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THE POWER OF STANDARD INFORMATION
FOR MULTIVARIATE APPROXIMATION
IN THE RANDOMIZED SETTING

G. W. WASILKOWSKI AND H. WOZNIAKOWSKI

ABSTRACT. We study approximating multivariate functions from a reproduc-
ing kernel Hilbert space with the error between the function and its approx-
imation measured in a weighted Lo-norm. We consider functions with an
arbitrarily large number of variables, d, and we focus on the randomized set-
ting with algorithms using standard information consisting of function values
at randomly chosen points.

We prove that standard information in the randomized setting is as power-
ful as linear information in the worst case setting. Linear information means
that algorithms may use arbitrary continuous linear functionals, and by the
power of information we mean the speed of convergence of the nth minimal
errors, i.e., of the minimal errors among all algorithms using n function eval-
uations. Previously, it was only known that standard information in the ran-
domized setting is no more powerful than the linear information in the worst
case setting.

We also study (strong) tractability of multivariate approximation in the
randomized setting. That is, we study when the minimal number of func-
tion evaluations needed to reduce the initial error by a factor ¢ is polynomial
in ¢! (strong tractability), and polynomial in d and e~! (tractability). We
prove that these notions in the randomized setting for standard information
are equivalent to the same notions in the worst case setting for linear infor-
mation. This result is useful since for a number of important applications
only standard information can be used and verifying (strong) tractability for
standard information is in general difficult, whereas (strong) tractability in
the worst case setting for linear information is known for many spaces and is
relatively easy to check.

We illustrate the tractability results for weighted Korobov spaces. In par-
ticular, we present necessary and sufficient conditions for strong tractability
and tractability. For product weights independent of d, we prove that strong
tractability is equivalent to tractability.

We stress that all proofs are constructive. That is, we provide randomized
algorithms that enjoy the maximal speed of convergence. We also exhibit
randomized algorithms which achieve strong tractability and tractability error
bounds.
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1. INTRODUCTION

Multivariate approximation is one of the most commonly studied problems in
information-based complexity. The main reason is that many other continuous
problems are intrinsically related to multivariate approximation. Examples include
multivariate integration, solution of partial differential or integral equations, quasi-
linear problems, and some non-linear problems; see for example [25] B0] as well as
Section [41

In this paper, by multivariate approximation we mean approximation of functions
defined on D C R? that belong to a reproducing kernel Hilbert space. We stress
that the number of variables, d, can be arbitrarily large. The distance between the
function f and its approximation A(f) provided by an algorithm A is measured in
the p-weighted Lo-norm,

If — Al = ( [ 1@ - @) (e da:)m

for a probability density function p.

The algorithm errors can be studied in the worst case, average case, asymptotic
and/or randomized settings; see e.g., [I3] 19, 20, 2T, 22} 23| 29] for more details. We
focus here on the randomized setting and show relations between the randomized
and worst case settings.

We consider algorithms that use a finite number of information evaluations about
the function f being approximated, where one information evaluation corresponds
to the evaluation of one linear functional. In a number of applications, information
evaluation is constrained to be a function value at some point; this corresponds
to the class AS'd of standard information. If evaluation of an arbitrary continu-
ous linear functional is allowed, then this corresponds to the class A®! of linear
information.

These two classes, A%* and A2, have often been studied for multivariate approx-
imation. We measure their power by the speed of convergence of the nth minimal
errors, i.e., of the minimal errors among all algorithms using n information eval-
uations. More precisely, we are looking for the largest exponents p*! and ps*d for
which we can find algorithms using n information evaluations from A" and Astd
whose errors are of order n=P" and n~P"", respectively. Obviously, p!! > pstd
which means that AS*? is at most as powerful as A®!. Due to the practical signifi-
cance of AS* it is important to verify for which spaces and settings the class AStd
is as powerful as the class A®!! i.e., when

pall _ pstd.

The analysis needed to determine the maximal speed of convergence is usually
much easier for the class A*! and is constructive. For example, for the multivari-
ate approximation problem studied in this paper, it is known that the algorithms
with minimal worst case errors are fully determined by the eigenpairs of a certain
compact operator W which depends only on the reproducing kernel and the weight
p of the Lo-norm; see Section 2.1. Furthermore, the nth minimal errors are the
square-roots of the eigenvalues A, ;1 of the operator W. Hence, the power of the
class A in the worst case setting is fully determined by the speed of convergence
of /A, to zero, and p*!! = p if \,, = ©(n~?P). A similar characterization holds in
the average case setting.
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The analysis for the class A®*? is much harder. For general reproducing kernel
Hilbert spaces, there are a few non-constructive results relating the power of stan-
dard information to the power of linear information; see e.g., [5 28] for the worst
case setting and [8] 28] for the average case setting. In the worst case setting, it was
shown that p**d > pall(1 — 3) for some positive 3 depending on the space, whereas
in the average case setting it was shown that p**d = pa!l. These results were ob-
tained under some assumptions on the Hilbert spaces. In particular, in the average
case settings it was assumed that eigenfunctions of the operator W normalized in
the Ly-norm are uniformly bounded in the L..-norm. The last assumption holds
for weighted Korobov spaces; see Section For some specific spaces there are a
number of constructive results for multivariate approximation in the worst case and
average case settings (see e.g., [9] [10, 27]); however, with the exception of [27], it
is still open if the algorithms proposed there achieve the speed of convergence n™?
with the optimal exponent p = ptd.

There are so far no constructive results showing that p**d = p!! for all d either
in the worst case, randomized, or average case setting. In this paper, we address
this question for multivariate approximation in the randomized setting.

Before we describe the main results of this paper, we briefly recall what has
been known so far for multivariate approximation in the randomized setting; see,
e.g., [0 111 13| 15 2], 26]. It was proven in [I5, [26] that linear information in the
randomized setting is no more powerful than the linear information in the worst
case setting. That is, if we denote the maximal exponent of convergence in the
worst case setting for the class A by p*!=%°r and the maximal exponents of
convergence in the randomized setting for the classes A*! and AStd by pal=r2" and
pstd=ran regpectively, then

std—ran all-ran __ _all—wor
<p =p :

p

The main result of this paper, Theorem 1, states that standard information in the
randomized setting is as powerful as linear information in the worst case setting and,
hence, both of them are equally powerful as linear information in the randomized
setting, i.e.,

(1) pstdfran _ pallfran _ pallfwor'

We stress that this holds when multivariate approximation is defined over repro-
ducing kernel Hilbert spaces and the error is also measured in a Hilbert space. It
is proved in [6 1] that () is not true if multivariate approximation and its error
are defined over some Banach spaces.

