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TRACTABILITY OF QUASILINEAR PROBLEMS II:
SECOND-ORDER ELLIPTIC PROBLEMS

A. G. WERSCHULZ AND H. WOZNIAKOWSKI

ABSTRACT. In a previous paper, we developed a general framework for estab-
lishing tractability and strong tractability for quasilinear multivariate problems
in the worst case setting. One important example of such a problem is the
solution of the Helmholtz equation —Awu + qu = f in the d-dimensional unit
cube, in which u depends linearly on f, but nonlinearly on gq. Here, both f
and ¢ are d-variate functions from a reproducing kernel Hilbert space with
finite-order weights of order w. This means that, although d can be arbitrarily
large, f and g can be decomposed as sums of functions of at most w variables,
with w independent of d.

In this paper, we apply our previous general results to the Helmholtz equa-
tion, subject to either Dirichlet or Neumann homogeneous boundary condi-
tions. We study both the absolute and normalized error criteria. For all four
possible combinations of boundary conditions and error criteria, we show that
the problem is tractable. That is, the number of evaluations of f and ¢ needed
to obtain an e-approximation is polynomial in e~! and d, with the degree of
the polynomial depending linearly on w. In addition, we want to know when
the problem is strongly tractable, meaning that the dependence is polynomial
only in €71, independently of d. We show that if the sum of the weights
defining the weighted reproducing kernel Hilbert space is uniformly bounded
in d and the integral of the univariate kernel is positive, then the Helmholtz
equation is strongly tractable for three of the four possible combinations of
boundary conditions and error criteria, the only exception being the Dirichlet
boundary condition under the normalized error criterion.

1. INTRODUCTION

The worst case complexity of solving many important d-dimensional problems,
such as integration, approximation, and elliptic partial differential equations, is
known to be exponential in d when the input functions belong to standard Sobolev
spaces; see, e.g., [II, Chapter 3] and [7] for discussion and references. This curse
of dimensionality means that such problems are intractable. One major goal of
information-based complexity research has been to vanquish the curse of dimen-
sionality by shrinking the class of input functions, so that such problems can be
made tractable in the worst case setting.
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Much attention has been lavished on the tractability of linear multivariate prob-
lems; see, e.g., [12] and the references contained therein. However, many important
problems are nonlinear. Perhaps the simplest kinds of nonlinear problems to ana-
lyze are problems that appear to be linear, but have “hidden” nonlinearities. For
example, consider the solution of the Helmholtz equation —Au + qu = f on the
d-dimensional unit cube, with Dirichlet or Neumann boundary conditions. If we
treat ¢ as a fixed known function, then we are only interested in the dependence
of uw on f; this is a linear problem. However, if we treat both f and ¢ as unknown
functions, the nonlinear dependence of u on ¢ means that we now have a nonlinear
problem.

The Helmholtz equation is an example of a quasilinear problem. A quasilin-
ear multivariate problem is determined by giving, for each positive integer d, an
operator Sy: Fy x Qq — G4, where

(1) Fj and Qg are sets of d-variate functions,

(2) Fy and G4 are normed spaces,

(3) Sa(-,q) is a linear operator for each ¢ € Qq, and

(4) Sq satisfies a Lipschitz condition with respect to its two variables.

Note that the presence of @)y distinguishes quasilinear problems from well-posed
linear problems, as defined in [I0]. For example, a linear partial differential equation
Lu = f yields a linear problem if we are only interested in how w depends on f;
however, if we also want to study how u depends on the coefficients of L, we will
have a quasilinear problem.

In this paper, we consider algorithms that use the values of linear functionals
of f and q. We will be interested in algorithms that allow the evaluation of any
linear functionals of f and ¢, as well as those that only allow the evaluation of f
and ¢ at points of the unit cube. Let card(e, S4) denote the minimal number of
such evaluations needed to compute an e-approximation in the worst case setting
A family S = {Sq}32, of problems is said to be tractable if card(e, Sq) is bounded
by a polynomial in e~! and d. If this bound is independent of d, then S is said to
be strongly tractable.

Of course, tractability results depend on how we choose Fy; and Q4. One idea
that has worked well for linear problems has been to choose weighted spaces. These
are spaces for which the dependence on successive variables or groups of variables is
moderated by corresponding weights; see [9] where this idea was probably studied
for the first time, and [7] for a survey. Recently, spaces with finite-order weights
have been thoroughly analyzed. These spaces were introduced in [4] for the inte-
gration problem; they were first studied for general linear problems in [12], and for
quasilinear problems in [I4].

The main idea behind finite-order weights is as follows. We want to solve prob-
lems Sy, where d may be arbitrarily large. This means that we want to approximate
Sa(f,q), where the functions f and ¢ depend on d variables. However, we restrict
our attention to spaces for which f and ¢ can be decomposed as sums of functions
that depend on at most w variables, where w is independent of d. We stress that
algorithms using function values of f and ¢ do not use the values of the terms
appearing in the decomposition of f and ¢. These decompositions only serve as a
theoretical tool to prove error bounds and tractability.

IThese concepts, among others, will be precisely defined in Section
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By considering only input functions belonging to spaces of finite-order weights,
we find that the number of evaluations needed to obtain an e-approximation is at
most C,,(1/e)%d’, which is polynomial in 1/¢ and d. The degrees a, and b,
depend at most linearly on w; however, the leading coefficient C,, may depend
exponentially on w. Thus, we would hope that w is relatively small. As an example,
in quantum mechanics, one commonly encounters sums

1
X xgs) = >

1<i<j<d/3 (e = %517, (gsy + @?)*/?

of modifiedd Coulomb pair potentials; see, e.g., [0, pg. 71]. Here, each x; belongs
to R?, so that ¢ depends on d scalar variables; however, each term of ¢ only depends
on 6 variables. Hence, w = 6 for this example.

The paper [12] developed a general framework for studying the tractability of lin-
ear multivariate problems over reproducing kernel Hilbert spaces with finite-order
weights. One of the main results of [12] is that such problems are always tractable,
and they are sometimes even strongly tractable. In a recent paper [14], we showed
how the framework of [I2] can be extended to cover quasilinear problems. Using
this framework, we presented general conditions for determining when quasilinear
multivariate problems are tractable or strongly tractable.

In this paper, we verify these general conditions for specific important multivari-
ate problems. Namely, for a nonnegative function ¢ on I, where I = (0,1), we
study the variational formulation of the Helmholtz equation

(1.1) —Au+qu=7f in I,
subject to one of two kinds of homogeneous boundary conditions:
(1) Dirichlet boundary conditions

u=20 on 9I°%.

In this case, we will take G4 = H3(I9).
(2) Neumann boundary conditions

o,u=20 on 917,

where 0, is the outer-directed normal derivative. In this case, we will take
Gy = H'Y(I).
Hence we will be measuring the error in the H'-sense.

As already mentioned, we assume that we can compute function values of f
and ¢ or, more generally, arbitrary linear functionals of f and g. The set Fjy of
right-hand-side functions f will be a reproducing kernel Hilbert space H(Ky), and
Qq will be chosen so that the variational form of the solution u = Sy(f,q) exists
for all f € H(K4) and ¢ € Q4. We consider the worst case setting, in which
we want to compute an e-approximation to the solution w for all f € H(K,) and
q € QqN H(Ky), assuming additionally that the norms of f and ¢ are bounded by
given numbers.

We study two error criteria:

(1) The absolute error criterion: Here, we want to guarantee that the worst
case error of an algorithm is at most ¢.

2The modification is the inclusion of the positive term «. Physicists often include a small «
as a regularization parameter to make g smooth.
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(2) The normalized error criterion: Here, we want to guarantee that the worst
case error is at most ¢ times the initial error. (By the initial error, we mean
the minimal error we can attain without sampling the functions f and ¢.)

Combining the two kinds of boundary conditions with the two error criteria, we see
that there are four different combinations to consider. Furthermore, each of these
four combinations is considered, both for algorithms using function values and for
algorithms using continuous linear functionals.

We consider reproducing kernel Hilbert spaces spaces H(Ky) with finite-order
weights of order w and prove tractability results for both the Dirichlet and Neumann
problems. Moreover, we find that the problem is strongly tractable in three of
the four possible combinations mentioned above, provided that the sum of the
finite-order weights is uniformly bounded in d and the integral of the univariate
kernel is positive; the only exception is the Dirichlet boundary condition under the
normalized error criterion, which is open.

