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NONCONFORMING ELEMENTS
IN LEAST-SQUARES MIXED FINITE ELEMENT METHODS

HUO-YUAN DUAN AND GUO-PING LIANG

ABSTRACT. In this paper we analyze the finite element discretization for the
first-order system least squares mixed model for the second-order elliptic prob-
lem by means of using nonconforming and conforming elements to approximate
displacement and stress, respectively. Moreover, on arbitrary regular quadri-
laterals, we propose new variants of both the rotated Q; nonconforming ele-
ment and the lowest-order Raviart-Thomas element.

1. INTRODUCTION

As is well-known, nonconforming elements (e.g., Crouzeix-Raviart (CR) linear
elements [II] and the rotated Qi-element [12], [I8], [10]) are very useful to seek
numerical solutions of many physical problems (see [11], [12], [13], [15], [16], [17],
[18], [27], [10]). A quadrilateral version of the rotated Qp-element was studied in
[18], but it is only suitable for uniform asymptotic rectangles. This is a restrictive
condition. In this paper, we propose a new variant which admits arbitrary regular
quadrilaterals and allows the finite element equation to be efficiently obtained on
the reference element.

In the classical mixed finite element analysis, both triangular and rectangular
normal continuous elements [19] are proposed, which are known as Raviart-Thomas-
Nédélec (RTN) elements [5], [§], [9] and Brezzi-Douglas-Marini (BDM) elements [[7]
and Brezzi-Douglas-Fortin-Marini (BDFM) elements [6], and so on. On arbitrary
quadrilaterals, Wang and Mathew [25] analyzed variants of these elements, but the
very important commuting diagram property does not hold (cf. [35], [19], [37]). In
this paper, we propose a new variant of the lowest-order RTN rectangular element.
Our variant is the first one which not only admits arbitrary regular quadrilaterals,
but also satisfies the commuting diagram property.

These above two new elements will be used for the finite element discretization of
the first-order system least-squares mixed model for a second-order elliptic problem
with various boundary conditions.

It is well known that one advantage of the least squares mixed method [4] is
that coerciveness holds, while the classical mixed method [19], [28] is subject to
the Babuska-Brezzi condition. However, it seems that the coerciveness strongly de-
pends on the conformity of the finite dimensional spaces (see [1, [2], [3], [23], [24],
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[26]). Up to now, it is not clear whether the coerciveness still holds if the displace-
ment is approximated by nonconforming elements and the stress by conforming
elements. In this paper, on triangular, rectangular and quadrilateral meshes, non-
conforming finite element methods are analyzed in a unified way. It is shown that
our nonconforming methods are still coercive, and optimal error bounds are derived.

As is known, the so-called inconsistent error is an essential feature of the non-
conforming displacement-based finite element method [20], [29], [22]. In this paper,
we find that this error does not exist in the first-order system least-squares mixed
methods in the case of nonconforming elements. It seems that the theory of the
patch test [20], [29], [30] would be lost. Nonetheless, it turns out that the patch
test is necessary to obtain coerciveness.

The rest of the paper is arranged as follows. In section 2, the first-order system
least-squares mixed model is recalled for the second order elliptic problem. In
section 3, nonconforming finite element methods are analyzed for the least-squares
mixed model. In section 4, two quadrilateral elements are proposed. In section 5,
some comments are made.

2. THE LEAST-SQUARES MIXED MODEL

Let Q ¢ R? (d = 2,3) be a bounded domain with Lipschitz boundary I' = 5.
Given a subdomain O C Q with Lipschitz boundary 9O, we introduce L?(0), and
(L%(0))¢, with inner product (-,-)o,0 and norm || - ||o,0, and introduce L2-based
Sobolev spaces H™(O) and (H™(0))¢, with norm || - ||;.0 and semi-norm | - |,5.0
(m > 1is an integer). In addition, we introduce Hg(O) = {v € H'(0);v),, = 0}
with norm | - |10, and H(div;O) = {q € (L*(0))%divq € L*(0)} with norm
- lsaivioy (et BE).

In the case O = €, we simplify the notation as follows: |- |m.0 = | |m, || |lm.0 =
11l (> 1), ()00 = (), 11+ lloo = II - I

Let T =TpuUTly with TpNTx = 0, and let n be the unit outward normal
vector to I'. We additionally introduce

H&D(Q) ={ve H'(Q);v=0 onTp},
Hon(div; Q) ={q € H(div;Q);¢g-n=0 on Iy},
H'(div; Q) = {q € (H'(Q))% divg € H'(Q)}.