The proof of () is constructive. That is, we provide randomized algorithms
and distributions of their sample points with the errors achieving the speed of
convergence with the exponents arbitrarily close to p!=%°r. More precisely, for
any integer k, we construct randomized algorithms using nk function values at
randomly chosen sample points with the randomized error of order n~P+, where

k
2pall—wor
_ all—wor
bk =D [1 - (2pallwor +1

We also show that by taking k£ of order In In n we obtain an algorithm that

all—wor

uses m = O(n In(In(n))) function values and whose error is of order m™>
times (In(In(m)))P"" " +9-5. Hence, modulo a power of the double logarithm of m
we achieve the best possible speed of convergence.
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For given k, the randomized algorithm uses k different distributions each for n
sample points, and all distributions depend on the eigenpairs of the operator W
from the worst case setting. If such distributions are hard to implement, one can use
only one simpler distribution of the sample points under an additional assumption.
Indeed, the same speed of convergence can be achieved by using independent and
identically distributed sample points whose distribution uses the weight p as its
probability density function, providing that the normalized in the p-weighted Lo-
norm eigenfunctions of the operator W are uniformly bounded in the Lo,-norm; see
Theorem 2. This assumption is the same as in [§], where it was used for the analysis
of the average case setting, and it holds for weighted Korobov spaces; see Section [l
If, however, the last assumption is not satisfied, and instead the values of the kernel
of the Hilbert space are uniformly bounded, then we provide randomized algorithms
using nk function values with convergence of order n™P+ with p; arbitrarily close
to 1/2. Hence, in this case, we may lose the speed of convergence if the eigenvalues
of W tend to zero faster than n~/2. Note, however, that the speed of convergence
n~1/2 is independent of d which parallels the well-known and celebrated speed of
convergence of the classical Monte Carlo algorithm for multivariate integration.

As already mentioned, results for multivariate approximation can be applied for
other problems. To illustrate this point, we apply them in Section [l to derive effi-
cient randomized algorithms for approximating weighted integrals [, f(x) p(x) dz.
More precisely, we apply the classical Monte Carlo algorithm with the well-known
variance reduction technique utilizing the multivariate approximation algorithms of
this paper. When we do this with the three multivariate approximation algorithms
mentioned above, we obtain three integration algorithms whose randomized errors
are y/n times smaller than the randomized errors of the corresponding multivariate
approximation algorithms. In particular, our algorithms guarantee the speed of
convergence arbitrarily close to n~! (or higher) for all uniformly bounded repro-
ducing kernels of the Hilbert spaces. Needless to say this is much faster convergence
than the convergence of the classical Monte Carlo method.

We also study (strong) tractability of multivariate approximation in the ran-
domized setting for the class A**Y. That is, we analyze when the minimal number
of randomized function values, n"**(e, d), needed to reduce the initial error by a
factor ¢ depends polynomially on d and e~'. If this holds, then multivariate ap-
proximation is tractable in the randomized setting for the class AS*d. If n™% (e, d)
can be bounded by a polynomial only in €~! independent of d, then multivariate
approximation is strongly tractable in the randomized setting for the class AS*d.

Based on Theorem [Il we prove in Theorem [ that strong tractability and tract-
ability in the randomized setting for the class A*d are respectively equivalent to
strong tractability and tractability in the worst case setting for the class A?!. Fur-
thermore, the estimates of n"" (g, d) are practically the same as its counterparts in
the worst case setting. This is important since the conditions on strong tractability
and tractability in the worst case setting for the class A are known for many
spaces and, in general, are easy to obtain. We illustrate this point for weighted
Korobov spaces of periodic functions with general weights which moderate how
functions depend on the groups of variables. We provide in Theorem [0l necessary
and sufficient conditions on strong tractability and tractability as well as bounds
on the minimal number of information evaluations in the worst case setting for
the class A*! and in the randomized setting for the class AS*d in terms of general
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weights of this space. In particular, we show that for product weights independent
of d the notions of strong tractability and tractability coincide.

We end this introduction by a note on future research. We believe that the proof
technique presented in Theorem 1 can also be applied for multivariate approxima-
tion in the worst case and average case settings, and will permit improving the
existing results on the power of standard information. In particular, in the worst
case setting for reproducing kernel Hilbert spaces, we would like to verify whether
we always have pll=wor = pstd=wor Tp the average case setting, we believe that the
assumption used in [§] on the uniformly bounded eigenfunctions in the L.,-norm
can be eliminated and we always have p?ll=2v& = pstd—ave  This will be reported in
a forthcoming paper.

2. MULTIVARIATE APPROXIMATION

We begin with basic definitions and facts concerning multivariate approximation.
Let H be a separable Hilbert space of real functions f defined on a domain D C R<.
The inner product and the norm in H are denoted by (-,-);; and ||- ||z, respectively.
Since we approximate f based on its function values, we need to assume that f(x)
is a continuous functional for any & € D. This is equivalent to assuming that H
is a reproducing kernel Hilbert space whose kernel is denoted by K. For general
properties of reproducing kernels, we refer the reader to, e.g., [I, [24]. Here we only
recall that

K(,z) e H and flx) = (f,K(,2))y VfeHxeD.
In particular, we have
[f@)] < fllg- K2z and [|K(2)|lo = VE(@ ).

We are interested in approximating functions f with errors measured in a
weighted Lo-norm. That is, let p be a given probability density function,

p:D — Ry and /,o(a:)dar:zl.
D

Without loss of generality, we can assume that p(a) > 0 for almost all . Then

G =Gi={s:0 =%+ [ @) pla)do < oo

is a well defined Hilbert space whose inner-product and norm are given by

.9 = /D f@) g(@) pla)dz  and gl = /D l9(@)P plz) de.

Multivariate approximation considered in this paper is defined as the problem of
approximating f with the error measured in || - ||g. Without loss of generality, we
can restrict our attention to linear algorithms of the form

(2) A(f) = Li(f) gi
i=1
where n is a non-negative integer, the functions g; = g; ,, belong to G, and L; = L; ,,

are continuous linear functionals. For n = 0 we set A = 0. For the settings of this
paper we can assume that the number n of functional evaluations is fixed, i.e.,
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is deterministic and does not depend on f; see also Remark I It is called the
cardinality of A and is denoted by

n = card(A).