We now present the main results of this paper in more precise terms. Let A €
{A21 Astd) ) where A denotes the case where we use arbitrary linear functionals
and A% denotes the case where we only use function evaluations. As before,
card(e, Sq) = card(e, Sq,A) denotes the minimal number of evaluations needed
to compute an e-approximation in the worst case setting under the absolute or
normalized error criterion.

To prove our tractability results, we use a maximum principle. For the Dirichlet
problem, we use the result found in [5], which bounds the L,-norm of the solution
by the L.,-norm of the right-hand-side function. For the Neumann problem, we
could not find such a result in the literature, and so a proof (based on suggestions
of T. I. Seidman) is provided in this paper.

Let perr and pgim denote e- and d-exponents of tractability, so that

1 Perr
card(e, Sg,A) < C <—) Pdim Vee (0,1),deZtt,
€
and let pstrong denote the exponent of strong tractability, so that
Pstrong
card(e, Sq, A) < C (—) )
€

Here, C' is an absolute constant, independent of both ¢ and d.
We assume that the reproducing kernel K, of the weighted RKHS H(K,) has
the form

Ka(x,y) = > Yau [T K (25 9)),

ue{l,...,d}, Ju|<w JjEu

where K is the reproducing kernel of a Hilbert space H(K) of univariate functions,
and 7q,, are nonnegative numbers (weights). Let

11
ng/ / K(z,y)dx dy < oo.
o Jo

Since K is a reproducing kernel we know that ko > 0. Our results depend on
whether k9 is positive or zero, and whether we are dealing with the general case for
finite-order weights of order w or whether we are dealing with finite-order weights
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of order w with a uniformly bounded sum, i.e., for which

sup E Yd,u < 0.
1sd<eo ue{l,...,d}
[u]<w

Then we have the following results:

(1) For the Dirichlet and Neumann problems under the absolute error criterion,
we have

General case Bounded sum
kg >0 ko =0 ko >0
Aall Perr < 27pdim < 2w Perr < 27pdim < 3w Pstrong <2

AStd Perr < 4apdim < dw Perr < 2apdim < 6w Pstrong < 4

We see that both these problems are tractable. Moreover, if the sum of
weights is uniformly bounded and ko > 0, then these problems are strongly
tractable.

(2) For the Dirichlet problem under the normalized error criterion, we have

Ko >0
AT Perr < 27pdim <2+4w
AStd DPerr < 4apdim < 4+ 2w

Hence, this problem is tractable. However, we do not know conditions that
guarantee strong tractability for this problem. The case ko = 0 is also
open.

(3) For the Neumann problem under the normalized error criterion, we have

General case Bounded sum
ko >0 ko =0 Ko >0
Aall Perr < 27pdim <w Perr < 2apdim < 2w Pstrong <2
AStd Perr < 4apdim < 2w Perr < 2apdim < dw Pstrong < 4

Thus, this problem is tractable. Moreover, if the sum of weights is uniformly
bounded and ko > 0, then the problem is strongly tractable.

We stress that these results hold for the kernels Ky with any finite-order weights
of order w and any univariate kernel K. Of course, the smoothness of func-
tions from H(Kj) will depend on the kernel K, which may be chosen arbitrarily.
Therefore, it may be possible to improve the exponents of tractability and strong
tractability for a given choice of the kernel and weights by using an algorithm
specially tailored to the particular situation.

For the class A®!, the results are constructive; that is, we know which linear func-
tionals we should use to obtain the bounds on card(e, Sq, A2!). For the class AS*,
the results are not constructive, since they are based on probabilistic arguments.
Making these results constructive has been an open problem for a long time.

Finally, as in [14], we emphasize that our results for the Dirichlet and Neumann
problems give bounds only on the information cost, i.e., on the number of evalua-
tions of f and ¢ needed to obtain an e-approximation. We have not considered the
problem of how many arithmetic operations are needed to implement the algorithms
that use these evaluations. These algorithms have the following form:

(1) Obtain approximations f of f and § of q.
(2) Calculate Sy(f,q) as an appropriate e-approximation.
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Note that the first stage uses linear algorithms to compute the needed approxi-
mations. The coefficients used by these linear algorithms may be precomputed
independently of f and g. If the cost of precomputation is not counted, the arith-
metic cost of the first stage is proportional to the information cost. However, the
second stage introduces some difficulty. Since the operator Sy is not linear, it is not
a priori clear how hard it will be to compute Sg( f ,G) or an approximation thereof.
Hence, our positive tractability results on the number of evaluations must be aug-
mented with positive results on the approximate computation of Sy(f, q) if we wish
to claim that the quasilinear Dirichlet and Neumann problems are computationally
feasible for large d.

We have already mentioned some open problems. Let us close this Introduction
by posing two more.

(1) For simplicity’s sake, we have restricted our attention to homogeneous
Dirichlet and Neumann boundary conditions. To what extent do the results
of this paper still hold when the boundary conditions are nonhomogeneous?
To maintain the spirit of this paper, the functions describing the boundary
conditions should also belong to a space of finite-order weights on each face
of the unit cube. If such is the case, we expect that similar tractability
results will hold for both the homogeneous and nonhomogeneous cases.

(2) We have not discussed lower bounds for elliptic problems over spaces of
finite-order weights. It is easy to see that a lower bound is given by the
problem of approximating the embedding operator from H (K ) to H~1(I4).
Note that the target space for this approximation problem is H~!(I9),
rather than the more familiar space Lo(I?). Moreover, in the sequel, we
show that the Dirichlet problem is at least as hard as computing the most
difficult weighted average of H(Kj) functions, the weights coming from
H} (I%); furthermore, the Neumann problem is at least as hard as computing
the integral of H(Ky) functions. The problem of finding lower bounds for
all these subsidiary problems has not yet been studied and remains open.

2. NOTATION AND ASSUMPTIONS

In this section, we first recall some notation and concepts from [14] Sect. 2],
which the reader should consult for motivation and more detailed explanation. In
addition, we precisely define the Dirichlet and Neumann problems that we study.

Let us first establish a few notational conventions. If R is an ordered ring, then
R* and R™ respectively denote the nonnegative and positive elements of R. If X
and Y are normed linear spaces, then Lin[X, Y] denotes the space of bounded linear
transformations of X into Y. We write Lin[X] for Lin[X, X], and X* for Lin[X, R].
Finally, we use the standard notation for Sobolev inner products, seminorms, norms,
and spaces, found in, e.g., [8] [13].

Let K be a measurable reproducing kernel defined on I x I with I = (0,1). We
will require that

(2.1) Ko := esssup K (z,z) < oo,
zel

from which it follows that

0 < ko < K1 < Ko,
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1
(2.2) K1 :/ K(x,x)dx
0

(2.3) o = /O 1 /0 " K(a.y) dedy.

Without loss of generality, we assume that x; is positive, since the problem will
be trivial otherwise. It then follows that xq is also positive. However, ko may be
either positive or zero. It turns out that ko = 0 can occur for kernels that arise in
practice; see Remark 2.2. The distinction between the cases ko > 0 and ko = 0 will
affect the error bounds for our problem.

Let £, be the power set of {1,...,d}, and let

vy={Vau:u€ PydeZ}
be a set of nonnegative numbers 4, (which we call weights), with

Ymax = SUP MAaX Y4, < 0O0.
dezt+ u€Pa

We shall assume that ~ is a set of finite-order weights of order w € Z*+, see [,
i.e., that

(2.4) Yau #0 onlyif |u<w  Vue Py deZtT,

where w is the smallest positive integer such that ([24]) holds and |u| is the cardinality
of u.

For each d € Z**, the space H(K,) is the reproducing kernel Hilbert space
(RKHS) whose reproducing kernel is

Kq= Z Yd,uKau,

uePy
with
Kd,u(x,y):HK(xj,yj) Vx,y € [T ue 2,
JjEu
For f € H(K4) we know (see, e.g., [12]) that
(2.5) £l zoray < oalk) 1|l k)

where, here and elsewhere, we will often use the function

1/2
(2.6) oq(6) = < > yd#alu) VO cRT.

uePy

Hence, H(K ) is embedded in Lo(I?%) for arbitrary weights . For finite-order
weights of order w, we can estimate o4(#) by

(2.7) 04(0) < /2 max{6°, 1} ymax d“/?;

see [14) Lemma 6].
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Example 2.1. We illustrate our approach by the min-kernel
(2.8) K(z,y) = Knin(z,y) := min{x, y} Va,y € [0,1],

which has been studied in many papers and is related to the Wiener measure and
the Sobolev space of univariate functions. More precisely, the space H(K) consists
of absolutely continuous functions vanishing at zero and whose first derivatives
belong to Ly(I), with the inner product

(fs 9K = /If’(:c)g’(x) dx.