Considering the following second-order elliptic problem:

d
0 ou
- —(aij=—)=f inQ,
i§=:1 8xi J 8xj
(2.1) u=0 onIp,

d ou
- Z niaijT =0 on FN,
i,j=1 i

where u is the displacement and A = (a;j(x)) € R4*? is a sufficiently smooth,
symmetric matrix of coefficients, satisfying

d d d
(22)  C) &<y ay@&g<Cty & V&) eR\vreq.

i=1

i,j=1 i=1
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Here and below, the letter C' (with or without subscripts) is a generic constant
which may take different values at different occurrences.
Introducing the stress

(2.3) p=—-Avu
as an independent variable, we can rewrite (2.1) in the first order system
divp=f, p=—-Asyu inQ
(2.4) u=0 onIp,
p-n=0 only.
A least-squares variational problem for (2.4) is to find u € U = Hj ,(2) and

p € X = Hy n(div; Q) such that
(2.5)

L(u,p;v,q) == (p+ AV u,qg+A7v) + (divp,divq) = (f,divq)
for all (v,q) € U x X.

3. THE NONCONFORMING FINITE ELEMENT METHOD

3.1. Method (I). Let 73 be the regular triangulation [20], [22] of  into triangles
or rectangles in 2, or tetrahedra or rectangular solids in 3. We define

(3.1) U, U, X,cCX.

A finite element method for problem (2.5) is to find (up,pp) € Up x X}, such
that

(3.2)
L (un, Py vh, @)
= (pp, + AV Uun, @ + A7 o) + (divp,, divg,) = (f,divg,)
V(vn,qp) € Un x Xi,

where

(3.3) V5 Iis the gradient operator element-by-element.

To investigate both coerciveness and convergence, we define

(3.4) o= [ D0 B (Ml = /Il 11241 B
KeT,

Hypothesis (H1). The equality
(35) > / qn nxvn =0 V(vn,qp) € Un x Xp
KeTy, oK

holds, where ng is the unit outward normal vector to K with boundary 0K.
Hypothesis (H2). For u € UN H%*(Q) and p € X N H(div;Q), there exist two
interpolants I, u € Uy, and IIp € X} such that

(3.6) [[u— Inul| + hlu — Inuly n < C B ||ul)2,

(3.7) llp = upl| < Chiply, [[div(p —Ixp)|| < Chldivpls.
Hypothesis (H3). There exists a constant C; > 0, independent of h, such that
(3.8) lonll < Cilvnlin, Yo € Up.
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Theorem 3.1. Under Hypotheses (H1) and (HS3), there exists a constant C > 0,
independent of h, such that

(3.9)
Lh(vhaqh;vhaqh) > C{”vhHih + ||qh||?—l(div;§2)} v(vthh) € Up x Xp.

Proof. Given a constant a > 0, we have

(3.10)
div g, |I” = [|div g, — a vyl[? + 2 (div gy, v4) — o2 [on P,

where, in the light of Hypothesis (H1), we have

(div gy, vn) = — Z (g, vn)o,x + Z / qp MK Vh
oK

(3.11) KET, KET,
== Z (@, vn)o,k-
KeTy,
Since
(3.12)

—2a Y (¢, Voo + @y, + Ay vl
KeT,

=llgy + (A= E)v,onll> +2a (A7), v, 7y vn) — @° |’Uh|ih;

where F is the identity matrix, by (2.2) we have

(3.13) (A7p0n, Znvn) > Colval -
Therefore, from (3.10)—(3.13) and Hypothesis (H3) we get
(3.14)

L (0n, ap; vn, qn) = 1@y + A7 on|* + [|div gy, ||°
= ||div g, — avn|* + g, + (A — a E) 7, val|?
— o ||vpll? +2a (A7, vn, Zh vn) — o Joaliy,
>a (20 —a(1+CF))|vali

Putting a = %2012, we get
2
(3.15) a(2Cy—a(1+CY)) = r"‘c%
(3.16) Ly (vh, qp;vn, qp) > C|vh|%,ha
from which we can obtain (3.9), using (3.8) and the triangle inequality. O

Theorem 3.2. Let (u,p = —Asyu) € (UNH?(Q))x (XNH(div;Q)) be the ezact
solutions, and let (up,py,) € Uy x X}, be the finite element solution of (3.2). Under
Hypotheses (H1)-(HS3), we have

(3.17) lu = unllin + 1P = Pulla@ivie) < Ch{|lullz +[divp|}.
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Proof. For any vy, € Uy, q;, € X, we have

