)'/* < CEr < Chlulz.0.
S

We are now able to prove a convergence result in L?(Q) for the u variable.
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Theorem 2. Let (u, \,v) and (up, An,¥n) be the solutions of (I2) and ([Z23),
respectively. Then

- —2
(3.45) ||u — U,h||07§2 < ChE; <Ch |’LL|2,Q.

Proof. Let w € H}(Q) N H2() be the solution of the adjoint problem of 1)),
A*w = u —wup in Q. For every s = 1,..., N, let wj € V} be the piecewise linear
interpolant of w, so that interpolation estimate (B0 holds, and let w; € ®, be the
piecewise linear interpolant of w on X, for which interpolation estimate (B8] holds.
Then, integrating by parts, inserting w3, using ([B111), and inserting wr, we get

[l — unl[§ o = (u — un, Aw)

:_zs:< uh,a +Za5u—uh,

:I—f—Zas(u—uh,w—wl +Za5 (u — up, wy)
(3.46) =T+1T+) (A= Ap,wi)s

=T+IT+> (A= dn,wi —w)s

+Z</\ - /\h7w _ﬂjl>s +Z</\ — )\h,@]>s

=I+I1T+1IT+1V+V.

The term I will be estimated later on. To estimate IT we proceed as for (B28) and
use continuous dependence of w on u — up and (B44). Thus,

(3.47) II < Cﬁ|w|27g(z [lu — Uh”iﬂs)l/Q < ChE||u — upl|o,0-
S

The term V vanishes thanks to (3:1]iii), while I11 and IV can be treated exactly
as (329) and (B.32)) respectively:
II1, IV < CZZ (W lule,r + hrllu = upll, ) [wle,r

(3.48) < CZ Z hrlulor + |Ju — Uh||1,T)E|w|2,T

s T
< C(E? + EX)Y2 hlw|a.q < ChE||u — upl|o.0-

It remains to estimate the term I. For that, set p; = Ow/Ongrs for every
s=1,...,N. Let u§ be the interpolant of p* defined as in ([B.9). Inserting p$ and

using (B1ii), (B13), (B1I), and (X)), we have
I= _Z<u_uh7M: —‘LL?> _Z<u_uhmu§>8

S

= —Z u—uh,ug ,LLI> Z<¢—¢h,ﬂ?>
—Z U — up, py — pi)s < Zlu—uhh/ﬂ*

< CZ lu—unlash

S

(3.49)

— Ky ||71/2,FS

Melij2,rs < ChEp|w|a.0 < ChE;||u — up||o.0-
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Finally, using (3:47)-(349) in (B4d), we reach the desired conclusion. O

So far, we have obtained optimal error estimates for the variable u. In a sense,
this might be considered as sufficient to assess the accuracy of the three-field for-
mulation. However, it might be interesting to see if similar error estimates could be
proved for the other two variables A and . In the sequel we are going to present
some of those error estimates, restraining ourselves, for the sake of simplicity, to the
ones whose proof is more elementary. In particular we shall obtain optimal error
estimates for both 1 and X in the weighted L2-norms:

(3.50) llellls, = O Hylllell§ r,)"?
Iy

and

(3.51) elllss = Q2> el el )"
s k

In order to make the following exposition more fluent, we anticipate the following
technical fact, whose proof is totally elementary and will therefore be left to the
reader. Assume that I is an interval, p a real number with 0 < p < 1, and I, a
subinterval having length |I,| > p|I|. Let m, be the midpoint of I,. Then, for
every polynomial p of degree < 1 that does not change sign in I, we have

3 3

(3.52) / p(m)p(t) dt = |I,|p*(m,,) > % / pA(t) dt.
I, I

We can now prove the following inf-sup condition for the spaces M;; and @y, rs.

Lemma 5. Let s be fized. Assume that the interval Iy, € Ty . contains at least

two regular intervals I € T,}. Then, for every ) € ®5, not identically zero on Iy,
there exists a pj, € Mj, not identically zero on Iy, such that

3p§nin
(3.53) s |15 1, :/1 phpn dl > (== )2l enllo.r, 1 0.z,
»
where
. [ Bh
(3.54) Pmin = min {m, I, C Tw|rs ,

and (3 is defined in (2:18).

