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THE 192 SOLUTIONS OF THE HEUN EQUATION

ROBERT S. MAIER

ABSTRACT. A machine-generated list of 192 local solutions of the Heun equa-
tion is given. They are analogous to Kummer’s 24 solutions of the Gauss
hypergeometric equation, since the two equations are canonical Fuchsian dif-
ferential equations on the Riemann sphere with four and three singular points,
respectively. Tabulation is facilitated by the identification of the automor-
phism group of the equation with n singular points as the Coxeter group D,.
Each of the 192 expressions is labeled by an element of D4. Of the 192, 24 are
equivalent expressions for the local Heun function HI, and it is shown that the
resulting order-24 group of transformations of HI is isomorphic to the symmet-
ric group S4. The isomorphism encodes each transformation as a permutation
of an abstract four-element set, not identical to the set of singular points.

1. INTRODUCTION

The theory of second-order linear differential equations on the Riemann sphere
P!(C) > x, with coefficients in the field of rational functions C(z), has been devel-
oped in both conceptual and algorithmic directions. In a modern interpretation,
such equations correspond to flat meromorphic connections on two-dimensional vec-
tor bundles over P1(C) [26]. The study of these equations and their solutions led
to the classical theory of special functions [17].

The simplest, but still nontrivial case is the Fuchsian one, in which all singular
points of the equation are regular. If there are n regular singular points on P!(C)
(n = 3), one of which is allowed to be co, the equation will be determined up to
isomorphism by their locations, a parameter associated with each singular point
(i.e., a difference of characteristic exponents), and n — 3 accessory parameters,
which have more a global than a local significance. The case n = 3 is the simplest.
By appropriate normalizations, any Fuchsian equation with three singular points
can be reduced to the Gauss hypergeometric equation

c a+b—c+1 ab
1.1 D? -+ —F—F | D, —— | u=0,
(1.1) LU+ a:+ p— } u—i—{x(x_l)}u
which has singular points * = 0,1,00, and respective characteristic exponents

0,1—¢; 0,—a — b+ ¢; a,b. The analysis of (IT]) led to much interesting nineteenth-
century mathematics [9]. Kummer’s 24 local solutions of this equation, reproduced
in Table [l below, are especially well known [T}, 5 6} [0} (177, 18] 28]. Each is expressed
in terms of the Gauss hypergeometric function 5F;. The 24 solutions split into
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6 sets of 4 formally distinct but equivalent expressions, each set defining one of the
two Frobenius solutions in the neighborhood of a singular point.

The classical study of the hypergeometric equation was facilitated by its having
no accessory parameters, and the situation when n > 3 is significantly more com-
plicated. It is known that any Fuchsian equation with n = 4 singular points can be
reduced to the Heun equation [I9]. This is the equation
N _} Dout [M} w=0,
xr—1 z-—a z(x —1)(x —a)
which has singular points = 0,1, a, 00, where a € C\ {0,1} is a free parameter.
The respective exponents are 0,1 —v; 0,1 — §; 0,1 — €; «, 8. It follows from Fuchs’s
relation on the exponents of Fuchsian equations that e = a+ 08—~y —0 + 1. (If this
condition does not hold, the singular point © = co will not be regular.) The Heun
equation includes an accessory parameter, namely the quantity ¢ € C, which in
many applications appears as a spectral parameter. This equation is under active
study [I5], in part because the band structure of its solutions is important to the
theory of integrable nonlinear wave equations [8,[23]. Fuchsian equations withn =5
singular points are also being systematically studied [24].

Kummer’s family of 24 solutions of (II]) has an analogue for each n > 3, namely
a family of 2"~ 1n! local solutions, which splits into 2n sets of 2" ~?(n—1)! equivalent
expressions, each set defining one of the two Frobenius solutions in the neighborhood
of a singular point. (The n! factor comes from permuting the n singular points,
and the 2"~ ! factor from negating exponent differences.) It is quite difficult to
write down the full family of 2" n! solutions explicitly when n > 3, especially if
one uses hand computation. The n = 4 case is a case in point. Just as each of
Kummer’s 24 solutions can be written in terms of the Gauss function 5 Fj, each
of the 23 - 4! = 192 solutions of the Heun equation can be written in terms of
a canonical “local Heun function” HI. But no satisfactory list of these solutions
has been published, until now. The stumbling block is the calculation, in each, of
the value of the accessory parameter of Hl. Heun listed 48 of the 192 in his 1889
paper [I1], with the accessory parameter omitted in each. Applied mathematicians
have noticed that apart from this, his list contains misprints, and cannot be used
in practical applications [22] §6.3]. As an alternative the work of Snow [25] is
frequently cited, since it gives 25 of the 192, in a slightly individualistic notation.
Several solutions are given in the useful review of the late F. Arscott [19] Part A],
which also discusses how they can be transformed into one another.

In this paper we determine the group structure of the set of transformations
that can be applied to any normalized Fuchsian equation on P!(C) with n singular
points, to generate alternative expressions for its family of local solutions. This
automorphism group has order 2" 'n! and acts on the parameter space of the
equation. As Theorem [I3]states, it is isomorphic to the Coxeter group D,, [10], the
group of even-signed permutations of an n-set. This is an index-2 normal subgroup
of the hyperoctahedral Coxeter group B,,, which is the group of signed permutations
of an n-set. (B, itself is isomorphic to the wreath product Zs S, where S, is
the symmetric group.) A similar result was recently obtained by Oblezin [16], in
an abstract framework. That the automorphism group is D, < B,, = [D,, : Zs]
clarifies an observation of Dwork [5] that the “Kummer automorphism group”, the
order-24 automorphism group of the Gauss hypergeometric equation (n = 3), is
isomorphic to the octahedral rotation group Sy, and has a natural Z,-extension to

(12)  Dlu+ %+
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an order-48 group. It is an accident that this order-24 group is isomorphic to a
symmetric group; there is no counterpart to the isomorphism D3 =S4 when n > 3.

The identification of the automorphism group of the Heun equation, as Dy,
facilitates both hand and machine computations of the 192 solutions, including
accessory parameter values. Only a few generating transformations need to be
repeatedly applied. The solutions, indexed by g € Dy, are presented in Table 2
It unfortunately follows from this table that nearly all the 48 solutions generated
by Heun [II] contain at least one error. The errors are more serious than mere
misprints.

Interestingly, the 24 solutions equivalent to Hl (including Hi itself) yield trans-
formations of Hl which under composition, form an order-24 subgroup of D, isomor-
phic to the Kummer automorphism group D3, and hence to S;. The isomorphism
to Sy is given in Table Bl The possibility of encoding the 24 basic transformations
of HI as the permutations of an abstract four-element set, not to be identified with
the set of four singular points, seems not to have been noticed before, though it is
useful in hand computation.

The question of the global structure of the space of Fuchsian equations with
n singular points, up to isomorphism, is not addressed here. The space of three
distinct points in P!(C) is effectively a single point, since any two such configura-
tions are related by a unique Mobius transformation; and the space of four distinct
points in P!(C) is effectively C, which compactifies to P*(C). The global struc-
ture of the compactified space of five-point configurations has only recently been
determined [29]. Supplementing the singular points by exponent differences and
accessory parameters makes global issues significantly more difficult to treat.

2. BASIC FACTS

Any second-order Fuchsian equation on P!(C) with n — 1 distinct finite singular

points dy, ...,d,—1 € C can be written as [I7]
-1 .
(21) T’LL déf D2 u + nz m Dxu
‘ o T

+

-1 R

2 —1 =
i=1 (@ —di) [[= (z—di)
Here p;,p; € C are the characteristic exponents at the point d;, which can be
calculated by the method of Frobenius as the roots of an indicial equation. II,,_3 is
a polynomial of degree n — 3, the leading coefficient of which enters into the indicial
equation at the point * = oco. The 2n exponents, including the two exponents
p(), 5(>) at infinity, obey Fuchs’s relation; their sum is n — 2. The n — 3 trailing
coefficients of IT,, 3 are independent of the exponents. According to one convention,
these are the n — 3 accessory parameters.

The automorphisms of (Z1)) include the group of Mébius transformations of the
independent variable z, i.e., the projective linear group PGL(2,C). If x = Py def
(Ay + B)/(Cy + D) with AD — BC # 0, the equation Tu = 0 for u = u(z) can be
pulled back to an equation T@ = 0 for @ = a(y) def u(Py). This has singular points
y = P7ldy,...,P7td,_ (and also P~loo, if oo is a singular point of Tu = 0).
The exponents are preserved under Mobius transformations, though the accessory
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parameters are not. The exponents of T4 = 0 at any y € P(C) will be the
exponents of Tu = 0 at x = Py. This applies to ordinary points as well as singular
points. The exponents of any finite ordinary point are 0,1, and if the point at
infinity is ordinary, its exponents will be 0, —1.

The automorphisms of (Z)) also include a group of transformations, linear in
the dependent variable, called F-homotopic or index transformations. For each
k > 1, such a transformation is specified by distinct finite points eq,...,ex € C and
corresponding “index shifts” sp,...,s; € C. The transformed equation is Ti = 0,
where @ = i(z) = S()u(z) and T = STS, with § = S(2) = [, (z - )",
By examination, T has the same general form as 7. In Ta = 0, the exponents of
each point x = e; are shifted by s; relative to those in Tu = 0, and the exponents
of x = oo are shifted by — Zle si;. In general, the accessory parameters are also
altered. For each choice of eq,...,ex, the index transformations form an abelian
group isomorphic to the additive group C*.

The structure of the space of Fuchsian equations up to index transformations
is illuminated by two normalized versions of (Z1), traditionally called reduced
forms [I7, §20]. The first is the symmetrically reduced form

n—1 i 1— 52 H?L,;g(fv) w=
& T d»] -

=1

(2.2) Tou™ D

which has p; + p; = 1 for each i and p("o)—i—ﬁ("o) = —1. It is obtained from (21]) by
the index transformation which for each 4, shifts the pair p;, p; by (1—p; —p;)/2, and

p(>), p(e°) by — S~ ( —pi—pi)/2. In 22), 62 def (pi — pi)?. The symmetrically
reduced form could be denoted Egym (d1,015...5dp—1,0p—1;00, 5. Q), where @ is
the vector of n — 3 accessory parameters.

The other is the asymmetrically reduced form
n—1
1—p;
D,

Z P di] u+

i=1

(2.3) T D2y

I, () ] _
T u = O,
[Li= (= di)
which has one exponent (by convention p;) equal to zero at each finite singular
point. It is obtained from (ZIJ) by an index transformation which shifts each
of the n — 1 pairs p;, p; by either —p; or —p;; and also shifts p(°), 5(°°) corre-
spondingly. The reduction is not unique, since in general there are 2"~! such
index transformatlons It can be shown that the leading coefficient of IT}_5, i.e.,
the coefficient of 2”73, equals p(°)p(>) . This reduced form could be denoted
Easym(d1, p1; - - .;dn_l,pn_l;oo,p(oo), p°);Q), where only n of the exponent pa-
rameters are independent, since they must satisfy Fuchs’s relation.

Due to the nonuniqueness of the reduction, an order-2"~! group of index trans-
formations acts on this reduced form. It is generated by the commuting involutions

(2.4) (di,m;oo,p( )7,0(00)) (dz‘,—Pz’;OO,Pi+ﬁ(°°),ﬂi+ﬂ(°°))7

i=1,...,n—1, and is isomorphic to (Z2)"~!. On the level of the unreduced Fuchs-
ian equation (2I]), these involutions negate the exponent differences at the points
z=di,...,dy_1. It should be noted that the exponents p(°), 5(°) are determined
by 23) only up to interchange; this seeming ambiguity in the action (Z4]) will be
discussed further below.
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How to quotient out Mobius transformations, in addition to index transforma-
tions, will also be discussed. The concept of a signed permutation of the n singular
points, where the signs keep track of the negatings of exponent differences, will
prove useful. A signed permutation of a set of objects O,, = {1,...,n} is a bijec-
tion 7 : O,, — O,, in which each i — 7(4) is accompanied by a “sign”. Equivalently,
it is a bijection 7’ : O}, — O}, where O}, = {1,...,n}U{—1,..., —n}, that satisfies
7' (—i) = —7'(4) for all i. The group of signed permutations of O,, has order 2"n!
and is isomorphic to the wreath product Zs ! .S,,. Any signed permutation may be
written in a sign-annotated version of the disjoint cycle representation used for el-
ements of S,,. For example, [112_3,][4_] signifies 1 +— 2, 2— —3,3— 1,4 +— —4.
Positively signed 1-cycles may be omitted. A signed permutation is said to be even-
signed if its annotated cycle representation has an even number of negative signs.
Even-signed permutations form a normal subgroup of index 2, which is isomorphic
to a semi-direct product (Zg)" "1 x S,.