In this case, we have kg = 1, k1 = %, Ko = =%.
For the d-variate case, the space H(K,) with finite-order weights of order w

consists of functions f : I¢ — R that can be uniquely decomposed as

f) =) fux),

Wl

~

ue Py, |u|<w
with x = [z1,22,...,24], where f,(x) = f(xy) depends only on z; for j € u, and
fu € H(Kg,). Furthermore,
”fH%{(Kd) = Z Wd_,i Hqu%{(Kd,u),
ue Py, |u|<w
where

glul ?
1 fullZrres ) = /IM <8xf(xu)> B

Here, by convention, we have 0/0 = 0. That is, if 74, = 0, then the corresponding
component f, = 0.

Observe that the constant function f(x) = ¢ for all x € I belongs to H(K,) iff
Ya,0 > 0, in which case we have || f|| g (x,) = |c\/7;(@2. O
Remark 2.2. As we shall see, tractability results will be different for the cases
ko > 0 and k3 = 0. For the min-kernel we have k5 > 0. For some other kernels, we
may have ko = 0. For instance, consider the Korobov kernel K(x,y) = Ba(|z —yl),
where By(t) =t —t + % is the Bernoulli polynomial of degree 2. Then the space
H(K,) differs from the Sobolev space with the min-kernel by replacing the condition
f(0) = 0 by fol f(z)dz = 0; more properties of these and similar spaces may be
found in, e.g., [9]. For the Korobov kernel, we have ko = 0. O

We now recall the standard variational forms of the Dirichlet and Neumann
problems for the Helmholtz equation ([II)); see (e.g.) [3l pp. 35-40]. In what follows,
we write

Bd(v,w;q):/ [Vv - Vw + quw] Vo,we H'(IY), q € Loo(19).
Ja

(1) For the Dirichlet problem, let
Qi={q€Lc(I?):q>0}.

For f € H(K4) and g € Q%, a solution element u = SP™R(f, q) € H} (1Y) is
defined such that

(2.9) Ba(u,w;q) = (f,w),ray  Yw € Hy(I?).
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(2) For the Neumann problem, let qo be a positive number, independent of d.
Define

P={ae L) :qg>q}.
For f € H(K,) and q € Q% a solution element u = SYEV(f,q) € H'(I4)
is defined such that

(2.10) Ba(u,w; q) = (f,w) 14 Yw e HY(I?).

The well-definedness of SP™® and SYEV will be addressed in the sequel.
Let

(SP™,Q5, H3(I4))  for the Dirichlet problem,

Sa, Qa, Ga) =
(52, Q4 Ga) {(SgEU, Z*,Hl(Id)) for the Neumann problem.

We want to efficiently compute approximations of Sq(f, q) for [f,q] € Hg p, X (QaN
Hg,,), where py, po € Rt are independent of d, and

Hyp,={fecHKq): |fllax,) <p}

is the ball of H(K4) of radius p > 0.

For the Neumann problem to be well-defined, we must assume that Q*NHg ,, is
nonempty. This holds if 1 € H(Ky), i.e., the constant function 1 belongs to H(Ky),
and ||1||g(k,) < p2/qo- Then the constant function go belongs to Q3" N Hyp,.

It is known, see [2], that 1 € H(Ky) if 749 > 0, and then 1| gk, < Wd_é/z.
Furthermore, if 1 ¢ H(K), then ||1||g(x,) = 7;01)/2. Hence, if qofyd_é/2 < p2, then
v N Hgp, is nonempty.

Let Ay, be an algorithm using n information evaluations from a class A of
linear functionals on H(K,). Here, A is either the class A*! of all continuous
linear functionals on H(K), or the class AS*d of standard information consisting
of function evaluations.

The worst case error of Ay, is given by

e(Ad,n,deA) = sup ||Sd(f> q) *Ad,n(f; Q)”Gd?
[f.dl€Ha,py XQaNHa, p,

and the nth minimal error is defined to be

e(n, Sd, A) = [lxl’lf e(Ad)n, Sd, A),
d,n

the infimum being over all algorithms using at most n information evaluations
from A. Note that the operator Sy(-,q): H(K4) — Gy is linear for any ¢ € Qgq.
Hence the initial error e(0,54) is

(2.11) e(0,S4) =p1 sup  [|Sa(", @) lLin[H(K.).Gal-
q

dNHa,py

We shall prove later that e(0,.Sy) is finite.
If £ € (0,1), we say that the algorithm A4, provides an e-approximation to Sy
if
e(Agn,Sa, A) < e-ErrCrit(Sy).

Here, ErrCrit will be one of the two error criteria

1 for absolute error,
€(0,84) for normalized error.

ErrCrit(Sq) = {
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Let
card(e, Sq, A) = min{n € Z" : e(n, Sq, A) < e - ErrCrit(Sy) }

denote the minimal number of information evaluations from A needed to compute
an e-approximation to Sg. The family S = {Si}qez++ is said to be tractable in the
class A if there exist nonnegative numbers C, pe,r, and pgim such that

1 Perr
(2.12) card(e, Sg,A) < C <E) draim Veec (0,1),deZtt.

Numbers peyr = Perr (S, A) and paim = Paim (S, A) such that (2I2) holds are called
e- and d-exponents of tractability; these need not be uniquely defined. If pgim = 0
in (Z12), then S is strongly tractable in A, and we define

Dstrong (A) = inf {perr >0: 3C > 0 such that

perr
card(e, Sq, A) < C (g> Vee€ (0,1),deZ* }

to be the exponent of strong tractability.
Of course, a problem’s tractability or strong tractability will depend on the error

abs abs

criterion used. Hence in the sequel, we will write p22°, p§rs , and pg‘gﬁmg for the e-

and d-exponents of tractability and the exponent of strong tractability under the
absolute error criterion; these exponents will be denoted by pgry', pify,, and piione
when we are using the normalized error criterion.

We will establish tractability of the Dirichlet and Neumann problems by using

the results of [I4]. Suppose that the following conditions hold:

(1) Sg is quasilinear. That is, there exists a function ¢: H(K;) — Qq, as well
as a nonnegative number Cy, such that

(2.13) ||Sa(f, ) — Sa(f,¢(@)llc. < Ca [Hf — Fllzazay + g = @l porey
V(f.ql € Hip, x Qa, [f,d] € H(K4) x H(Ky).
(2) There exists « > 0 such that

Call Appg ||Lin(#r(54) . Lo (19)]

2.14 N, := e e < 0.
(2.14) d2121£)+ d® ErrCrit(Sq) >

Here, Cy is from ([2I3) and App, is the embedding, App, f = f, of H(K)

into Lo (19).
Under these assumptions, [I4, Theorem 3] tells us that the quasilinear problem
S = {Sq}aez++ is tractable if & > 0 and strongly tractable if « = 0. More specific
estimates with the exponents of tractability or strong tractability will be presented
later.

The first assumption (2I3]) establishes a Lipschitz condition for S,. It also

implies that for any ¢ € Qg, the linear operator Sy(+, q): H(K4) — G4 is continuous.
To see this, note that if we take ¢ = ¢ and f = 0, then Sy(f,¢(¢)) = 0, so that

(Z5) and 2I3) imply that
1Sa(f, Dllcy < CallfllL, ey < Caca(k)flla(xy)

as claimed.



TRACTABILITY OF SECOND-ORDER PROBLEMS 755

To verify that the second assumption ([2-I4) holds, we will need to estimate the
norm of App,. Note that (23] implies that the embedding App, is well-defined,
with

(2.15) | APPg [ Lin[H (K a),La(14)] < Ta(k1)-

More precise results for || App, [|Lin[# (i y),Lo(14)) are given in [12]:
(1) There exists ¢q € [Kk2, k1] such that

|| Appy HLin[H(Kd),L2(Id)] = Ud(cd)~

This result holds for any value of k5 > 0.
(2) When k2 = 0, we have the explicit formula

/
| Appg ||Lin[H(Kd),L2(1d)}=JI€1%}§ ’yd,u||WH|Lui‘n[H(K)J :

where the operator W € Lin[H (K)] is defined as

(2.16) Wf:/o K(z,)f(e)de  Vf e H(K).

