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UNIVARIATE SPLINES: EQUIVALENCE OF
MODULI OF SMOOTHNESS AND APPLICATIONS

KIRILL A. KOPOTUN

ABSTRACT. Several results on equivalence of moduli of smoothness of univari-
ate splines are obtained. For example, it is shown that, for any 1 < k <r+1,
0<m<r—1,and 1 < p < oo, the inequality n_”wk,y(s(”),n_l)p ~
wp(s,n Hp, 1 < v < min{k,m + 1}, is satisfied, where s € C™[—1,1] is
a piecewise polynomial of degree < r on a quasi-uniform (i.e., the ratio of
lengths of the largest and the smallest intervals is bounded by a constant)
partition of an interval. Similar results for Chebyshev partitions and weighted
Ditzian—Totik moduli of smoothness are also obtained. These results yield sim-
ple new constructions and allow considerable simplification of various known
proofs in the area of constrained approximation by polynomials and splines.

1. INTRODUCTION AND MAIN RESULTS

This paper investigates properties of various moduli of smoothness of univariate
piecewise polynomial functions (splines). It turns out that the classical estimates
of moduli of smoothness of functions via appropriate moduli of their derivatives
can be reversed if the functions being considered are splines. This observation has
several applications, and, in particular, yields simple new constructions and allows
considerable simplification of various known proofs of Jackson type inequalities for
constrained approximation by polynomials and smooth splines (see Section 5 on
“Applications” for more detail).

Let 8,(z,) be the space of all piecewise polynomial functions of degree r (order
r + 1) with the knots z, = (2;)l g, —1 = 20 < 21 < -++ < Zp_1 < 2 = L.
In other words, we say that s € 8,(z,) if, on each interval (z;,2;41), 0 < i <
n — 1, s is in II,., where II,. denotes the space of algebraic polynomials of degree
< r. Usually, piecewise polynomials from 8,(z,) are called “splines” (or “splines
of minimal defect”) if they possess continuous (r — 1)st derivatives. In this paper,
we refer to all piecewise polynomials from 8,(z,) as splines. In other words, we
do not have any a priori assumptions on their smoothness or even continuity at
the knots z,,. We also assume that a spline and its derivatives are defined at the
knots by continuity, if possible, and not defined otherwise, and that all derivatives
of splines from 8,.(z,) are understood “pointwise” (for example, the first derivative
of a characteristic function of an interval [a, b] is identically 0 except for the points
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a and b, where it is undefined). We emphasize that, with these assumptions, if
5 € 8,(z,) and m € N, then 5™ ¢ Smax{r—m,0} (Zn) and, in fact, s =0 a.e. if
m>r+ 1.

As usual, L,(J), 0 < p < oo, denotes the space of all measurable functions f
on J such that ||f|l, ) < 00, where [ fllL, sy = ([, |f ()P dz)"? if p < o0, and
[fllo () = ess sup,c s | f(2)]. We also denote || f[|,, := || flly, (_1,1)- It is well known
that || - ||, (s is @ norm (and L, (/) is a Banach space) if 1 < p < oo, and that it
is a quasi-norm if 0 < p < 1.

For k € Ny, let

Ak (f,z,J) = Z

0, otherwise,

k
<f> (=1)*"f(x — kh/2 +ih), if x+kh/2€ T,

be the kth symmetric difference, and let AF(f,x) = A¥(f,z,[-1,1]). The kth
modulus of smoothness of a function f € L,(J) is defined by

Wk(fvta J)p = Oil}ltgt ||A;€L(f7 K J)H]LP(J) )

and we also denote

wi(f, Np =we(f,|J], J)p and wi(f,t)p = wr(f,t,[—1,1])p.
Note that AY(f,x,J) := f(z) and, hence, wo(f,t,J), := Hf”Lp(J).
For a partition z, := {z0,...,2n| — 1 =t 20 < 21 < -+ < 2, := 1} of the interval
[—1, 1], denote the scale of the partition z,, by

— ._ | S
(1.1) V= 9(zy) = Ogrjr_lgafil i

where J; 1= [2;, zj41] with z; := -1, <0, and z; :==1, j > n, and |J| := meas J.
Throughout this paper, ¢(v1,72,...) denote positive constants which depend
only on the parameters v1,72,... (note that ¢(p,...) depends on p only as p — 0)
and which may be different on different occurrences. At the same time, ¢;, i =
0,1,...,7, denote positive constants which are fixed throughout the paper.

Theorem 1.1 (Local estimates). Let s € 8,(zy), r € N, and J = [2,,, 2,,] with
o — w1 < co for some constant cg. Then, for any 1 <k <r+1 and 0 < p < o0,
we have

(12) wk—l)(s(y)) J)p S C(T, ?9’ COap)|']|7Vwk(8) J)p B
forallv=1,... k.