The groups of signed and even-signed permutations of O,, are isomorphic to the
Coxeter groups B,, (when n > 2) and D,, (when n > 4), respectively. This makes
possible the use of known results on subgroups, cosets, generators, and numbers of
elements with given order, etc. The following is a brief explanation of these isomor-
phisms (cf. [4]). A Coxeter group with generators oy, ..., 0, is defined by the rela-
tions o = 1 for each i, and zero or more “braid relations” of the form (o;0;)% = 1.
These may be encoded as a Coxeter graph on the vertex set o1, ...,0,, with each
pair o;,0; joined by ¢;; — 2 edges. The nonisomorphic Coxeter groups A, (n > 1),
B, (n > 2), and D,, (n > 4) are the groups defined, respectively, by (1) ¢; ;41 = 3
for each i < n—1; (2) ¢; 41 = 3foreachi < n—2, and ¢p—1,, = 4; and (3) ¢; ;41 =3
for each i < n—2, and ¢,,_2,, = 3. The group A,, turns out to be isomorphic to the
symmetric group S,41. It follows from the associated graphs that Dg = A3 = Sy;
the notation Dj is not standard.

That the group of signed permutations of the n-set O, is isomorphic to B,
(when n > 2) follows by defining o; = [i4(i + 1)4] for i = 1,...,n — 1, and
0n = [n—]. Similarly, that the group of even-signed permutations is isomorphic
to D,, (when n > 4) follows by defining o4,...,0,_1 in the same way, and o, =
[(n—1)_n_]. Each of the cases n = 1,2,3 is at least partly degenerate. The
groups B,,, D, are respectively isomorphic, when n = 1, to Zy and the trivial
group; when n = 2, to the order-8 dihedral group and the Klein 4-group Zs x Zo;
and when n = 3, to an order-48 group and Az =2 S,. It is easy to see that when n is
odd, B,, is isomorphic to Zy x D,,, where the Z, factor is generated by [1_]---[n_].
So Bj is isomorphic to Zy x Sy, though this fact will not be used in what follows.

3. POINT CONFIGURATIONS

To study the effects of M6bius transformations on the reduced forms (22), [23),
and their interplay with index transformations, it is helpful to focus first on their
effects on the singular points. The action of the Mébius group PGL(2,C) on the
complex projective line P1(C) is sharply 3-transitive: for any two triples of distinct
points (21, T2, x3), (2], ¥4, x4), there is a unique P € PGL(2, C) satisfying =} = Pux;,
i = 1,2,3. Due to this, it is traditional to assume that the singular points of
Fuchsian differential equations with n > 3 include 0, 1, co, thereby quotienting out
(partially) the action of PGL(2,C).
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If X = {x1,...,2,} is an unordered set of n distinct points, three of which
are 0,1, 0o, there will be exactly n(n — 1)(n — 2) transformations P € PGL(2,C)
for which PX also has this property. For computational purposes, this is best
restated in a form referring to ordered sets of points.

Definition 3.1.

(1) (a) X[n] % [PL(C)]™\A is the space of n distinct (labeled) points in P!(C),
where A is the set of configurations with two points coinciding. The
group PGL(2,C) acts on X|[n| diagonally, i.e., on each point indi-
vidually, and S,, acts on it by permuting points. Since these actions
commute, the direct product PGL(2,C) x S, also acts on X|[n].

(b) When n > 3 and 1 < i1,1i2,i3 < n are distinct, X;, ;, 5[n] C X[n] is
the space of n-tuples satisfying x;, =0, x;, =1, x;, = 00.
(2) X(n) o X[n]/PGL(2,C) is the space of n distinct (labeled) points in
P(C), up to Mobius transformations. When n > 3, X (n) may be realized
as any of the X, ;, ;,[n], in particular, as X 5 3[n].

Remark 3.1.1. The relation between n-tuples z;, i, s = (T1,-..,2n) € Xi; in.is [
and x5 i = (7,...,2,) € Xy iy i [n], both representing the same point in X (n),
is straightforward: «; = Pz; for each 4, where P € PGL(2,C) is the unique M&bius
transformation that takes z;, xy,, x;; to 0,1, co.

Definition 3.2. For every r € Xj23[n] C X[n], the associated n-point hyper-
Kummer group £,(r) is the subset of the direct product group PGL(2,C) x S,
acting on X[n], which contains all elements g for which g - r € X7 2 3[n].

Proposition 3.3. For everyr € X123[n], &,(r) is a group isomorphic to Sy, and
the collection of n! elements (P,s) € PGL(2,C) x S, which £,(x) contains can be
generated as follows. Lett = (x1,...,2,) = (0,1,00,a1,...,a,_3). For each choice
of distinct 1 < 41,142,153 < n, there is a unique P € PGL(2,C) that takes x;,, iy, Tiy
to 0,1,00. There are n(n — 1)(n — 2) such choices. For each such P, choose
s € Sp, a permutation of 1,...,n, such that (Pxyq),..., Pryy)) € X123[n]. Since
necessarily s(k) = ig, k = 1,2,3, there are (n — 3)! choices for s.

Informally, any o € R, (r) & S,, where r = (0,1,00,a1,...,a,_3), acts as the
composition of two transformations: (i) the Mobius transformation which, acting
diagonally, takes three of these n points to 0, 1, co respectively, and (ii) a permuta-
tion of the images of the remaining n — 3 points under this transformation.

Example 3.4. n = 3, the hypergeometric case. This case is quite degenerate:
Xi1,2,3[3] = {(0,1,00)} is a single point, as is X(3). The 3-point hyper-Kummer
group, £R3((0,1,00)) < PGL(2,C) x Ss, is the traditional Kummer group [I§],
also called the cross-ratio group. It is based on the six Mobius transformations
x +— f(z), with f(x) equal to

T z—1 1 1

_— 1—z — .
x—1’ ’ x x’ 1—2z

(3.1) x,

These permute 0, 1, 00, so each must be followed by an appropriate (unique) s € Ss,
to yield a transformation in PGL(2,C) x S3 that takes (0,1, 00) to itself.

Example 3.5. n = 4, the Heun case. X 2 3[4] is the space of configurations of the
form (0, 1, 00, a), so it is effectively the triply punctured sphere P1(C)\{0,1, 00} > a,
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as is X (4). The 4-point hyper-Kummer group, isomorphic to Sy, was worked out by
Heun and may be called the Heun group. £4((0,1,00,a)) is based on the 24 M&bius
transformations x — f(x), with f(x) equal to

x x x (I1—a)x (a—1z

“ t—1 o z—da z—a  alz—1)

| — o x—1 2—-1 zx2—-1 a(z—1) alz-1)

(3.2) ’ r zr—a a-1" x—a (a—1)x’
1 1 a a a—1 1—-a

z’ -2 &  a—-z x-1 r—a’
r—a a—z T—a a—=c r—a a—z

z a @ x-1 a-1" a(z—1)" (a—1z’

The transformations in the four rows of [32) take 0, 1, 00, a, respectively, to 0, and
in a sense, each permutes 0, 1,00, a. What this means is that for any (0,1, a,o0) €
X123[4], i.e., any a € P1(C) \ {0,1,00}, each takes the unordered set {0,1,00,a}
to a set of the form {0,1,00,a’}. An example is z +— —*-, which takes 0,1, 00, a to
0,a" = ﬁ, 1, 00, respectively. This element of PGL(2,C) can be written in cycle
notation as (0)(laco), with the understanding that “1 is mapped to a” really means
“1 is mapped to a’”. It must be followed by an appropriate (unique) permutation
s € Sy, if it is to take (0,1,00,a) € X7 23[4] to (0,1,00,a") € X7 23[4].

The a-dependent transformation groups K4((0,1,00,a)) C PGL(2,C) x Sy, each
isomorphic to Sy, can usefully be viewed as arising from the action of a single 4-point
hyper-Kummer group isomorphic to S4, which may be denoted R4, on X 2 3[4].
This is because each formal permutation of 0, 1, 00, a gives a map from a € P}(C)\
{0,1,00} to @’ € PY(C) \ {0,1,00}, i.e., from Xjo3[4] to itself. A similar inter-
pretation is possible for any n > 3, but the n = 4 case is slightly degenerate,
although not so much as the n = 3 case. By examination, the representation of Sy
by transformations of X o 3[4] is not faithful. The orbit of any a € P*(C)\{0,1, 00}
consists of no more than 6 points @’ € P(C) \ {0, 1,00}, rather than 24. These
can be obtained directly from a by a — o' = f(a), with f ranging over the Mobius
transformations of (B]). The reduction of 24 values to 6 arises from the invariance
of any a under an order-4 normal subgroup of 84 = S4 isomorphic to the Klein
4-group Zgy x Zy, which comprises the maps « — z, %, =4, a(;:al),
notation, (0)(1)(c0), (0co)(1a), (0a)(1loo), (01)(aco). For each, a’ = a.

Generic a-orbits contain 6 distinct values a’, but two nongeneric ones contain
fewer: the harmonic (lemniscatic) orbit {—1,%,2} and the equianharmonic or-
bit {1 + 1@} The names are taken from elliptic function theory [I chap. 18].
These small orbits contain values of a that are invariant under larger subgroups
of S4 than the Klein 4-group. Each of a = —1, %, 2 is fixed by a dihedral group of
order 8, the three groups being conjugate in Sy. Similarly, each of a = % + i@ is
fixed by the alternating subgroup Aj.

or in cycle

Example 3.6. n =5, a nonclassical case. X7 2 3[5] is the space of 5-point config-
urations in P!(C) of the form (0,1, 00,a,b), so it is effectively the complement of
five complex lines in C2, i.e., {(a,b) € C? | a # 0,1, b # 0,1, a # b}, as is X(5).
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However, the action on X 5 3[5] of the 5-point hyper-Kummer group K5, isomor-
phic to S5, is difficult to visualize. The 5! = 120 transformations in this group are
too numerous to list, but the following example should clarify their effects on (a, b).

By Proposition B3] the action of each o € 85 = S5 on (0, 1,00, a, b) is based on
a Mobius transformation that maps three of 0,1, 00, a,b to 0,1, co. Suppose a, b, 0
are mapped to 0, 1, 0o, respectively. Then this transformation must be x — [(’l()f;;l;
The images of the remaining two points, namely 1,00, will be the transformed
coordinates a’,b’; in either order, since the action of ¢ involves a permutation of
the remaining points, in addition to the Md&bius tranformation. It follows that the
action of o on Xj o 3[5] will be either the map (a,b) — (a/,’) with

I b(l — CL) ’ b
(3.3) a'=——, b_b—a’
or the same with a/, b interchanged. The corresponding o € f5 = S5 would be
written in cycle notation as (a0oobl) and (a0oc0)(1b). The above caveat applies: for
instance, in the first, “co is mapped to b” really means “co is mapped to b'”.

The n = 5 case is not degenerate, unlike n = 3,4. If (0,1,00,a,b) € X; 23[5] is
“generic”, i.e., if 0,1,00,a,b € P(C) are in general position, then its orbit under
R5 2 S5 will consist of 120 distinct points of the form (0, 1, 0o, a’,b’). Such an orbit
is effectively a set of 120 distinct points (a’,b') in the complement of 5 lines in C2,
mentioned above. But there are nongeneric orbits. Any orbit that includes a point
(a,b) with a + b =1 will contain no more than 60 points, since such a point is left
invariant by a Zs-group comprising the maps (a,b) — (a,b), (a,b) — (1—-0,1—a),
or in cycle notation, (0)(1)(c0)(a)(b), (01)(ab)(c0). Each point (a’,d") on such an
orbit will be invariant under a Zs-group which is conjugate in S5 to this one.

