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LONG-TERM STABILITY
OF VARIABLE STEPSIZE APPROXIMATIONS OF SEMIGROUPS

NIKOLAI BAKAEV AND ALEXANDER OSTERMANN

ABSTRACT. This paper is concerned with the stability of rational one-step
approximations of Cp semigroups. Particular emphasis is laid on long-term
stability bounds. The analysis is based on a general Banach space framework
and allows variable stepsize sequences. Under reasonable assumptions on the
stepsize sequence, asymptotic stability bounds for general Cp semigroups are
derived. The bounds are typical in the sense that they contain, in general,
a factor that grows with the number of steps. Under additional hypotheses
on the approximation, more favorable stability bounds are obtained for the
subclass of holomorphic semigroups.

1. INTRODUCTION

Stability bounds for approximations of linear semigroups play, without doubt, a
key role in the analysis of discretizations of evolution equations. Consequently, such
bounds have gained a lot of interest in literature (see, e.g., Bakaev [I], Brenner and
Thomée [], LeRoux [9], Lubich and Nevanlinna [I0], and Palencia [I3]). Whereas
these stability bounds apply directly in the analysis of linear equations, their im-
portance for nonlinear problems relies on the use of perturbation techniques and
the variation-of-constants formula (cf., e.g., Lubich and Ostermann [11]).

In the present paper, we are concerned with the long-term behavior of ratio-
nal approximations to Cy and in particular holomorphic semigroups in the case
of nonuniform time grids. It is well known that the use of nonconstant stepsize
sequences in the numerical treatment of differential equations may lead to an as-
ymptotic behavior of the approximate solution which essentially differs from that of
the exact solution. For systems of ordinary differential equations (linear and non-
linear) the analysis of asymptotic stability of approximate solutions on nonuniform
grids is carried out in a paper by Hairer and Zennaro [6]. The results of [6] can
be applied to the case of linear differential equations in Hilbert spaces with normal
operators. However, in Banach spaces, the situation is much more complicated and
a more careful analysis is required.

It was shown in Bakaev [2] and later in Palencia [13] that, under some reason-
able restrictions, rational approximations of a bounded holomorphic semigroup are
uniformly bounded for arbitrary stepsize sequences. For holomorphic semigroups
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with exponential decay, however, the asymptotic behavior of corresponding approx-
imations does not seem to have been studied earlier.

As concerns general Cyy semigroups, we are also not aware of any work devoted to
the analysis of approximations on nonuniform grids, particularly not for semigroups
with exponential decay. However, we have to mention the seminal paper by Brenner
and Thomée [4], where approximations of Cj semigroups with constant time steps
are examined, and on which our analysis will be based.

Let E be a Banach space with norm || - ||. The symbol || - || also denotes the
operator norm in E. Consider in E the following Cauchy problem
(1) up = Au, 0 <t < oo; u(0) = ug,

with some linear unbounded operator A acting on F and some initial value ug € E.
Our main hypothesis with respect to the operator A will be as follows:

HA1: The operator A generates a Cy semigroup et”, and there are constants L > 0

and v > 0 such that

et < Le™" for all t > 0.
Hypothesis HA1 allows one to define the mild solution of problem () by
(2) u(t) = ettug, t>0.

It is well known that HA1 can be replaced by an equivalent condition in terms
of the resolvent of the operator A (see, e.g., Hille and Phillips [8]) but this is not
essential for our further needs. Nevertheless, in the last section, we shall encounter
the following sectorial type restriction on A:

HAZ2: The operator A is closed, with dense domain and its resolvent satisfies

(21 — A)"Y < Llz+v|™" whenever z € %,
with some L >0, x € (0,7/2), and v > 0, where
Yo ={2€C: z# —v, |arg(z +v)| <7 —x}U{-v}.

We note that hypothesis HA?2 is more restrictive than HA 1 because, if it is fulfilled,
A generates a holomorphic Cy semigroup e*4, with

et4] < CLe™"! forallt >0,

where the constant C' depends on x (see, e.g., Lunardi [12, Chapter 2]).

We next introduce our hypotheses on the rational approximations. Let R(z)
denote a fixed rational function. We require R(z) to be A(p)-stable, i.e.,
HRI1: |[R(z)| <1 for all z € C\ Xy0, with some ¢ € (0,7/2].

With the function R(z) we associate the following function

r(€n) = Rin+i), &neR,
and we shall write for brevity,
r(§) = R(ig).

Sometimes we shall use the following additional restrictions on R(z):
HR2: The number R = R(c0) satisfies

|Roo| < 1;
HR3: The function r(§) fulfils
[r(€)] <1 forall £ € R\ {0};
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and
HR4: R(z) approximates e* at z = 0 with order p for some p > 1, that is

R(z) =e* 4+ O (|z[PT!) as z — 0.

It follows from the hypotheses HR2, HR3, and HR4 that
HRS5: The function a(¢) = e~ %r(¢) satisfies for any fized d > 0

a(€)| < e whenever [¢] < d,

with some even s > p+ 1 and some ¢ > 0 (depending on d).
However, the size of s is not specified by HR2 — 4 and we prefer to introduce HR5
as a separate assumption.

Throughout this paper, we deal with sequences of positive numbers. For brevity,
we call each such sequence a stepsize sequence. For any stepsize sequence K =
(kj)521, we define the finite stepsize sequence K, = (k;)7_;, whose members are
just the n first members of K. In this case, we write K,, C K.