Since K is nonzero, the norm of W is positive.

3. THE DIRICHLET PROBLEM

We now apply the machinery of [14] to the problem of approximating solutions
to the variational form of the Dirichlet problem for the Helmholtz equation.

3.1. Some preliminary bounds. We already know that H(K,) is embedded
in Ly(I4). Using condition (2.JI), it is easy to see that H(K,) is also embedded
in Lo (I%).

Lemma 3.1.
902 rey < oa(o)lgllmmr,y V9 € H(Ka).
Proof. For any g € H(K,) and x € I, we have

g(X) = <g7Kd('aX)>H(Kd)a
and thus
190G < Ngllzrxnp IKal X)) = 9l z2EKH V Ka(X, %)
Moreover,
Ka(x,%) = Y au [ K(@jm) < Y vausd! = o3(ko)
ueP, JEU uePy

for almost every x € I¢. Thus
lalle ey < N9l ek SUE VEKa(x,x) < oq(ko)llgll k),
S
as claimed. O

Although it is known that the bilinear form By(-, -; q) is strongly H}(I?)-coercive
and bounded for any ¢ € Q};, we include a formal proof of this fact, so that we can
establish values of the coercivity and bounding factors.
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Lemma 3.2. For any q € Q};, we have
Bd(v7v;Q) Z %”’Unil[%([d) VUEH(%(Id)a
and
| Ba(v, w; q)] < max{L,||lgll Lo} 1ol mgolwllgggey — Vo,w e Hy(I9).

Proof. Let v,w € H}(I%). From the proof of Poincaré’s inequality [I, Lemma 6.30],
we see that

1
(3.1) |+ Izocray < N R on Hg(I%).
Hence

B, viq) / [Vl + qo?] > / Vo2
Id Id

2
(3.2) :%/ |W|2+§/ |Vv|22§{/ |v|2+/ |Vv|2]
Id Id Id Id

= 2|0l ray-
On the other hand,
(3.3) Ba(v,v;q) < max{L, [|qll . cra) vl Fa (ay-

Using B.2) and @B.3]), we see that By(-,-;¢q) is an inner product on H}(I?); its
associated norm B;/2(~, 11q) is equivalent to the usual norm || - || g1 (74). Hence using
the Cauchy-Schwarz inequality, along with ([B3.3]), we find that

| Ba(v,w; q)| < v/Ba(v,v;¢)v/Ba(w, w; q) < max{L, gl oo ra) Mol g oy [0l g 1y
holds, as required. (I

Since H(K,) is embedded in Lo(I?), the Lax-Milgram Lemma [3, pg. 29] and
Lemma tell us that for any [f,q] € H(Ky) x @, the problem (29) has a
unique solution u = SEIR(ﬂ q) € Hi(I?). In other words, the solution operator
SPIR: H(Ky) x Q) — H(I9) is well-defined.

We now show that SP'R satisfies a Lipschitz condition.

Lemma 3.3. Let
(3.4) CP™ = 3 max{1, pi(e — 1)oa(ko)}.
For any [f,q] € Hq,p, x Q) and [f,d] € H(Kq4) x Q%, we have
ISP (f.q) — SE™(f, Dl ez ey < CF™ [Hf — fllacray + g = @l pocrey | -
Proof. Let u = SP™(f,q) and @ = SP™(f,§). For any w € H}(I?), we have
(f = f.w) 14y = Ba(u,w; q) — Ba(ti, w; §)
= / [V(u—1) - Vw + §(u — a)w] + (g — G, vw) ,(ra)

= Bg(u — 4,w;q) + (¢ — G, uw) L, (14)-
Taking w = u — u, we have

Ba(w,w; §) = (f — f,w) py(ra) — (a4 — G uw) 1, (1a).
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From Lemma [3.2] we have

By(w,w;q) > %kuzgud)»

and thus

(3.5) Hw”%{é(ld) < % H(f - f~7 w>L2(1d) + ‘(q— q, Uw>L2(1d)” -
Now

(3.6) ‘<f — fow) | < IIf — f||L2(Id)||wHH5(1d)~

Theorem 3.7 of [5] allows us to estimate the Lo,-norm of the solution w in terms of
the same norm of the right-hand-side function f. More precisely, we have

lull oo ray < (e = DI fll2 o (ray-
Applying Lemma 3.1, we obtain
ullLo ey < (e = Voa(ko) | fll (k. < pr(e —1)oa(ko),
and thus
g — G, uw) pyay| < lla = @l ooy llull o rayllwl 2y (ray
< pi(e = Doa(ko)llwl| gz reyllg — @ll Lo crey-

Substituting [B.6]) and [B.7) into (B.5) and remembering that w = u — @, we imme-
diately get

(3.7)

IN

3
2

= allizyrey < 3 [IF = Flracray + prle = Doalko)lla = @l aqro|

IN

%max{lyl’l(e — Doa(ko)} [IIf — f”Lz(Id) +1lq — @HLz(Id)] )

as claimed. O

Since H(K,) is embedded in Lo, (I?%), we can define a mapping ¢: H(Kz) — Q7
by
d(v)(x) = v4(x) := max{v(x),0} Vx eI ve H(K,).

We are now ready to show that SEIR for our elliptic Dirichlet problem is quasilinear,

i.e., (ZI3) holds.
Lemma 3.4. Let CP™ be defined as in Lemma B3. Then

HSglR(fy q) — SEIR(JF7¢(§))||H3(IGZ) < CEIR ||f - JFHLz(ld) + ||q - (j”LQ(I«i)}
VIf.a) € Hip, x Quy [f.d) € H(K4) x H(Ka).
Hence, SEIR s quasilinear.
Proof. We first claim that

g — (Dl Loray < llg — Gl Lo cray-
Indeed, let
A={xeI: §x) >0} and B={xeI%: j(x)<0},

. _Jax) ifxe A,
A9 = {o it x € B.

so that
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Now for any x € B, we have ¢(x) < 0 and ¢(x) > 0, and thus 0 < ¢(x) < g(x)—q(x).
Hence H‘IHZLQ(B) <llq- ‘jHZLQ(B), and so
A2 — A2 2 <o — a2 A2
lg = o@D, ray = llg = @llzyay + lalli, ) < lla—dliz,a) + lla—dllz, )
= [lg— (§||2L2(1d),

as claimed. Using this inequality along with Lemma [33] we have
ISP (f,q) — SEIR(fa¢(§))||H(}(Id) <op™ [Hf — fllparey + g — ¢(Q)||L2(Id)}

<cop™ [Hf - fHLz(Id) +[lg — d”LQ(Id)} )

as required. This proves that SEIR is quasilinear, as claimed. (]
3.2. The absolute error criterion. We are now ready to begin establishing
tractability results for the elliptic Dirichlet problem. Our first result establishes
tractability under the absolute error criterion. Since ErrCrit(Sg) = 1, finding « for
which ([2I4) is satisfied means that we need to determine « such that

Ccll)m” Appd ||Lin[H(Kd),L2(1d)] = O(da)-

Theorem 3.5. The elliptic Dirichlet problem, defined for the spaces H(Ky) with
finite-order weights of order w, is tractable for the absolute error. More precisely,
for N,, defined by (Z14), we have

(3.8) N, < %max {1,p1(e - 1)\/2max{1,/ifj}’)’max} \/2max{1,n°f}~ymax,

and the following bounds hold:

(1) Suppose that ko > 0.
(a) For the class A*, we have

K1 1

w 2
cardabs(s, SUII)IR,AaH) <2(p1 + pg)ZNz </@> <€> .
2

Hence
p:gS(SDIR,AaH) S 2 and pgﬁi(SDIR,Aall) S 20.

(b) For the class A®*, we have

2w 4
1
card™ (e, SPTR Astd) < ’78(/01 + p2)tN2 (Zl> <€> d4“’-‘ +1,
2

and so
p:gS(SDIR,AStd) S 4 and pglijli(SDIR,Astd) S dw.
(2) Suppose that ko =0, and let

max{1, r1}
min{1, ||WHLin[H(K)]}.