We say that A is equivalent to B and write A ~ B if there exists a positive
constant ¢ such that c™'A < B < cA. We refer to this constant c as an equivalence
constant.

It is well known that inequality (I2]) can be reversed in the case p > 1 if sv=1)
is continuous (see (Z3))). Together with Theorem [[] this immediately implies the
following.

Corollary 1.2 (Local estimates: Equivalence of moduli of smoothness). Let s €
8r(zn) NCM[-1,1], 7 e N, 0<m <r—1, and J = [z, 2u,] with po — p1 < ¢y for
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some constant cy. Then, for any 1 <k <r+1 and1 <p < oo, we have
| Wk (s, ) ~ wie(s, J)p, 1<v<min{k,m+1}.
FEquivalence constants above depend only on r, ¥ and cy.

Remark 1.3. Inequality (I2]) can also be reversed in the case 0 < p < 1. This
implies that all results stated in this paper for 1 < p < oo have their analogs in
the case 0 < p < 1 as well. Proofs (some of which are rather involved) as well as
corresponding corollaries on equivalence of (global) moduli of smoothness in the
case 0 < p < 1 will appear elsewhere[]

We are now ready to state several corollaries of Theorem [[1] involving global
moduli of smoothness of splines on various partitions. First, we consider the case
when z,, is uniform or, more generally, quasi-uniform.

Suppose that dmax = Omax(2Zn) = maxo<j<n—1|J;| and Smin = Omin(2n) =
ming<j<n—1|J;|. We say that z, is A-quasi-uniform if A := dmax/0min is bounded
by a constant independent of n, and denote such partition by u4. Note that the
l-quasi-uniform partition u, := u} is just the uniform partition of [~1,1] into n
subintervals of equal lengths.

If z,, = u5, then clearly 2/(nA) < 6min < 2/1 < Omax < 2A/n, and 9(z,) < A.

Therefore, Smin ~ dmax ~ 7+ with equivalence constants depending only on A.

Theorem 1.4 (Quasi-uniform partition). Let u%, n € N, be a A-quasi-uniform
partition of [~1,1], and let s € 8, (u3), r € N. Then, for any 1 <k <r+1 and

0 < p < oo, we have
(13) wk—v(s(u)v nil)P < C(Ta Aap)nywk(sa nil)p )
forallv=1,... k.

Together with the inequality ([233)) this now implies the following result on equiv-
alence of classical moduli of smoothness of splines on quasi-uniform partitions.

Corollary 1.5 (Quasi-uniform partition: Equivalence of moduli of smoothness).
Let u%, n € N, be a A-quasi-uniform partition of [—1,1], and let s € 8§,.(us) N

Cm[-1,1],reN,0<m <r—1. Then, foranyl1 <k <r+1and1<p < oo, we
have

(1.4) n"Ywp_ (s, 07, ~wr(s,nY),, 1 <v <min{k,m+1} .
Equivalence constants above depend only on v and A.

Remark 1.6. For m = k — 1, (L4) was proved by Hu and Yu [I2] and by Hu [10]
for uniform and quasi-uniform partitions, respectively. In fact, if we set m =k — 1,
then Corollary (with an additional restriction & < r) becomes Theorem 1 in
[10] (and so, in the case k < m + 1 < r, it follows from [I0, Theorem 1]). Also, in

the case kK = r+ 1 and m = r — 1, Corollary follows from Theorem 2 of [10]
(where (4] was proved for all k£ > r 4+ 1 in the case m = r — 1).

The weighted Ditzian—Totik (DT-) kth modulus of smoothness of a function
fELL-1,1], 0 < p < oo, is defined by

wi, (f,t)p = S H@(')VAﬁw)(f, -)Hp :

*K. A. Kopotun, On equivalence of moduli of smoothness of splines in Ly, 0 < p <1, J. Ap-
prox. Theory 143 (2006), no. 1, 36-43.
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where p(z) := V1 —22. If v =0, then
Wi (f.)p = wlo(f,t)p = sup AR (f: )l
0<h<t
is the usual DT-modulus [9]. Also, note that
w(ciu(fv t)p = ‘|<pyf||p .
Remark 1.7. Tt is possible that ¢” f € L,[—1, 1] and w,f’y(f, t)p, = oo. For example,
this is the case for f(z) = (1+x) L, k=v=1land 1 <p<2.

We now obtain several corollaries for splines with Chebyshev knots. We say that
z, is a Chebyshev partition (and z;’s are Chebyshev knots) if z, = t,, := ()1,
where t; := cos (%), 0<i<n.

Theorem 1.8 (Chebyshev knots). Let t,, be a Chebyshev partition of [—1,1]. If
s € 8,(ty), €N, then, for any 1 <k <r+1 and 0 < p < oo, we have

(1.5) wf_,, (s 7N, <clrp)ntwf(s,n7 1Y),

foralll <v <k.