For any finite stepsize sequence K,, = (kj)?zl, we introduce the operator

3) R(K,: 4) = [ R0k 4).
j=1

which may be thought of as a rational variable stepsize approximation to the semi-
group efn4 with ¢, = E;LZI kj. The main aim of the present paper is thus to
obtain bounds for the quantity || R(K,; A)||, under some reasonable restrictions on
A and R(z) from among those listed above. In particular, we examine the long-term
behavior of rational methods of the form (3.

The paper is organized as follows. In Section 2, we consider the case when the
operator A fulfils HA1 with v = 0 and, therefore, generalize results of Brenner and
Thomée [4] on stability to the case of variable time steps. Section 3 is devoted to
the case v > 0 and contains results which allow one to compare the asymptotic
behavior of the semigroup e*4 to that of the rational method (@B). Our analysis
in these two sections is based on the Hille-Phillips operator calculus. Finally, in
Section 4, we examine asymptotic stability in the case of holomorphic semigroups,
that is when the operator A fulfils HA2 with v > 0. We obtain in this case sharper
estimates of asymptotic stability. The techniques for showing this are based on the
Dunford operator calculus in terms of resolvents.

For our further needs, it is convenient to introduce some additional notation.
For any given finite stepsize sequence K,, = (k; );L:l, n > 1, we denote for 3 # 0,

n 1/8
Sp () = (Z K ) and  Ms(Kn) =n~"/7S5(Ky).
=1

As above, instead of S1(K,,), we simply write ¢,,.

With any finite stepsize sequence K, = (kj)?zl, we associate the reordered
stepsize sequence H, = (hj)?zl, given by h; = k,(;), where the bijection o is
chosen in a way such that

h1 <...< hy.

The finite sequence H,, is called the ordered sequence for K,,.
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Next let K,, = (k'j);?:l be an arbitrary finite stepsize sequence and let H, =
(hj)?=1 be the corresponding ordered stepsize sequence. Let the indices

1<h<...<l,=n,
be chosen such that I;, 1 < j < p—1is the largest index for which 2h;; < hy,,, and

2h1 > hy,. The finite sequence (lj)?zl is called the associated sequence of indices
for K,,.

For any finite stepsize sequence K, = (k;)}_,, we denote
NV
J
SJ@(KW): Zh? ) jzla"'aua
1=1
and

My(Ko) = 5085 5(Kn)y =1, 1,

where (h;)_; is the ordered finite sequence for K, and (lj)?zl the associated
sequence of indices for K.

In the case when K, is specified in the context, we shall often omit the depen-
dence of Sg, Mg, S;j 3, and M; 3 on K,.

For future reference, we recall the following well-known inequalities (for their
proofs, see, e.g., Hardy, Littlewood, and Pélya [7]) :
(4) Spy(Kn) < Sp, (Kyp)  for 0 < By < B,
(5) Mg, (Kyn) < Mpg, (Ky)  for f1 < Fa.
Obviously, the inequalities @) and (§) are valid with S; 3(K,,) and M; g(K,) sub-
stituted for Sg(K,,) and Mg(K,,), respectively.

Henceforth, we denote by C' and ¢ generic constants, subject to C' > 0 and
¢ > 0, whose sizes are not essential for our analysis. We emphasize that these

constants depend only on the constants appearing in our hypotheses, except on L.
The dependence on L will always be given explicitly.

2. BOUNDED SEMIGROUPS

In this section, we show how the fundamental results of Brenner and Thomée [4]
on the stability of rational approximations of semigroups can be extended to the case
of nonconstant stepsize sequences. Note that for constant stepsizes, the estimates
([8) and (29) below were obtained already in [4].

We begin with some preliminaries. Let A be the set of bounded measures A(t)

on the real axis R and let A be the set of corresponding Fourier transforms

[e )

(6) ) = / eMdN(t), e A.

—0o0

Endowed with the norm
[\ = [ dj,

where A and \ are connected via @), the set A becomes a Banach algebra, so that

(7) [[:\\1/):2]} < [[:\\1]} [[/):2]} for all :\\1,//\\2 S K
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As a generalization of formula (Bl) to the operator case, Hille and Phillips [8]
Chapter XV] have constructed a calculus for a certain class of generators of semi-
groups. Within this framework, they have derived as well an estimate for the norm
of a function of such an operator (see [8, Theorem 15.2.1]). For further needs, we
use the following straightforward consequence of this estimate: if a function F(z)
is holomorphic and bounded in the half-plane Rez < 0 with f(§) = F (i) € A, and
if the operator A fulfils hypothesis HA1 with v = 0 and some L > 0, then

(8) IE(A) < LLf].

On the other hand, the quantity [[ f ﬂ can be bounded by Carlson’s inequality (cf.
[4, Lemma 2]):

(9) [£] < VRIS whenever f, f € Ly.

Our analysis below is essentially based on the use of (B) and (@). Let K, =
(kj)j—; be an arbitrary finite stepsize sequence. Here and elsewhere in this section,
given K,, we denote

P) =[] rtke).
=1

If R(z) fulfils hypothesis HR1 with ¢ = /2, the function [[;_, R(k;z) is holomor-
phic and bounded in the half-plane Rez < 0. Further, in this case, as shown in
[, r() € A, and hence by Lemma 6 in Hl, r(k¢) € A for any k > 0. Since A is
a Banach algebra, we conclude that P(§) € A. Therefore, as a consequence of (8],
we obtain

(10) IR(En; A < L[PE)]-

Together with formula (@), this yields the basis for our subsequent analysis.
Our first result on stability is as follows:

Theorem 2.1. Let the operator A and the function R(z) satisfy HA1 with v =0,
L >0 and HR1 with ¢ = /2. Then, for any finite stepsize sequence K, = (k;)7_y,

we have
Moo (K e/ (4e+2)
M) for all e € (0, 1].