(3.9) I =

Then we have the following results:
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(a) For the class A™', we have
1\ 2
cardabs(s,S(?IR,Aa“) < 4(,01 +p2)2N5FW <> dé}w7
€

and so
pggs(SDIR7Aall) S 2 and pglio;l(SDIR’Aall) S 3w.

(b) For the class A%*, we have
%

card®™ (g, SPIR, Astd) < ’732(;71 + p2)t NAD2 <€> dﬁw-‘ +1,
and so
pggs(SDIR,Astd) < 4 and pzalio;(SDIR’Astd) < 6w.

Proof. Using [27), 21I5)), and (34]), we find that
C?IRH Appy HLin[H(Kd),Lg(Id)]
< %max {1, p1(e — 1)\/2 max{1, H?j}’)’max} \/2 max{1, K¢ }¥max - 4.

Hence setting o« = w in ([2I4), we obtain (B.8)). The remaining results of this
theorem now follow from [14] Theorem 7], with o = w.

O

Example 3.6. Suppose that K is the min-kernel K,;,. Since kg = 1 and k1 = %,

we have
Nw S %max {1701(6 - 1) V 2’)’max} V 2’7max

from [B])). Furthermore, since ko = % # 0, we see that case 1 holds in Theorem [3.5
Hence we find that the elliptic Dirichlet problem is now tractable under the absolute
error criterion, with

paPs(SDIR pally < 9 and pabs (GPIR pally < o),
for continuous linear information, and
pabs(SPIR pstd) < 4 and pabs (GDIR pstdy < 4,
for standard information. O

Theorem tells us that the elliptic Dirichlet problem for the absolute error
criterion is tractable for any finite-order weighted RKHS, no matter what set of
weights is used. The reason we are unable to establish strong tractability in this
case is that the Lipschitz constant C’C?IR and || Appy |l Lin[E (k) Lo (1) are expressed
in terms of o4(ko) and (k1 ), whose product is bounded by a polynomial of degree w
in d. Hence we can only guarantee that N, is finite. It is proved in [14, Theorem 7]
that strong tractability holds if k9 > 0 and if Ny is finite. We can guarantee that
Ny is finite if we follow the approach taken in [I4, Theorem 8§].

Theorem 3.7. Suppose that ko > 0 and

(3.10) p3 = sup Z Vdu < 00.
dezt+ uE P,
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The elliptic Dirichlet problem defined for the spaces H(K ) with finite-order weights
of order w satisfying BIQ) is strongly tractable for the absolute error. More pre-
cisely, for Ny defined by 2.14)), we have

(3.11) Ny < %pé/z max{1, mf/z}max {l,plpém(e — 1) max{1, Kg/z}} ,

and the following bounds hold:
(1) For the class AM, we have

w 1 2
Cardabs(gvscll)IRaAan) < 2(101 + pQ)ZNg <ﬂ> (_> .
K9 g
Hence

b DIR Aall
pStrsong(S 7A1 ) S 2.

(2) For the class A**, we have

2w 4
. 1
card™ (e, SPTR, Astd) < {8(,01 + p2)t Ny <Z—;> <—) -‘ +1.

Hence
pabs (SDIR’Astd) S 4.

strong

Proof. Using [BI0), it follows that
(3.12) oa(0) < pr*max{1,0/2}  VOeRT.
From (Z14), [2Z15), and [BI2), we have

Ny < C’Dmpé/2 max{1, ﬁf/Z},

where

CPIR — sup CPIR = 3 max {1,,01(6 —1) sup Ud(ﬁo)}
dez++

< 2 max {l,pl(e - 1),0§/2 max{1, /-ig/2}}

by B4) and (3I2). Combining these results, we obtain (.I1)). The desired result
now follows from [14, Theorem 8§]. O

Example 3.8. Suppose once again that K = Kpj,. Assume that (BI0) holds.
Then the conditions of Theorem [3.7] are satisfied with

No< 3o max{i e -0} and (2 = ()

Hence, the elliptic Dirichlet problem is now strongly tractable under the absolute
error criterion, with

Parong (ST AM) <20 and pi, (ST A <40 O
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3.3. The normalized error criterion. We now consider the elliptic Dirichlet
problem for finite-order weights under the normalized error criterion. For this error
criterion, we need a lower bound estimate on the initial error.

Lemma 3.9. Define the set

Hj (I) = {9 € Hy(I): /019(:5) dr = 1}.

Then for any d € 7T, we have

2 0
e(0, SDIR) pP1\/ = su Ud( (,)) )
3d gery (1) 1011, (1) 10| ooy

where

(3.13) //9 K(z,y)dx dy VO e Loo(I).

Proof. Since our problem is quasilinear, we may use (Z.I1I) to see that
e(0,SP™)y =p1  sup |ISD(, Dl Lin[a (K o), HE (19)]
(3.14) 9€QaNHa,py
2 p1 HSDIR( O)HLin[H(Kd),H(}(Id)]'

Now let f € H(K,) and w € HE(I9). Let u = SP™B(f,0). Then

el

lull g ray lwll g ray 2> 1wl g ooy lwl g ey > ‘/Id Vu - Vw‘ =
It is easy to see that
tuta.(9) = [ obutxdx Vg€ H(K,)
Id

is a continuous linear functional. From [12, Lemma 2], we know that

(3.15) || Int g, o H (H (K] / /d y)Ki(x,y)dxdy.
I
The previous inequality may be rewritten as
158" (f, )l g 1) o1 | Inta,. (f)]
Il e ra) T Nwllga ey 1 e

Since f € H(Ky) and w € H}(I9) are arbitrary, this implies that

| It g, (|12 (r0))

(3.16) 152, 0)Lin 1(fa)] = Sup
Lin[H (Ka), Hg ()] weni(rd)y  wllmyae

Now let § € Hj (1), and define
(3.17) wa,p(x) = 0(x1) ...0(xq) Vx = (z1,...,24) € I%.

Since wgq,¢ vanishes on 0I?, we have W0 € H} (Id). Let us calculate an upper
bound on ||wq,g| ga(rey- Using B.2), we have

d
(3.18) w2 gy < 2 / Vwao? =337 0waol e
j=1
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Now for any j € {1,...,d}, we have

djwa,p(x “‘[ e ]9’ z), Vx=(x1,...,zq) € I%
1<i<d
i#j
and so
d
185wa0lZ,(ray = 10172 A 1617 r)

Substituting this equality into (BI8]), we find

(3.19) [wapllpr(1ay < \/ ||9|| oo 1911y

Using (B.15)), we find that

1/2
1 Tt g o |12 i) = (/ /d wa,p(X)wa,o(y)Ka(x,y) dx dy)
I

/2
(Z %lu/ / H9 x;)0(y; HK:CJ,yJ dxdy)
ueEPy

JEu

(5 ([ [ semrmtasan)”)

— ( > yd,uT(e)lul)m =o(7(0)).

uePy
Using this result, (8I6), and [B.I9]), we get our desired lower bound on the initial
error. 0
To use Lemma B9, we need to choose a function 6 € Hg (1) for each d € Z++

and to estimate aq(7(6))/ (H9||L2(1)H9'HL2(1)) from below. One possibility is as

follows.
For 6 € (0, 4], let

T
i <z<
51 =) if0<xz<y,
1 .
1—=z
_— —o0o<zxz<l.
31 =0) 1-6<2z<1

Clearly, 05 € H&,*(I ). A straightforward calculation yields
3—45
03 (x) dr = ——s
/ A ()

1 , 2

and
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Hence

d—1
u1 B 3—46 2
(3.21) 105117 (1) 1051l Loy = \/(3(1 —6)2 5(1—0)2"

We now choose § = d, such that [B21)) is of order v/d. It is easy to see that this
can be achieved by taking 64 = ©(d~!). Since we want to control the constants,
we need to see the details, which are as follows.

For d = 1 we choose § = §; = 3 and obtain

165115 ) 10511 ocry = 336 = §V6d.