Some nongeneric orbits of this type are even smaller. It can be shown that
the orbits of (a,b) = (4, 152), (L3 1218y (3436 —1-VB) congist of 30,20, 12
points (a’, '), respectively.

4. KEY RESULTS

The joint effects of Mobius and index transformations on Fuchsian differential
equations with n singular points can now be determined. To maintain contact with
the classical theory of special functions, three of the singular points will be fixed
at © = 0,1,00. That is, the finite singular points dy,...,d,—1 will be taken to be
0,1,a1,...,a,_3. The results of §lon how a group K, = S,, acts on ordered point
configurations of the form (0, 1, 00,a1,...,a,—3) will then apply.

Definition 4.1. The collection of joint Mobius—index transformations that leave in-
variant, up to parameter changes, a version of the symmetrically reduced form (2:2))
that includes x = 0,1 among the finite singular points, denoted

(41) 8sym(07 5(0)7 ]-7 5(1)7 o0, 6(00)7 ag, 517 ceey Qp—3, 6774737 Q)v
and a similar restricted version of the asymmetrically reduced form ([23)), denoted

(42) Easym(oa p(0)§ ]-7 P(l); o, P(Oo)a ﬁ(w)v @1,pP15+++5An—-3, Pn—3; Q)7

will be called the automorphism group of symmetrically, resp., asymmetrically,
reduced n-point Fuchsian differential equations. By convention, permutations of
(a1,61),-..,(@n—3,0n_3), resp., (a1,p1),- .., (@n—3, pn—3), are included, though in-
terchange of the exponents p(°°), 5(°°) at infinity is not.
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Each of these groups acts on the associated parameter space, which is coordina-
tized by the n — 3 singular point locations a1, ..., a,—3, n (independent) exponent
parameters, and n — 3 accessory parameters.

Theorem 4.2. The automorphism group Gsym(n) of symmetrically reduced n-point
Fuchsian differential equations is isomorphic to S,,.

Proof. Ifr = (0,1,00,a4,...,a,_3) is the set of singular points, any o € K, (r) = S,
consists of a Mobius transformation P, that acts on ¢ diagonally, and a subsequent
permutation. But under Mobius transformations of the independent variable, char-
acteristic exponents of Fuchsian equations accompany the points at which they are
evaluated. This follows from the general theory of differential equations in the
complex domain, formalized using the Riemann P-symbol [0, §15.3]. So under o,
(@1) will typically be transformed to another gy, with transformed parameters.
One case requires special treatment: when d = P,00 # oo. In this case, the
sum of the two exponents at the finite singular point ' = d and at 2z’ = co will
be —1 and 1, respectively, rather than the other way around, as they should be.
So ¢ must be followed by a uniquely determined index transformation, based on
S = S5(2') = 2’ — d, which will shift the exponents, and yield a proper Egyp. O

Theorem 4.3. The automorphism group Gasym(n) of asymmetrically reduced n-
point Fuchsian differential equations is isomorphic to the Coxeter group D, the

group of even-signed permutations of an n-set, i.e., is isomorphic to a semi-direct
product of the form (Zg)" 1% S,.

Remark 4.3.1. The subgroup S,, here is K, i.e., the group of Mobius automor-
phisms, including subsequent permutations of the singular points, and the normal
subgroup (Z3)"~! is the group of index-transformation automorphisms defined in
20 In cycle notation they comprise, respectively, all unsigned (or equivalently
positively signed) permutations of 0,1, 00, a1, ..., a,_3, and all even-signed permu-
tations of the form [04][14][cox][(a1)+] - [(an—3)+]-

Proof. Each o € &, & S, yields an automorphism of ([@2]), i.e., of (23], which
transforms the variable x to P,z. If 0(00) # oo, the transformed equation’s expo-
nents at =’ = d = o(c0) will be p(>), 5(>) | and must be shifted so that one of them
is zero, to preserve the form of ([@2]). By convention, p(>) will be chosen. The
index transformation based on S = S(2') = (¢/ — d)_p(m)will perform this shift.

As a set, the collection of joint Mébius-index transformations Gagym(n) that
leave (Z.3) invariant will be the Cartesian product (Zg)"~!x S, since the group of
index-transformation automorphisms is isomorphic to (Z2)"~!. (Any index trans-
formation involves a binary choice at each of the n — 1 finite singular points.) If
(h,0) € Gasym(n), the index transformation h will be viewed as acting after o € S,,.

The structure of Gasym(n) as a group remains to be determined. In resolving
this issue, a seemingly minor point will be important. The two exponents p(°°), 5(>°)
do not appear explicitly in the differential equation (23], though they do in the
symbolic form ([@2). They are uniquely determined by (2:3)) only up to interchange.
When determining the group structure of Gasym(n), a convention for ordering this
pair, after applying any o € S,, and h € (Z)" !, will need to be followed.

Any automorphism (h,0) € Gasym(n) may be written as a signed permutation
of the singular points (0, 1,00, a1,...,a,—3), i.e., as some g € B, by annotating
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the cycle representation of o as follows. If d is any of the n points, then pro-
vided o(d) # oo, the annotation ...dyo(d)..., resp., ...d_o(d)..., will indicate
that d — o(d) is, resp., is not followed by a negation of the nonzero exponent
at ' = o(d). When o(d) = oo, the annotation of ...doo... will have a spe-
cial meaning. The annotation ...d_oco..., as opposed to ...djoo..., will sig-
nify that after the index transformation h is performed, the exponent parameters
p(), 5(>) are interchanged. Such a transposition will be included, if necessary, to
ensure even-signedness: an even number of negative signs in the annotated cycle
representation of g. With this convention, g € D,, < B,,.

What remains to be shown is that the bijection between Gsym(n) and D,, is
a group isomorphism. The fact that D, = (Z3)" ! xr S, can be used, where
I':S, — Aut((Z2)" 1) denotes the action of S,, by conjugation. If o € S,, fixes oo,
i.e., permutes only the n — 1 finite singular points, then conjugating h € (Zz)" !
by o will permute the points at which h negates an exponent. So in this case, the
conjugation actions on the copies of (Z3)"~! in D,, and Gasym(n) are isomorphic.

The harder case is when o(00) # co. There are several subcases, but the following
example makes clear how each can be handled. Let o be the involution (0c0), or
in annotated notation [0400.], and let h = [1_][co_]. The equation

(4.3) 0504171 - [1-][o0_] - [0 004 ] = [0_][1_][o04]

holds in D,,, but its validity in Gasym(n) is not obvious. The automorphism labeled
by [1_][co_] negates the exponent parameter at one of the n — 1 finite singular
points, but the conjugated automorphism labeled by [0_][1_][co4] does so at two.
The identity of the left side with the right can be verified by sequentially working out
the action of the product on the left. Take Gasym (1) to act on {2, i.e., on Eagym,
‘on the left’, so that the order of action of group elements, not previously specified,
will be from right to left. Then some straightforward computations reveal that

(1) [04004]€asym, obtained by the Mobius transformation z +— z’ = 1/x

from &,5ym, is of the form

Easym (0, 9% = )5 1, p1); 00, p), pO) 4 plo2);

1 . L1 .
@ P15 g Pn=3; Q1),

with independent variable x;
(2) [1-][oo=] - [04004+]Easym, Obtained by a further index transformation at
z/ =1, is of the form

Easym (0, 9 = p(>; 1, —p(1); 00, p(O) 4 pH) 4 p(0) p(1) 4 pl(o),
ia P15---3 %apn—S; QZ)a

an—3
with independent variable z’; and
(3) [04004]7 1 - [1-][oo—] - [0400+]€asym, obtained by a further Méobius trans-
formation 2’ — z = 1/2/, is of the form

E o (0, —p@; 1, —p; 00, p®@ 4 514 po9) 0 - (1) 4 5000,
ar, pi;...;an-3, Pn—3; @3),

with independent variable x.

The last of these, with negated exponents at x = 0,1, clearly has the same
exponent parameters as [0_][1_][0co4]Easym, i.€., as ([£2) acted on by the right side
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of [@3)). The vectors of accessory parameters can also be shown to correspond,
by a computation omitted here. This careful sequential approach can be applied
in general, to show that conjugation of (Z2)" ! by o € S, always has the same
meaning in Gasym(n) as in D,,. O

Asymmetrically reduced Fuchsian differential equations predominate in applied
mathematics, though symmetrically reduced ones are used in conformal mapping.
It is usual to express solutions of [@2]) in terms of a canonical local solution: the
Frobenius solution at z = 0 that belongs to the exponent zero, rather than the
other exponent p(®). It will be denoted

(4.4) F(0,09; 1,015 00, p), 5% ay, pr;..san—3, pu_s; Q; ).

If p(© is not a positive integer, F' is guaranteed to be analytic in a neighborhood
of x = 0, and may be chosen to equal unity at z = 0.

Proposition 4.4. A family of 2" 1n! formally distinct local solutions of @2, in-
dexed by the group Gasym(n) = Dy, can be generated as follows. Any g € Gasym (1)
will include a Mobius transformation v — ' = Pz, together with a subsequent per-
mutation of singular points and a subsequent index transformation. Apply g to ([E2),
and compute the zero-erponent Frobenius solution of the transformed equation at
its singular point ¥’ = 0. This will be of the form A(x) times

F(0, 095 1, 05 00, plooV, 50V 6l pls . saly s, pla_ss Q' Pa),

where

A(x) = const x 2" (z — 1)”(1) H (x —a;)",
i=1

o)/
)

and where p(0)’, p(" (o) 5(00) gl and also v v vy L v, 3 are lin-

ear functions of p©, pM) p(o2) 5(00) 1 p. s, with coefficients in {0,+1}.

Proof. Any g € Gasym(n) is a pair (h,o) € (Z3)" "1 x S, with o acting first. The
automorphism o changes the independent variable from z to =’ = P,x, where
P, is the associated Mo6bius transformation. The index transformation h acts by
replacing the differential operator 73 in the equation by T, = ST, S~!, where S =
S(z") is a product over finite transformed singular points of the form H?z_ll (' —d!)%,
with s} the amount by which the exponents at «’ = d; are shifted. As noted in the
proof of Theorem 3] if o(c0) # oo, then the automorphism o will contribute an
additional factor of the form (2/ —d’)% to the conjugating function S. Conjugating
T; by the resulting S is equivalent to replacing any solution v = wu(z’) of the
transformed differential equation, such as u(z') = F(2') = F(P,z), by S(z')u(z’).
Up to a constant factor, S can be written as a product over the untransformed
finite singular points, H?;ll (xz —d;)*, since the transformed singular points are the
original singular points, acted on by P, and possibly permuted. O

Theorem 4.5. Suppose g € Gasym,o(n) = Dy_q = (Z3)" 2% S,,_1, the subgroup
of Gasym(n) that comprises all automorphisms that fix x = 0 and perform no index
transformation there. That is, in annotated cycle notation g should contain the pos-
itive 1-cycle [04]. Then the local solution of [@2]) obtained from g by the technique
of Proposition &4, as a function of x near x = 0, will equal F itself, pointwise.
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Proof. If g = (h,o) with the M&bius transformation P, taking z = 0 to 2’ = 0,
then F(Pz) will be analytic at « = 0, and moreover, the prefactor A(z) will not

include an z¥"” factor. So it will belong to the zero exponent at x = 0, and must
be a multiple of F itself. O

Corollary 4.6. Of the 2"~ 1n! formally distinct local solutions of [{2) generated by
the technique of Proposition 4], 2"~2(n—1)! solutions (including F) are equivalent
expressions for F; and since this collection is bijective with D,_1, the family of
transformations of F into any of these alternative forms, which will be called the
transformation group of F', has a group structure isomorphic to D, _1.