[ —un|l1,n + [P — Ppll H(aiv;0)
(3.18) <|lu = vnll1,n + [P = qullm(ivi0)
+ |lon — unlli,n + [lgn — PrllE(@v:0),

where
lon — unll? 5 + g — PullFaive)
< Lp(vh — un, qp, — Pp;Vh — Un, gy, — D
(3.19) ( h h h n)
= Ly(vn — u,q), — P;Vh — Un, q;, — Dy)
+ Ln(u — up, p — Pp; vh — Un, qy — Pp)
and

Ly (u, p; v — un, q, — Py)
=(P+AVUq, —py,+ A, (vh — up))
(3.20) + (div p,div (g, — pn))
= (f.div (g, — ps))

= Ln(un, pp;vn — un, @, — Pp)-
Hence, from (3.19) and (3.20) we get

(3.21)
lon = unllin + lan — Pallm@ivie) < C{llon = ullin + llan — Plla@ive) }-

Combining (3.18) and (3.21), from (3.6) and (3.7) we have

lu —unll1,n + [P — PpllE(divi0)

<C i - - .
(3.22) < (vh’th)féUhXxh{||u onll1,n + 1P = apllE(@ive) }

< Ch{lfu

|2 + |din|1}.

O

Remark 3.1. Clearly, the standard argument of analyzing nonconforming error is
lost in proving Theorem 3.2, since the term of inconsistent error does not exist.
Nevertheless, the patch test (i.e., Hypothesis (H1)) is still indispensable to obtain
the coerciveness.

Remark 3.2. Let © be a polygonal (or polyhedral) bounded domain, with Q =
Uker, K. Let S be the set of all element-edges (or faces) in the triangulation 7,
and let S° be the set of all internal element-edges (or faces). Let S = S — S° and
S9 be the set of element-edges (or faces) on I'p, and let S = S? — S2. Denote
by [v] = v, — v, the jump of v across the interelement boundaries.

Moreover, let U(K) be the nonconforming element of the CR linear element or
the rotated Q; element, and let X (K) be the normal continuous element of the
RT No(K) triangular element or RT Njoj(K) rectangular element of lowest order.
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Define
(3.23) Up = {v e L*(Q); v, € U(K), VK € Ty,
/[v] =0,Ve € SO,/ v=0,Ve € Sg},
(3.24) Xn={q€ X;q|, € X(K),VK € Ts}.

Then Hypotheses (H1) and (H2) hold, while (H3) can be derived from (H1) (see
127)).

3.2. Method (II). If X} is replaced by
(3.25) XgcXn(H Q)

which is a continuous subspace in the usual sense [20], [22], then it is not obvious

whether Theorem 3.1 holds or not, since Hypothesis (H1) is not necessarily valid.
In order to show that Theorem 3.1 is still true with X} and U, given by (3.25)

and (3.1), respectively, we replace Hypothesis (H1) by Hypothesis (H1’) and give

an additional Hypothesis (H4) as follows:

Hypothesis (H1'). There exists a constant C' > 0, independent of h, such that

(3.26)

[ [ e nad < Chllxdililia Vo) € U x (X0 ()
Hypothesis (H4). There exists an interpolation operator If : (H*(Q))? — X§ such
that
(3.27) 1 x = x|l < Chixl, i xl < Clxh
If additionally x € (H?(£2))%, then
(3.28) 1Zix — x|+ 111 x = xh < Ch2 | |x][e-

Theorem 3.3. Under Hypotheses (H1') and (H4), we have

(3.29)
lla, + Azponl* = C{llanll® +lonllT 1} Y(@n on) € X x Up,

so long as h is sufficiently small.

Proof. For any s, € Xj,, we have
(3.30)
llsn + A7y vnll* = [l + (A= a B) 7, wnll* + 2 (s, 7, vn)
+ 20 (A7), Vh, V) Un) — &° |vh|ihv
where a > 0 is a constant to be specified. Choosing g* € (X N(H(2))?) such that
(3.31) divg” = v, llg*lh < Cllual,

we have

(332) 20[(3}“ Vh Uh) =2a (Sh - q*a Vh Uh) +2a (q*7 Vh Uh)7



NONCONFORMING ELEMENTS IN MIXED FINITE ELEMENT METHODS 7

where, from (3.31) and Hypothesis (H1')