We consider two classes of L;. The first class is A = A®! which consists of all
continuous linear functionals. That is, L; € A®! iff there is an element of ¢; € H
such that L;(f) = (f, gi) y for all f € H. The second class is the class of standard
information A = A®*? which consists of function evaluations. That is, L; € AS*d iff
there is a point ¢; € D such that L;(f) = f(¢;) for all f € H.

2.1. Deterministic Worst Case Setting. We now briefly recall what is known
for multivariate approximation in the deterministic worst case setting with A = A2l
In this setting, the functions g;’s from G and L;’s from A®! in (@) are fixed, and
the (deterministic) worst case error of an algorithm A is defined by

e (A H,p) = sup |f—A(f)lc-
Ifllz<1

For a fixed value of n, let €™ (n; H, p, A*") denote the nth minimal error, i.e.,
ewor(n;H7 0, Aall)
:= inf {€""(A; H,p) : A given by @) with L; € A*! and card(A4) < n}.
In another words, e"°*(n; H, p, A*"") is the smallest worst case error among all algo-
rithms that use at most n continuous linear functionals. An algorithm that achieves
this smallest error is said to be an nth optimal algorithm.

We now recall well-known results (see e.g., [23, Thm. 5.3]), that characterize nth
optimal algorithms via eigenpairs of the following operator W,

3) WiH > H and Wg = /Dg(t)K(-,t) p(t) dt.

One of the results states that
lim e“°"(n, H, p, A*) = 0 iff W is compact.

n—oo

This is why we assume throughout this paper the compactness of W. The operator
W is also self-adjoint and non-negative definite. Moreover,

This implies, in particular, that H is continuously embedded in G, and

Il < IWY2)If e with € (0; H, p, A) = [W'/2].

The operator W has eigenpairs (Ag, k),
(5) Wne = e k=1,2,...,
with orthonormalized 7;’s and ordered Ag, i.e.,

(k) = Gj and A = Agyr Vh o with lim Ay = 0,
— 00

where §; ;; denotes the Kronecker delta. We can also assume that all the eigenvalues
are positive since otherwise the problem would be trivial. Another result states that
n

(6) AL(f) = ) (L) e
k=1
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is an nth optimal algorithm and

(7) e (AL H, p) = € (n H, p, AM) = /Ay,

In particular, for n = 0 this means that |[W1/2|| = v/X].
Observe that for any f € H and k > 1, we have

®)  Alfmdy = (W), = /D @@ p(@) dz = (f0)g
This implies that
(9) My M) = Ak Ojk-

Therefore, if we set

(10) = A

then the functions 7 are orthonormal in G,
(11) (M) = k-

This is why A} can be rewritten as

Z fank el 77k-
k=1

2.2. Randomized Setting. In the randomized setting, we consider algorithms A
of the form () for which both the g;’s and L;’s could be randomly selected according
to some probability measures. We explain in Remark [I] that randomization does
not help for the class A*'. That is why we restrict our attention to the class AS*d
and consider the following class of simplified random algorithms that use function
evaluations at randomly chosen points. They are of the form

(12) Zf ) 9i ¢

where = [t1,...,t,] for random points £4, ..., ¢, from D, which are independent,

and each t; is distributed according to some probability whose density function is

denoted by w;. The functions g;  may depend on the selected points ¢;’s. For any

f, we can view A.(f) as a random process, and Ag(f) is its specific realization.
The randomized error of A is defined as

1/2
e (A; H,p):= sup (/D“'/D||f—Ag(f)HQGwl(tl)~-~wn(tn)dt1 dtn> )

Ifllm<1

To simplify the notation, we will write Ez|| f — Az(f)||% to denote

Bl — 45Dl = [ o [ 17 = At onltn) dts .. e
It is easy to see that for algorithms (I2)) we have
1/2 ran
(Bellf = Ae(9)I2)" < Iflwe™(AiH.p)  ¥f € H.

Similarly to the worst case setting, by e'*"(n; H, p, A%*d) we will denote the small-
est randomized error among all such algorithms A with cardinality at most n,

e (n; H, p, A%*) := inf {e"™(A; H, p) : A is given by (@) with card(A4) < n}.
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Here, the infimum is taken with respect to all possible choices of distributions of
sample points ¢; as well as all possible choices of functions g; ;.

There are a number of results showing that, essentially, A*! is equally powerful
in the deterministic worst case and the randomized case settings for multivariate
approximation defined over Hilbert spaces; see, e.g., [0, [I1 13}, 15, 21|, 26]. For
instance, we know from [I5] (see also [26]), that

e (s H, p, A™) < € (m; H,p, A) < VB (((n+ 1)/2) H, p, A7),

One of the main contributions of the current paper is to relate the power of A®!!
with As*d. Indeed, in Section[B] we provide conditions under which e“°r (n; H, p, A®!!)
and e™" (n; H, p, A%*?) have similar rates of convergence to zero as n tends to infinity.
This and the following remark are the reasons why, without loss of generality, we
can restrict our attention to simplified randomized algorithms of the form (I2)).

Remark 1. In the randomized setting, one may consider a very general class of
randomized algorithms of the form

Aw(f) = Qu (Ll’w(f)aLZw(f)a .- ~7an,w(f))

with a random element w distributed according to some probability measure. Here,
L; ., can be from the class At or A1 the random mapping ¢, can be linear or non-
linear, and we may use adaption; see e.g., [4, [6] [7, 12} 13, [15], 18, 211, 26]. Moreover,
the number n,, = n,(f) of functional evaluations may be random and may depend
adaptively on f; in such a case card(A) is defined by sup ¢, <1 Ewnw(f)-

Let esen—r2"(n; H, p, Aa“) denote the nth minimal error among all such general-
ized randomized algorithms with L; ., € A*!. Clearly,

egcn—ran(n;H7 0, Aall) < eran(n;H’ P, Aall) < 6W0r(n;H, 0, Aall)'

The standard proof technique to obtain a lower bound on e&"~*a%(n; H, p, A*")
is the reduction to the average case with some probability measure on the unit
ball of H which was first applied by Bakhvalov in 1959 (see [2]) and used in many
papers; see e.g., [0 [7, 1T], 13, 15 18, 21] 26]. By choosing an appropriate probability
measure on the unit ball of H one obtains an estimate in terms of the worst case
setting; see e.g., [15] [26] for multivariate approximation. More precisely, from [14]
we know that varying cardinality of n,, can only help by a fixed factor, and using
again the results from [I5] we conclude that even such generalized randomization
does not help for A?!! since

e (s H, p, A°M) < 2250 (| (n 1) /4 H, p, A,

In particular, this means that under the conditions of the next section, the simplified
randomized algorithms (I2]) of this paper are almost as powerful as very general
(perhaps complicated and expensive to implement) randomized algorithms.