Proof. As ¢y, is not identically zero, there exists at least one regular interval Iy
where ¢}, does not change sign. Let m be the midpoint of this Iy, and set uj =
on(m) in Iy, pj = 0 in the rest of I,. We then have

(3.55) / phon dU = [|]13 1,
Iy

On the other hand, using 352, we also have

s 3p3min 2
(3.56) [ ipnar > Hoinjjp 3,
»
as the regularity of Iy implies |Ix| > Bh > pmin|ly|. Now (B50)—-(BE50) give (353).

O

We can now prove our convergence theorem for the variable .
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Theorem 3. Let (u, A, v) and (up, An,¥n) be the solutions of (L2) and (Z23)
respectively, and assume that for all s =1,..., N each interval I, € Tw\rs contains
at least two regular intervals I € T,’. Then

— —2
357 e =vnllls, = QD Hpllle = vnllgr,)"? < ChEr < ChJulz0.

S Iw

Proof. Let 11 be the interpolant of ¢ as in 1), and use, in every I, LemmaH
with ¢ = ¥, — ;. We obtain

3p§nin
(3:58)  [Ly['/? /I 5 (Y = ) dU = () V2L 12 o — rlo,r, Nl o1,
P

On the other hand,

Iy |12 / 145, (tn — 1) dT
»

(3.59)
Ll [ pion =) a0+ 1 [ i e dr =1 4 11

I, Iy

In order to bound the first term, as in (B30) we take Ty a triangle in Q° having I,
as an edge, and we apply (ZI1)) in Ty,. We obtain

(3.60)
= |Iw|1/2/ uzwh—w)dr:uw/ 115 (up — ) dT

Iy I,
< |y "2 i 0,1, un — ullo,r,
< O M| o1, (

The second term in (B.59) is easily bounded using (B.8) and (Z.10):

)1/2'

Iy~ = unllf z, + |lu = unllo,z, v = unlhz,

(3.61) 1T < Cllpillo.r,

Ly P13 2,1, < Clluillo,r,  Lpl?|ul2,r, -
Inserting (B:60)-B61) in (59) and then in (B58) and taking the square gives, on

the intervals I, where 15, — 15 does not vanish identically,

Ly llln — ¥1ll3 1,
¥

< C(lJu = unll§ 7, + Hyl|lu = unlo,n,

Summation of [B.62) gives, using (B.44) and (34),

(3.62)

w =iz, + ol ull g,)-

—2
(3.63) o Myl = wirlig s, < CR™E,
s Iy
and the result follows by (3.8)) and the triangle inequality. O

Remark 3. We notice that the additional assumption required on 7y’ for proving
the error bound (B51) is not difficult to realize in practice. Indeed, one can start
by defining 7y as in ZI4). If there is an I, that does not contain two regular
intervals of 7, we just add a node to 7, by splitting into two equal parts the
longest Iy contained in Iy.
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P P ' R’ R

FIGURE 2.

Remark 4. The norm (B.50) used in estimate ([3.57) is clearly weaker than the norm
in L?(X). However it is optimal, compared with the regularity assumptions on the
solution. In particular, using (Z16)) and (B51), one can easily deduce that

—3/2
(3.64) 1% = nllo.s < B Julzq
for quasi-uniform meshes.
As far as the A-variable is concerned, we already had in (Z1H) that
(3.65) A = M, < Che |5 722 Ju — |17

for every Iy C 77 (s =1,...,N), where T is the triangle in 7,7 having I; as part
of its boundary. If I is regular, this implies

(3.66) A= N < Ol M — w17

We would like to prove that (3:66)) is essentially true for irregular intervals as well.
Assume therefore that Ij is irregular. We need some notation. Let @ be the
endpoint of I, that is a vertex of 7, (there must be one). Let T' be the triangle
of 7.7 having I, C 0T. Let P and R be the boundary vertices in 7,7 sharing a
triangle with ). Let Q' be the other endpoint of I and assume, to fix ideas, that
Q' € QR. As it will be the worst case, we also assume that there exist two other
points, P’ € PQ and R’ € QR, such that PP’ and RR’ are irregular intervals of
7T¢. See Figure[2 Now let vj, be a function in V;® (hence, piecewise linear on 77)
such that v, (Q) = 1 and v, = 0 at the other vertices, and K = supp(vp). In the
case of Figure 2, K will be the union of the three triangles.
We are ready. Splitting the integral into five pieces, we have