(3.33)
2a(q*,vhvh):—Za(divq*,vh)+2a Z / q*.’nK’Uh
KecCy 8K
> 2aop|[* = 2a C h|lg* ||y [onl,n
> 20 {C3 ||vn||* — Ca b [vnl{ 1, }-
Since
(3.34) 2a (A7 v, Ty vn) — o uplt ) > @ (202 — @) |vnlT p,

then, if we put 0 < a < 25, we have
(3.35)
lIsh + A7y vnll® > [Ish 4+ (A — a E) 7, vn| | + a(2C2 — o) [va 3,
+2aCs ||vh||2 —2aCy h? |’Uh|%,h —2ac||sh — q*|] |vnl1,n-
Then, taking the infimum in (3.35) with respect to s;,, we have

inf ||sp + A wpll? + 2a v inf ||sy — g*
(5.36) SheXﬁH h+ A7 vnl| v |1,n sk llsh —q"|
2 2a 03 ||Uh||2 + « (202 — 0 — 2C4 h2) |Uh|ih.

It follows that

inf |ls,+A4 o2
sinf |[sh + A7), vnl|

> _204|'Uh|1,h Sirelfxu ||3h - q*||
h h

(3.37) +2a Cs||vp]]* + a (2C2 — a — 204 B®) |vn |3,
> =2alvnln Ty 4" — 47l
+ 20 Cs [|vnl|]* + (202 — o — 2C4 h?) |vp [,
> 20 Cs||vp|]? +a(2C2 —a—2C4 h* —2Ch) |vh|ih,

where we have used (3.27) in Hypothesis (H4) and the second inequality in (3.31).
Choosing h such that

(3.38) 205 —a>204h?> +2Ch,

we have

(3.39) gy + A7y, onl® > sk llsh + Az, vnl|* > C [Jonl |3 -
g h

Using the triangle inequality, we get
(3.40)
2 2 2 2
Cllanll” < llgy + A7y vnll” + vnlip < Cllgy, + A7y onll7,
which completes the proof. ([l

Corollary 3.1. Under Hypotheses (H1'), (H4) and (3.6), if h is sufficiently small,
then

(3.41)
Ly (vn, qp;vn, qp) > C{||qh||%{(div;ﬂ) + ||Uh||ih}v V(vn,qy) € Un x X,
(3.42) lu = unllin + 1P = Palla@ivie) < Ch{llullz + [Ipll2},
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where (u,p = —Ayu) € (UNH?(Q)) x (X N (H*(Q)?) and (up,py,) € Up x Xf
are the exact and the finite element solutions, respectively. O

Remark 3.3. Define
(3.43) Xg = {g € XN (H\Q)%q,, € (Ri(K)LVK € T},

where Ry (K) denotes P1(K) (the space of linear polynomials) or Q;(K) (the space
of bilinear polynomials), while U}, is still defined by (3.23). Then (H1’) (cf. [IT]),
(H4) and (3.6) hold, where I} can be taken as the well-known Clément interpolation
operator [21], [22].

Remark 3.4. Our method can be applied for other choices of X; and Uj,. For
example, on triangles, we define (cf. [11], [36], [19])

(3.44)
U, = {U S LQ(Q);’U‘K € 'Pg(K),K e T,
/[U]w:O,w € Py(e), e € SO,/vw:O,w € Pyle),e € 523,
(3.45) Xn = {q € X;q|, € BDFMy(K), RTNy(K), K € Tp},
(3.46) Xf = (g€ (H'Q)’ N X:q,, € (P(K) K € T},

it can be easily verified that Hypotheses (H1)—(H3) (or (H1), (H4)) hold. Therefore,
using similar arguments, we can obtain the coerciveness and the error bound O(h?)
(or O(h?)), with (3.44) and (3.45) (or (3.44) and (3.46)).

Remark 3.5. We can further consider the Robin-boundary value problem:

—div(Ayu)+ku=f inQ,
(3.47) u=0 onlIp,
n-Agyu+pu=0 only,

where if T'p = ), we require that either x(z) or p(z) is bounded below away from
zero; if T'p # (), we require that both x(x) and p(x) are nonnegative functions. A
is a sufficiently smooth, symmetric matrix of coefficients which satisfies (2.2).

We introduce

(3.48)
Won(Q) ={(p,u) € Hdiv; Q) xU; —p-n+pu=0onTy},

where Wy v (€2) is a Hilbert space with respect to the norm ||p|| g (aiv;0) + |[uf|1 (cf.
23]).

We consider the following finite element method: Find (un,py) € Wy, C Wy n(9)
such that

(3.49)
(pn, + A7), un, g, + A7, vn) + (divpy, + kup,divgy, + ko) = (f,divg, + kop)
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for all (vp, qy,) € W, where

(3.50)
Wi = {(q,v) € H(div; Q) x L*(Q);
q), € X(K) (or g € (H'(2))? and (R1(K))?),VK € Ty,

V| €U(K),VK€Th,/[U]:0,6650,/1):0,665,‘%,

€ €

q-n=pvonS§}.