3. MAIN RESULT

Throughout this section we assume that the eigenpairs of the compact operator
W satisfy

(13) Sm <o oy 19

npb
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for positive numbers p and Cp, and a monotonically non-decreasing function C'(n)

for which C'(1) = 1. Let
Pratl (2pk—14+1)/(2p+1)
P

It is easy to check that

(15) Pr = p (1— (2p2ﬁ1)k>.

Hence, py’s are increasing and limy pr, = p. Moreover, the sequence {my}x is non-
decreasing and mj < n. Let

mp
(16) Wi (8) 1= p(E) - U, (8)  With  w, () = m Y ()7,

j=1
where the 77;’s are given by (I0). Clearly, due to orthonormality of the eigenfunc-
tions 7;, the function wy,, is a probability density function.

For given n > 1, we consider the following family of randomized algorithms
{Ank}72,. The algorithm A, ; will have cardinality at most nk, and will sample
the functions at points whose collection is denoted by Envk. To stress the role of
these points we write A, = A

nvkazn,k.
For k = 1, we define
|1 & f(r 77 T
¢) )| —
an huag = 3| L S 100
: n U, (T0)

j=1 (=1
with Zn)l = [11,T2,...,Ty] for independent and identically distributed (i.i.d. for
short) points 7,’s that are distributed according to the probability density function

Wmy -
For k > 2, we define

An,k,zn,k (f) = An k—1 fn k—1 (f)

1s) S A, () ”_“)] 7
=1 L =1 Aoty Uy (Te) |
with
Zn,k = [Emk_l, 7n], where T, =[T1,...,7n]

for i.i.d. T,’s that are distributed according to the probability density function wy,, .
Of course, the whole vector En’k consists of components distributed according to
the probability density functions wp,,,...,wn,, respectively. Clearly,

card(Ankfnk) < kn vZn,k e D",

Theorem 1. Let [I3)) hold. Then for every n and k,
Co

nPk

(19) e (A p; H, p) < VE[C(n+ 12+ 1.

Proof. The proof is by induction with respect to k. Since A, ;3 Is a linear
combination of 7; for j =1,2,..., my, we have for every n and k,

(20) <An’k’;mk(f),n—j>(; =0 Vi e€D™ VfeH Vj>my+l.
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We begin with k = 1. Consider now functions f with || f||z < 1. Due to &), (I,
(1), and the fact that the eigenfunctions n; form an orthonormal system in H, we
have

If = Anrz(DIE = BEr(f0+ D (fon)F lInilE
j=mi+1
= Z X (Fn) s < Br(fs %) + A1
Jj=m1+1
where
mi 2
E\(f;t) = Z (f:m)a Zf (Te) 75 (Te) /tm, (T¢)

j=1 —

It is well known, and can be easily Verlﬁed7 that then

Ex (Fy(f; 7)) = / / Ey(fs P, (1) -y (1) dry . d7,

ml/ = Uml (@) gy " [ P s e

S —>\1 S —Co.
n n

Since my < nt/@P+) <m; +1<n+1 and C(n) is monotonic, we obtain

3

ran . 2 -0
e (An1; H,p)® < )\m1+1+ Co = . 2p/(2p+1)

[(Cn+1))*+1).

This completes the proof for k = 1.
Consider now k > 2 and the algorithm A,, ;. For functions f with || f||z < 1 we
have, as for the case of k =1,

(21) 1F = A (DI < Anis + BulFiE)
with
(Fifui) = 2| (F = Aicr (D),

2

S A () BT

—1 Umy, (Tf)

Now taking the expectation of Fy(f; fnk) with respect to Enk and using the inde-
pendence of Zn,kq and 7,, we obtain

]Efnk(Ek(fvzn7k)) - ]EE k— 1E (Ek(fy[ n,k— 17TnD)

o (x))?
<E;,.., Z 0~ A D@ T o) de

tmy ()

mg

my
=™ ~Ez,b,k,1||ffAn,k_l,z,L,k,l<f>\|é < " e (A i Hp)?

< mpn P CE (k= 1) [Cln+ D)2 +1).
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This and (ZI)) imply that

[Clmip + 12 meC3 ((k—1)[Cln+1)]2+1)
(mk: + 1)2p + nZPk—1+1

3

- n2pk

e (A g H,p)? < CF

(k[C(n+1)J* +1),
with the last inequality due to monotonicity of C(n) and the fact that
my < n(ZPe-1+1)/(2p+1) < mr+1<n+1.
This completes the proof. ([

We already remarked that the exponents p; converge to p. In fact, due to (&),
we have an exponentially fast convergence

k
2 ( ) = 2p
p pk—2p+lp Prk—-1) = %+ 1 b

Hence, it is enough to perform a few steps to get py very close to p. More precisely,
we have the following proposition.

pr > p(1—90).

Proposition 1. For

we have

Theorem [I] states that we can achieve nearly the same speed of convergence in
the randomized setting in the class AS'd as in the worst case setting in the class
A Due to Remark [l it is the best possible result. Furthermore, the factors
multiplying n~?* in the randomized case are roughly only vk larger than in the
worst case. Again, since k is relatively small, this extra factor is not very important.

Assume now that C'(n) = 1 in ([I3) and take

o= [t ]
| In(1+1/(2p)
for n such that In(In(n)) > 1. Then it is easy to show that

In(In(n))

7111(1 1/(2p)) =0 (n*p ln(ln(n))) .

e (A Hy p) < eC’Onp\/2+

This yields the following proposition.

Proposition 2. Let m = k*n = O(n In(In(n))). If C(n) = 1 in ([3), then the
algorithm A,, = A, k- uses at most m function values and

<1n<1n<m>>>”+°~5>

mP

e (A H,p) = O(

with the factor in the big O notation independent of d and m and depending only
on Cy and p. Hence, modulo a power of In(In(m)), we obtain the same speed of
convergence as for the optimal algorithm AY,.
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We now relate the speed of convergence in the worst case setting for the class
A2 with the speed of convergence in the randomized setting for the class AS*d using
the concept of the optimal rate of convergence.