M_.(K,)

Proof. We shall bound the right-hand side of (I0). Let k& be an arbitrary positive
number. For further needs, it is convenient to denote x; = k;/k and

(11)  [|R(Kn; A)|| < CLe 0!/ (

P(k; ) = [ [ r(xi9)-
=1

It follows from the above remarks that P(§) € A and hence, by Lemma 6 in [4,

(12) [P©)] = [Pk:&)]-
As will be seen below, a suitable bound for the right-hand side of (IZ) and the

optimal choice of the parameter k > 0 will lead to the desired estimate (LTI).
Let 1(€) be a smooth cut-off function satisfying the conditions

supp ¢ C <—2,—%> U (%,2) and zjlw@*jf) =1 if [¢] > 2.
=
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The existence of such a function is shown in Brenner, Thomée, and Wahlbin [5]
Lemma 2.1.1]). Denote

V(&) =1 (277¢), j=1,2,..., and wo(f)zl—Z%(f)

Clearly, the family (1;)32, is a partition of unity. By the triangle inequality, we
can write

(13) [Pk;6)] < [[R"]HZ[[% - R%)].

For further success, we need the followmg simple inequalities which are valid for
all ¢ e R,

(14) r(@l <1,
(15) M) — Reol < C(1 4 [€])"
and
d
(16) } (5)} <o +le)?

dg§
By applying ([4)) and (I5), we find

[P (k; &) — R”|<Z|R [ r(ki€) — Rec H [ (#5)]
(17) =1 Jj=l+1

<CY (14l forall{ R

The last inequality can be sharpened when taking into account that by (I4),
P€) — RL| <2 for€ R,
so that we get instead of (IT),

n

(18)  |P(k;¢) — RL| < Cmin (1,2 (1+ I€l|€|)1> for all £ € R.

I=1
One can also obtain on the basis of ([[4) and (I6) for all £ € R,

Hr (k&) ‘

J#l

d

(P - ‘ Zm

—r (k&)

(19)
< ch (1 + rilé))

=1

Now, by using (I8) and (IU) and taking into account how the support of each 1;
is localized, we get for 7 > 1,

65O (P56 - >HL2<czf/2mm(1vz<1+mzj>*),

=1
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and
d n
i ¥ (&) (P(k;€) — RL,)

so that

<C (2-]'/2 + 93/2 Z/ﬂ (1 + I€12j)_2> ,
Lo

=1

(v (Pt - r2)

=l

L2 L2

n
<cY (1+m2)t 21
=1
Similarly, we derive as well

(21) [0 (&) (P(k;€) = R2)]|,, < C,

and

Hd% <wo(£)(P(k;£) - R&)) =<c (1 Y ks ml”)

=1

<c <1+Z,@;/2> |
=1

It follows now from the inequality (@) and the estimates @20)—22) that

n 1/2
[v;)(P(k;€) —RL)] <C (Z (1+ ,ﬂzj)1>

(23) =

< 02_j€/2k€/2 (S_E)_E/Q,
for any j > 1 and € € (0,1], and

n 1/2
[40(6) (P(k: &) - RL)] < © (1 S K;/z)

(24) 1=1

<C(1+k (S12) ")
Combining [I3)), ([23), and (24 thus yields for any ¢ € (0, 1],
[P(k;6)] <C (1 P! (51/2)1/4 4o 1gel? (575)76/2) ’

whence after optimization in k and taking into account (I2)), we get for all € € (0, 1],

e/(4e+2)
[PEO)] <C <1 et (%) >

M e/(4e+2)
=C <1+61n1/2 (M—l_/:> .

Observe that, in view of (B, the first term in the parentheses on the right-hand
side of (25) can be omitted. The desired estimate (1)) thus obtains by combining
this and (T0). O

(25)

On the basis of the estimate ([IJ), one can obtain simpler estimates which are
more convenient for analysis.
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Corollary 2.1. Under the conditions of Theorem [Z1, for any finite stepsize se-
quence K, = (k;)7_;, we have

(26) |R(Kn; A)|| < CLlog (1 + #(n))n'/?,
where

k(n) = Jax. ki/ min k.

Proof. Tt follows immediately from (II) that

(27) |R(K,; A)|| < CLe 'n'/2k(n)°  for all € € (0,1],

whence setting € = 1/log(1 + x(n)) implies (20]). O
We call a family 7 of stepsize sequences quasiuniform, if with k(n) defined as

above,

sup k(n) < C forany K € 7.
KnCK

Corollary 2.2. Under the conditions of Theorem[2.1), for any quasiuniform family
T of stepsize sequences and any K, C K € T, the following estimate holds

(28) |R(Kn; A)|| < CLn'2.
Proof. This is a straightforward consequence of (26). O

The only restriction on R(z) used in the statement of Theorem [2.1]is hypothesis
HR1 which is actually the condition of A-stability if R(z) is interpreted as the
stability function of an approximation method. Now, in order to obtain sharper
estimates, we make slightly stronger restrictions on R(z).