Theorem 4.7. The 2"~ n! local solutions of [E2) indezed by Gasym(n) = Dy, split
into 2n sets of 2" 2(n — 1)! equivalent expressions involving F, each set defining
one of the two Frobenius solutions at one of the n singular points. These 2n sets

~

are bijective with the cosets of Gasym,0(n) = Dp_1 in Gasym(n) = Dy,

Proof. This is similar to the proof of Theorem For any of these 2n sets, the
identification of every solution in the set with a single Frobenius solution follows
from their identical local behavior at the defining singular point. (Il

A normalization of the 2"~ 1n! formally distinct local solutions of ([#2) has not
yet been chosen. A reasonable one would take each solution defined near a finite
singular point = d with exponent p to be asymptotic to (z — d)? or (d — x)”
as  — d. Similarly, those with exponents p(>), 5(>) at z = 0o would be taken to
be asymptotic to x_p(m), 277 as z — co. These conventions assume the exponent
difference is not an integer, so that both solutions display power-law behavior.

The following discussion should clarify the action of Gasym(n) = D,, on the asym-
metrically reduced equation, and in particular, the action of D,,_1, the “transforma-
tion group of F” on the 2"~2(n—1)! formally distinct expressions for F. First, note
that the subgroup of Gasym(n) isomorphic to S,, contains a subgroup H = S,,_3 that
permutes the singular points ai,...,an—3. Clearly, Gagym(n) > Gasymo(n) > H.
The solutions of ([4.2) associated to the elements of H are simply F' itself, with
its n — 3 argument pairs {(a;, p;)} arbitrarily permuted. So H provides the triv-
ial part of the action of Gasym,0(n) on the family of equivalent expressions for F'.
When n > 5, S,,—3 is not normal in S, so H is not normal in Gagym,0(n). There is
accordingly no natural way of quotienting out these trivial actions.

The following automorphisms act less trivially. Consider the signed permutations
[1_][oo—] and [1yoco4] of the set of singular points 0,1,00,a1,...,a,—3. For a
reason explained in the next section, these will be called generalized Euler and
Pfaff transformations, respectively. The former performs an index transformation
at x = 1, and the latter “interchanges © = 1 and x = c0”; or more accurately, maps
(0,1,00,a1,...,an—3) to (0,00,1, rres RRET a::il), since it performs the Mobius
transformation x — —%5. Each of these implicitly contains the positive 1-cycle [04],
i.e., each fixes x = 0 and performs no index transformation there. So each is an
element of Gasym,0(n), and yields an alternative expression for F. These are

F(0,p9; 1,005 00, p), 5 ay, prs. s ans, pr_sz; Q; x)
(4.5) = (1—2)"" F(0,p9; 1,-pD; 00, oW 4 5, p0) 4 pl=2),

. . . ).
ai, P1y---;an—3, Pn—3; Q 3 :C)
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_ ,(0) ~(00 00 o) [e%e)
(46) (1= ) (0,4 1,5 — p; 00, o), o0 4 59,

ay . . _Qn-3 e L
al_lvpla"'a an_3_1apn—37 ) z_l)a

in which the expressions for Q’, ", the transformed vectors of accessory parame-
ters, are not given explicitly since they are complicated; especially the latter.

Each of [1_][co_] and [11004] is an involution, as are the transformations (ZI)
and ([40) of F. They commute, as do ({5 and (£6). So they generate a group
isomorphic to the Klein 4-group Zs X Zs. Besides the identity element, this group
contains the signed permutation [1_oo_]. By examination, the corresponding trans-
formation is the same as ([@8]), with p(°) and 5(°) interchanged on both sides, and
also with the sixth and seventh arguments of the right-hand F' (the exponents at co)
interchanged. This transformation is formally different from (6] but is equivalent,
since the order of the two exponents at co is not significant on either side.

This example suggests that for computational purposes, it may be useful to ex-
tend the automorphism group to B,,, and the transformation group of F' to B,,_1,
by including interchange of the two exponents at infinity. In annotated cycle nota-
tion this interchange is the involution [0o_], which acts on D,, by conjugation. So
B,, &£ D,, x Zsy. To see how computation in B,,_1, rather than D,,_;, can facilitate
the generation of the full set of 2"~2(n — 1)! transformations of F, consider

[1-][o0—] = (fo—])*[Lyoo](Joo_]) - [L+004]

(4.7) =[1_co_]- [11004],

as an equality between transformations of F'. The left side is the generalized Euler
transformation (£.3]), and the right side is the composition of two transformations:
the generalized Pfaff transformation ([6]), which acts first, and the conjugated Pfaff
transformation mentioned above. So although the generalized Pfaff transformation
is an involution, by computing its twisted composition with itself, one obtains the
generalized Euler transformation. The two transformations are subtly related.

5. THE HYPERGEOMETRIC AND HEUN CASES

The hypergeometric and Heun equations, (LI]) and (L.2)), are then = 3 and n = 4
cases of the asymmetrically reduced equation (Z3) on P!(C), with the singular
points taken to include 0,1, c0. These two equations would be written as

(5.1) Easym(0,1 —¢; 1, —a —b+¢; 00,a,b),
(52) E’aSym(O71_7; ]-71 _5; O0,0[,,B; CL?]-_G; q)7

in the notation of §§2H4l

For these equations the canonical local solution F, i.e., the Frobenius solution
at = 0 with zero exponent, is defined thus. If ¢ (resp. 7) is a nonpositive inte-
ger, then F' will typically display logarithmic behavior at = 0; that case is not
discussed further here. If ¢ (resp. ) is not a nonpositive integer, then F will be
analytic at = 0 with a locally convergent series expansion Z:io cxx®. In the
hypergeometric case, F' will be the Gauss function 5 F} (a, b; ¢; ), defined by

(5.3) (k+1)(kE+c)cps1 — (k+a)(k+b) e, =0, k>0,

and co = 1. The series Y - cxa® will converge on |z| < 1 to 2 Fi(a,b;c;z). In the
Heun case, F' will be the local Heun function Hl(a,q; o, 8,7, d; ), defined by [19]
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(5.4) (k+1)(k+ackqr—{k[(k+v+d—Da+(k+v+e—1)]+q}c
+(k+a—-1)(k+8—1)ck—1 =0, k=0,

and the initializations ¢_; = 0, ¢g = 1. The Heun series Z?:O crx® will converge
on the disk |z| < min(1,|a|) to Hl(a,q;a, B,7,0;x). The exponent parameter € is
not indicated since it is constrained to equal o + 3 — v — d + 1, as noted above.

The technique of Proposition d.4 yields 24 formally distinct local solutions of the
hypergeometric equation, indexed by ¢ € Gasym(3) = D3. Each equals oF; with
a projectively transformed argument, multiplied by powers of x and =z — 1. It
also yields 192 formally distinct local solutions of the Heun equation, indexed
by g € Gasym(4) = Dy. Each equals Hl with a projectively transformed argu-
ment, multiplied by powers of x, x — 1, and  — a. The solutions are listed in Tables
[ and [ respectively, normalized according to the convention introduced in §4l

TABLE 1. Kummer’s 24 local solutions of the hypergeometric equa-
tion, indexed by g € D3. They are partitioned into 6 sets of 4 for-
mally distinct but equivalent expressions.

‘ g€ D3 | Expression corresponding to g |

Frobenius solution #1 at x = 0 (characteristic exponent zero)

[04+][1+][oo+] | 2F1(a, b;¢; @)
(04][1-][co-] | (1 —a)~*""*“3Fi(c—a,c—bic; a)
04 ]Tro0s] | (I—2) “oFi(arc—bie =)
[04][1—co—] | (1 —2) "2Fi(c—a,bic; 3%7)
Frobenius solution #2 at x = 0 (characteristic exponent 1 — c)
O_][1+][cc=] [ 2=¢2F(b—c+1,a—c+1;2 —¢; x)

Il
[0_)1_][ooy] | =1 —a) PP (1 —b,1 —a;2 —¢; @)
0-J[1_ocot] [al=c(1—a) T ToR(1-ba—c+1;2—c -%5)
[0-][

lioco ] |at=c(1—a) bt tom(b—c+1,1—a;2—c =7)

Frobenius solution #1 at x = 1 (characteristic exponent zero)
[1+04][co+] | 2Fi(asbja+b—c+1;1—2)

[140_][co_] z!- C2F1(bfc+1 a—c+1; a+bfc+1;1fm)
(1404004 ] z =)
[140_00_] z 2F1( )

Frobenius solution #2 at x = 1 (chamctemstzc emponent —a—b+c)
[1-04][c0-] (x—1)" "R (c—a,c—bj—a—b+c+1;1—x)
[1_0_][coy] |zl=¢(x—1)"¢ T, m(1—bl—a—a—b+c+1;1—x)
[1_0_oo4] a? =z — 1) PR (1 —bc—b—a—b+c+1; 1)
1_0i00_ 29 ¢z — 1) Fi(ec—a, 1 —a;—a—b+c+1; =1

+ =

Frobenius solution #1 at x = oo (characteristic exponent a)
[co+04][14] [z %2Fi(a,a—c+La—b+1; ;)

[oo40_][1-] |2’ ¢(@—1) """y —bc—ba-b+1; 1)
[oo40414] (x—=1)""2F1(a,c—bja—b+1; 1= z)
[0040-1_] sl —1)" T R (l—ba—c+ La—b+1; 1)

Frobenius solution #2 at x = oo (characteristic exponent b)
[oo—0_][14+] |z ?2Fi(b—c+1,b;—a+b+1; %)
[oo_04][1-] |z (@ —1)"*" 9P (c—a,1 —a;—a+b+1; %
o 0+1] | (@ —1) P2k -
[o—0-14] | a'=c(@—1) " 1F(




TABLE 2. The 192 local solutions of Heun’s equation, indexed by
g € Dy. They are partitioned into 8 sets of 24 formally distinct
but equivalent expressions.

Expression corresponding to g

Frobenius solution #1 at x = 0 (characteristic exponent zero)

Hi(a, q; o, 3,7, 0; x)

1—2)" ° Hl(a,q— (6 —V)ya; B—6+ 1, a— 6+ 1,7,2 — 6; x)

1- )P fi(a, g — y(a+ B -7 = 0); —a+y+8,—B+7 +06,7,0; )

1-2) (=) " mia,q—y[(6 —Vata+B-—7-8); B+7v+1,—a+y+1,7,2-5 )

«@
P HI( -‘mﬁ“;ﬁ—aﬂ,ﬁ vo—a+ B +1; 25)

B*V*ci(l_ x)*a*ﬁ+7+5 Hl( e Y(B=— 5)a as B+7+5] —BHAy+1,-B+v+6y,a—B+1; Ll)
1-2)" Q-2 P e e T N I =)

a—1’ a—1

(

(

(1-x)

(1-2)" Hl(%,w;a,a—é—i—l,%a—ﬁ—kl; ﬁ)
(1-2)

(1-x)

(

Hl(%,%,a,ﬂ,’y,a—kﬂ—’y—é—i-l a)

(1—2) v gL, e B00: a4y 45, -8+ +8,7,—a—B+y+5+1; 2)
(1—a) P H(L, e g 51 a—6+1,y,a+B—y—d0+1; L)
(1— )01 = 2) =0 Pt 1 amald-DabatB=r=dl 4041 —aty+1y,—a— Bty +0+1; E)
+][1+ayooy (1-2) QHZ(%&aqa_A’f“, a,—fB+y+6v,a—-0B+1; = a)
Hlyacco] | Q=2 P HI(2, 98 oty 45,8,y —a+B+1; 22)
(1—a)' 771 — 2y~ ﬂ,q Me—Data=0tll, g4yt l,a—6+1,7,a—F+1; %)
Ll ay oo (1—a)' 701 — &)y ot gL el ?“1“’ ‘””,ﬁ S+ 1, —a+y+1y,—a+f+1; %)
(1—=5)""HI(1 - a,—q+ yo; a, —ﬁ-i—v—f—émé = ‘””)
(1—33)1 5( -2) ato- 1Hl(1—a—q—|—’y[(5—1)a+0z—5—|—1]; —B+v+1l,a—56+1,7,2-0; %)
=2 ﬁHl(l—a —q+ B —a+y+6,8,7,8; L)
1=2) (=2 " (1l —a,—g+ [0 —Da+B-0+1; -8+ 1,—a+7+1,7,2 — §; L=47)

NOILLVNDA NNAH dHL 40 SNOLLNTOS 261 AH.L




(1—z) "HI(&L, =520 6 o — 6+ 1,v,a+B—7y—6+1; (a-D)z)