The optimal rate of convergence in the worst case setting for a class A is defined
as

P (H, p,A) = sup{r >0: lim e (n;H,p,A)n" = 0}

n—00

with the convention that the supremum of the empty set is zero. When A = A2l
then we have, due to (),

pYOr(H, p, A1) = sup{r >0: lim /A n" = 0}.
n—oo
The optimal rate of convergence in the randomized setting for a class A is defined
analogously as

P (H,p,A) = sup{r >0: lim e™(n;H,p,A)n" = 0}.

n—oo

Then Theorem [Il and Remark 1 yield the following corollary.

Corollary 1.
pran(H,p,Astd) — pran(l{7 0, Aall) — pgen—ran(l{7 0, Aall) —_ pwor(l{7 0, Aall).

The algorithms A,, ;, achieve nearly the optimal speed of convergence. They use
randomly generated points ¢y, ...,t,; with different distributions. Indeed, w,,, is
the probability density function of ¢, with ¢ = [¢/k]. Note that w,,, given by (I0)
depends on the eigenfunctions 7; in a way that might be sometimes too difficult
to implement. Therefore, it is natural to ask if a similar result could be obtained
with the same distribution for all the points and whether this distribution could
be simplified and be independent of the eigenfunctions 7;. It turns out that this
can be achieved under an additional assumption on the eigenfunctions 7; which
was used in a different context in [8], where multivariate approximation has been
studied in the average case setting.

We consider therefore the following algorithms A/n, . that are modifications of the
algorithms A,, ;. They are given by (I7) and (I8)), however, with the i.i.d. points
T distributed according to the density function p, i.e., w; = p for every 1.

Theorem 2. Suppose that the eigenpairs of the operator W satisfy (I3) and
(22) sup [|7nloc < C2
n

for a positive constant Cy. Then the algorithms A;Z) . satisfy

Co Cy

nPk

(23) e (A pi H,p) < VEC(n+ 12 + 1.
Proof. The proof of this theorem is very similar to the proof of Theorem [I] as well
as to the proof in [8], and hence is omitted. O

We illustrate the above results by applying them to the space H of d-variate
functions with mixed partial derivatives of order one bounded in the Lo-norm. This
space has been considered in many papers dealing with the integration problem as
well as the approximation in the worst case and average case settings.
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Example 1. Consider D = [0,1]? and p = 1. The space H is the reproducing
kernel Hilbert space of functions f : [0,1]¢ — R with the kernel

d

K(z,y) = [J(1 + min(z;,y,)).
j=1

It follows from [I7, Thm. 2.1] that the eigenvalues of the operator W satisfy

1 <lnd_1(n—|—6)>2
An = (1+0(1)) as n — oo,

(d—1)!m4d n

i.e., the assumption ([3) holds with p = 1, Cy = 1/(x?¢/(d — 1)!), and C(n) =
I (n +e)(1 4 o(1)) as n — co. Then Theorem [ yields
< VEk % (n+e)
N CE
In particular, for k£ = 4, we have py > 0.8 and
4 In?!(n+e)

na) < 20 a1 08
Theorem [2] yields a weaker result:

A ) < Vi 24/2 lnd_l(n +e)

Y By s TR

since the Loo-norms of the eigenfunctions 7; are equal to 2%/2(1 4 o(1)) as n tends
to infinity; see again [17].

e (A k) (140(1)) as n — oc.

e (A (14+0(1)) as n— oo.

(I+0(1)) as n— oo

The assumption [22) may be difficult to verify. We now show that this assump-
tion can be replaced by another one that is easy to verify; however, at the possible
expense of the speed of convergence. We now assume that

(24) C3 = esssup vV K(z,z) < o0
xeD

instead of ([22)). As shown in the following example, [24)) does not imply (22)).

Example 2. Let D = (0,1], p = 1, 7, = 11 /(nt1),1/n) and X\, = 1/(n(n + 1)).
Clearly K (z,y) = > " nn(x) 1, (y) is a well-defined kernel and 7, = n, /n(n + 1)
are orthonormal in Ls. Moreover, 7, are the eigenvectors of the operator W,

Tllee = v/n(n+ 1), yet K(z,z) =1, ie., C3 =1.

The assumption (24) implies that
1flloe = esssup [ {f, K(@, )}y | < [Ifllu esssup v E (@) < Csllfllu ¥feH.
EAS xrc

Furthermore, the eigenvalues of W are summable. Indeed,
K(z,y)=> n;(x)n;(y)
j=1

and (@) yield

J

3 '_OO -:c2:c:c: [ i r)ax 2
;AJ—_/DWJ()p()d /DK(,)p()d < C2.

1
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e oo 2
This implies that n\, < Zj:l Aj < C5 and

VA < Cyn~ V2,

Hence, (I3) holds with p > 1/2, and Cy < Cs.
Consider now a family of algorithms A7 ; that differ from A7 ; only by the

definition of the values my. We now define my, for £ =1,2,..., such that
C3Cy(k—1
)\mk+1 < 17(2—1@ ) < Amk’
n
where

Co\*
= — < 3.
e =20, (2) <20,

Theorem 3. Let [24) hold. Then the algorithms A} . satisfy
eran( nk7H p) < 04(k)n71/2+2*k71'

Proof. As in the proof of the previous theorems, consider first Kk = 1 and the
corresponding term Ej. Its expectation with respect to the points 7, for ||f||g <1
is bounded by

R -7 lml m—,mem:l 233 mml—,x2$
B (B < Y [ @) m@) s@ide = | [ P ) Y mra

j=1"P
Note that
m1 mi mi
Yom@? = > A @) < ALY (@) < A K(ma) < AL G
— — =
Hence )
Gy
E 4 x)de = =273,
( 1(f7 n>\m1 /f €T n>\m1
This means that
C2(C? 2Cy C3
(AL H p)? < Amygn + 0 <
1 ! nAm, NG

due to the definition of m;. Hence we have that
(AL s H p) < Ca(l)n™™

since Cy(1) = /2CyC3 and with s; = 1/4, as claimed.
Suppose by induction that

(AL i H,op) < Ca(k)n™%*  with s, = 1 —o7kL

For the algorithm A7 ; ., we have

Bz oo (B (fitnren)

S / | nktnk( 77]2 /)‘ dx

<.
=

_G5

3 emn( Zkap)2 < CS C4(k)

n 5 ’ — )\ n1+23k :

IN

ME+1 ME+1
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Due to the definition of my4; we have

(AL py1s Hop) < <)\mk+l+1+)\3;1+28k

with

1/2
> < Cylk + Dn=or+

ME+1

C4(k+1) = 2C5 C4(k)
It is easy to show that

o \2
= _ <
C4(k) 203 (203> > 2037

as claimed. O

As already pointed out, (24) implies that A, = O(n~'/2). Since the convergence

rate of the errors of the algorithms AZ,  approaches n~1/2, they are almost optimal

only when the eigenvalues \,, do not converge to zero much faster than n=1/2.