The following result now immediately follows from Theorems [[.8 and (in the
case k = v, see also [9] (2.4.4)]).

Corollary 1.9 (Chebyshev knots: Equivalence of moduli for 1 <
s € 8(t,) NC™[-1,1], r € N, 0 < m < r —1. Then, for any 1
1 <v <min{k,m+ 1} and 1 < p < 0o, we have

(1.6) n*”w,f_l/’y(s(”),nfl)p ~wf(s,nh),.

< 00). Let
kE<r

p
< +1,

FEquivalence constants above depend only on r.

The paper is organized as follows. In Section 2, we recall some classical properties
of the moduli of smoothness and algebraic polynomials, as well as discuss some
auxiliary results for Chebyshev partitions. Theorems [[.T], [[.4] and [[.§] are proved in
Section 3. General applications for constrained approximation by polynomials and
smooth splines are given in Section 4, and Section 5 is devoted to applications in
the area of monotone and convex approximation. Finally, an important property of
the weighted DT-moduli needed to obtain Corollary [[L9is established in Section 6.

2. AUXILIARY RESULTS

2.1. Classical moduli of smoothness. The following properties of the moduli
of smoothness are well known (see, e.g., [8L16]).

(i) For f € L,(J), 0 < p < oo, we have

(2.1) w1 (fot, J), < 2mLYPhy, (£ ¢ 7),, keN,
and
(2.2) wi(f, M, J)y < ek, p)(A 4 1) tmaxdBU/pdy (4 ), A >0.
(i) If f*=Y € AC(J), v €N, and f) € L,(J), 1 < p < oo, then
(2.3) Wiaw(frt, J)p < tVwr(F,8,0), .

Note that this inequality is no longer true in general if 0 < p < 1.
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(i) If f € Lyla,b], 0 < p < oo, and v € N, then (see [I6, Lemma 7.2])

(2.4) wy (£, 8, [a,b])E < =2 7’ / / AL (s, [a, b])|P dz dh.
(iv) Suppose that f € L,[—1, }, 0 < p< oo, and k,u € N. Then (see, e.g.,
[7116]),

n—u—

. P
p—1 Jti - . A
(kAup)wk(f, e, if 2, = uf,
2.5 A di] < : "
e L w(nUs) < Gpiy e
P

2.2. Algebraic polynomials. We now recall several well known facts about alge-
braic polynomials which are frequently used in the proofs.

Lemma 2.1 (Whitney’s inequality). For any f € Ly[a,b], 0 < p < oo, there exists
qr_1 € llg_1 such that

(26) ||f — k-1 H]Lp[a,b] < ka(fa [aa b])P :

Lemma 2.2. For any polynomial q, € 11,., 0 < p < 0o, and intervals I and J such
that I C J, we have
(2.7)

P10 e ) ~ N6y ) < el TR [T Narll, iy, 0<v <,
where equivalence constants depend only on r and p (asp — 0).
2.3. Chebyshev partitions. Suppose that t,, is a Chebyshev partition, recall that
Jj = [tj,tj4+1], 0 < j <n—1, and denote

2
00 = (o] 1 5p(a)/2 2 l}\ (1) = o o < 01

Observe that D5 = () if 6 > 2, and note that A’}iw @)
0if ¢ gkh-
It is a simple exercise to show that, for

(f,x) is defined to be identically

_ min{p + pp,2n — py — pio}
min{2,u1 +1,2n — 2y — 1}

4o
F|/’L1_I’L2H']M1‘S|tﬂl M2|< ‘Nl_ﬂ2||‘]ﬁb1| Oﬁﬂlﬁn—lv OS,UJQSH

Therefore, for large n, € J; N, and 0 < h < n~1, since p(x) < n|J;| (see, e.g.,
[17, (17.4)]), we have

{a: + (z - %) hgp(:ﬁ)}zo C {tj - % tip1 + ——— m|J | Nn[-1,1c3J

where jj = :ij,m = [t]‘_gm,t]‘+4+3m] (recall that ¢t; := —1 for ¢ < 0, and t; := 1 for
i>mn).
3. PROOFS OF THE MAIN RESULTS

In all proofs in this section, we only consider the case 0 < p < oo since, for
p = o0, considerations are similar and, in fact, proofs are simpler.



936 K. A. KOPOTUN

3.1. Proof of Theorem [I.Il Note that if s were assumed to be sufficiently
smooth we could reduce the proof of (I2) to the case v = k using the inequal-
ity wr_,(s"),J), < e J|FV ||5(k)||]L (7): However, this inequality is not true for
P

nonsmooth functions (a characteristic function of an interval is an obvious coun-
terexample), and so this approach is not possible.