(3.67)
R P’ Q R/ R
/ -dF—/ -dl — -dF—/ -dF—/ -dl
P P P’ ’ /

Q' -
/ (/\h - )\)Uh dr’
Q
<+ || + |III| + [IV|+ +|V]|,

and we bound each of the five pieces separately. To start with, we remark that 111
and I'V are made of regular intervals. Therefore from (3.66) we immediately have
(3.68) (11} + [IV] < Cllu— upll1,x,
as |vp| < 1. On the other hand, using elementary calculus and then (B.65), we have
(3.69)

P+ P (|PP'|)?

2|PQ)

11| = [An = Xl ppr - [PP'| - up( ) = [An = Alpp - < Clu— upl|1,x-

The term V is then estimated in an identical way:
(3.70) V| < Cllu—up|l,x-
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so that we only have to deal with I. Adding and subtracting A, using (812), B11),
([23), and estimating the norms of vy, (that is, ||va||o,pr < ChY? and ||vp |1k < O),
we obtain

/ZM—EWW—/iM—Mm£+/ZkJMJF

P P P
(3.71) < Ch'?| Ny jz,pr llvallopr + alu —un, vn)
< Chlul2,x + Mllu—upl|i,xl||vnll1,x
< Chlulz,e + [ — unll1,x)-

Summing all the five contributions from (3.68)), (3.70), (3.69) and B.71l), we have
Q' -
/ (>\h - )\)Uh dar’

Q

On the other hand, the same integral can be estimated from below:

(3.72) < C(hlul2,x + ||lu — un|l1,x)-

Q' . . /
/Q (A = Nop dl| = [Ap — Alg, - |QQ'| 'Uh(Q%Q))
3.73 ~ 210R| — /
(379) = |An = Al - 1QQ']- 2408 — 1991 2:QR||QQ |

> C|Ik| [ — Alz,.-
Comparing (3172) and B3], we conclude with the following theorem.

Theorem 4. Let (u, A\, %) and (un, An,¥n) be the solutions of ([[L2) and 223
respectively, and let X be defined by BA0). For all s = 1,...,N let I be an
interval in T, and let K be the union of those triangles of 17 that have at least
one point in common with I.. We have

(3.74) A = Az, < O 7Y (Blulz,k + |lu — unl]1,x)-

From (3.74), the previous error estimate ([3.44)), the interpolation estimate ([B-12)
and the triangle inequality we have then the final error estimate for A, in the norm
B5D).

Theorem 5. Let (u, A\, %) and (up, An,¥n) be the solutions of ([[L2) and 223
respectively. We have

(3.75) 1A = Mallloy = Q0D Il 1A = Mallf,r,)"? < CEr < Chlulz0.
s k

4. NUMERICAL CONSIDERATIONS

In this section we shall address a few numerical considerations, in order to cast
some light on different issues, like the actual implementation of the procedure and
its expected numerical performance. To present a full set of numerical experiments
(that might show the accuracy and stability of the method, the quality of the
preconditioners that can be used, and the overall performance in terms of accuracy
versus computer time in different typical situations of industrial interest) is far
beyond the scope of this paper.

On the other hand, since full numerical evidence in support of the present ap-
proach is presently lacking, it is worth a few comments to explain why we believe
in its potential.
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We then go back to the stabilized problem (Z23), which we report here for
convenience:

find uy, € ‘7}:‘, An € My and v, € @), such that

(4.1) i) as(uj,v) = (A 0)s = (fo)s Vo € Vi Vs,
11) <Msﬂui>8 = </’Ls7wh>s7 V,u'q € Mﬁvvsv
111) Es< Za¢>S:O7 VSOEq)h