Theorem 2.2. Assume that the operator A and the function R(z) satisfy HA1
withv =0, L >0 and HR1 — 5 with ¢ = 7/2, p > 1, and s > p+ 1. Then, for
any finite stepsize sequence K, = (k;)j_;, we have

(29) |R(K,; A)|| < CLnI=P+D/9)/2,

Proof. In view of (I0), it suffices to bound the quantity [P(¢)]. Let H, be the
ordered sequence for K, let (lj)?zl be the associated sequence of indices for K,,,
and let ¥(£) be a smooth cut-off function with supp v C [—1,1] satisfying the
restriction

YO=1 forle <.
One can easily check that
(1—¢(hl,+1§)) (1—¢(h1J§)) = 1_1?(]%5)7 .7: 17 7H_1

This allows us to use the following identity
p—1

(30)  1=¢ (h,&) + > (1=0 (h,,8) )0 (h,€) + (1- ¥ (h,6)), E€R.
j=1

Further, recalling that a(¢) = e~*7(), denote

Pi&)= [ r(he&) and Q;() =[] alhqt)-

q=l;+1 g=1
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Noting that
= [[r(me),
1=1
by the triangle inequality, (@), (30), and Lemma 6 in [4], we get
[[P(f)ﬂ = [[1/) (hl ]] + Z[[ 1 - hlj+1£)) J(f)ﬂ
[0 (hi;€) Q (€ ﬂ + [ (1 =4 (h,&))P(E)].

Our next argument will be essentially based on the following two lemmas:

(31)

Lemma 2.1. Under the conditions of Theorem[2.2, for any finite stepsize sequence

Kn = (kj)}_y such that k1 < ... <ky, we have

n (p+1)/2
o [uwolTasa ] e (1 (o))

Lemma 2.2. Let K,, = (k])j 1 be a finite stepsize sequence satisfying k1 < ... <
kn, and let 1 < o < n be an index such that k, < 2k1. Then, under the conditions
of Theorem [Z2, we have

(33) [(1=¢(ke&)) P(Kn;€)] < OO,
with some fixed 6 € (0,1).

The proofs of both lemmas will be given below.
Now we are ready to complete the proof of Theorem [2.21 Applying Lemmas 2]

and 22 to (31)), we find
] (p+1)/2
(34) [PE]<C |1+ Z(sm—l (_+)

Note that, in view of (B)) and since p+ 1 < s, we have
(35) Sj,p+1 — ll,/(p+1)_1/SM p+1 < ll/(p"l‘l) 1/s < n /(p‘i’l)*l/s’

=1,...
Sj,s ] ]\4‘77 ] ) 7/"’7
which yields instead of ([34]),
w
(36) [PE)] < 0(1 4 p-(+)/s)/2 Z 5"—1;') < On\1=@+1)/5)/2
j=1
So (29) follows by combining ({0) and (36). O

It remains to prove Lemmas [2.1] and B.2.
Proof of Lemma[2.1l First of all denote

n k?l
-1 (7).
=1
Lemma 6 in [4] shows

(37) [{ &) [[ a8 ]] P(E)QE)].
=1
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It is convenient to denote as well

@ng,Zng, 6> 0.

Clearly, by the assumed restrictions on k1, ... , k, and hypothesis HR5, we have
(38) [%(£)QE)] < Cexp (—cOE*) .
Next, since

a(¢) =" with  9(€) = O(lg]*),
by the same reasonings and HR4, we find

EOQ©O)| < Comp(—cexie) (1+6511eP)

Now it follows from (38) and (B9) that
(40) [©QE),, < O,

and
H—(w(@ <c <@1/2 + 012 <@>M> .
dé o s < \7s,

Therefore, since ©5 > 1, by virtue of (@0), @), and (9), we conclude

[v©e©] <0 (@s H (ng)pH) T <1 + (ng)wm) ,

which, in view of ([B7), directly leads to (B2)). O

(39)

(41) Q(¢))

Proof of Lemmal2.2 First denote x; = k;/k, and

= [Ir=9.
1=1

Next observe that, by Lemma 6 in [4],

(42) H ) ] rkic) ﬂ (1= $(©)Pu(®)]-
=1
Further, by the identity
ZR" 7 (r (Kj€) = Roo) Pj—1(€) + R,

and the triangle mequahty, we obtain

o) [(1=9(©)Pu(©)] < [Roo|™ + ; | Roo |
x [(1=2(©) (r(1;6) — Roo) P-1()])
Note that by our assumptions,

1
44 P> =
() ijzv
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and, in view of HR2 and HR3, there exists §; € (0,1) such that

(45) HOl <6 forlel> |
Using (IH), @), and (@H), we get
(46) (1= () (r(ks€) — Roo) Pj—1 ()] < O8] (1 + rsle) "

Applying the same argument together with (1)) yields
d
‘d—g ((1 = (&) (r(558) = Roo) P 1<§>)

=1

< ¥ ((1+m|§| +Zm (14 rl€]) ™ )

On the basis of ([@6) and (41), we derive
(48) 11 =(©) (r(5j&) = Reo) Pia )], < COYw; 2,

and

Hd%((l‘w(@)( (i) = Roc) P 1(£>)

Lo

J
< Cof (/@jl/z—l—Zmll/z) < C’(SJ ( Sy ﬁ1/2> )
=1
Using (#8), (@9)), and (@), and taking into account (44), we find
o o
(50)  [(1- () (r(ms8) = Roc) Pra ()] < €] (7" +5)'"* < €24,
Inserting (B0) into (E3) yields

51)  [(1 =€) Pa(®)] < C D Y25 Ruc|" ™ + [Rac|" < CO7,
j=1
with some § € (01, 1), whence ([B3]) obtains in view of ([@2]). O

(49)

3. SEMIGROUPS WITH EXPONENTIAL DECAY

In this section, we study asymptotic properties of rational approximations to
Cy semigroups with exponential decay. In other words, we assume that hypothesis
HAL1 is fulfilled with v > 0.