Everywhere in this proof, gx_; denotes a polynomial of degree < k — 1 such that
IIs — Qk—lu]Lp(J) < cwyi (s, J), (existence of such gx_1 is guaranteed by Whitney’s
inequality (2.6])). For any 1 < v < k, denoting s; := s ‘Jj and using ([2.7), we have

A'ff”(s(”%x, J)‘ = ‘Afj”(s(”) q,(C )1,x,J)‘ < gk-v

) _ q;;:)l H

IN

W) _ ) H
k), max e —a,

Jmv=1/p g,
< ¢(r,p) Mggfrl A s Qk—anLp(Jj)

< C(T, ?9’ COap)|']|7V71/p HS - qk—l”]]_,p(J) < C(’f’, 197 COvp)|‘]‘7V71/pwk‘(S7 ‘]);D )

which immediately implies (2.

3.2. Quasi-uniform partition: Proof of Theorem [1.4]l Since u is A-quasi-
uniform, dmax ~ dmin ~ |J;| ~ n “lforall 0 <j<n-—1with equlvalence constants
depending only on A. Using (Z2]) we have

k

némin

5min
wkfll(s(u)vn_lh) = Wk—v (S(V)v . —) S C(k’, Aap>wk71/(3(y)76min/k’)p .
p

Now, for any 0 < h < dpin/k and z € J;, 0 < j < n—1, such that AY~(s™), ) # 0,
all points  — (k —v)h/2 +ih, 0 < i < k — v, are either in J;_; U J or J; U Jjq1.
Therefore,

P
(31)  wiw(s"),6min/k)E = sup \A’;;"(SM, )
O<h<6min/k p
— k— I/ l/)
= sup HA ,
0<h<5mm/kz Ly (J;)
< sup HA’“” ”,,J UJ; ‘
0<h<6mm/kz it ) Lp (Jj-1UJ5)
< 2 Zwk,y(s(”), Jj,1 @] Jj)g
j=1
n—1
< c(r, A,p) Z |Jj,1 @] Jj|7pu wk(s, ijl @] J])g
j=1
n—1
< c(r,A,p)nP” Zwk (8, Jj—1 U Jj)p < e(r, A, p)n’wi(s,n 1)5,
j=1

where the last inequality follows from (2.3]).
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3.3. Chebyshev knots: Proof of Theorem [1.8 Recall from Section 2 that
Tk = [tj_3(k_,,),tj+4+3(k_,,)}, denote J; := J; r_,, and, for each 0 < j <n —1,
let q; € IIx_,_1 be such that ||s(”) fq4H

J I, (35)
Lemma 2.J] and we assume that q; = 0 if v = k). Then, using Theorem [[T] and
the inequality ¢(z) < n|J;|, © € J;, we have

< cwr—(sM,3;), (q; exists by

p

» (v) =1y —
wkfu,u(s )T )p - sup
0<h<n—1

n—1
= sup Z H‘PVAZ;V(S(V), )
0<h<n—1 =0

P ALY (sY),)

p

p
Lp(J5)

P

IN

A6 g,

n—1
E n"P|J;|"P sup
=0 Lp(J5)

0<h<n—1

IN
2
&=
=
3
<
S
gl
<
<
S

IN
Q
—~
&
S
~—~
3

N
hS|
=~
il
€
T
N
EX
S
(=~
<
~—
i)

n—1

< elrp)n™ 3 wils, 3,08 < elrp)nPuf (s,n ),
§=0

where the last inequality follows from (2.3]).
4. CONSTRAINED APPROXIMATION BY POLYNOMIALS AND SMOOTH SPLINES

In this section, it is convenient to state the results simultaneously for the quasi-
uniform and Chebyshev partitions of [—1, 1], and so we need the following notation:

@) i —nd
(v) — wm (9", t)p s if z, = u;’,
(41) Wm(g at)p : { Wf%y(g(u)7 t)p , if 7, = t,.

Let M be a fixed class of functions, which we refer to as “constraints class”. For
example, M could be the class of all monotone, or all convex, or all k-monotone
functions, or the class of functions changing their k-monotonicity at a certain num-
ber of points, or a class of functions having certain other shape characteristics on
various subsets of [—1, 1], etc.

Recall that the Sobolev space W¥(L,) is a collection of all functions f with an
absolutely continuous (v — 1)st derivative such that f*) € IL,[~1,1].

Theorem 4.1 (Constrained polynomial approximation). Let n,m,v € N, v < m,
fel,-1,1]NM, 0 <p < oo, where M is some constraints class, and let W be
some smoothness class of functions which is contained in the Sobolev space WY (L,,).
Suppose that z,, is either a quasi-uniform or a Chebyshev partition of [—1,1], and
suppose also that the following assumptions are satisfied.