First of all, we note that the formulation (fIl) does not seem to be very well
suited for a global solution, as one would have by applying an iterative algorithm
(conjugate gradient, GMRES, etc.) to the whole system. Even the procedure that
eliminates the bubbles and the Lagrange multipliers A; (which we are going to
describe in detail in the sequel) will not produce a system which is well suited for
that. On the other hand, in most cases, this is not the preferred way for solving a
domain decomposition problem. Looking at (&), it is clear that, for fixed v, the
first two equations can be solved independently and in parallel. We can therefore
consider the mapping S, = (S, Sx) that associates to the pair (f, 1) the solution
(un, Ap) of the first two equations of ). With this notation, problem (@I can
be written as

(4.2) find 1, € ®p, such that Z(S,\(f, ¥n),0)s =0, Yo € Oy,

S

It is clear that in (Z2]) a crucial role is played by the linear operator Sy, from @y,
to its dual space, defined by:

(4.3) (S(tn), @) == > (Sx(0,%n), @)s,

S

which is commonly called the Schur complement, and whose spectral properties
have a paramount relevance in solving ([{2) by iterative methods. It is easy to
see that S}, is the discretization of a pseudo-differential operator S, of order 1, on
Y. In order to precondition ([42)) one has to find a cheaply computable operator
that could be regarded as an approximation of S~!. Several choices for that can
be found in the literature. For instance one could solve local Neumann problems
(not necessarily related to the actual form of the operator A or to the 7.7 grids)
in order to get an approximation of the local Steklov-Poincaré operators. Or one
can define a sort of H'/2 inner product on ®,, and invert the associated linear
operator. We refer to the survey [11], and to the impressive set of proceedings of
the various meetings on Domain Decomposition Methods, whose latest volume is
[]. Tt is clear, however, that in doing that the task is made much easier if the grid
on Xy, is uniform. For instance, one could use fast solvers for the local Neumann
problems, or find easy expressions for the H'/2 inner product, and so on. This is
the main reason why we believe that an approach allowing the use of a uniform
grid on ¥ (independently of the grids that are used in the subdomains) is worth
investigating.

Let us now discuss the actual computation of the operator Sy, and in particular
the solution of the local problems in each 2°. For this, we concentrate on a single
domain. We assume 1, to be given, and we see how to compute the corresponding
uj and A;. For simplicity, we drop the superscript s, as the same identical procedure
will be applied, in parallel, in each subdomain. With an abuse of notation, we are
also going to call the current subdomain € (instead of £2%), and so on. No confusion
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should arise. With this simplified notation the local problem becomes

given ¥y, on 052, find up € Vh and A\, € M}, such that
(4.4) i) a(up,v) — (An,v) = (f,v) Yo eV,
i) (p,un) = (1, ¥n) Vi € My,

where M}, is made of piecewise constants on 7, and Vh is obtained as the sum of
piecewise linear functions on 7, (which we will denote by V1), and the space of
boundary bubbles Bj. Accordingly, u, will be written as

(4.5) up(z) = ur(x) + Z uk by, ().
i

From the second equation of (€4)), by taking u as the characteristic function of an
interval I of 7, we obtain

(4.6) uky = ( . Ypds — /I’c uLds> / /Ik by ds.

We remark that both uy and vy are linear in each I, so that, indicating by my
the midpoint of I, and setting

(4.7) vi= | bpds,
Iy

we immediately obtain from (£6]) that

(4.8) ufy = (Yn(mr) — ur (mp))| Ik | /7

We can now use the first equation of (f4l), with v = b, in order to express A\ as
a function of the other variables:

(4.9) Me = (alur, br) + ul a(be, be) — (f,0x)) /-

Assume now, for simplicity, that in (ZZ) we have ay = 0, and that the other
coefficients a; ; are piecewise constant. Assume also that the right-hand side f is
piecewise constant. The last two assumptions are not really restrictive, as in most
cases both a; ; and f are approximated anyhow by piecewise constants in the actual
implementation. The first assumption, on ag, is more restrictive, but, as we shall
see, is there only to have a nicer final formula, and a piecewise constant ag could
also be taken very easily into account. We remark now that, integrating by parts,
for every vy, € Vi, and for every k we have
8vL (%L I