Similarly, we can obtain the coerciveness and the optimal error bound O(h).

4. QUADRILATERAL ELEMENTS

Clearly, under Hypotheses (H1)—(H3) (or (H1’), (H4) and (3.6)), we have estab-
lished both coerciveness and error bound for the first-order system least-squares
nonconforming mixed finite element problem (3.2). However, in the previous sec-
tion we only dealt with triangular (or rectangular) elements in %2, or tetrahedral
(or rectangular solid) elements in 3. In this section we will construct quadrilat-
eral elements satisfying (H1)-(H3) (or (H1’), (H4) and (3.6)). Due to the Clément
interpolation, (H4) can still be easily verified.

We consider the quadrilateral triangulation 75, = { K} in the zy-plane, with K a
quadrilateral whose diameter is hx and whose four vertices are (z;,y;),1 < i < 4,
and h = supger, hx is the mesh size. |e| denotes the length of any edge e € 9K,
and mn. denotes the unit outward normal vector to e. In addition, in this section

ov 0
the curl operator curlv = (_5‘_U’ a—v)t is used. |K| denotes the measurement of K.
y’ Ox
Let K be the reference square on the {n-plane, and let Fx : K — K be the
invertible mapping, with inverse mapping F ];1 : K — K. From the assigned
function o : K — R we can get a corresponding function vg : K — R by vg(z,y) ==
0(F ' (2,9))-

Lemma 4.1. For any given function v € H'(K), if it has zero mean value over
any given side e € K (fe v =0), or over K (fK v = 0), then, under the shape
reqular condition of T,

(41) ||’U||0’K§ ChK |’U|17K.

Proof. Since the restriction of Fx to any given side e € JK is an affine mapping,
from fe v = 0 we know that fé v = 0. Then, applying the Poincaré inequal-

ity [14] to the reference element K, we have 9l 5 < Cl0|; g As a result,
[vllo,,x < Chrc|lillg g < Chi 0], g < Chi |1k I Ji v =0, it follows from
the Poincaré inequality again that ||[v||o,.x < Chxk |v|1 k- O

4.1. A quadrilateral nonconforming element. Define

(42) Y(K) = Span{lvxvyaBK(xay)}v BK(iL',y) = (52 - 772) © Flzlv
(4.3) Up = {v e L*Q);v), €Y(K),K €T,

/[v]:O,eESO,/v:O,eES,‘%}.
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Remark 4.1. Unlike [I8], here Y (K) is not a parametric or nonparametric space,
but a part-parametric one, and this allows for not only arbitrary shape-regular
quadrilateral meshes, but also efficient calculation on the reference element K.

Theorem 4.1. If w € H*(K), we can define a unique Ix w € Y (K) such that

(4.4) /(IKw—w):O Ve € 0K,

where I w satisfies

(4.5) lw — Ic wllo, i + b |w — I wli,x < Chic||w]]2x,
(4.6) hfg’“2 [|lw—Ix wl|mx + Ik whixk < Clwji,x (m=0,1).

Proof. To determine Ixw € Y(K), we only need to show that the following coeffi-
cient matrix is nonsingular:

(4.7)
led ™M, el ™ L e e Ly Jedl ™t [, Br(z,y)
leo| 71 [, el ™M [, @ leol M),y le2| T [, Bi(x,y)
les| ™! f63 |€3|71f63 x |€3|71f63 y les|™t feg Br(z,y) |’
lea| 7! fe4 |€4|71f64 x |€4|71f64 Y les| ™t fe4 Br(z,y)

where 1 < ¢ (mod 4) <4

2
el [ =1l [ Be=(-1'%

i

—1 _ Tit Wi -1 _ YitYin
7 - b 7 - .
e A B
€4 €;

7 i

41K
It can be seen that the determinant of (4.7) is |3 | # 0, which leads to the

conclusion.

To show both (4.5) and (4.6), we let Ix w(z,y) = a1 + a2z + asy + a4 Br (x,y)
on each K, where the a;,1 < i < 4, are coefficients to be determined, and we let
b = fei w/lei|,e; € 0K,1 < i < 4. By solving a standard algebraic linear system,
we get

a4 =

| w

(by — b3 + by — b1),

4.8
(48) ag \ _ 1 Ya—Y2 Y1 —Y3 by — b1+ bs — by
as 4|K| \ z2—24 23— 11 by —by+bs—b1 )’

r1 + X2 Y1+ Y2
ag —

2
as + —ay.

where a1 = by — 5 3

2
Note that
(4.9) /v(w—IKw)z/ (w—Igw)=0.
K oK

From Lemma 4.1 we have

(410) |w—IKw|17K§ C’hK|w—IKw|2,K
' (with 7 (w — Ix w) vanishing average on K),

(411) ||w—IKwH0,K§ C’hK|w—IKw|1,K
' (with w — Ik w vanishing average on 0 K).
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In what follows, we shall show that

(4.12) |IK w|r7K S C |w|r7K (7“ = 1,2).