' a(z—1)
(1_1')ﬁ Y= 5(1_,) a—QB+~y+6 HZ(LI —q9— ’Y[(B Y= 5)0, a— ﬁ+fy+5],

a a a

—B+y+1L,-B+y+dy,—a-B+y+i+1; sz;i)ﬁ)

(1—a) P HI(2, =08090, 5 5 41 5.y, 0+ —y — 6+ 1; =17
(1—2)* 7701 — &)~ FTH0 a1 —a=rlle=y=dlaza-fty+],

—aty+d—atyt 1y —a—f+y+ 8+ 1 G

Frobenius solution #2 at x = 0 (characteristic exponent 1 — )

xl"yHl(a,q—(7—1)(5a+oz+,6'—’y—5—|—1);,6'—’y+1,a—’y—|—1,2—7,5; x)
(1 —2) " Hi(a,g— (v+6—-2a—(y=D)(a+B—-v—0+1);a—y—06+2,—7—0+2,2—7,2—5; z)
(1 =) I 0, g — 8(y—Da—a—B+0+1; B +6+1,—a+ 0+ 1,2, )
(1 =a) =) P g g - (v 46— 2a—a—B+0+ 12— ,2—3,2-7,2 -6 z)
(1 —2)” aty— 1Hl( 1,—q+(7 D{atf—— 5+1317[1(7 DRa—y—0+2)— "/a]a’
a—y—0+2,a—y+1,2—v,a-F+1; )
[0_][1yoo_][ay] | 2*7(1 - I)*Wr'yfl HI(-4, *q+(7*1)(a+577*5+1()1:[1(7*1)(2ﬁ*v*5+2)*%3]a;
B—v+1,8-7-6+22-7,—a+8+1; =)
(1= 2)? 0T (1 - gy TP (e —er 0020 0 Rated POl 34§41, 28,2, a—f+1; 555)
177(1_ )a—é—l 1— %) a—B+~+6 Hl( z —qt+(ya—2a— 'va+5J1r2)a+a+ﬁ d— 1

2—a,—a+5+1,2—’y,—a+ﬂ+1; )

- 'VHl(l a—(—DPatatB—— 5“)”3 Yy+lLa—-v+1,2—y,a+fB-y—-0+1; Z)

(1= 2y (L b easBNL gL s ] 64,2 -y, —a— F+y 6+ 1; )
(1 —z)'” (SHZ(l‘J(A’HS 2)a= 7131‘”676“) —y=0+2,8—-7—0+22—vy,a+8—7— (5+1 )
21791 —2) (1 — )@ (1 a0 2aa Cossta, 12-a,2-0,2—y,—a-f+y+i+1; %)

9C8
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0_][lsa_oo, xl—’y(l_%)—a"r"/—l Hl( L g=0(y=Da+{r— 1)(0z B+ — 19 B4+ 1l,a—v+1,2—y,a—B+1; )
0_][14ay00_ xl*'y(l_%) B+y— lHl(l a’q S(y=Da—(y— 1)(04 B=6-1)— ’Yﬁ B+l —a+d+1,2—7,—a+p+1; %)
(1 - ) O = )T gy L a,q ~lr46-2)aa- 75+ﬁ+27+5 S a—y—0+2,2-8,2—y,a—B+1; Z)
e § B G T e (R g‘ﬁ@ se2yr0s, s 2—a, B—y—0+2,2—7, —a+f+1; =)
0_][14][a—coy] |al=7(1—2)" "7~ 1Hl(1—a,—q+6( —l)a—(*y—l)(a—ﬂ—i-é—kl)—&-va,

—B4G+ T a—y+1,2— 7,8 Lm0y
L) (1 — 0, —q+ (v + 0 —2at+a+yB— -2y — 5 +3;
a—y—0+2,2—-03,2—7,2—0; %)
21— 2) P (1 — 0, —q+ 8(y = Va4 (y = D(a— B — 6 — 1) +5;
B=ry+1,—a+d+1,2—~,8 L0
21— 2) (=) (1 —a, g4 (v 4+~ 2)at+ya—a+ B2y — 6+ 3;
2—a,f—v—0+2,2—-7v,2-9; M)

1 —2) 01—

S 7 S W D G i 20 (D T S B O =

a—y—0+2,a—v+1,2—ya+p—-—7—-35+1; g‘z;i)ﬁ)
) a—pB+vy+6 Hl(a 1 —q+(vB—28— 'y+5+2)a+a+ﬁ 5— 1

2 (1-2) - e
“ptst12- ,3, —y,—a—B+y+0+1; LU

x1—7(1_x)7,6+771 Hi(e=1 —q+(y=1)(a+B—y—04+1)—[(v=1)(2—7—6+2)—fa,

B=y+1,B-7—0+22—y,a+f—v-35+1; U3

xlfw(l_x)aféfl(l ) a—LB+y+5 Hl( 1 —g+(ya—2a—y+6+2)atat+pB—-56— 1
a a

2—a,—a+5+1,2—7,—a—ﬁ+’y+5+1; )
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Frobenius solution #1 at x = 1 (characteristic exponent zero)

Hl(l —-a _Q+ﬁa; 06575,7; 1 —l’)

2 VHI(1—a,—q+0(y—Da+pa—-0v+8 B —v+1L,a—y+1,6,2—7; 1 —2x)

2=y (1 — g —g 4 Ba—S(a+ B —v = 8); —a+v+6,—B+7+0,6,7 1 —2)

21 (E=) T I (1 —a,—q+ 6(y — Da— S(a+ 85— 1) + Bo;
—B4+0+1,—a+d+1,6,2—7v1—2x)

70‘Hl( al M 7+15OL 6+1; £ )
" ,BHZ(; M’ﬁ »y_|_155 a—l—ﬁ-i—l )
a— ﬁ+’y+5Hl(aa1 —q+(B— 5)04 d(B—vy—d)a 54_54_1 —B+y+60a—pF+1; = 1)

(=)
xaf'yfé(_) a—pB+y+4 Hl(a 1 —q+B(a— 5) S(a—~y— 5)a, Oz—|—")/—|—5, —OL+5+1,67—O£+,6+1, = )
@ 1

l1—a a
(;zlc::)_ Hl( M ﬁ+7+65a—5+17z a)
(T:Z)_ﬂHl(}WW’ Oé+'7+655 a+5+17z a)
xlf'y(H) aty— 1Hl(1 a=6(y— 1)a (B= 5)0“ —B+i+lLa—v+1,6,a—F+1; = a)
xlf'y(%) B+v— 1Hl(1 q—8(y— 1)a Bla— 5)7ﬁ Y+1l,—a+d+1,6,—a+3+1; &= a)
AL 8 0 67— 5 1 2D

(h)aﬂ-‘r’v-ﬁ[ﬂ( aq+6(a+5’{6) /3a’ a8, —B 4y +d,0, Oé—ﬁ—‘r’)/—F(s—l—l,z})
o= Hi(-L, =90 ” St Gy p Lo — v+ L at -y -8+ 1; £=1)

l1—a?

oo (a=s g) o ‘”””HZ( L 400 DetdledtBo V) Per g4 541 —at+8+1,6,—a—f+v+08+1; 2=1)
1104 ]layooq (2=2)"" Hi(a,q — (B — 8)o; a, =B+ + 6,6, 7; L= 1))

2=\ Fi(a,q — §(y — 1)a — (6 — 8)oy —6+6+1,a—7+1,5,2—7; )
20\ Hl(a,q — Bla —6); —a+v+6,0,8,7; 22=l)
2 (2=2) " Hi(a,q — §(y — 1)a - Bla m YA —a+ 8 +1,8,2 —; A=l

r—a

8T8
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R Hl( —q+a(6a+ﬂ—5) ’7""1 (5 Oé-i-ﬁ 5 — 5_|_1 a(;c 1))

a—1" (a—1)z
BT ”””Hl(a 17‘”“’ ANty B4 51, B4y 46,0, —a — B+ +0+ L D)
w0 HI(o, =0 gy 1 B 60+ -y — 8+ 1; B
oy (ame) T et Bl a0y gy g —a+ 0+ 1,6, —a — B+ 0+ 1 )

Frobenius solution #2 at x =1 (chamcteristic exponent 1 — 9)

(x—l)l_éHl(l—a,—q—l—(é—1)'ya—|—(ﬁ—5+1)(a—5+1)§5—54—1,04—5—1—1,2—6,%1—x)
xl_'y(x—1)1_5Hl(1—a,—q—|—('y+6—2)a—5(a+ﬁ—fy—6+1)—|—ﬁ0z+a+ﬁ—27—25—|—3;
a—v—04+2,0—v—042,2-62—7;1—1x)
(&= 1)) T E( — 0, —q+ (- Dya+ fa—a— -0y + 2y + 13
—B+v+1l,—a+~v+1,2—-06,7;1—x)

e (@ - E) T T (1 g, g+ (v + 5~ 2at fa—a—F—5+3;

1-a
2—a,2—-03,2-6,2—7v;1—1x)
[1-0_oo4lfay] | P01z — 1) m(ezt, =D EDIORN O 5ela 542 a—§+1,2—0,a—F+1; 21
[1 O+OO_][(],+] xfﬁ“l’(s*l(x )1 6Hl( a 7q+(ﬁ 5“"1)(04 1) [(’Y+5 2)(ﬁ 5“1’1) 'Y/B ﬂ 5+1 6 y— 6"‘2 2 6 O[+/6)+1 fol)

xﬂ_,y_l(x_l)l 6(1 a) ﬂ+7+5 Hl(a 1 —q+(65 2B+y—6+2)a+(B— 1)(0‘ 6+1)

_ﬁ+’Y+172_6a2_570¢—5+1» xil)
xa_»y_l(x_ 1)1 6(m a) a—PB+vy+6 Hl(ﬂ —q+(6o<—2a+’y—6+2)a+([3—5+1)(04—1);

l1—a a ’ a
2—a,—a+y+1,2-0,—a+ [+ 1; 1)

(x— 1) 0 (ame) P (L, 0 ye B D3, 54 41 a—641,2—6,a—F+1; £=1)
(@ —1)' 0 (=) 0H0" 1Hl(1 a=(@—1)ya— W B, =041, —a+vy+1,2—6—a+f+1; =1
R T e (EN T TR A P SR Py =
x1,7($_1 1—5(f:g)*ﬁ+ﬁ+572Hl(1 qg—(y+6—2)a— (ﬁ 0+1)(a—1), 2—0[,ﬂ 5 — 5+2 9 _ 5 —O[+,6)+1, = a)

NOILLVNDA NNAH dHL 40 SNOLLNTOS 261 AH.L

628



1-4 3—1 51 ST —
(@— 1) HI(L, = haw1+ﬂa g —6+1l,a—0+1,2—6,a+0—~—08+1; =1
(@ — 1)} 70 2=y o 7P (L a=(-Ie-fatat iyl

l1—a

1—a’ a—1
—6+7+1—a+v+L2—&—a—6+7+5+h§§)
1-6 (v+0—2)a+é(a+B—y—06+1)—LBa—a—BF+2y+26— 3
o (x —1) HZ(1 a,q al Va i 2l
a—y— 5+2ﬁ Y—0+22-6a+B—y—65+1; )
zl- “’(x—l) O(amay TP A a=(yrdNafatadBH0=3. 9 9395 —a—f+y+0+1; E=D)

o—

+D

Hl(a,q—(é—l)va—(ﬁ—1)(a—5+1); —B+y+1l,a—56+1,2—4,; %)

(x—1)'70(e=2)™" ‘
(=) (g, g — (46— 2)a— (B — 1)(a — 5+ 1);
a—v—0+2,2—03,2—-6,2—~ “(;:al))
1—6 /p—a\—B+0—1 a(m 1)
(x—1)" (=4 ) Hi(a,q— (0 —-1)yva—(B=0+1)(a=1); 8=+ 1,—a+y+1,2=0,v; %=~)
=) P2 g g (v 46— 2)a— (B— 0+ 1)(a — 1);
2—a,ﬁ—7—5+2,2_5’2_7;w)

r—a
[1_0_ootay] x—a+6—1(x_1)1—5 HI(== —q+(ﬁ D (a=3+1) £(71+5 ) a—3F1)= W]a
a—’7—54-2,04—5—|—1,2—5,o¢+ﬂ—7—5+1; ‘(léfz)la):)
[1-0t1o00ia-] x’BiV’l(x—l)lf‘s(lia) a=ftrts HI(-%, —q+(68—28+~— 6a+2ia+(,6 D(a=d+1),
B R- g3 a0 i e
[1 O+OO_(1+] x*ﬁ‘f’(s*l(x_l)l—é Hl(a *Q‘F(B 6+1)(a—1) a[('yfé 2)(8—6+1)—~B]a :