For our further needs, it is convenient to introduce the shifted operator

B=A+vl.
This operator generates a bounded semigroup e'? satisfying
|et?|| < L for all t > 0.

Therefore, the operator B fulfils hypothesis HA1 with ¥ = 0 and one can use
the Hille-Phillips operator calculus in terms of B. Assume that the function R(z)
satisfies HR1 with ¢ = 7/2. Using the same reasonings that lead to (I0) for the

operator B instead of A, we obtain for any finite stepsize sequence K, = (k:j)?:l,

=1

(52) [R(Kn; A)|| = [[R(Kn; B —vI) < L[{Hr(kzé} —kw) ﬂ
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The last inequality will be of essential use in the sequel.
Now we can state our results on asymptotic stability.

Theorem 3.1. Let the operator A and the function R(z) satisfy the hypotheses
HA1 with L > 0, v > 0, and HR1 — 5 with o = 7/2 andp > 1, s > p+ 1. Let
further T be the set of stepsize sequences satisfying the restriction

ki <k, j=1,2,... forany(k;);2, €T,

with some fized k > 0. Then, if kv > 0 is sufficiently small, there exists w € (0, V]
such that for any K,, C K € T,

(53) |R(K; A)|| < CLe “tnp(1—(0+1)/s)/2
Moreover, for k > 0 sufficiently small, w can be chosen as close to v as desired.

Proof. In view of (52)), it suffices to bound the quantity

(54) HH 7 (ki€, —k;v) ﬂ

Let H, = (h;)}j_; be the ordered sequence for K,, and let (I;)}_; be the associated

sequence of indices for K,. As above, when bounding (@) the finite sequence
Ky, = (kj)j_; in (54) can be replaced by H,.
Next let ¥(£) be a smooth cut-off function such that for some fixed 0 < p < 1,

supp ¥ C [—p.p]  and  (§) =1 forfg] < L.

Below we shall use some reasonings applied in the proof of Theorem [2.2], where we
introduced ¥(§) in just the same way as above but with p = 1.
Further, denote

a(€,n) = e"*r(€,n).
Similarly to (&1I), we have

HHT(hz&—hlV)ﬂ gﬂw &) [Ja(ug, —hw) ﬂ
=1 =1
—1 n
+ H( ¥, ) TI (g, —hw) ﬂ
J

=1 I=l;+1

=

lJ
Hw hi€) [T alhié, —hw) ﬂ
=1
+ |:|: hh Hr hlgv hll/ ]:|
=1

Using the same argument as in the proof of Lemma 22, we obtain (taking Iy = 0)

(56) H( hl +1§ H r hl€7 hll/ :|:| < C(Sn_lja .7 = 0; y = 17

with some fixed § € (0,1).
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In order to bound the quantities

L
[[w(mj@ [T athe, —mz/)ﬂ ,

=1
we denote k4 = hy/hi; and

]
Q;(&) = ] alkjg& —hqv),

q=1

and use the identity (see Lemma 6 in Brenner and Thomée [4])

lj
(57) [{T/J (hy;€) Ha(hz& _hl’/):|:| = [4(9)Q;()]-

1=1
Further, by HR4 — 5 we have

(58) R(z) = e*e’),

where

(59) 9(z) = O (|2|P*") asz—0,
and

(60) Red(i§) < —c&® for [€] < p.

Using the expansion

O (ikj,q€ — hgv) = U (ik;,4€) — hqvd (iK€ —Cp) s q=1,...,1;,
with some (, € (0, hqv), and taking into account (EJ) and (60), we conclude that
for all |£] < p,

(61) }exp (ﬁ(iﬁj,qf — hql/))} < | exp (ﬁ(imj,qf)ﬂ exp (Chql/|ilﬁj,q£ — §q|p)
<exp (—crf £°) exp (Chev(p” + (k0)P)), q=1,...,1;.

Therefore, choosing p > 0 sufficiently small, we obtain by (E8) and (@Il), with
kv > 0 sufficiently small for all |£] < p,

la (k,4€, —hqv)| < exp (—hqv — ¢k £ + Chyv (pP + (kv)P))

< exp (—hqwl —CcKi, 5), g=1,...,1,

(62)

where wy € (0,v) can be chosen as close to v as desired. Applying (B9), (@Il), and
the above argument, we derive as well, with p > 0 and kv > 0 sufficiently small,
for all |£] < p,

< exp (—hqwl — CKj, S) Kjq ik q€ — hevl?

(63) difa (K,4€, —hqv)

< exp (_hqwl o CH?,q S) (“?,Jg1|§|p + ’ijkq(hqy)p) sog=1,....1;

where wy is just the same as in (62)). Denoting

S,
9])5:#"6; 6>07

and using (62) and (G3)), we find
(64) [(€)Q;(&)] < exp (—Sj1w1 — C@j,sﬁs) )
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and

‘d%%(@@;-(f))‘ < Cexp (=S5j101 = c05 ,°)
(65)

l/p
+ Cexp (=Sj1w1 — O &) <9§;}r1|5|p ™ Sf;hg) '
J

It follows from (64) and (GH) that
(66) [9©)Q;(©)ll, < Ce 5o /2,

and

d

H%w@@@>

p+1
< Ce~Sinwg /2 <1 1 Siett yp>
(67) -

+1
+C673j,1w1 (Sj»erl)p @1/2

7,8
Since 0, > 1, we get by (@), @8), and (&),

‘ 8w 1 Sﬁ;}rl ) Sipi1 1\ /2
[(©Qi©)] < CemSn (@71 (14 22hyr | 4 (222
7,8

I

68
(65) g e
< Ce—Sj,lUJl <1+ J,p+1 + ( ]1p+1) > )