4.10 a(vp,bx) = a(bg,v :/ brds = ,
(4.10) (vr,br) = a(bk,vr) T an,

where clearly vy, /On, is the conormal derivative of vy, with respect to the bilinear
form a, as given in (Z3]). We also set

(4.11) o :/ brdz, Vi = a(bk, br),
Tk

so that (@Y) becomes

(4.12) n = Q| (B~ fik)
87’la fyl‘g
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With some manipulations, using (8) and (ZI0), we obtain
81),;
4.13 a ufy by, vp) = —u ds.
(113) (St = [ n - uzt

Taking now the first equation of [E4) for v = vy, using ([@8), @I2) and EI0), we
obtain with easy computations that

dvr, dur, I \* .
a(ur,vr) — (ur, 8—na> — (vr, 8na> +) (7—£ Vi wr(me)vr (my)

(4.14) = (f,oL) =Y _ f (7“,]“)11( k) — <¢hvavL>

k (l

I\ 2
+ Xk: <|,y_];|) ’Yltcl wh(mk)vL(mk).

k

Equation (ZI4) can be further simplified. In particular, if vy, is a basis function
having value 1 at a boundary node and 0 at the other nodes of 7, and if f is
piecewise constant on 7, using (Z:20) we rather easily get

T
(4.15) S h (Mﬁ') ka@m (M) /vadx
k Tk

where the last integral is over the triangles havmg an edge on J2. By linearity, the
formula will then hold for every vy, vanishing at all internal nodes. Hence, we can
also consider the new scalar product, defined for piecewise linear functions u;, and
v, as

2
(4.16) (up,vphn = (%) Vi ur (mi)vr (me),

k k
and, in agreement with (EI5),

(4.17) (fsvr)« /vadfﬂ

where the integral is extended over the elements having an edge on 012, and v} is
obtained from vy, by setting all the values at internal nodes equal to zero. Equation
(ET4) now becomes
a(ur,vr) — (ur, 8£> — (vr, 8UL> + (ur,ve)n
(4.18) Onq Ing.
= (f,vr) = (f,vn)s — <¢h7 L> + Wn,vp)n VoL € Vi

The nature of the resulting local problem should now be clear. We remark first

that the method we obtained by adding and eliminating bubbles is very close to

Nitsche’s method [I7], which roughly corresponds to
ovy, our, o

(4.19) a(ur,vr) — <uL’8—na> — (v, 8na> + 54

ovy, «a
= - o)+ v Vi
(fsvr) — (¥n, 8na> + h<wh,vL> v € Vi,
and whose implementation is immediate. In (ZI9) « is a suitable constant which

has to be > ag, depending on the minimum angle of the triangles. We also point
out that, for reasonably smooth f, the term (f,vr )., which appears in [@Ig]) and

ur,vr)
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i >
1 2 3 4 5 6 log(e~1)

FIGURE 3.

not in (I9]), will actually be negligible (but in any case is easy to compute). On
the other hand the terms 7 (ur,vr) and (ur,vr)s compare very well in terms of
powers of h. The effect of having smaller intervals Ij, or even irregular intervals,
should correspond, roughly speaking, to choosing a local value for « which is bigger
than necessary. In these circumstances, both (I8) and [@I9) exhibit, in practical
computations, the typical behavior of penalty methods, as depicted in Figure B: for
smaller and smaller values of the penalty parameter €, the relative error stabilizes
to a value which is slightly bigger that the optimal one (corresponding, in general,
to € ~ h) that is well within the bounds of optimality (in terms of powers of h).
For this reason, we believe that our assumptions on the grids, and in particular
the quasi-uniformity of 7,, on the boundary and the comparability of the two grids
T, and 7Ty, are rather technical assumptions, and do not correspond to an actual
weakness of the method.

Finally, we want to point out that, in the spirit of [1], one could think of changing
the shape of the bubbles by so that the actual computation of the coefficients
appearing in the final reduced system will become easier. Essentially, within certain
limitations, one might prescribe the value of the coefficients and use them in the
computation, just knowing that there exist bubbles (still providing optimal error
bounds) that will produce, after elimination, the prescribed coefficients. The actual
shape of these virtual bubbles does not need to be known explicitly, as only the final
coefficients enter the computation. These matters are currently under investigation.
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