By an easy but tedious calculation, from the standard trace theorem [20], [22] we
have

4

9y 1/2
(4.13) Ik whx < C {Z (|ei|_1/ w) } < Clall, 4

i=1
Due to the fact that for any constant polynomial py € Py(K) the function v € Y(K)
defined by w + pg is Ix w + pg, we have

(4.14)
Ik whk =01k < C inf  {[lw+pollyz + 0|, g} < Cli]y g < Clwl k.
poEPo(K) ’ ’ ’

Next, similarly to (4.13), from (4.8) and using the trace theorem again, we get

(4.15)

0y 1/2
[T wla,re < Chyt {Z <|€i|_1/ w) } < Ch {lwllo,x + hx lwlik }-

i=1
Also, since for any linear polynomial p; € P;(K) the function ¢ € Y (K) defined by
w + p1 is I w + p1, we have
(4.16)

Ik wla,x = [0lo,x < Ch?  inf  {|Jw+pillox + hx lw+pilx}
p1EP1(K)

Furthermore, it can be seen that

inf w4+ pillox < inf inf |lw+ p1 + pollo,x
p1EP1(K) p1EP1(K) po€Po(K)

< Chg inf |w+pi|ik,
p1EP1(K)

inf w +
1Py (K) [Avg ¥ Pillo,x

[V w+ pollo,x < Chi |V wli,k,

inf |w +p1|17K
p1EP1(K)

IN

where we have chosen a special linear polynomial p; = dy + d1 2 + day € P1(K)
with py = (di,d2)" = — [, v w/|K][; that is to say, 7 w + po has a vanishing
average on K, and the above estimation is derived from Lemma 4.1.

Therefore, we have

(417) inf {||w +p1H07K + hK |’w +p1|17K} S Ch%( |w|27K.
p1EP1(K)

It follows that |Ix wla,x < C|w|2,x. So (4.10)—(4.12) yield both (4.5) and (4.6).
O

Remark 4.2. It is interesting to note that both (4.5) and (4.6) are derived from
the standard Poincaré inequality, not from the Bramble-Hilbert lemma (cf. [20],
[22]). As a matter of fact, since P;(K) o Fx is only a proper subspace of Q;(K)
and Y (K) is not an isoparametric space, the classical estimation on quadrilaterals
is not available.
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Corollary 4.1. Define I, : U N H?*(Q) — Uy, as follows:

(4.18) Inw(z,y) =Ixw(z,y) V(z,y) € K, VK €T,
Then

(4.19) [T w —w|| + h|w — I w|, < Ch?||w||,
(4.20)

1/2
< Z W 2 |w — I, w||$nK> + I whp<Clwp (m=0,1). O
KeT,

4.2. A quadrilateral normal continuous element. Define

(4.21)
D(K) = span{(l, O)ta (07 1)tv (xvy)ta Curl(Nl o Flzl)}a Nl(f, 77) = (1+£)(1+77)/4a
(4.22) Xn={q€ X;q), € DIK),K € Tp}.

Remark 4.3. D(K) is a new element for quadrilaterals, but is the same as the Ry
rectangular element [5], [19] when 7}, is composed of rectangles.

Theorem 4.2. Given a function x € H'(div; K), we can find a unique interpolant
g x € D(K) such that

(4.23) /(HKx—X)-nezo Ve € 0K,

(4.24) g x — xllo,x < Chi x|,k

(4.25) |[div(x — X))o,k < Chk |divx|,x,
(4.26) diVHKX = PKdiVX, ||diVHKX||Q7K S ||diVX||Q7K7

where Py is the L*-projection operator onto Po(K), the space of constant polyno-
maals.