Assumption 1. For any g € WY N M there exists a polynomial ¢, € II,, "M such
that

lg —anll, < Clnfywm_y(g(”),nfl)p )
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Assumption 2. For some r > m — 1, there exists a spline s € 8,(z,) N M NW”
such that

1 = sll, < cawm(f;n ™)y

Then, there exists a polynomial p, € I, "M such that

IIf _anp < ewp(/f, nil)pa

where ¢ = c(c1, ca,7,m, v, D), and ¢ depends also on A in the case for a A-quasi-
uniform partition z,,.

Proof. If, by Assumption 2, s € 8,(z,) N M NW" is such that

1f = sll, < ewm(f,n ™)y,

we use Assumption 1 to conclude that there exists a polynomial p, € I, N M
satisfying

s _pn”p < Cniywm—u(s(y)a nil)p .
Therefore, using Theorems [[.4] and [[L8 we have

If = pnll, < cllf —sll, +clls —pall,
<cl|f- S”p + Cniuwm—u(s(y)anil)p <cl|lf- SHp + Wi (s, nil);v
§C||f—s||p+cwm(f,n_1)pScwm(f,n_l)p. u

We can use the same idea to show how piecewise polynomials having “minimal”
smoothness can be replaced by smoother splines.

Theorem 4.2 (Constrained approximation by smooth splines). Let n,m,v, u € N,
v<m, feLy[-1,1]NM, 0 < p < oo, where M is some constraints class, and let
WY be some smoothness class of functions which is contained in the Sobolev space
W¥(L,). Suppose that z, is either a quasi-uniform or a Chebyshev partition of
[—1,1], and suppose also that the following assumptions are satisfied.

Assumption 1. For any ¢ € WY N M and any r > m — 1, there exists a spline
S € 8,(zn) NM N CH[—1,1] such that
lg — §||p < C3n7VWm—V(9(V)a nil)p :

Assumption 2. For some r > m — 1, there exists a spline s € 8,.(z,) "M N W
such that

If = S||p < C4Wm(f7n71)p .
Then, for any r > m — 1, there exists a spline s,, € 8,(z,) "M N CH[—1,1] such
that

If - San < ewn(f, nil)p )
where ¢ = ¢(c3, cq, 1, M, Vv, 11, p), and ¢ depends also on A in the case for a A-quasi-
uniform partition z,,.

The proof is exactly the same as that of Theorem ] and will be omitted.

Remark 4.3. Suppose that f in Theorems E] and B2l is assumed to be in W!(IL,)
for some 0 < < v, and Assumptions 2 are replaced by the following.
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Assumption 2’. For some r > m—1, there exists a spline s € 8,.(z,) "MNW" such
that || f — s[|, < en~'wp, 1 (f®,n71),. Then, there exists a polynomial p,, € IT,NM
or a spline s, € 8,(z,) N M N CH[—1, 1] such that their errors of approximation of
f are bounded by cn~tw,, i (fO,n71),.

The proof is exactly the same as that of Theorem .11

5. APPLICATIONS

Given k > 0 and a set I C R, a function f is said to be k-monotone on [—1, 1]
if its kth divided differences [zo,...,x]f are nonnegative for all choices of (k + 1)
distinct points xg, ..., z) in [—1,1]. We denote the class of all such functions by
MPF, and note that M!' and M? are the collections of all nondecreasing and convex
functions, respectively.

For a function f € L,[—1,1], 0 < p < oo, we denote by

B(f.9), = ink |1 ~ gl

the error of Ly-approximation of f by elements from the set ¥ C L,[—1,1]. In
particular,
ggk)(ﬂ Zn)p = E(f,8:(2,) N Mk)p
and _
eM(f, Zn)p = E(f,8:(z,) N M NC"1[-1,1]),
are the errors of Ly-approximation of f by splines from §,(z,) and from 8, (z,) N
C ! (i.e., having maximum smoothness) which are k-monotone on [—1,1].

The following theorem basically says that if a certain Jackson type estimate is
valid for all C¥ functions, then it is also valid for C*~! splines (i.e., if a function
being approximated is a spline, then the smoothness requirement may be slightly
relaxed).

Lemma 5.1. Let v € N, m,7 € Ny, 0 < p < oo, and let s € 8,(z,) " MF, k € N,

be in CY~1[—1,1]. Then, for any c > 0, there exists a function g € C¥[~1,1] N MF
such that

(5.1) Wi (9,07 1), < e(m, 7, v, p) wi(s™), 07,
and
(5.2) lg—sll, <e.

Moreover, if 0 < p < oo, or p = oo and z, = t,, the following inequality is also
satisfied:

(53) wrfl,y(g(u)v nil)P § C(TTL, v, p) wrﬁ,u(s(u)v nil)P °

Proof. Since any function in MF¥ is necessarily in C¥=2(—1, 1), a spline in M* has to
be in C*~2[—1,1]. Therefore, we can assume that v > k — 1. Also, we can assume
that wy, (s*),n71), # 0 and w¥, ,(s"),n~1), # 0 (otherwise, s is a polynomial and,
hence, is certainly in C").