For d > 2, let
4\ V=1
(3.22) agq = <§> 5
so that
0422%>0z3>--->1 with dlimozdzl.
Let
1
(323) (Sd =1- 37(2+\/4—3Oéd)7
d
which is a solution to
3 — 464
3.24 — = y.
(3:24) AL
Since aq € (1, 3], we see that 64 € (0, 3]. Clearly, for large d we have
In 4/3 3/21n4/3
adwl d—1 and 6d~?
Now
2 (o) 543
_ = (67 = .
S4(1 — 64)2 YT (24 VI - 309)2(30q — 2 — VA — 3ag)
Moreover, we have
2 _ _ C(aa)
d . 6d(]— — 5d)2 o n(ad) o ln% ’
In oy

Plotting the function 7, we see that n is increasing over the interval [1, %], with
n(3) = 8. Hence

2
. —— < &d.
(3.25) T <

Using B21)-(B25)), we find that for d > 2 we have
105115, (16511 oy < 5V/6d-
Combining the two cases for d = 1 and d > 2 we write
105015, (i 10511 acry < (3000 + 5(1 = 041))V6d,

where 41 denotes the Kronecker delta.
Applying Lemma with 6 = 05,, we have proved the following lemma.
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Lemma 3.10. Let
10,0 =T (05,) ,
where

o 7(-) is given by [BI3), and
e s, is given by (B20), with

5 % ford=1,
| 64 as defined in B22)-B23) ford > 2.

Then for any d € 27T, we have

O

2p104(70,4) 1
0, SPIR) > > -
(0, 5 )_95d,1+8(1—5d71) d

We now find that the elliptic Dirichlet problem is always tractable for finite-order
weights, modulo one technical assumption. Recall the definitions (B13) and ([B:20)
of the functions 7 and 65, respectively. We will require that

(3.26) 379 > 0 such that 7(65) > 79 Vs e (0,3].

Note the following;:

(1) Condition ([26]) can only hold for 7y < k2. To see that this is true, note
that lims_,00s = 1 in (0,1). Using the Lebesgue dominated convergence
theorem, we find that

(3.27) %i_r% 7(0s5) = 7(1) = Ka.

In particular, this means that (3.26]) cannot hold if ko = 0.

(2) We claim that condition ([B26]) automatically holds whenever o > 0 and
the kernel K is strictly positive definite. Indeed, under these conditions,
we have 7(65) > 0 for all § € (0, 3] and 7(1) = k2 > 0. Using (B27)), we see
that § — 7(65) is a continuous function from [0, 3] — R™. Hence (B.20)
holds, as claimed.

We are now ready to prove the following tractability result.

Theorem 3.11. Suppose that [B26]) holds, so that ko > 0. Then the elliptic
Dirichlet problem, defined for the spaces H(Kq) with finite-order weights of order w,
is tractable for the normalized error. More precisely, for Ny, /o defined by ([2.14),
we have

27 max {Lm(e — 1)1/2max max{1, 56)/2}} <H1>w/2

328)  Nijuss <
(3.28) 14w/2 ”

70
and the following bounds hold:
(1) For the class A*!, we have

ki) /1)2
Cardnor(€7SrIJlDIRaAan) < 2(101 + p2)2N12+w/2 <,‘<L_;) (g) d2+w'

Hence

p;l;)rr(SDIR’ Aall) S 2 and pg?r;(SDIR7Aall) S 24+ w.



TRACTABILITY OF SECOND-ORDER PROBLEMS 765

(2) For the class A**, we have

2w 4
. 1
card™ (e, SPF, A% < {8@1 coVin (2)(2) d‘”ﬂ L,
2

and so

pnor(SDIR’Astd) S 4 and pg?él(SDIR,AStd) S 4 + 2.

err

Proof. We first prove [B.28). Using Lemmas B3] and BI0 along with condi-
tion (B:26]), we have

CP™ = 3 max{1, p1 (e — Doa(ko)},

2p104(70)
0 SDIR > )
«0.50) 2 G5 s —ba) d

Hence we find that
O?IRH Appy HLin[H(Kd),Lz(Id)]
drHer2e(0, SPR)

< 3max{l, pi(e — 1)oa(ko)} oa(k1)
- prde/? aa(7o)

(9941 +8(1 —64,1)) -

From (27) we have
ca(k0) < v/ 2Ymax max{1l, Kg/Q}dw/2,

and since 79 < k1, we have

(3.29) oa(k1) _ (Zueg"d,mw e H|1u|>1/2 = (ﬂ)%.
aa(7o0) Zue@d,\u\gw Vd,u T(IJu‘ 70
Hence
N1+w/2 — sup C(?IR” l?ppd HLin[H](:)Ifg{),Lz(Id)]
dez++ dite/2e(0, SPIR)
27 max {1,p1(e — 1)v/29max max{1, Iig/2}} N
: P1 <T_0> 7

establishing ([3:28). The theorem now follows immediately from [14, Theorem 7],
with a =1+ w/2. O

Example 3.12. Let us once again consider the min-kernel K = K. A straight-
forward (but tedious) calculation reveals that

7(05) = %(1 +6—0%),

and thus (3.26) holds with 7o = 3. Since k2 > 0, we may use Theorem B.IT to see
that for A*!', we have

pnor(SDIR7Aall) S ) and pg?él(SDIR,AaH) S ) _'_w7

err

whereas for A%*d we have

par(SPT A <4 and P (ST AM) <4420 O
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Unfortunately, we are not able to provide a strong tractability result for the
elliptic Dirichlet problem under the normalized error criterion. The reason for this
is that the best lower bound we know for the initial error goes linearly with d—!
to zero. Hence, we are unable to show that N is finite, which is needed for strong
tractability.

4. THE NEUMANN PROBLEM

We now apply the machinery of [14] to the problem of approximating solutions
to the variational form of the Neumann problem for the Helmholtz equation. Recall
that for the Neumann problem to be well-defined, we must assume that Q"N Hg,,,

is nonempty. This holds, in particular, if 749 > 0 and qo'yd_;)/ 2 < p2, as explained
before.

4.1. Some preliminary bounds. It is known that for any ¢ € Q}*, the bilinear
form By(-,-;q) is strongly H'(I 4)-coercive and bounded. However, we provide a
proof of this fact, so that we can establish values for the coercivity and bounding
constants, just as we did in Section 3]

Lemma 4.1. For any g € Q}*, we have
Ba(v,v:9) > min{L,qo}loll3ps ey Vv € H'(I?),
and
| Ba(v,w; q)| < max{1, gl .y} ol m g lwlg ey Vo,w e HY(IY).

Proof. For q € Q;*, we have q > qo and therefore

Ba(vvsa) = [ V0P +0?) 2 min{Lao} [ (907 + %) = min{Lgo ol 1o
I I
The rest is as in Lemma

Note that ¢ € Q** implies that |[¢|;_ ¢y = go- Therefore min{l,qo} <
max{1,||ql[z_ (74} and the bounds in Lemma T make sense.

As in Section Bl the Lax-Milgram Lemma [3| pg. 29] and Lemma ET] tell us
that for any [f,¢] € H(K4) x Q4 the problem (ZI0) has a unique solution u =
SYEU(f,q) € HY(I?). Hence the solution operator SYEV: H(K,) x Qi — H(I?)
is well-defined.

We now show that SdNEU satisfies a Lipschitz condition. This requires two pre-
liminary steps. First, we establish a maximum principle for our problem.

Lemma 4.2. Let f € H(Kg) and ¢ € Q5*. Then

SYEV(f,q) < % a.e. in I%,

where

M(f) = eSSESII;p F(x) < oalko)ll fllax.)-

Proof. Since the bound on M = M(f) follows immediately from Lemma [3.1] we
need only prove the inequality for u = SYEV(f, q). Let

A:{xeld:u(x)>q—]\f}.
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We claim that the Lebesgue measure of A is zero. Indeed, suppose otherwise, i.e.,
that A has positive measure. Define

M
u*(x):max{u(x)——,O} Vx eI
do
By [15, Cor. 2.1.8], we have u* € H'(I%), with
Vu in A
v * — 9
" {o in 14\ 4,

noting that «* > 0 almost everywhere in A. Now in A, we have Vu* = Vu, and so
|Vu*|? = Vu*-Vu* = Vu-Vu*. In the complement of A, we have Vu* = 0, so that
|Vu*|? = 0 = Vu - Vu*. Hence, |Vu*|? = Vu - Vu* everywhere in I¢. Moreover,
M
u(x) > — > Fx) x € A,
0 — q(x)

and so
f—qu<0 in A.