4. MULTIVARIATE INTEGRATION

Based on the results of Section [l we now derive efficient randomized algorithms
for multivariate integration. For this problem, we want to approximate

L(f) = /D f(@) pla) dz

by randomized algorithms of the form
Q(fvw) = Z f(tij) Aj.w
j=1

for some random element w with ¢;, € D and a;, € R. The randomized error of
Q is given by

eNQ H 1) = \JBu(,(f) = Q(f5 ).
We now use a well-known variance reduction technique for deriving a randomized
algorithm Quad,, ; - from a randomized algorithm Algn) ki for multivariate ap-
proximation:

n

(5)  Quad, . z5(7) = Ty (Alg, o i(5) — = S0 7~ Alg, 4500 (w)

for i.i.d. points y, whose distribution has p as its density. It is well known and easy
to verify that

2 1 -
By (1,() — Quad, ;. 55(f)) < —IIf = Als,, o (£)IE VE
This and the results of the previous section yield the following proposition.

Proposition 3. Let Q, , 7, Q; g0 and Qz Lz be the randomized algorithms ob-
tained by applying 28] with Alg equal to Ak Aln,k,f’ and A:;,ki from Section [3],
respectively. Fach of them uses at most n(k+1) function values and, under the cor-
responding assumptions from Section [B], their randomized errors are bounded from
above, respectively, by

Co

nl/2+pk

Co Co

nl/2+pk

Cy(k)

g
pl—2-F1

K[C(n+ D2 +1, KCn+ 12 +1, and
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We stress the increase by 1/2 in the order of convergence for multivariate inte-
gration.

5. APPLICATION TO WEIGHTED KOROBOV SPACES

In this section we consider multivariate approximation for the weighted Korobov
space of periodic functions defined over D = [0, 1]%; see e.g., [3, [8 @l [16]. We take
p = 1 and then G = L([0,1]%). To stress the dependence on the number d of
variables, we will write Hy and G4 instead of H and G, and we will drop p from
all the notation.

Let o be a given number greater than 1, and v = {ygu}au & given family
of non-negative numbers, called weights. This family is indexed by d € N and
uC{1,2,...,d}. The reproducing kernel K  of the weighted Korobov space Hy is
of the form

Kd(wa y) = d,p + Z Yd,u Kd,u(x7 y)a
0£uC{1,2,...,d}
where

(27 o k( ;
Kiu(x,y) HZeXp mok(z; = y;)) with ¢+ = v—1.

JEU k#0 |k|a
It is convenient to write Ky(x,y) (see [3]) as

Ka(z,y) = Y Bh,y)e*™ M@y,

hezd
where Z¢ = {...,-1,0,1,...} h-x = 2?21 hjx; denotes the inner product of
the vectors h and «, and
Yd,0 if h =(0,0,...,0),
B(h,v) =

Yaun [jeu, 17517 if b # 0 with up, = {j : h; # 0}.
The Weighted Korobov space Hy is equipped with the inner product
= > Blh, (h)g(h) Y f.g € H,
hezd

where

f(h) = /[0 b exp(—2mih - x) f(x)de

is a Fourier coefficient of f. Here, if 3(h,~) = 0, then we assume that f(h) = 0 for
all f € Hy, and we adopt the convention that 0/0 = 0.
If o is an even integer, the reproducing kernel K, is related to the Bernoulli
polynomials B,,. For a even, we have for z € [0, 1],
eQﬂ'zhx (71)a/2+1(27.r)04
e al a(®).

h#0

In this case the kernel K4 can be written as

) (— a/2+1 ful
Ka@y) = a0+ S v (%) TT Baliz; — b,

DAuC{L2,....d} jeu

where the notation {x} means the fractional part of z, {x} =z — |z].
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The role of « is to specify how fast Fourier coefficients decay, which is also related
to the regularity of the functions from the space Hy. Roughly speaking, functions
from H, have square integrable mixed partial derivatives of order < a;/2. The role
of the weights 4, is to quantify the importance of the interactions of variables
from the subset u; the smaller the weight vq4,,, the less significant the interaction.

Often in the literature, the so-called product weights are considered, i.e.,

vao =1 and ygu = [[ 74,
JEU
for given weights 0 < 744 < Ya,a—1 < - -74,1 < 1. For product weights, the kernel
takes the form

d exp(2mek(x; —y4))
)= [T (100 3o o
j=1

s ||~
For general weights 44, it follows from [8] that the eigenpairs of the operator
W = Wy are:
o foru=10,
Agp = Yap and Tyg = 1,

o for u#0,

(AdikewsTa e, )

for £ = 1,2. Here, ky = [k1, k2, ..., k)] with all k; # 0 for j € u, and
Mg, = Yau [[#;°
jeu

is an eigenvalue of multiplicity two, and the corresponding two eigenvectors,
orthonormal in G4, are

N e 1 (T) = V2 cos | 27 Z kjx; and 7y, 2(T)= V2 sin | 27 Z kjx;
JEuU JEU
For the weighted Korobov space we may apply Theorem [2] with
Co = V2 Vd

This means that we can now use uniform distribution for all sample points in the
algorithm A/n,k whose error bounds are worse only by a factor v/2 than the error
bounds of the algorithm A,, ; which uses a more complicated distribution of its
sample points.

As in [§], for r € [1, a), consider

1/r 1/r T u
(26) Mg, = )‘d/ku = 'Vd/@ + 271/ [2¢( O‘/r)]‘ | )
u,ky DF#u

where ¢ is the Riemann zeta function, {(z) = Z;’;l j~% for x > 1. For product
weights, Mgy, reduces to

f[ (1 + 271” a/r))
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If \gq1 > Ag2 > ... are the ordered eigenvalues Aqk,, then the nth largest

. . 1 .
eigenvalue satisfies )\d/; n< Mg, ie.,

(27) )\d,n < MdT nir.