Let 0 > 0 be a small positive number to be determined later, and denote AsY :=
s (z;4) — s (2zj—), 1 < j <n—1. For each 1 < j <n— 1 such that AsY #0, we
define O; := [z; — 0, z;] if As¥ >0, and O; := [z, 2; +] if As¥ < 0. For z € Oy, let
g™ be a liner polynomial interpolating s®) at the endpoints of O;. In other words,
g is the line through (z; — d,5*)(z; — §)) and (2, 5% (2;+)) if As? >0, and the



940 K. A. KOPOTUN

line through (z;,s")(z;—)) and (z; + 6, 8% (z; +9)) if As¥ < 0. For all other z, we
set ¢ (z) := s)(2). We now define g to be such that g (—1) = s (—1) for all
0 <1< v -1 and, hence,

(54) g(x)—s(z) = ﬁ / 1(1‘ — ) g () — sV () dt, e [-1,1].
Clearly, g € C¥[~1,1]. Also, since s*1) is bounded, it is possible to choose § to be
so small that g(*)(z) > s“)(z) for all x # z;. It is also clear from the construction
that, if s/ is nondecreasing, then so is ¢(*). In particular, this implies that, if
v=k—1orv=Ek, then g€ MF. If v > k + 1, we can use (5.4) and the inequality
g™ > s ae. to conclude that g%) (z) > s () for all 2 € [~1,1], and so g € MF
in this case as well.

Since Hg(”) - S(V)HJLOO[—M] is bounded and meas{z|g™)(z) # s)(z)} — 0 as
0 — 0, we conclude that (5.2)) is satisfied for sufficiently small § > 0. Similarly
(using the inequalities w(f1 + f2, ), < ew(f1,t)p +cw(f2, ), and w(f, 1), < c||f][,,
where w is wp, or wy, ), (BI) and (B3) are valid for sufficiently small § > 0 if
0 < p < oo, since [g) — s(”)Hp —0asd — 0.

Hence, it remains to prove (.I)) and (53) in the case p = co. Assume that 6 > 0
is so small that ||s(”) - g(”)H]Lw(Oj) < 2|As] for all j such that AsY # 0 (such &

exists since s() is continuous to the left and to the right of zj). Since it immediately
follows from the definition that |AsY| < Wi (s, 1) forall 1 < j <n — 1, this
implies that

Hsm g <2 (5P, n V) -

oo

Therefore,

+ wm (57,0 e < cwm (s, n Yo,
o0

win (9", n Moo < e HS(”) —gv

and (1)) is proved.
To prove (B3] for p = oo and z,, = t,,, note that, by the definition, ¢ (z;)"As} <

wfl)y(s(”),nfl)oo. Suppose now that g € [-1,1] and 0 < hg < n~! are such that

(91 )0 < 26(w0)” | AT 0y (9 70)|

Then, denoting I(xg, hg,m) := [xg — mhow(zo)/2, xo + mhop(xo)/2] and taking
into account that ¢(zo) < c(m)p(z;), for all z; € I(xo, ho,m) (in fact, we do not
need the condition z, = t,, for this inequality to hold, it’d be sufficient to require
that min{l — 2z, 1,1+ 21} > en™2) , we have

wrﬁ,u(g(y)a nil)OO

g — )

< eplao)” Aﬁw(xo)(s(”)’mo)’+C‘P(x0)u Lo (I(wo.ho,m))
oo 0,10,

A

< cw;’;,y(s(”),nfl)oo + cp(xg)” max{Asﬂl <j<n-1, z € I(xo, ho,m)}
< cw,fl,y(s(”),n_l)oo ,

and the proof is complete. O
Taking into account Lemma [5.1] Theorems ET] and can now be restated for

uniform partitions and M := MF, k € N, as follows (note that we combined both

statements into one). We also remark that analogs of Corollary are certainly
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valid for other kinds of partitions (quasi-uniform and Chebyshev) as well, and we
only state it here for the uniform partition for simplicity.

Corollary 5.2. Let k,m,n,v € N be such that m > v, and let f € L,[—1,1] NMF,
0 < p < o0. Suppose that u, is a uniform partition of [—1,1], X is either II,, or
8r(u,) NCH[—1,1], and the following assumptions are satisfied.