Si.s Sjs
In view of (@), we have
Sjs < Sjpr1 < S
This yields

. —Sj,lwl P Sj,p+1 Sj7p+1 p+1 1/2
[4(©)Q;(&)] < Ce 1457, n

Sjs Sjs
(p+1)/2
(69) < Ce=Sitw1 (1 p \1/2 Sjpt1
>~ C@ ( + 5]71) Sj,s
S. (p+1)/2
< Ce_sj'lw 7,p+1
— Sj’s )

where w € (0,w;) can be chosen as close to wy, and hence to v, as desired. It is
convenient to denote

m=(1-(p+1)/s)/2.
Together, [69) and (BH) yield

(70) [4©)Q;()] < Ce™Sme“n™,  j=1,... 4.
Therefore, by combining (BH)), (BE), (5Z), and (), we get
n n
(71) [{H r(hig, —hzu)ﬂ <Cn™ Y e SiegnTli 4 o,
=1 j=1

Select some §; € (§,1). Clearly, for kv > 0 sufficiently small, we have

(72) 5?7” S einy(luilj) S eiy(tnisj’l) S eiw(tnisj’l% .7 = 1; By O
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and thus
122 M . 6 n—lj
(73) e STl < e~ Siawg Tl (—) < e win,
j=1 ; ' 01
Since

571 S efnnu S e*th’

it follows from (1) and (73) that

(74) H H r(h;&, —hjv) :|:| < Cpmewtn
j=1

which concludes the proof. [l

If the stepsize sequence is not uniformly bounded, an exponential factor as in (53)
cannot be expected. This is easily seen by an example: take A = —1 and consider
the backward Euler approximations with stepsizes k,, = 2™. In this situation, an
exponential bound with positive w does not hold.

In order to show algebraic decay, we formulate the following condition on the
family of stepsize sequences 7 :

HS1: There exists Q > 1 such that for any K, C K € T,

(75) t, <CQ",

and
o

(76) tnSCQnithlv ]Zla ) 1y
=1

where H,, = (hj)?zl is the ordered sequence for K.
Example. Let @ > 1 and let 7 be a set of stepsize sequences satisfying
kn <kni1 <Qknp, n=12,..., and k5 <C.

Then, 7 satisfies HS1 with a constant C that depends on ) and on the bound of
the first step k1. This follows from

- Q  nj Q nj
tn—tj+l§1kl<<1+m(¢g 1_1)>tj<m¢g it}

which shows ([fG)), as well as from

which implies ([75)).

Theorem 3.2. Let the operator A and the function R(z) satisfy the hypotheses
HA1 withv >0 and L > 0, and HR1 —5 with p =7/2 andp>1, s > p+1. Let
T be a set of stepsize sequences satisfying HS1 and let a > 0 be such that

(77) Q" € (L,|Rs| ™).
Then, for any K,, C K € T, we have the estimate
(78) IR(K; A)|| < CLn(=@HD/9/2(1 4 ge) 7"
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Note that for methods with R, = 0, e.g., for the Radau methods, the value of
« is not restricted by (T7) and can be chosen as large as desired.
The proof of this theorem is based on the following lemma:

Lemma 3.1. Assume that the function R(z) satisfies the conditions of Theorem
[Z4 Let K, be any finite stepsize sequence such that

vmin (k1,... ,kn) > v > 0.
Then

H r(kjg,—kju)ﬂ < Cn??57,
=1

J

where

do= sup |R(z)| <1
Re 2<—70

Proof. Tt suffices to prove the lemma with H,, substituted for K,, where H, =
(hj)7_, is the ordered sequence for K,. We fix 1 < j < n and denote

J
Tj (g) = T(hjf, _hjl/) - Roov
and
J
P;i(§) = Hr(hzf, —h).

=1

Under the assumed restrictions, we have
(79) |r(h;&, —hjv)] < do  forall £ € R.
Next, using the estimate ([9) and the inequalities

[75(€)] < Cmin (do, (1 + hyle)™),

and
)] <o+ leh
we get
(80) P (O)P—1(&)] < C+ hylg)) 1),
and
(81) ‘j’é(m(&)Pj-l(g))‘ < C8 ihqa + hgl€)) 1

g=1

It follows from (B0) and (BI]) that

Ir5 (€)1 (€I, < Chy * 83,

and

ESTNIE

Hd%(rj ()P-1(6))

J
<CHY h
g=1

Lo
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whence by (@),

[(©)P-1(©)] < €& (Z (Z—j) ) < ')

q=1

On the basis of the last estimate, we find

[[Hr(hlf, —hﬂ/)ﬂ <D Ra" I [15()P-a(6)] + [ R ]
(82) =1 j=1
<O Y38 Rocl" + Rl < On/25,

j=1

which concludes the proof. [l

Proof of Theorem Let K € 7 and let K,, C K. It suffices to show the result
for the ordered sequence H,, = (h;)}}_; substituted for K.

Let o be any fixed number such that dy € (|Reo|, @), with @ given in HS1.
Given n, let j, be the index such that

(83) hjv <~0, j=1,...,]n,
and
(84) hjv>7, j=jn+1,...,n,
where 9 > 0 is chosen such that
(85) sup |R(z)| = do.