5 (S"‘].ﬁ Y- 5+22—5,a+ﬂ—7_5+1,‘(1(5i1)]~m))

—a—fF+v+9 Hl( a —q+(da—2a+y—5+2)a+(B—0+1)(a— 1)
a—1" a—1

> o aty 41280 Byl )

xa—’y—l(x _ 1)175(ﬁ)

0€8
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Frobenius solution #1 at x = a (characteristic exponent zero)

[a+0400414] ()Y “Hl(l-a,—q—afla—y—=d+Da—a-F+y+d-1;,a-—v+La+B-y-0+1,a-F+1;
[a+0-00-14] (&) HI(l—a,~q=Bl(B—7—d+Da—a—Fry+5—1; f-y+1LFa+tf-y—0+1—atf+1;
[a10-0041-] (&) ED T Bl - a,—g+ (a— 5+ D(a+ -y -0+1) —ala—y— 5+ Da;

a—y—0+2,a-0+1l,a+B—-—v—-0+1,a—F+1;
lar0i00-1-] | (&) PPN i1 — 0, g+ (B 6+ 1)(a+ B -y —6+1) — BB -7 — 5+ a;

/8—5+1,ﬁ—'y—5+2,a+ﬂ—’y—5+1,—Oz+5+1;

Hl(a*1 —atbaa. o Ba+B—y—06+1,y; =2

[ J[oo+]

las0-14]fo] | (H)'7 Hl(“alf‘”wa e Lo ‘”1”‘”‘” DNatPr0tD: gy +1,a—y+1,0+ 8- Y=0+1,2-7
1041 Jjoo] | (2=1)'7° Hy(ast, matlBaz(O=blari= "5t Da, B0+ la—d+1l,a+f—y—0+1,7; =)
[a40_1_][co4] (%)1*7(%)1*5 Hl(aal,_qﬂﬂa (v+6—-2)(a+B—7 §+1)]a+(7 1)(a+p—y— 5+1)

a—y—0+2,—v— 5+2a+ﬂ—’y—5+172—7

[a4+04][14004] (=" Hi(a,q+a(a -y -6+ 1)a;a,a—d+L,a+B—y—5+1La—F+1; 2=%)

401 oo ] | (2=L *"H(aq++5l(5 y=b0+1)a; B—0+1,8,a+8—y—6+1,—a+B+1; £=2)

[ 0] ooy] | (5) (== Hi(a, g+ ala—y — 8+ Da— (y— (a+F—y -5+ 1)
a—v—0+2,a—y+l,a+B—-—v—-356+1La—-0+1;

as0 (oo | ()= Hiang BB~y — 6+ Da— (v — D(at f—y— 54 1):
B—y+1.—v—-0+2,a+F—v—6+1,—-a+0+1; =4

[a+04][1y][ooy] | HI(;2 _qtﬁaa7 a,fa+p—v—0+1,8 =)

[a 0)[1 ][oo-] | (=L ) HI( oy, ~atlPomo=llatf=dtla, 5§41 a—§+1,a+f—y—0+1,2-8; ¢=2%)

[a40_][14][c0_] (2) HI(-%, —g+[Ba—(y— 1)(a+l3 - 6+1)](l+(’7 D(at+B—y— 6+1)7 B—~y+l,a—y+1l,a+B—~v—35+1,6 2=

[a40_][1_][c04] (2) (;})1 Hl(a - —q+[Ba— ('Y+5 2)(O¢+ﬁ ’YG5T1)]G+(’Y (a+B—— 5+1)’

a—7—0+2,8—-y—-0+2,a+B—-7y—90+1,2—6;
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[a4+0414004] (e=h)y™ " (L, akele=0d e, oy 54 La+ By - 0+ 1% 5t1)
[a40_1_00,] (%)1 (27})—a+7 lHl(l gta(a—y—d+1)a— (’Y 1)(atpB—y—0+1), Ca—y—042, a—y+1, a+B—y—5+1,2—7; a(x;_al))
[a4041 00 <§—:1> B R R Brot - Y=+ 17 o)
04 0-100-] | ()77 (z=h) " (L, 000 O Dt B0 ) gy, f—y— T2, 057 5+1,2-%; afty)
a0 00y ][14 zy=e (L atofla—y—dta—a-Fiy+o— g s, a—v+La+B—v—35+1,6
a 1—a a—1 (a— 1)x
z\—a+8—1,7_1,1-6 ala—y—46 aa5 a &
ar0-co, 1] | (2)7"F01 (£ (L, 2talesy=ithe—(o—bh(espyoat,
a—v7—0+2,a—d0+1l,a+B—-v—-0+1,2-4; ﬁ)
[a+0_oo_][14] (%)_ﬂHl(%a a+Bl(B—— 6+1)a a—pB+y+6—1] B+ 1,8,a+8—7—0+1,6 = 1)z)
\—PB+6—1,p—1\1-0 8 a— ) « &
[a+0+oo_][1_] (E) B+ l(r_}) Hl(ﬁ,q+ﬁ(ﬁ y—d+1) (aﬁ_lJrl)( +B—7— +1)’
5_6—’_176_7_6—’_270[—"_5_7_64_172_67 (aa:f;a;)

Frobenius solution #2 at x = a (characteristic exponent 1 — €)

[a_0_oco;14]
l[a—0400_14]
[a70+oo+1,]

[a_0_00_1_]

(%)5—7—5(33 _ a)—a—ﬂ+’7+5 Hl(l

(2)* (@

—a) TP 1

—a,—q—(B-1)B-v=da+(B-v-08)(a+B-0-1)+q
—B46+1,-B+v+0,—a—B+7+6+1,a—F+1; £=9)
—a,—q¢—(a—1D(a-y-0dat+(a—y-0d)(a+B-0-1)+75;

—a+y+d,—a+d+l,—a-F+y+0+1,—a+p+1; T°)
—5 —a—
) @ —a) T HI(L —a,—q — (B-1)(B -7 = 8)a+ (8- 1)(a+ -2y -8 —1)+5;
_5+7+172_ﬁ>_a_ﬁ+’7+6+13a_ m;a)
) e —a) P (1 —a,—g— (a— 1)(a—v—8)a+ (a—1)(a+B—2y—65—1) +a

2—a,—at+y+1l,—a—fF+y =)

ces
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la_0:14][oo—] | (@—a) 7 et mH @00 00t 20), gy 4§ B4y +6,—a—B+y+0+1,7y; L)
[a_0_14][coy] (B2 —a)™ B+y+5 Hl(a 1 ot s(atB—r— 5+1)+ﬁa o264 atatf—o-1
B4l —a bbbl —a— Byt d+ 1,2, oot
[a_0+ ][OO+] (L—l)l_é(x_a)*a*[””ﬁ"s HZ(L_l —q+[—v(a+B—y—0+1)+Ba—a—LB+2y+1]at+y(a+B—v— 6)
a— a
Byt —a by L —a— Byt S 41y ot
z\1—v z—1\1-6 —a—pB+y+5 —1 —q+(Ba—2a—28+ 5622/(1 61,y 5 7 7 a)
[a_0_1_][co_] ()= (@ —a) B+ HI(e=L, =4 B B 15+ Jata+f—s—1.
2_a52_6a_a_ﬁ+7+5+172_73 %)
[a 0 1 x—1 B—v—0 —a—LFB4+v+0 Hl ]
deo] | &) @ -a) (@q+(B—1D)(F—7—d)a—r(a+B—7—0)
—B+y+1,-B+y+0,—a-B+y+i+1L,a-F+1; =)
T— =4 —a— 8
[a—0][1400_] (=" @ —a) P Hi(a, g + (0 = 1)(a — v — 6)a — y(a + B — v — d);
—a+y+d,—a+ty+l—a-F+y+i+1l,—a+pB+1; I=F)

(2) (=) -

a—1

a) P Hi(a, g+ (B-1)(B—v —8a—a—B++1;

a0 ][ 0o ] | ()N T e —a) T i, g+ (a - )(a— 7~ 8)a—a— B+6+1;
2—a,—a+d+1,—a—B+y+d+1,—a+p+1; £=2)
[a_04][1][oo-] | (& —a)™ PHF0 gy( oy, OO0ty 0f B0 4y 4§, —f+ 7+ 0, —a— B+ +6+1,0; 9=2)
[a_04][1_][oo] (z=1 1)1 5(1’—&) a—[+vy+6 HI(—2 7—q+[ (CH-ﬁ = 5+1)+5a a—p+2y+1ja+y(a+B—v— 5)
—64—7—1—1 —a+v+1, —a—ﬁ+'y+6—|—1 2-6; 9=5)
[a O ][1+][OO+] (g)l—"/(x_a)—a—ﬁ-‘r’y-l—é Hl( q+[ §(a+ﬁ y— 5+1)+[30¢ o— [3+25+1]a+a+ﬁ 5— 1,
a a— a—1
—ﬂ+5+1—a+6+L—a—ﬁ+7+5+L&%ﬁ)
[a 0 ][17][007] (%)1_7(2—:1)175(‘7}'_@) a—LFB+~+6 Hl(a 17—q+(ﬂ()z 20— 2ﬂ-‘;’y+15+2)(l+0z+[3 5— 1
2—a,2— ﬂ,—a—,@+’y+5—|—l,2—5;ﬁ)
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(fﬂ_*l)ﬁ_"Y_o(x - a)—a—ﬁ+7+5 Hi(L a+(B=1)(B=y=d)a—y(atp—7=0).
a—1 a’ )

a

7E8

—BH+y+1L,-B+y+0,—a—-B+v+5+ 1,7 %

(%)177(%)ﬁ7671(1‘ _ a)*a*ﬁ+“/+5 Hl(%, q+(ﬁ—l)(ﬂ—’y—5)a—a—ﬂ+6+l;

a

—B+é+1,2-8,—a—B+y+6+1,2—y F==

(L—l)a*7*5(x _ a)fozfﬁﬂ% Hl(%, q+(a71)(afvfégaw(awf%&);

_a+7+67_a+7+17_a_5+7+6+17’77

(%)1_7(2—:1)Q_6_1(x _ a)—(x—5+"/+5 Hl(%, q+(a*1)(a*7;5)a*a*ﬁ+5+1;

2—a,—a+d+1,—a—F+y+6+1,2—;

(5)5*’7*5(1, _ a)*a*ﬁJr’YJr(S Hl(% g+ (B=D(B=—=98a—(B—=08)(aFtB—03-1)—v

—a? po :
—BHo+1,=BHy+0—a=F+y++1,6;
(2)5—7—1(1_71)1—5(1‘_a)—oé—ﬂ"r’}’-‘rts Hl(l qu(ﬁ 1)(B=y—98)a— ([3 1)(a+ﬁ 2y—§—1)— ’Yﬁ
a a—

—6+7+12 B, —a — ﬁ+7+5+L2—&———

(%)a—"f—é(x_a) a=pB+y+6 Hi(, ¢ +a—D(a—y=dla—(a—y=d)(at+f-0-1)—1f.