= N

Therefore, we can apply Theorem [l with p = r/2, Cy = M;’/TQ, and C(n) =1 to
conclude that

(k + 1) Mdf,,r r r k
eran(Ad’n’k;Hd) < — with P = 5 1—( )

nPk

For the algorithms A;L’ x> Theorem [2 yields

2(k+1) M,

ran ! .
(& ( Hd) S nPr

n,k»
Since r can be arbitrarily close to «, we have
e (n; Hg, A = O(n=2/?%%) asn — oco.

The exponent /2 is optimal since even for d = 1 we have e(n; Hy, A) = ©(n=2/2).
We stress that the implied factor in the O-notation may depend on § and d, and
may go to infinity as d and/or =1 goes to infinity; see the next section where this
problem is discussed in detail.

6. TRACTABILITY

As in the previous section, we consider multivariate approximation for a sequence
of spaces H; and G4 for d = 1,2,.... The weight p in the space G4 may also depend
on d, and we write p = pq.

We are now mostly interested in large d and want to verify when the minimal
error bounds are polynomially dependent on d or even independent of d. This
leads us to tractability which has been extensively studied in information-based

complexity.
To stress the dependence on d, we denote the minimal errors as
ewor(n,d) — ewor(n;Hmpd’Aall)’
eran(n’d) _ 6ran(’l’L;Hd,pd,AStd).

For n = 0, we do not sample functions, and we have the initial errors
e (0,d) = ¢ (0,d) = W,

where Wy = W is given by (3).
For € € (0,1), we denote

n""(e,d) = min{n: " (n,d) < €e""(0;d) },
n*(e,d) = min{n: e*(n,d) < e (0;d) }

as the minimal number of information evaluations needed to reduce the initial error
by a factor e. We stress that one information evaluation in the worst case setting
means a functional from the class A*!, and in the randomized setting a functional
from the class A*Y. We are ready to recall the notion of tractability and strong
tractability; see [31].
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Multivariate approximation is tractable in the worst case setting for the class
A (and for the sequence of spaces Hy and Gy) iff there are non-negative numbers
C, Perr and qqim such that

n"V (e,d) < cg”Perr d9aim Vee (0,1), Vd=1,2,....

Multivariate approximation is tractable in the randomized setting for the class
A5t (and for the sequence of spaces Hy and Gy) iff there are non-negative numbers
C, Perr a0d @qim such that

n'*(e,d) < cg”Perr d9dim Vee (0,1), Vd=1,2,....

The numbers pe,r and gqim are called the exponents of tractability. We stress that
they need not to be uniquely defined.

If ggim = O in the formulas above, then multivariate approximation is strongly
tractable and the infimum of pe,, satisfying the formulas above with gqjm = 0 is
called the exponent of strong tractability.

Based on Theorem [Tl we now prove the following theorem.

Theorem 4. Consider multivariate approzimation for the spaces Hy and G4. Then

(i) Strong tractability in the worst case setting for the class A*! is equivalent to
strong tractability in the randomized setting for the class A%, Furthermore,
the exponents of strong tractability are the same.

(ii) Tractability in the worst case setting for the class A* is equivalent to
tractability in the randomized setting for the class A*4. Furthermore, the
exponents of tractability are roughly the same, i.e., if

n“(e,d) < ce7Perddim  for glle € (0,1) and d=1,2,...,
then

all

nran (8’ d)

IN

mink - Msckpm/z e e [-Gea)] W
k

= O ([1n(ln(€_1 +d+ 1))] (1+perr) /2 g~ Perr deim> .

Proof. Clearly, e™"(n; Hq, pg, A*") < €' (n; Hy, pg, A%*?). Remark [ states that
€W0r(n;Hd,pd,Aall) < Qﬂeran(\_(n_'_ 1)/4J;Hd7pd;AStd)'

This means that (strong) tractability in the randomized setting for the class A%
implies (strong) tractability in the worst case setting for the class A*!. Thus, it is
enough to prove that (strong) tractability in the worst case setting for A*! implies
(strong) tractability in the randomized setting for A*d. Assume then that

n"" (e,d) < cg”Perr d9aim Vee (0,1), Vd=1,2,....

Here, qqim = 0 for strong tractability, and qq;m > 0 for tractability. Note that
n"°(e,d) > 1 which for € tending to one and d = 1 implies that ¢ > 1.

Let n = [ce Perr d%im | If we vary ¢ € (0,1), then n varies in ([cd %], 00). It
is easy to check that

d 9dim 1/Perr
e = (c > for some 1 € [0,1).
n+n
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From Section 2.1 we know that e"°'(0,d) = /41 and

n"(e,d) = min{k DV Adkg1 < 5\/)\d71},

where A4 ’s are ordered eigenvalues of the operator Wy = W. This yields that

( Gaim \ 1/Perr
(28) VAdnt1 < <C ) Ad,1 for n > [cd%am],

n

This implies that (I3) holds with p = 1/perr, Co = VA1 and

[cd %dim] formn=1,2,..., [cd%im],
C =
(n) 1 1/perr . 1/pcrr .
(1+2) (cddim) for n > [cd%aim].

From (IE) we have
() - - )
be=p 20+1) | Perr 2+ perr) |

E[C(n+1)2+1

From Theorem [Il we conclude that
nPk

e ( Ay ks Ha, pa) < v

Ad1 < e/ Adn

holds if

1/(2pk)

i 1 z/pcrr 9
n = |e VP |k (14 (cd %) [Per 4
n+1

1/(2pk)

IN

1 2/pcrr
e~ U/Pk | |, 92/Perr 1+ (quc]im)Q/perr
n+1

(2 \K]T?
< [301@”6”/2 g~ Perr dqcum} [1 (z55e) } —‘ .