Re z<—70

We therefore have

(86) [[Hr(hjg,—hjy)ﬂ < Hﬁr(hjg,—hjy)ﬂ [{ II r(hjg,—hjy)ﬂ.
j=1 j=1

J=jn+1

By (M)v (E)7 and Lemmam we find
(87) [[ II r(hjg,—hjy)ﬂ < Cn — j)32670 7.

J=Jjn+1
In order to bound the first factor on the right-hand side of (8], we assume for a
moment that «y > 0 is sufficiently small. If this is the case, the argument leading
to the estimate ([4) yields with some w > 0,

In
(88) HH r(h;€, —wﬂ < Cjme i,
j=1

where m = (1 — (p+1)/s)/2 and 75, = ;’;1 hj. If 4o is not sufficiently small,
noting that both factors on the right-hand side of (80]) are estimated independently,
and reducing, if necessary, v > 0 in HA1, we can nevertheless, for the estimation
of the first factor, consider hjv > 0, j = 1,...,jn, to be sufficiently small. This
means that (B8] is valid for any 79 > 0. Combining (&2), (&d), (&), and (BY) thus

yields
(89) |R(Ha; )| < CL(n— ju)*263 97 jmemm,
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and since §pQ“ < 1,
IR(H 3 A)|| < CL(n = jin)*/? (80Q%)" 7" @~ (" Impm e Tin
< CLQ_("_j")“nme_‘”j”.
Finally, in view of (@) and (75),
Q=i < o147 (1+12) 7,
and it follows from (@0) that

(90)

|R(Hy; A)|| < CL™ (14 42) " (14 78 )eTin < CLo™(14+142) 7,

which concludes the proof. [l

Theorem 3.3. Let the operator A and the function R(z) fulfil the hypotheses HA1
with some L >0 and v > 0, and HR1 — 5 with ¢ = /2 and s = p+ 1. Then, for

any stepsize sequence K = (kj);?‘;l such that t,, — 0o as n — 0o, we have

(91) |IR(Kpn; A)|| = 0  asn — oo.

Proof. Note that formula () is proved without any restrictions on K = (k;)52;.
So far as s = p+ 1, (BY) implies with some dy € (0,1) and w > 0, for any finite
sequence K,

(92) IR(Kn; A)|| < CL(n — j)009me=Tsm |

where j,, and 7;, are just the same as in the proof of Theorem B2

We have only two possibilities: either 7; tends to co or 7;, remains bounded.
In the first case, (92) straightforwardly implies ([@I). We thus concentrate on the
second case. By the definition of j,, the assumption that n — j, < C yields

f,n — Tjn S C,
and since t, tends to infinity, we come to a contradiction. Therefore,

lim (n — j,) = oo,
n—oo

and using ([@2) again immediately leads to (1I). O

4. HOLOMORPHIC SEMIGROUPS

The factor n(1=(+1)/%)/2  appearing in the estimates G3) and (@), plays a
harmful role in the asymptotic behavior of discretizations. It is absent only in the
case s = p+ 1, which is a severe restriction on the possible choice of discretizations.
A noteworthy exception satisfying s = p+ 1, however, are the Radau methods, i.e.,
the first subdiagonal Padé approximations to the exponential function.

In this section, we show that approximations to holomorphic semigroups possess
better asymptotic properties in the sense that no factor, growing with n, appears
in stability estimates. Note that our techniques require |Ro| < 1, which excludes,
for example, the Gauss methods.

Theorem 4.1. Let the operator A and the function R(z) fulfil the hypotheses HA2
withv >0, L >0, x € (0,7/2) and HR1, HR2, HR4 with ¢ > x, and p > 1. Let
further T be the set of stepsize sequences satisfying the restriction

ki <k, j=1,2,... forany(k;);2, €T,
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with some fixed k > 0. Then, if kv > 0 is sufficiently small, there exists an
w € (0,v] such that for any K, C K € T,

(93) |R(Ky; A)|| < CLe ',
Moreover w can be chosen such that w > v(1 — ¢ (kv)P), with ¢ > 0.

Proof. Our argument is close to that applied in the proof of Lemma 3.1 in [3].
Noting, as above, that it suffices to show ([@3) with H,, substituted for K, where
H,, is the ordered sequence for K,,, we start with the identity

n j—1

(94) R(Hn; A) =Y R (R(th) - ROOI> [ rmA)+ RLT.

=1

Denote

J
’7']‘ = E hl,
=1

and assume for a moment that we have already shown the following estimate
j—1

(R(h;A) = RooI) [ ] R(MA)

=1
with w/v =14 O((kv)P). Then (04) and @5]) imply

(95) <CLe @, j=1,...,n,

IR(Hp; A)|| < CLY [Roo|" €™ + | Roo|",
j=1
and, for kv > 0 sufficiently small, the same reasoning as in the proof of Theorem
leads immediately to (@3).

Therefore it remains to prove [@H)). In order to do this, we use the Dunford-Taylor
operator calculus (see, e.g., Hille and Phillips [8]). We select constants D > d > 0
with d such that the disc |z] < d contains no poles of R(z).

Let the contour I'Y) be given by

¥ = {zeC: |aglz+v)| <7 —x, |2 +v|=d/7}
U{zeC: arg(z+v) ==x(r—x), d/7; < |z+v| < D/h;}
U{zeC: arg(z+v) ==%(r —x), D/h; <|z+v| < 0}

= ng)Ung)Urgj)v J=L...,n,

) 4
I\g]) ‘
F(IJ)

—v

M/

FIGURE 1. The used path of integration.

Y
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and be oriented counter-clockwise, see Figure [l For ¢ = 1,2, 3, let

1 E—
(96) Iy =5~ (R(hjz) - ROO) [ ~hiz) (zI = A)~'dz.
) =1
We have the representation
j—1
(97) (R(th) - ROOI) [[RMA) =1+ 1, + Is.