1—a’ a—1

—a+y+6,—a+0+1,—a—B+y+06+1,0; 2=

- (x—a) a—pF+y+0 Hl( q+(a—1)(a—y—58)a— (oz 1)(a+[3 2y—§—1)— fya

1—a’

HHIVIN 'S THHIO0Y

2—oz —a+’}/+1 —a—ﬂ+’}/+5—|—1 2—§; =2

Frobenius solution #1 at x = (chamctemstzc exponent )
z~ Hi(L, atoflo—y 0P, , 4 —y+ 1,0 — B+ 1,6; 1)
am ot (g )15m0'“Ma”5“W<5”W5“> —y—d+2a-0+La-F+1,2-4 1)

xﬂfyé( a)aﬁ-w-&-ﬁHl(l a+(B=1)(B—y—8)a—(B— 5)0 —B46+1,-B+~v+d6,a—B+1,6; )
2Pz 1)1 5( a) " 5+7+6Hl(1 CHB-D)[(B=y— 5)a atd— 1] —B+v+1, 2—6,a—ﬁ+1,2—5;

a

SHE



Hi(L, gtofla—y 5+P“ ol g a—6+1, a—pB+1,v )
1)~ a+7 1Hl( gto(a—y— 5+1)a a(at+B—y—0+1)+(B—1)(a— 'v+1)

1—a’ a—1
o =7 — 5+27a_’y+17a_6+172_7;
g+ (B-=1)(B—v=8)a—ya—(B=1)(B=v=F).
a—1 ?

(x—1)""

xlf'v(x —

(x — 1)B7775(m - a)fa%”v” Hi(L,

—BH+y+1L,-B+y+da—-F+1,y 77—

+(B-D(B=y=8a+(B—-1)(a—B+5+1)— ﬁa
—a’ a—1
—ﬂ+5—|—1,2—ﬂ,a—,@+1,2—7;

e (@ = 1) @ —a) I (e

™ Hl(a,q+afla—y—=0+1)a—-B+0; c,a—y+1lL,a-F+1,a+B—-v—-0+1;2)

2Pz —a) P Hi(a, g+ (B - 1)(B—v = 8)a — (8- 8)a;
—BH6+1,-BHr+da—B+1l,—a—B+y+5+1;9)
zmot (g — 1)1_5 Hl(a, g+ ala—y—0+1)a—(8—1)(a—38d+1);

a—v—0+2,a—0+1l,a—F+l,a+08—-v—0+1;2)

o010, ][1a_] | 28 (z = 1)' = (z — @) Hi(a,q+ (B—1)[(F =7 — D)a—a+5 - 1]
—B+y+1,2-pF,a-pF+1,—a-F+y+5+1;9)
(0040414 ay] r—a)" " Hi(Goy, <l Bl o, g4y + 4, O‘_ﬁ+1’77 )
[0040_11a_] 2V (@ —a) T HI(%, +(3=t)o= [(’8 1)(0‘ y+L)= ﬂ+5—|—1 a—y+lLa=B+1,2—7 2)
00404 1-a_] v - 1)1 — a0 pr( ey morE=last (- Desst e 5y 41 0 1 B 1 o)
100,01 a,] (2 = 1)1 (o — a) 2 (e —q+(ﬁ—1>(a—6+1)—[ég;l)(za Y 542) fola.
OZ-’Y-5+272—/6,O[—6+1,2—’Y, #)
[0040ray14] (x—1)"“H(l-a,—q¢—af(la—y—06+1)a—a+d—1; c,a—d+1,a— ; 4=1)
[o0pa 1) | (@=1)" " (@ —a) P HI(1 —a,—qg— (B-1)(B— 7 —da+ya+ (B-1)(B—7 - d);
—B+v+1L,-B+v+da—F+1,—a—-B+y+5+1; &)
[0o40_a;1_] @ —1) " H(l—a,—q—ala—y =6+ Da+ala+B—y—5+1)— (B—1D(a—7y+1);
a—y—0+2,a—vy+l,a—-pF+1l,a+B—~v—0+1; ;—j)
[or0_a1y) |2 (@ -1 e —a) P I —a,—q— (B-1)(B - —8)a— (B—1)(a—B+6+1)+ B
—B+6+1,2-B,a—B+1,—a—B+y+05+1; =)
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oo 0say][ly] | (w—a) ® Hi(exL, —=olB=0)a B0l 3ty 460 — e
[00404a_][1_] (z_1f—%x_a)“+5lznw | =G “4>Kﬁ1“a5+”'ma —B+7+1,a—0+1,a— 5+12 §; 1=a)
Ay ( _ at+y—1 a— 1 q+(ﬁ d)a—(Ba—ba—a— ’Yﬁ+ﬂ+7 a _ _
[co40_a_][14] ' V(x—a) HI(* = 6+5+1 a—v+1l,a—B+1,8 1=2)
[0040_ay][1_] xl_w(x—l)l_é(x—a) a+“/+5 2H[(a L —q+(B=1)(a—64+1)—[(8— 1)(2@ y—=0+2)— ﬁ(’é](l
oa—— 5—|—2 2—-0F,a—0F+1,2—4; i:‘;)
Frobenius solution #2 at x = (chamctem’stic exponent [3)
(oo 0 ][y ][as] | & Hi(E, BEEAINaa R 5 5 oy 511, )
[co_04][1_][ay] | 2 PH0-1(z — )15Hu1 GHOF—y =i e= (P01 3§11 By 542 —a+B+1,2 -5 1)
[00_04][14][a] xwvﬁm_a)“ﬁ*wfmg g+(a—1)(@—-b)a- Wﬁ) —a+y+8—a+d+l—a+ 41,61
[0o_0_][1_][a_] xwﬂ*wx-4315(-—a)a ””+5HK;q+W e Ho—pri-1], L2 — (y—a-%7+1,ﬂ1+54-L2—5;§)
oo 01 Jlay] | (= 1) P HI(L, CACTT e g0 a+ﬁ+1,% =)
[co_0_14][ay] (- 1) ﬁ+’)’ lHl(l a’q+ﬁ(ﬁ v— 5+1)a ﬁ(oé+f_1’v I+ 1)+ (B—7+1)(a— 1) 1
[00_041,][a_] (m—l)aivié(x—a) a—pB+v+6 Hl(l 7<1+(a D(a—y=d)a— (1a 1)(a y=8)— 76’ !
_ —6—1 B+v+46 +(a—1)(a—y—¥8)a—(a—1)(a—pB—56—1)—Pa .
[oo_0_1_][a_] (- 1) (x—a)” 7T HI( _a,q il — ;

2—a,—a+d0+1,—a+B+1,2—7 =)

e P Hi(a,q+B[(B-—v—-0+Da—a+d; f—v+1,5,—a+f+la+f-7-56+1;2)
i a)7a7’6+7+6 Hi(a,q+ (o —1)(a—v —8)a — B(a —3);

—a+y+d—a+d+l,—a+B+1l,—a—B+y+d+1; 2

oA (g — 1) Hi(a, g+ B(B— v — 0+ Da— (B 0+ 1)(a —1);

f-=0+1,0-y=0+2,—a+f+Lat+f-7—-0+1; 2

2 - 1)z —a) T Hi(a, g+ (a0 — D[(a—v—8a—B+6—1];
2—a,—a+v+1l,—a+p+1l,—a—F+y+6+1; 2

9€8
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(x —a) P HI(;o, —la—nemaBdl 4y 46,8, —a+ B+ 1,7 7%)
1
xr

a)—l3+’7 1Hl( —q+p(a—0)— [(ﬁ ’Y+1)(Oé 1)—dBla. B —

) o= 1Hl< =

y+1L—a+d+1,—a+B+1,2 -7 2)

—q+(6— 5+1)(0‘ 1)— [(5 6+1)(a 1)—vpBla, ﬂ 6+1 _a_|_,y_’_]_ _a+ﬁ+1 ~; )
g (B0 o 1)~ [(28—y—512) (1) oo o

afl’ a—1
2—a,0—v— 5—|—2,—o¢+ﬂ+1,2

-7 )

~ 1) "HI(l—a,—~q-B[(B—7—0+1)a-B+5-1;3-0+1,6,—a+B+1,a+F—v—d+1; o=
(z -1~

a) P HI(1—a,—q— (0 — D)o —y—8)a+ (a— 1)(a—v—68) +~8;

—at+y+0,—at+y+1l,—a+f+1l,—a—-B+y+0+1; =)

(e —1) T (L —a,—q - BB -y =6+ Da+Bla+B—y—6+1)— (B—v+1)(a—1);
B—y+1,8—7—0+2—a+B+La+B—v—35+1; 2=1)
o7 (2 — l)a_é_l(x — a)_a_m_w_é Hl-a,—g—(a—1)(a—v=080a+(a—1)(a—8—-50—1)+ Pa;

2—a,—a+d6+1,—a+p+1,—a—F+y+6+1; &)

(LU—a)_BHl(a 1 —q—pBlla— 'y a— a+5]’

—a+v+94,0, a+5+1&xa)

(r— 1) — a) B4o— 1Hl( | Zat (=641 (0D~ [(B=d+ (@) —Bja;

8- 5+1—a+7+1—a+ﬁ+12—5i3)
2V (@ —a) P 1Hl( —1 —a+B(a=9)~(Ba= W+°‘ 3p=ptr=la. g _ Y+ 1,—a+d+1,—a+p+1,6 1=%)
x1_7(x 1)1 6( a)” B+v+6 2Hl(a 1 —q+(ﬂ I+ (a—1)— [(26 ¥=04+2)(a—1)— Ba]a

2—a,f—v— (5+2—0¢+5+12 §; =2

’za
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The tabulated solutions are partitioned, respectively, into 6 sets of 4 and 8 sets
of 24. These are sets of equivalent expressions for the 6 (resp. 8) Frobenius so-
lutions, each defined in a neighborhood of one of the 3 (resp. 4) singular points.
They are further partitioned by the Mobius transformation performed on the in-
dependent variable x, which is in one-to-one correspondence with the unannotated
cycle representation of g. The Mobius transformations appearing in Tables [Tl and
belong to the Kummer group (B and Heun group (B2), respectively. Although
the Heun group has order 24, only 6 transformed values a’ of the Heun parameter a
appear in Table[2 in all. This agrees with the remarks made in Example on the
size of generic a-orbits. If a € {—1,3,2} ora € {3 £ i@}7 the number of distinct
values a’ appearing in the 192 solutions will be smaller: 3 and 2, respectively.

The expressions in Table [I] are the 24 expressions of Kummer [I3], which can
be found in many modern works [T}, Bl [6l [@, 17, 18]. But the explicit indexing by
g € D3 is unusual (cf. [I§]). Nearly all the 192 expressions in Table 2] have never
appeared in print before, and the indexing by g € Dy is entirely new. The most
important Frobenius solution in each of Tables [l and [2is the first, since it provides
the possible transformations of o F, resp., Hl. In the sense of Corollary .6l the
transformation group of o F is the order-4 group Gasym,0(3) = D2 (i.e., the Klein
4-group Za x Zs), and that of Hi is the order-24 group Gasym,0(4) = D3 = 5.

The transformations of o F labeled by [1_][oo_], [1+004] in Table[d] are classical
transformations due to Euler and Pfaff [2][18]. This explains why their counterparts,
for any n, were called generalized Euler and Pfaff transformations in §4. It is well
known that Euler’s transformation of 9 F7 can be obtained by iterating Pfaff’s [2]
§2.2], but the iteration includes an interchange of the exponents a,b at infinity,
which induces a twisted composition in Ds, or a composition in the order-8 dihedral
group By, rather than an ordinary composition in Dy. This generalizes to any n > 3.
The transformations labeled by [1_][co_], [1+004] in Table 2] namely

Hl(a,q; o, 3,7,0; )

(5.5) = (l—x)l_éHl(a,q— (—Dvya; —6+1,a—6+1,7,2—06; x)
(56) :(1*$)7QHZ(Q;11,%;OL,OZ*(;%»]_,")/,O&*ﬂﬁ*l; ﬁ)a

are the generalizations of the Euler and Pfaff transformations to the Heun equation.
Snow [25], p. 95] obtained the former transformation of Hi from the latter by what
amounts to a twisted composition in D3, or a composition in Bs. Transformed
values of the accessory parameter ¢ are painfully difficult to compute by hand, so
for hand computation, any shortcut is valuable.