Assumption 1. For any g € CY[1,1] N M,
E(g,XnMF), < esn ¥ wm_n (g™, 071,
Assumption 2. For somer e N, r > m — 1,
E(f7 Sr(un) m (Cuil[_lv 1} m Mk)p S CGwWL(fa nil)p .
Then,
E(f,XNM"), < com(f,n )y,
where ¢ = ¢(cs, cg, 7, M, v, p), and ¢ depends also on p if X = §,.(u,) N CH[-1,1].
5.1. Monotone and convex spline approximation. The following corollary
states that, for any monotone function f, there exists a spline of whatever smooth-
ness we need whose order of approximation is bounded by cwa(f,n™1),. It is well

known that wy cannot be replaced by ws (see [19]). While this theorem is known
for splines of small degrees, it is new for arbitrary r.

Corollary 5.3. For f € L,[—1,1]NnM!, 1 <p < oo, and any r € N,

EN(frun)p < cwn(fin )y
Proof. Tt was shown by Chui, Smith and Ward [3] (see also DeVore [5] in the case
p = 00) that, for g € WH(L,)nM!, 1 <p < oo, and r €N,
EM(g,un), < enlwlg’,nh),.
It is well known that there is a spline s € 8;(u,) N C[—1,1] N M! such that
Is = fll, < cwa(f,n™)y .

(In the case p = o0, we can simply take a piecewise linear function interpolating
f at the knots in u,. If p < oo, one can use the same argument as in [6], for
example.) Finally, Corollary with k =1, v =1, m =2, p =r —1, and
K = 8,(u,) NC""[—1,1] completes the proof. O

The following result is an analog of Corollary 5.3l for convex spline approximation
in Loo[—1,1]. Tt follows from [19] that w3 in (&3] cannot be replaced by ws. The
author is not aware of analogs of (5.0]) in the L, metric for p < co (except for the
cases r = 2 and r = 3 which were considered in [6]). Hence, it is still unresolved if
Corollary 5.4 is valid with L,, p < oo, replacing L, everywhere in its statement.

Corollary 5.4. For f € C[-1,1]NM? and any r > 2,

(5.5) ED(f,un)oo < cws(frn™")oo.
Proof. Tt follows from a result of Beatson [I] that, for g € C?*[—1,1]NM? and r > 2,
(5.6) ED (g, un)oe < c(rIn 2wl f",n Voo

Ivanov and Popov [13] proved that, for a convex function f on [—1,1],

(5.7) EP(frun)oo < cws(fyn Voo -
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Now, Corollary B2 with k = 2, v =2, m = 3, p = r — 1, and X = §,(u,) N
C"~1[-1, 1] completes the proof. O

5.2. Monotone and convex polynomial approximation.
Corollary 5.5 (Shevchuk [18]). For f € C1[-1,1]NnM!, r e N and n > r,
(5.8) E(f, T, " MY < c(r)n rwr(fsn Voo -

Note that pointwise estimates (which are stronger than (5.8)) were obtained in
[18].

Proof. It was shown by Leviatan and Mhaskar [15] that, for g € C*[-1,1]NnM! and
r €N,
81("21(9’ un)oo < Cnile-i-l(g/,nil)oo .

Also, DeVore [4] proved that for any g € C"[-1,1] N M1,
E(g, 1L, "Moo < e(r)n~"w(fn oo -

Now, the same proof as that of Theorem E.1] (see also Remark [3)) completes the
proof of the corollary. O

Corollary 5.6 (Hu, Leviatan and Yu [I1]). If f € C[-1,1]NM? and n > 2, then
E(f7 Hn N M2)oo < CwS(f7 nil)oo .

Proof. Tt follows from a result of Manya (see [I8, Theorem 17.2]) that, for g €
C%[-1,1]NM? and n > 2,

E(g, T, "M?) o < en2w(f”",n He .

Now, the estimate (.7) and Corollary withk=2,v=2,m=3, and X =11,
complete the proof. O

Corollary 5.7. If f € L,[-1,1]NM?, 1 <p < oo and n > 2, then
E(f, 1, nM?), < cws(f,n™1),.
Proof. Tt was shown in [I4] that for any g € C'[—1,1]NM? and n > 2,
E(f, 1, nM?), <entwp(f,nt),, 1<p<co.

Now, the estimate 5(22) (g,un)p < cws(g,n™ 1), for every convex g € Ly[—1,1] (see
[6, Theorem 2.3]), and Corollary with k =2, v =1, m = 3, and X =11,
complete the proof. O

In order to use Corollary to obtain an estimate in terms of w¥(f,n 1)
for convex polynomial approximation (established in [I4] with a rather long and
technical proof) we would need a convex C* spline on a Chebyshev partition yielding
an estimate in terms of wf(f,n"1)s. At present, the author is not aware of any
such results. Hence, it is an open problem to prove analogs of Corollaries [£.3] and
B4l for splines on Chebyshev partitions, as well as to investigate the validity of other
Jackson type estimates involving moduli of derivatives of functions. The following
has been partially resolved only in some cases (for example, polynomial constrained
approximation in the case p = 00).
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Open Problem 5.8. Let £k =1 or 2, and 0 < p < co. For each v € Ny, determine
all m € Ny so that for all f € C*[—1,1] N MP*,

Egk)(f, tn)p < c(m, V)n_”wjfw(f(”), n_l)p, r>m+v-—1,

or
B(f. 1L, 0 MY, < clm)n el (F 0 )y, n>mtv—1,

6. APPENDIX: PROPERTIES OF wy (f,t), MODULI

Surprisingly, the following theorem seems to be new. Note that the inequality
[9} Corollary 6.3.3 (b)] cannot be used with p = /1 — 22.