Note that the function u* is an admissible test function for the Neumann problem,
i.e., we can take w = uv* in (2I0). We thus have

O§/ |Vu*|2:/ |Vu*|2:/ Vu~Vu*:Bd(u,u*;q)f/ quu*
A Id Id Id
—(fe)uany ~ [ o = [ (F—quur = [ (7= quput <0,
1d Id A

which is a contradiction. Thus, A has measure zero, which implies that u < M/qq
a.e. in I?, establishing the lemma. O

Using this maximum principle, we can obtain an L.,-bound for the Neumann
problem:

Lemma 4.3. Let f € H(Ky) and ¢ € Q5*. Then

Jd(lﬁo)

1
1YY (o)l (1ay < q_O”fHLOC(Id) < I f1l 22 (x0)-

Proof. Since the second equality follows immediately from Lemma [3. we need
only prove the first inequality. Let u = SYEVY(f,q). For a.e. x € I¢, we may use

Lemma [£2] (once with f and once with —f) to find that

u(x) < — esssup f(y)

qo yerd
and
—u(x) < 1 esssup —f(y).
do yerd
Hence

fu(x)] = max{u(x), ~u(x)} < — esssupmax{f(y), — £(¥)}
90 yerd

1 1
= —esssup | f(y)| = — | fllo. x4y
o SR = Sl

as required. ([l
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Following the same ideas as in Lemma B3] we now show that SYEU satisfies a
Lipschitz condition.

Lemma 4.4. Let

max {1, 7/)10(1(50) }
CONEU _ q0
¢ min{la (IO}

For any [f,q] € Ha,p, x Q%" and [f,q) € H(Ky) x Q%*, we have
1SYEY(f,q) — STEU(S, Dl ey < CFFY [Hf - f||L2(1d) + [lg = QHLQ(Id):| :

Proof. Let w = u — @, where u = SYEY(f,¢q) and @ = SyEU(f, G). As in the proof
of Lemma [B.3] we have

By(w,w;q) = (f — f, W) 1,14y — (@ — G, uw) 1, (14)-
From Lemma [£.1] we have

By(w,w; q) > min{l,ro}||w||§11(1d)v

and thus
(4.1) min{l,q0}||w||%{1(1d) < ’<f - faw>L2(Id) + }(q -4, uw>L2(Id)| .
Now
(4.2) (f = faw>L2(Id) <|If- f||L2(1d)||wHH1(1d)-
Using Lemma [£3] we have
p10a(Ko)
ulln . (rey £ ——,
q0
and thus
|(q — g, uw>L2(Id)‘ <llg = dllpyaoyllvll o royllwllLy e
(4.3) p1oa(ko) _
< T 1wl g rayllg = @ll Ly rey-

Substituting (@2) and (@3) into (EI) and remembering that w = u — 4, we
immediately get

_ 1 = p1oa(ko) -
o= ooy < e 17 = ooy + 2285 g — gl
max {1, 7/)10,1(/@0) }
do 7 -
S ity I e +lla =l
as claimed. 0

Let us define ¢: H(Kg4) — Q4* as
$(q)(x) = max{g(x),q0} = (¢(%) =), +90  Vx €I g€ H(Ky).

As in the previous section, we conclude that ¢(q) belongs to Q%*. We are now ready
to show that ([2.I3) holds for our elliptic Neumann problem.
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Lemma 4.5. Let C’}i\IEU be as in Lemma &4l Then

HSgl\IEU(fa q) — Sil\IEU(ﬁ ¢(§))\|H1(1d) < O(Ii\IEU f — f||L2(1d) +1lg — (jHLZ(Id)}
V[f.d) € Hap, x Q3 [F,d) € H(Kq) x H(Kq).
Hence, S(Ii\]EU s quasilinear.
Proof. We use a slight variation of the proof of Lemma [3.4 We claim that
llg — ¢ZQ)||L2(N) < g = dllL,14)-
Indeed, let
A={xel": §x)>q} and B={xecI%:§(x)<q},
so that

~ Jax) ifxe A,
$(a)(x) = {qo if x € B.

Now for any x € B, we have ¢(x) < ¢o and ¢(x) > qo, and thus 0 < ¢(x) — ¢o <
q(x) — q(x). Hence [lg — %”%2(3) <llg— ‘jHZLz(B)a and so

llg — ¢(Q)||%2(1d) =llg = qll7,cay + lla = a0l ,m) < lla—dlZ,a) + llg — dll7,(m)
=llg— (IH%Q(Id)’
as claimed. Using this inequality along with Lemma 4] we have

ISY=V(F, @) = ST, $la)) s ray < CNPV (1 = Fllgacrny + lla = (@)

< OV (I = Fllzaasy + g = @lzany]
as claimed. 0

4.2. The absolute error criterion. We are now ready to begin establishing
tractability results for the elliptic Neumann problem. Our first result establishes
tractability under the absolute error criterion.

Theorem 4.6. The elliptic Neumann problem, defined for the spaces H(Kg) with
finite-order weights of order w, is tractable for the absolute error. More precisely,

for N, defined by 214), we have

max {1, &\/2 max{1, :‘%J}’Ymax} V2 max{1, K§ Fymax
do

min{l, qO}

(4.4) N, <

)

and the following bounds hold:

(1) Suppose that ko > 0.
(a) For the class A*, we have

w 2
1
card® (e, SYEU A2ll) < 9(p; + py)2N2 <’ﬂ> <€> d2.
Ko
Hence

pg‘rbrS(SNEU7Aall) S 2 and pglio;l(SNEU’Aall) S 20.
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(b) For the class A%*, we have

1

2w 4
card® (g, STV Astd) < {8(,01 + p2)tN2 <%> <E) d4w-‘ +1,
2

and so
pg‘rbrS(SNEU’Astd) <4 and pglio;l(sNEU’Astd) < 4.
(2) Suppose that ko = 0. Let T be as in ([B9).
(a) For the class A™', we have
2
. 1
cardabé(s,SgIEU,Aan) < 4([01 +p2)2N51—w (_> dSw’
€
and so
SNV <2 and (VYA < B

(b) For the class A**%, we have
A
card® (g, SYEV Astd) < ’732(;)1 + po) i NAT2 (E) dﬁw“ +1,

and so
p:PrS(SNEU,AStd) S 4 and pglijli(SNEU7Astd) S 6w.

Proof. Using (7)), (Z15), and Lemma [£4] we find that

CCIJ\IEUH Appy ”Lin[H(Kd),LQ(Id)]

max {17 &\/2 max{1, K‘é’}vmax}
do

<
B min{17 QO}

\/2 max{1l, k¢ }¥max d“.

Hence setting o = w in ([2I4), we obtain (£4). The remaining results of this

theorem now follow from [I4] Theorem 7], with o = w.

O

Example 4.7. Suppose that K is the min-kernel K,,;,. Since kg = 1 and k1 = %,

we can use ([£4) to see that

2
e {1, PLV2Ymax } o~
40

N, < .
- min{1, go}

Furthermore, since ko > 0, we see that case 1 holds in Theorem [£.6l Hence we find
that the elliptic Neumann problem is tractable under the absolute error criterion,

with

pgﬂrbrS(SNEU7 Aall) S ) and pg?;(SNEU7 Aall) S 20
for continuous linear information, and

p:PrS(SNEU,AStd) S 4 and pili)rSn(SNEU,AStd) S dw

for standard information.
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Hence, the elliptic Neumann problem for the absolute error criterion is tractable
for any set of finite-order weights and arbitrary spaces H(K,). The reason we are
unable to establish strong tractability in this case is the same as for the Dirichlet
problem, since the Lipschitz constant CY*V and || App, |l in[E (k) Lo (1)) aT€ ex-
pressed in terms of o4(ko) and o4(k1), whose product is bounded by a polynomial
of degree w in d. Hence we can only guarantee that N, is finite. If we want to
establish strong tractability, we need to prove that Ny is finite. Just as in the
Dirichlet problem, we can do this if we assume that ko > 0 and the sum of the
weights is uniformly bounded.