The group structure of D3 = S, supplies many such shortcuts, as does the
structure of Bj, the order-48 extended transformation group of HI that includes
the interchange of the exponents «, 5 at infinity. (The 24 equivalent expressions
for HI grow to 48 if this interchange is applied.) Useful results on B,,, such as the
number of its conjugacy classes and the maximum order of its elements, are readily
available [3]. For example, the maximum order of the elements of B3 is 6, though
the maximum order of the elements of D3 = Sy is 4. By examination, one of the
elements of order 6 is [1a_ocoi] € B3\ D3. In

(5.7) [Lia—ocoy] = [Lya_oc_]- [po_] = [oo_] - [Lyasocy]

the right-multiplication by [oo_] interchanges «, 3, and the left-multiplication by
[co_] interchanges the third and fourth arguments of HI, which is not the same
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TABLE 3. An isomorphism between Gasymo(4) = Ds, the trans-
formation group of Hl, and Sy, the symmetric group on 4 letters.

| g € D3 ‘g/ES4| | g € D3 ‘g/ES4|
[1+]lat][oo4] | () [liaio0y] | (142)
[1-][ay][oo-] | (12)(34) [lya_oco_] | (134)
[14][a—][oo—] | (13)(24) [1_a_ocoy] | (123)
1_][a_][ooy] | (14)(23) l_ajoo_ ] | (243)
Liooillat] | (12) 1i]lagoo4] | (24)
[1_oo_]fat] | (34) [1-][a—ocoi] | (1234)
[1-oo]la—] | (1423) [1+Ha oco_] | (13)
oo Jla_] | (1324) 1_)[aroo_] | (1432)
Liag)fooy] | (14) liooray] | (124)
[lya_][oo-] | (1342) [1_cota_] | (234)
[1_ai]foo-] | (1243) [1_oo_ay] | (143)
[1_a_]looy] | (23) [l4oo_a_] | (132)

thing. Regardless of how [1ya_oo4] is factored, it follows from Table 2] that the
corresponding transformation of Hl is

Hi(a,q; o, B,7,6; x)
(5.8) =(1-2) *HI({& o =By + 0,y — B4 15 o).

(For example, this can be obtained from the transformation indexed by [11a_oco_] €
D3, which is listed in the table, by interchanging a, 8.) Since [11a_00] generates
a cyclic group of order 6, iterating (5.8]) will generate six transformations of Hi,
including the identity. That is, up to interchange of «, 3, it will generate exactly
one-fourth of the 24 transformations of HI, i.e., one-fourth of the 24 equivalent
expressions for the first Frobenius solution in Table [2.

To see the consequences of the transformation group of HI being isomorphic
to Sy, one should index the 24 equivalent expressions for it not by g € D3, but by
the corresponding element ¢’ € S4. An isomorphism from D3 to Sy is not difficult
to construct, starting with a correspondence between their Coxeter generators.
Such an isomorphism appears in Table Bl with each ¢’ € S4, the symmetric group
on 1,2,3,4, given in cycle notation. Since S; has no outer automorphisms, any
isomorphism from D3 to 54 will be the same as this, up to renumbering of 1, 2, 3, 4.
This isomorphism has an elegant interpretation that can be traced back to Klein.
The group D3 can be understood as acting on a cube, as its group of rotational
symmetries. The cube’s three principal axes, which pierce the centers of opposite
sides, correspond to the singular points 1,a,00. Under the action of any g € D3
these axes are permuted, and possibly reversed, with reversal of an axis indicated
by a negative sign in the annotated cycle representation of g. Since the action
of D3 on the cube is faithfully represented by its action on the cube’s four principal
diagonals, which it can permute arbitrarily, the isomorphism D3 2 S, follows.

In this representation the Pfaff and twisted Pfaff transformations, [1;004] and
[1_oco_], appear as (12) and (34). Each is a 180° rotation about an axis passing
through the midpoints of two opposite edges of the cube. The Euler transformation
[1_][co_] appears as (12)(34), making it obvious that it belongs with them in a Klein
4-group. It is a 180° rotation about the a-axis. This representation also makes it
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possible to visualize the extension of D3 to By = D3 X Zs. On D3 represented
as Sy in this way, the twisting action of the involution [co_], which generates the
Zo factor and interchanges the exponents at infinity, turns out to be conjugation
by the permutation (14)(23).

The group S, is doubly generated. For example, it is generated by the in-
volution (14) and the 4-cycle (1423), which by Table B correspond to [1iay]
and [1_oot]fa—] in Ds. It follows that the full set of 24 transformations of HI
is generated by only two well-chosen transformations, such as (by Table [2))

Hl(a,q; o, 3,7,6; )

(5.9) =Hi(; Lo Bivat f-y—0+1; %)
(5.10) =(1- x)ﬂ*v%(l _ i)fafﬁerré HI(=%, —q—’v[(ﬁ—’v—ati)clb—a—6+v+5];

- B+y+1L,-B+v+d4v,a-+1; 25).

This is certainly not obvious, and would be difficult to prove without an under-
standing of the group structure of the set of transformations.

The preceding examples focused on the group-theoretic aspects of the 24 equiv-
alent expressions for Hl, the most important of the eight Frobenius solutions of the
Heun equation. But the 24 expressions given in Table [l for each of the remaining
seven, which are bijective with the cosets of D3 in D4, may also prove useful in ap-
plications. This is because the two-point connection problem for the Heun equation
has never been solved in full generality, unlike the corresponding problem for the
hypergeometric equation [2I]. No general formula expressing the pair of Frobenius
solutions defined near a nonzero singular point (i.e., z = 1, a,00) as a combination
of the pair defined near x = 0, one of which is HI, has yet been found.

Some notes on Table [2l The 192 solutions were obtained with MAXIMA, the
free version of the MACSYMA computer algebra system. The implementation of the
algorithm outlined in Proposition 4] required approximately 300 lines of code.

The code functioned as follows. Each g € Gasym(4) = D, was generated as
a pair (h,0) € (Z3)>x S4. Here o € S; determines the change of independent
variable ' = P,x, where P, is one of the 24 Mobius transformations in the Heun
group, listed in ([B2); and h specifies the subsequent index tranformation, i.e.,
the negatings, if any, of exponent differences at the singular points z’ = 0,1,a’.
The change of independent variable and the index transformation were applied
in that order to the Heun equation (2], and the transformed parameter vector
(d,q;d, 3 ,7',0") was programmatically extracted from the transformed equation.
The transformed accessory parameter ¢’ was then re-expressed in as compact a
form as possible. The simplification of ¢’ sometimes required factoring quadratic
polynomials in the exponent parameters. The first instance of this in the table
occurs in the solution indexed by [0_][1_cot][a].

Each solution was then output in a linear (string) format, and converted to BTEX
format for inclusion in the table. Conversion and table construction were largely
programmatic rather than manual. The standard tools sed and awk distributed
with the GNU/Linux operating system were employed.

The chance of there being an error in Table [2 is very small. After the table was
prepared in IXTEX format, each of the 192 expressions in it was programmatically
converted to the syntax of the C programming language, and a straightforward
C program (a “driver”) that evaluates the 24 expressions for any of the 8 distinct
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Frobenius solutions was written. In this program HIl was computed as the sum of
a Heun series, the coefficients of which were calculated from the recurrence (G.4]).
The driver was executed with randomly chosen values for the Heun parameters
a,q,q, 3,7,d, and also for x (always taken sufficiently near the appropriate singular
point, of course). For any choice of these seven parameters, the 24 values of the
specified Frobenius solution produced by the driver always agreed with one another.
This provides strong evidence of the correctness of Table 2 in toto.

The 192 expressions of the table were compared with the 48 expressions published
by Heun in his original paper [I1], and those later published by Snow [25] chap. VII].
Heun’s table includes every fourth line of Table @ in order (the first, fifth, ninth,
etc.). Sadly, almost all his solutions were found to be incorrect. It is not clear why he
made so many errors, since it is only the transformed accessory parameter ¢, which
he omitted from each solution, that poses severe difficulties in hand computation. It
is quite feasible to compute the exponent parameters of each Hl, and the prefactor
if any, by hand, by manipulating Riemann P-symbols. He had especial problems
with prefactors. For example, each of the final 12 solutions in his 48-solution table
has an erroneous prefactor (either 2 or x%), despite being otherwise correct.

Snow used an individualistic notation in which the exponent parameters 4, € are
interchanged, and the accessory parameter is the negated quantity b = —q. To
facilitate comparison with his results, a version of Table Bl using his notation was
prepared. (This alternative version is available on request from the author.) His
25 solutions, each of which includes the value of b, proved to be far more reliable
than Heun’s. No errors were found, and only a single misprint. In his formula
VII(21c), which gives the solution listed as [004+0414][a] in Table[2 the argument
of his local Heun function should be 1/(1 — z) rather than 1/(z — 1).

The several solutions supplied by the late F. Arscott in his valuable review of
the Heun equation [19, Part A] were also examined. In his (2.2.5, I)—(2.2.5, VIII)
he gives the parameter vectors (a,¢’;a/,5',7,d’) of the eight solutions indexed
by even-signed permutations of the form [04][1+][as][cos]. His transformed pa-
rameters are almost entirely correct, but there is one misprint. The term “1” in
the value for ¢’ in (2.2.5, VI), which corresponds to the solution [0_][14][a—][co4]
in Table 2 should be “2”. This misprint has already been noted [20]. Also, sign
errors were found in (3.4.9)—(3.4.10). Due to these, his formula (3.4.11), which is
the Pfaff-transformed HI indexed in Table @] by [04][1+004][a+], is unfortunately
incorrect. It is missing its prefactor as well, but that surely counts as a misprint.

A few additional local solutions of the Heun equation, expressed in terms of HI,
can be found scattered in the literature. For instance, Wakerling [27, §IV] de-
rived the solution indexed by [00404][14][a+] by manually applying to the Heun
equation the change of independent variable 2’ = 1/x, etc. Her expression for the
transformed accessory parameter is correct. Schmitz and Fleck, who were the first
in recent times to call attention to the problems with Heun’s original list, care-
fully worked out the solutions indexed by [0040411a] and [0o_041a_] for their
paper [22, §6.3.1]. It is painful to report that their Eq. (102), which gives the
corresponding accessory parameters, contains misprints (missing exponents).

In the course of writing the present paper two further lists of local solutions of
the Heun equation came to light, neither of which is cited in standard references.
One is in the 1898 inaugural dissertation of Karl Franz [7], who derived 35 of the
192, though like Heun, he omitted accessory parameters. He used an idiosyncratic
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parametrization: in our (and Heun’s) notation, his exponent parameters a, 3,7, 1
equal «, 3,7 + €,7. His 35 solutions appear to be correct, so far as they go.

The other list is in the unpublished Ph.D. dissertation of Shun-Teh Ma [14],
which has languished in the Berkeley stacks for many decades. Though Ma ev-
idently did not have a full group-theoretic understanding of the transformation
theory of the Heun equation, he attempted to work out all 192 expressions for
its Frobenius solutions, including the accessory parameters, by hand computation.
This doubtless required prodigious labor on his part. Unfortunately, a careful com-
parison of his 192 expressions with Table [2] reveals that 64 have incorrect exponent
parameters or prefactors, and 156 have incorrect accessory parameters. Of his 192
expressions, only 31 have neither sort of error.

A final note. The number of local solutions of the Heun equation of the form
considered in this paper, viz., Hl with a projectively transformed argument, mul-
tiplied by powers of x, x — 1, and x — a, has been variously given in the literature.
Whittaker and Watson [28] give the usual figure of 192, which can surely be traced
back to Heun. But Ince [12] p. 394] gives a figure of 64, i.e., 192/3, and Arscott [19,
Part A] gives a figure of 96, i.e., 192/2. The variations evidently arise from differing
interpretations of what it means for two expressions for the same Frobenius solu-
tion to be distinct. We have been unable to find a convincing explanation for Ince’s
figure, but Arscott explained the origin of his. The involutory Heun transformation
corresponding to [04+][1+ay][oo4] in Table [ i.e.,

(5.11) Hi(a,q; o, 3,7, 6; ) = HI(L, %, 0, 8,v,a+ B —7—0+1; L),

a’a’

is unique in that its right-hand side includes no prefactor. Applying it to any of the
192 expressions of the table is quite easy. Doing so yields another such expression,
so as Arscott says, the 192 are linked in pairs. In group-theoretic language, his 96
“distinct” solutions are indexed not by the elements of D4, but rather by the cosets
in Dy of the two-element group generated by [04][1ta4][co+]. Left and right cosets
are different, in general, and he did not specify which pairing he preferred.
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