Theorem 6.1. For k,v € N and f € W”(L,), 1 < p < o0,

wlf—i—y(f’ t)p S C(k, V)tuwlf,y(f(yh t)p

Proof. We only consider the case p < oo since considerations for p = co are much
simpler. Let n > (k + v)/2 and suppose that t,, is a Chebyshev partition. Recall
(see Section 2) that J; k4, = I:tj_g(k+,/),tj+4+3(k+u)}, denote J; := J; k1., and for
each 0 < j <n—1, let ¢; € IIx4,—1 be such that || f — qu]Lp(jj) < cwru (£, T35)p
(g; exists by Lemma 2.1]). Then,

Wy (fin b= sup | AVE(f,- )
0<h<n—1
k+v p
sup ‘A . q-,x’ dx

0<h<n-— IZ/ he( ) )

n— 1k+u
< e s S5 (F = ) + (i = (k+v)/2)hp(a))” da.
0<h<n—1 j= 0 i=0 Jj ﬁ@(k+y)h

Now, since x4 (i — (k+v)/2)h¢(z) € J; and, as can be verified by straightforward
computations, d%(:v + (i = (k+v)/2)hp(x)) > 1/2, for all z € J; N D (4,), and
0 < h < n~! (provided that n is sufficiently large, n > (k +v)/2 will do), using the
substitution y =« + (i — (k + v)/2)hp(z) we get

A

n—1 n—1
Wi, (fn e < > If —4llL, 5,y < > wra(£,35)0
=0 =0

n—1 1351
cZIerl/ / |AFT(f,2)|" dadh,
j=0 0 I

where the last inequality follows from (Z4]). Now, taking into account the identity

IN

h/2
AR 2) = s AR(F x +u) du,

which implies

h/2 h/2
AR (f, @) / / P e vug + -y du - du,
hj2 h/2
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and using Holder’s inequality we have

[ h)2
wi (f,n P < ¢ J; 1/ /hpl”/ /
gt = S

duy ...du,dxdh

A

X ‘AZ(f(”),x+u1+~-~+u,,)

n-1 13, h/2 h/2
S [T [
s h/2 h/2J3;

dxduy .. .du,dh

IN

p
X ‘Aﬁ(f(”),m+u1+~-~+ul,)

n_l 1351 h/2
CZ\%\*/ B 1>"/ / /
Jj=0 h/2 h/2 J3j+ur+-Fu,

x |k ‘pdd duy dh
b ,x)| dxduy ... du,dh.

IN

For J; = [a,b], we now denote J; := [a — v|J;|/2,b + v|3;|/2] N [~1,1], and note
that 3 +uy + - - - +u, N [~1+kh/2,1—kh/2] C 3, for u; € [~h/2,h/2],1<i<v,
and 0 < h < |J;|. Therefore,

1351
W (e < e ST T W [ ARG )| de dn
k+v J ~ h
0 3;
131/(2)
S / / Pl
=0 3;Jo

Now, |3;|/¢(x) ~ n~! for all € J;\ (JoUJp_1). Ifx € (Jo U Jp_1) N Dn,
then 4kh/(4 + k?h?) < ¢(z) < sin(rn~!), which can only happen if h < (8/k)n~!
Therefore,

W (fin p<c2// )35 e |
-1

cn
< ¢ / nhP?
0

Hence, the inequality

W1f+y(f, Tfl)p < Cniuwlf,y(f(y)v c7n71)p
is proved for all n > (k + v)/2 (and without loss of generality we can assume that
Cr > 1)

Now, given 0 < t < 2/(k + v) (for t > 2/(k + v), we use the fact that
wi (fit)p =wi,(f,2/(k+v))p), welet n > (k4 v)/2 be such that ¢crn™! <t <
2c¢;n~! (there may be more than one n), and using the inequality w,f+y(f, At)p <
A+ 1)MYwf (f, ), (see [9 Theorem 4.1.2]), we obtain

w]f+y(f7t)p < W/f+y(fa2c7n71) <Cwlf+y(fvn71)p
< enVwy (f(”) cn” )pgct”wlfy(f(”),t)p,

p
A o (f2)| dhdar.

p

0" Ny (F,)

p
dh < en Pwf (FW), en” P
» :

and the proof is now complete. O
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