=1
Note that by HR4,

(98) R(2) = e*¢”®) with 9(z) = O (|2[P?) as z — 0.
It is seen from (08) that for kv > 0 and d > 0 sufficiently small,
(99) |R(=hv + 2)| < ‘e_h“’+z| elV(hvt2)l < pmwhigelzl for || < d,

with w/v = 14+ O((kv)P). With this in mind, we have by HA2,

(100)  |[L] < CLe=™ / Ol 4 | ~Yd2| < CLe=™,
@)
Next, applying (@) once more, we find for kv and D sufficiently small,
(101) ‘R (—hll/ + xeii(ﬂ'—x))‘ < e—hlw—cgc7 I=1,...,7,

for all 0 < 2 < D, where w/v = 1+ O((kv)?). In view of HR2, however, (I01)) is
valid with any fixed D > 0 if kv > 0 is sufficiently small. Using this fact and the
simple inequality

1 < Ce hiw=chi® for 0 < x < D/hj,
we find by HA2,
D/h;
(102) Il < cre=n [ et < one,
d/7;

for kv > 0 sufficiently small, with the same w as above.
Finally, it follows from ([[QI) and HR2 that for xv > 0 sufficiently small,

IR(yz)| <e ™M, 1=1,...,5—1 forzel¥.
Combined with the evident inequality
IR(hjz) — Reo| < Ce ™™ (14 hj|z+v|)™ for 2T,
this yields by HA2,

(103) 5] < CLe™™ / (1+ hjz)to~tde < CLe ™.
D/h;

Now, since |Roo| < e for kv > 0 sufficiently small, altogether (7)), (00,
(I02), and ([@03) imply (@5). This completes the proof. O
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Remark 4.1. If in the statement of Theorem ET], kv > 0 is not sufficiently small,
one can achieve this by reducing v in HA1. Therefore, the above argument shows
that in this case, the estimate (B3] is still valid with some w € (0, v) not necessarily
close to the original v.

Theorem 4.2. Let the operator A and the function R(z) fulfil the hypotheses HA?2
withv >0, L >0, x € (0,7/2) and HR1, HR2, HR4 with ¢ > x, p > 1. Let T
be a set of stepsize sequences satisfying hypothesis HS1 and let o > 0 be such that
(D) holds. Then for any K, C K €T,

(104) [R(Kn; A)l| < CL(1 + 7))

We remark again that for methods with R, = 0, the number o > 0 in ([I04) can
be chosen as large as desired.

Proof. As above, it suffices to show (I04) with H,, in place of K,,, where H,, is the
ordered sequence for K.

Let 9 be a fixed positive number. Given n, let j, be the index defined by (83)
and (84)). Further let the numbers 7;, d, D and the contour ') be just the same
as in the proof of Theorem [£Il We choose 7, sufficiently large to achieve that

do= sup [R(z)| <@,
Re z<—~o+d

with @ given by HS1. Our proof of (104) is based on the identity

R(H,; A) = Z RIZin— < (hjA) — ROOI)

-1

Jj=jn+1
(105) n jn jn
<[] RuA) [] R(heA) + R ] R(heA).
l=j+1 q=1 q=1

Let the contours f(j), féj), g = 1,2,3 coincide with the contours I'7), Féj), q =
2,3, respectively, with 7, + h; substituted for 7;. We have the representation for
i=Jn+1,...

((hA )HRhl H R(h,A)

l=75+1 q=1
(106) ;
1 - L
=5 <R(hjz) > H R(hiz) [[ R(he2) (21 — A)dz.
£0) I=j+1 =1

In a manner similar to that used in the proof of Theorem A1l we get with some
w € (0, v] sufficiently small,

efwh;,eC|z+1/|h;, if ze ]:‘(IJ)7

(107) |R(hi2)| < { e~whig—cl=tvihi  jf ~(j)
e wh if ze rm
forl=1,...,7,, and
c it ze fgj)7
(108) |R(h;jz) — Roo| < Ce—clztvlh; if ze f(2J)7

C(l+hilz+v)' if zely,
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for j = j, +1,...,n. Moreover, we have
(109) |R(hj2)| <8, z€T(y, j=jn+1l,...,n

By (IU7)-(I09) and the argument applied in the proof of Theorem [Z1] it follows
from ([Q8) that for j = j, +1,...,n,

n jn
(110) (R(th) - ROOI> [T RuA) J] R(hgA)|| < CLoG ™ emmn.
l=j+1 q=1
By Remark [£.1] we obtain as well
j7l
(111) [ R(heA)|| < CLe™mm,
q=1

where without loss of generality we can assume w to be just the same as in ([[I0).
In view of the inequality |Rs| < g, combining (I05), (II0), and (ITI]) thus yields

(112) IR(Hy; A)|| < CL(n — jin)o0me=Tsn |
and since §pQ* < 1,
(113) |R(Hy; A)|| < CLQ™(=in)ee=wTin,

It remains, as in the proof of Theorem 32 to combine this with (76) and (7&). O

Theorem 4.3. Let the operator A and the function R(z) satisfy the conditions of
Theorem[{.3 If K = (kj);')i1 is a stepsize sequence for which lim t, = oo, then

n—oo

(114) lim ||[R(K,;A)| = 0.

Proof. Note that the estimate (IIZ) is obtained without any restrictions on the
stepsize sequence. Therefore, the result follows by using the same argument as in
the proof of Theorem O
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