Theorem 4.8. Suppose that ke > 0 and that condition BI0) holds. Then the
elliptic Neumann problem, defined for the spaces H(Ky) with finite-order weights

of order w satisfying BI0Q), is strongly tractable under the absolute error criterion.
More precisely, for Ny defined by (Z14), we have

1/2
pé/Q max {1, Prps max{1, K(l)/Q}} max{1, KL{)/Q}
qo
(4.5) Ny <

b

min{17 QO}
and the following bounds hold:
(1) For the class A*, we have

w 1 2
card™ (e, SYEV, A*) < 2(py 4 p2)2 N2 (%) (g> :
2

Hence

pabs (SNEU7 Aall) S 2.

strong

(2) For the class A**Y, we have

2w 4
S 1
card® (g, STEV Astd) < ’78(/)1 + p2)* NG (:—;) (E) “ +1.

Hence
pabs (SNEU7Astd) < 4.

strong

Proof. As in the proof of Theorem B7], we have
Ny < C’NEUpé/2 max{1, K,(f/2},

where

CNEU — sup CCII\IEU.
dezt++

Using Lemma 4] and (B12]), we have

1/2
max{l %(’{0)} max{l,mmax{l,ngﬂ}}
’ qo0

90
min{1, qo} - min{1, go}

Combining these results, we obtain obtain (£I). The desired result now follows
from [14] Theorem 8]. O

NEU _
C,"" =




772 A. G. WERSCHULZ AND H. WOZNIAKOWSKI

Example 4.9. Suppose once again that K = Ky;,. We find that the conditions

of Theorem [4.§ hold, with
1/2
pé/Z max {1, %}
do

Ny <
0= min{1, g}

Hence the elliptic Dirichlet problem is strongly tractable under the absolute error
criterion, with

Pirong (SN0 AM) <2 and plta (ST, AM) <40 O

4.3. The normalized error criterion. We now consider the elliptic Neumann
problem for finite-order weights under the normalized error criterion. For this
case, we will need to make an additional assumption, namely, that 1 € H(K,)
and [|1||g(k,) < p2/qo. As already mentioned in Section 2 this implies that gy €
Q5" N Hgp,. We need this assumption to establish a lower bound on the initial
error of the Neumann problem.

Lemma 4.10.
e(0,S5EY) > prog(ka).

Proof. Define Inty € [H(K4)]* as

Intq(g) = /Id g(x)dx Vg€ H(Kq).
From [12] Lemma 2], we know that
[ ta [z (rcay+ = oalka)-
Hence, it suffices to show that
(4.6) e(0,53FY) > p1 | Intq ||z (.- -

As mentioned above, the constant function gq is an element of Q%3N Hy ,,. Choose
f € H(K,), and let u = SYEV(f, qo). Since ¢o € H'(I?), we have

\<U7‘10>H1 Id |
lull oy > =PI =, 1) g gay| = | Ba(u, 1;1)] = 1, 1) o]
||QO||H1(1d)

= |Intq(f)]-

f(x)dx
7d

Hence
1530 (£, q0) |l 1 1) S | Intq(f)]
1N #rrea) ks
Since f € H(Ky) is arbitrary, this inequality and (2.11)) imply that

e(0, SY) > p1lI YV qo) lingrr i), mro(ray) = prll Inta [|ar (i)
This yields ([@6]), which establishes the lemma. O

We are now ready to prove the following result.
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Theorem 4.11. The elliptic Neumann problem, defined for the spaces H(Ky) with
finite-order weights of order w, is tractable for the normalized error. More precisely
for N, /o defined by 2.14), we have

w/2
1 K1 p1 }
47 Nyjp< ———— () maxd1, 22 /2 max{ k%, 1 yma b
4.7 /2 p1min{l,qo} <f€2) { CIO\/ {6, 1) Yo

and the following bounds hold:

(1) Suppose that ko > 0.
(a) For the A we have

w 1 2
card™ (, SYU, AM) < 2(p1 + p2)*NZ <Z—> (;) d-.
2

Hence
pgrorr(SNEU’ Aall) S ) and pg;)r;(SNEU7Aall> S w.

(b) For the class A%*, we have

2w 4
. 1
card"™ (e, SdNEU,A“d) < ’78(/)1 + p2)4Nﬁ/2 <Zl> <€> dz“’-‘ +1,
2

and so
p’ral;)rr(SNEU,Astd) S 4 and pnpr (SNEU’Astd) § 2w.

dim

(2) Suppose that ke = 0. Let T be as in (B.9).
(a) For the class A*, we have

1 2
card" (e, SRV, AM) < d(py + p2)* N2 o1 <g> 4>,
and so
PR (SNEU Ay <2 and  plion(SVEU A < 2.

dim
(b) For the A%, we have

4
1
Cardnor(E,S}i\IEU,AStd> < ’732(p1 +p2)4N$/2F2w (g) dBw—‘ + 17
and so
pg&r(SNEU,AStd) < 4 and pg?él(SNEU,Astd) < 3w.

Proof. Using Lemmas [£4] and LT0] we find that

p1oa(ko) }
max< 1, ———= K
Cgl\IEUH App, ||Lin[H(Kd),L2(Id)] < * { qo Ud( 1)
e(0, SYEY) ~  pimin{l,qo}oq(k2)
From (3:29), we have
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and so (27) yields

CyEU | Appg HLin[H(Kd),LQ(Id)]
e(0, 55*Y)
w/2
1 K1 P1 } 5
< — | = max < 1, —/2max{1l, £ Ymax dv/?.
~ prmin{l,qo} <52> { L]o\/ 1L, K5 Yomac}

Hence setting @ = w/2 in (Z14), we obtain (£7)). The remaining results of this
theorem now follow from [14) Theorem 7], with o = w/2.

O

Example 4.12. Suppose that K is the min-kernel K,,;,. Since kg = 1, k1 = %,
and k2 = £, we can use (@) to obtain that

2

maX{L PLV2Ymax Mn} "
N, s < L <§>
ST (L] \2

Furthermore, since ko # 0, we see that case 1 holds in Theorem ETIIl Hence we
find that the elliptic Neumann problem is tractable under the normalized error
criterion, with

(SN AM <2 and pi (YU AM) <
for continuous linear information, and

pg&r(SNEU,AStd) < 4 and pg?r;(SNEU,AStd) < 20
for standard information. O

Hence the elliptic Neumann problem is tractable for any set of finite-order
weights if we are using the normalized error criterion. The reason we are unable to
establish strong tractability in this case is similar to that for the Dirichlet problem,
namely, we can only establish that N,/ is finite. If we want to establish strong
tractability, we need to prove that Ny is finite. As before, we can do this if ko > 0
and the sum of the weights is uniformly bounded.

Theorem 4.13. Suppose that ko > 0 and that condition BI0) holds. Then the
elliptic Neumann problem, defined for the spaces H(K ) with finite-order weights of

order w satisfying BI0), is strongly tractable under the normalized error criterion.
More precisely, for Ny defined by (Z14), we have

ps/? max {1, Py max{1, ng’/g}} max{1,x2/?}
490

(4.8) No <

)

min{1, ¢}
and the following bounds hold:
(1) For the class A*, we have
w 2
card™ (g, SYEY A < 2(py + p2)2 N <Z;> <i> .
Hence

NEU all
Pltrong (57, A™) < 2.
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(2) For the class A**Y, we have

2w 4
1
card™ (g, STV, A5H) < ’78(/)1 + p2)* NG (%) (—) “ +1.
2

€

Hence

pnor (SNEU’Astd) S 4.

strong

Proof. As in the proof of Theorem B7, we have
No < ONFUpi/® max{1, kg%,

where

CNFY = sup CJFY.
dezZ++

Using Lemma [£4], we find that

1/2 w/2
1
max {17 PlUd(HO)} max {1, prpy ~max{l, Kg }}
CONEU _ 90 o
d min{1, qo} - min{1, go}

Combining these results, we obtain ([{8]). The desired result now follows from [14]
Theorem 8§]. O

Example 4.14. Suppose once again that K = K,;,. We find that the conditions

of Theorem [£.13] hold, with
1/2
pé/z max {1, P1ps }
do

min{l, (IO}

No <

Hence, the elliptic Dirichlet problem is strongly tractable under the normalized
error criterion, with

pabs (SNEU,Aall) S ) and abs (SNEU,Aall) S 4. 0O

strong pstrong

In closing, we note that we have found conditions guaranteeing strong tractability
for the Neumann problem under the normalized error criterion when ko > 0. We
have only tractability results for this problem when ko = 0.
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