Proof. To show the existence and uniqueness of IIx x, we only show that the matrix
generated from (4.23) is nonsingular. Let the outward unit normal vector to e; be
denoted by ne, = (yi — Yit1, i+1 — x;)"/|e;]; then from (4.23) we get the following
coefficient matrix:

Y1 — Y2 T2 — T1 Y1T2 — Y2T1 1
(4.27) Y2 — Y3 T3 — T2 Y23 — Y3T2 0

Y3 — Ya T4 — 23 Y3T4 — Y4T3 0

Ya — Y1 T1 — T4 YaT1 — Y174 -1

By a direct calculation, we know that the determinant of (4.27) is

Y1 —ys T3 — X1
Y2 — Y4 T4 — X2

Y2 — Y3 T3 — X2 40,
Y2 — Y4 Ty — T2

since under the shape regular condition we have

T Y1 1 1
T Yo 1 0
s ys 1 0|70
Tq Ya 1 0

Next, we consider (4.24).
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Consider two adjacent sides of K, say e1, e2, with outward unit vectors ne, , 1, .
Under the shape regular condition, n.,,n., are linearly independent, and they can
form a base in the plane. Then, any given vector-valued function x can be uniquely
written as x = (X - ey ) Me; + (X * Mey) Te,y, and it can be easily seen that

IxllE < [x e, | + X M6, | < 2][x][E,

where || - || g is the norm in 2-dimensional Euclidean space. Since I x is defined
by (4.23), i.e.,, (IIx x — X) : e, has a vanishing average on e € 0K, by Lemma 4.1
we have

4.28
( ||(1)_[KX_ X) e llo,x < Chi [k X —X) " ne; 1,6 < Chi Uk x — X1,k
Then
(4.29)
IMr x — xlo,x C{I(x X — x) - My [lo,x + [|(TL X — X) - Pes [0, 5 }

<
< Chr{l(Ox x —X) " Mey 1,6 + (Tl X — X) * Ny |11}
< Chg Hgx —x|1,k-

Now we will show that
(4.30) Mr x|,k < Clxli,k-

To that goal, define b; = [, x - ne,,1 <i <4, and IIg x = (a,b)' + cpy + dwk,
with ¢ = (2,y)" and wx = curl (Ny o Fic'). From (4.23) we know that for any
constant vector p, € (Py(K))? we have Ilx py = p,, and so

4
@31) el < Ot 1Y bl =t | [ divad < CJdivlox.
i=1 K
(4.32)
4
d < C > |bil < Chic Xl < Chi 1% +Pollo.g + X 4}
=1
< Chi Xl g < Chr x|k
Noting that
(4.33) lorlix < Chi,  |wilixk <CINyoFitlax < Chy,
we have
(4.34) Mk x|,k < el |eklx +d lwklix < Clx|1k-

Obviously, (4.24) follows from (4.29) and (4.30).
Moreover, from (4.23) and divIIxx € Po(K), we have

(4.35) / (divx — Pgdivx) = / div(x —Oxx) =0,
K K

where Py is the standard orthogonal L2-projection operator onto Po(K). Thus
both (4.25) and (4.26) hold. The proof is finished. O

Corollary 4.2. Let ITj, : H'(div; Q) — X}, be defined by
(4.36) In x(z,y) = Oex(z,y) V(z,y) € K, VK €T,
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Then
(4.37)
Mnx = x|l < Chixly, [ldiv(IThx = x)|| < Chldivx],
(4.38) divIl;x = Ppdivy, ||divIIax]| < ||divx]],
where P, is the standard othogonal L?-pojection operator onto My, defined by
(4.39) My, = {v e L*(Q);v, € Po(K),VK € Tp,}.
Lemma 4.2. For any s € D(K),
(4.40) div s|,, = constant, s-n,. = constant, Ve € JK.

Proof. Since the restrictions of Nj o F 1;1 to ex and eg are zero, it follows that
curl (N7 o Fic') - me, = curl (Ny 0o Fi') *me, =0 on ez and es.

Next, let us consider, say, e4, with the unit normal vector n., and the unit
tangent vector T.,. Since

A(Ny o Fiit
cul (V; 0 Fig!) - m,, = 0T
€4

and the restriction to e4 of Ny o Fy ! is a linear polynomial, we immediately know
that curl (N7 o Fic') - n,, = constant on ey. O

Remark 4.4. Lemma 4.2 indicates that the interpolation IIx x can be also deter-
mined by the mid-point values x - 7 on the four sides of 0K.