The cardinality of A, j, is at most nk, and therefore n"°" (¢, d) < nk, which proves
(strong) tractability in the randomized setting for the class AS*Y. The exponents
of tractability can be arbitrarily close to pe;r and qgim if k is large enough. This
completes the proof of (i) and the first part of (ii). We now take

~ [In(ln(e™' +d+1))
b= { (27 o) /2) W

Then (2/(2 + perr))® < 1/In(e™! + d + 1) and the second formula in (i) easily
follows. This completes the proof. ([

Theorem [ states the equivalence between (strong) tractability in the randomized
setting for the class A%*? with (strong) tractability in the worst case setting for the
class A, We stress that it is relatively easy to verify when (strong) tractability
holds in the worst case setting for the class A since it requires to analyze the
behavior of the eigenvalues A\; = Ag;. The latter problem has already been analyzed
in many papers.
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We illustrate the last point for the weighted Korobov spaces from Section Bl for

general weights v4, with d = 1,2,... and u C {1,2,...,d}. For v = {74} and
q > 0, define

To(7,q):=supg re(0,a) : sup % Z (M>T [QC(a/r)]lu‘ <00

d=1,2... uC{1,2,..., 4y Vd,max
Here,
d, = max d,
Temax = 0Ny 1

¢ is, as in the previous section, the zeta Riemann function, and |u| = 0 for u = ().
Note that ¢(«/r) is well defined since a/r > 1 and 2¢(a/r) > 2. We also adopt the
convention that sup () = 0.

Theorem 5. Consider multivariate approzimation for the weighted Korobov spaces
defined as in Section Bl Then

(i) Strong tractability in the worst case setting for the class A*! and in the
randomized setting for the class AS*¢ holds iff ro(~,0) > 0. When this
holds, then the exponent of strong tractability is 2/r.(7,0).

(ii) Tractability in the worst case setting for the class A" and in the randomized
setting for the class AS* holds iff ro (7, q) > 0 for some positive q.

(iii) If ro(v,q) > 0 for some q > 0, then

n"V(e,d) < C,.d9e2/" Vre (0,rq(7,9))
with

1

= s g 3 (22 e/,

d=1,2... wC{l,2.....d} Yd,max
which is finite.
Proof. Assume first that (strong) tractability holds. Then for some non-negative
€, Perr a0d qaim We have
n"V(e,d) < cdim g7 Perr Vee (0,1), Vd=1,2,....

We know that pe, > 2/a since nV(¢,1) = ©(£¥®), and in the case of strong
tractability gqim = 0. From (28] we get

¢ d 9aim \ 2/Perr
A+l < ( > Ad,1 forn > [cd9m ]
n
with [cd =] > 1, and therefore [ cd%im | < 2¢d%im. Note that Ag1 = Y max-
Using (28) we then obtain for r € (0,2/perr) and ¢ > 2¢qim/(7Perr) > Gdim,

DS (—“’“ ) /] = = S A
- 1/ d,j

da uC{1,2,....d} Yd,max dq)\d’lr j=1

_ fedmn] (edm) 0P I

= T + T, Z J

j=[ecdddim ]4+1

9% 2/ (rpexr) 2
S dQ*Qdim + dq_quim/(2perr) C <Tperr) .
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Hence 74(7,q) > r > 0. Since r can be arbitrarily close to 2/pe; this yields that
To(Y,q) = 2/Perr > 0. For strong tractability we have ggi, = 0 and we can take
q = 0 which implies that r,(v,0) > 2/perr > 0.

Assume now that r,(7,q) > 0 with ¢ = 0 for strong tractability. Hence, for
r € (0,74(7,¢)) we have C,. < oo with C, given in (iii). From (Z7) we conclude
that

T

o)

j : 1/r —r
)‘dﬂ’b Ad,j n
=1

IN

=

> (22 e ) o

uC{1,2,...,d} Yd,max
< CrdTnT" Aaa.
Then Agp+1 < €21 if CLd % (n + 1) < €2, which holds for
n“(e,d) < n < Cn.die7?",

Hence, we have tractability for ¢ > 0 and strong tractability for ¢ = 0. Furthermore,
r can be arbitrarily close to r4(7,q) and therefore

n"e,d) < Cpdle Per

with pery arbitrarily close to 2/74(7, ¢q). For ¢ = 0 this means that the exponent of
strong tractability is 2/74 (7, ¢). This completes the proof. O

The definition of r(+y, ¢) simplifies for product weights, i.e., for

veo =1 and yau = [[ra; with 0<qga < <1 <1
JEu

Indeed, we then have

d
ro(v,q) = sup ¢ r € (0,«) : supd ¢ H (1—!—275!((@/7“)) <
d !
Jj=1

The necessary and sufficient conditions for (strong) tractability can be simplified
due to the following equivalences:

d
(29) ro(v,0) >0 iff suvaCI/jT < oo for some r € (0,a),
d * ’
j=1
and
(30)

d 1/r
j=1"7d,j

" n(d+1)

For example, take 74 ; =1 for j = 1,2,...,min(d, [ In(d + 1)]) for some positive
B. Then strong tractability does not hold since r4(,0) = 0. However, tractability
holds since rq (7, q) > 0 for ¢ > BIn(1 + 2¢(a/r)) with r € (0, «).

The situation is even simpler when the weights are independent of d as indicated
in the following proposition.

ro(v,q) > 0 for some g > 0 iff < oo for some r € (0, ).
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Proposition 4. Consider multivariate approximation for the weighted Korobov
spaces as in Section Bl If the weights v are of product form and do not depend on
d, i.e.,

Ya; = v; Vd,j and 1>y >y >--- >0,
then tractability is equivalent to strong tractability which, in turn, is equivalent to

(31) Z Ur <

for some r € (0, ). When this holds, then the exponent of strong tractability equals
2/ min(a, 1*), where r* is the supremum of r satisfying &).

Proof. 1t is enough to prove that tractability implies strong tractability. Assume
that we have tractability. Then r(«,¢) > 0 for some positive ¢, and [B0) yields

d 1
Z_] 1,7]/70
In(d+ 1)

for a positive number r < . Then for any d > 1, we have d’y;/r < Coo In(d +1).
For any positive §, and a = r/(1 4 §) we obtain

Z 1/a 1+6 Z 1n1+;f6+ 1)

This and the equivalence 29 1mp1y strong tractability and that r,(v,0) > a.
Since a can be arbitrarily close to r and r can be arbitrarily close to min(a, 7*),
we conclude that 74 (,0) > min(«, r*). For r > min(a, 7*), the product H;il(l +

271/7» C(a/r)) is divergent or not well defined, and therefore r4(v,0) < r*. Hence,
Ta (’y7 0) = min(«, r*). Theorem [l states that the exponent of strong tractability is
2/74(7,0) which completes the proof. O

Coo ‘= SUp
d
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