Corollary 4.3. There exists a constant C > 0, independent of h, such that
di
(4.41) sup v, dive) > Cllvl|l, Vv e M.
XEXn X||H(div;Q)
Proof. For any given v € My, let s € (H'(Q))? be such that
(4.42) divs =v, |lslls + [Islla@iviy < CJv]]-

We can define I1;, s € X}, by

(4.43) /(S—Hhs)'ne:O, Ve € 0K, VK €T,
e
with
(4.44) [T, s|| < Csl1, ||divIT s|| < ||div s]].
Therefore, we get
(4.45)
sup (v, divx) > (v,divIIy 8)
xexn 1| m(divio) |[MIn 8| fr(aivie)
B (v,div s) (v,div (II, s — 8))
M 8| (aivie) |TIn sl (div;e)
_ __(wdivs) >Clll. O

||Hh S| |H(div;Q)

Remark 4.5. Corollaries 4.2 and 4.3 indicate that (X, M},) can be used in the clas-
sical mixed finite element approximation for (2.5) of second-order elliptic problems,
when using arbitrary quadrilateral meshes.
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Remark 4.6. Tt is obvious that Hypotheses (H1)—(H3) hold with U, and X}, defined
by (4.3) and (4.22), respectively. Therefore, on the arbitrary quadrilateral triangu-
lation, we can easily establish the coerciveness and the error bound O(h) with both
(4.3) and (4.22) used for solving (3.2).

Remark 4.7. For other quadrilateral versions of the RTNg rectangular mixed el-
ement, (4.38) and the second inequality in (4.37) do not hold, since the Piola-
transformation is involved (cf. [19], [25]). In the literature, (4.38) is referred to as
the property of commuting diagram. This property is very important (cf. [19], [35],
137), [3)).

In what follows, we give other properties of X} on quadrilateral meshes. To do
so, we first define

(4.46) Vi ={ve H'(Q);vo Fx € Q1(K), K € T, v, =0},

where Q1 (K) = span{N;(€,n),1 < i < 4} is the space of bilinear polynomials on
R, with N;(&,m) = (1+ &) (1+ mm) /4, (&, 7) € {(1, 1), (=1, 1), (=1, —1), (1,~1)}.
Theorem 4.3. We have

(4.47) curl V, C Xj,.

Proof. For any given v € Vj, we have v, = Zle v; NiOFgl, with the v;, 1 < < 4,
being nodal values of v. To show (4.47), we only need to show that

curl (N; o Fiet) € span{(1,0)%, (0,1)", curl (N7 o Fr')}.
Noting that

(4.48)
4 4 4
1= NjoFg', =Y xiNjoFg', y=)Y yiNioFg'
=1 =1 =1
we have
4
S curl (N; o Fit) = (0,0)1,
=1
4
(4.49) > mpcurl(N; o Fi')=(0,1),

s
Il
i

yi curl (N o Fie') = (=1,0)",

-

s
Il
i

which can alternatively be written as

(4.50)
4
curl (N; o Fic') = —curl (N o Fiit),
i=2
4
S aieurl (N;o Fet) = (0,1) — 2y curl (Ny o Fiet),
i=2
4
S yicwrl (N;o ') = (=1,0) — gy curl (Ny o Fit).
i=2
By virtue of the shape-regularity of the partition, we know that
1 1 1
(4.51) T2 T3 T4

Y2 Y3 Y4
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is a nonsingular matrix, and by solving (4.50) we get

(4.52)
curl (N; o Fic') = (a;,d;)' + gicurl (N7 o Fitl), 2<i <4,

with (a4, d;, g;) being constants. It immediately follows that (4.47) is true. O

Corollary 4.4. For any s € X, divs = 0, there is an v € V}, such that
(4.53) s = curlw. O

5. CONCLUSIONS

In this paper, in fact, we have shown that both coerciveness and optimal error
bounds in energy norms still hold for the first-order system least-squares mixed
method for second-order elliptic problems subject to various homogeneous boundary
conditions, even if a nonconforming finite element is used for the displacement and
a conforming element for the stress, since, in most cases, the nonconforming finite
element space U}, satisfies Hypothesis (H1), while Hypotheses (H3) and (H1') can
be derived from (H1) (cf. [11], [27]), and Hypotheses (H2) and (H4) are trivial in
the standard interpolation theory.

On arbitrary regular quadrilaterals [20], we have constructed two new elements.
One is a new variant of the rotated Q; nonconforming rectangular element, and
the other is a new variant of the lowest-order RTN|g) rectangular element. These
two elements can also be used for other problems, such as the Stokes problem and
the Reissner-Mindlin plate problem (cf. [38]).

This new nonconforming element can be easily generalized to 3-D. The analogy
is

Y(K) = span{l,z,y, z, Bik, Bak },
with Bix(2,y,2) = (€2 — n?) o Fi', Bax (2,y,2) = (€2 — (%) o Fi'. However, it
seems difficult to construct an analogous normal continuous element in 3-D.
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