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A PRIORI ESTIMATES OF SMOOTHNESS OF SOLUTIONS
TO DIFFERENCE BELLMAN EQUATIONS
WITH LINEAR AND QUASI-LINEAR OPERATORS

N. V. KRYLOV

ABSTRACT. A priori estimates for finite-difference approximations for the first
and second-order derivatives are obtained for solutions of parabolic equations
described in the title.

1. INTRODUCTION

The goal of this article is to prove a priori estimates for solutions of finite-
difference approximations of parabolic Bellman equations with linear and quasi-
linear operators. In the latter case the nonlinear operator defining the equation
is still supposed to be convex with respect to the second-order derivatives of the
unknown function. We present estimates for the finite-difference approximations of
the first and second-order spatial derivatives. In particular, our results cover finite-
difference approximations for degenerate quasi-linear parabolic equations. As far
as we are aware these are the first results for such equations. The main parts of
the linear and quasi-linear operators entering Bellman equations are assumed to be
linear ap A operators, that is, written as a linear combination of pure second-order
derivatives in certain directions that are common to all operators. This assumption
is always satisfied if the equation is uniformly nondegenerate and is generally nec-
essary if we want to restrict ourselves to monotone difference approximations and
meshes that are obtained from a fixed one by scaling (see more about it in Remark
24 below). Our results are valid for the usual Bellman equations and also for the
optimal stopping and impulse control problems associated with them.

The motivation to obtain a priori estimates is the following. There is an ap-
proach suggested in [10], [I1], and [12] to establishing the rate of convergence of
up to w as h | 0, where u is the true solution, u; the solution of finite-difference
approximation of the same equation, and h typically is the mesh size. Two main
ideas of this approach are that the original equation and its finite-difference approx-
imation should play symmetric roles and that one can “shake the coefficients” of
the equation in order to be able to mollify under the sign of the nonlinear operator.

For elliptic Bellman equations with constant coefficients and Lipschitz free terms
the first idea led to the rate of convergence of order h'/3, for generic finite-difference
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approximations and h'/? in the case of az A operators (see Remark 1.4 and Theo-
rem 5.1 in [I0], also see [2]). In contrast with the popular belief that assuming more
smoothness of the data does not lead to better rates of convergence, it is proved
in [5] that if the free terms are in C1'1, then the rate is at least h for the constant
coefficient a; Ay, case and h2 for equations with better structure.

The second idea was introduced to treat equations with variable coefficients and
led to quite satisfactory error bounds for v — u, from an “easy” side (depending
on how the equation is written this can be either the upper or lower estimate
of u —uyp). To get an estimate from the other side on the basis of the idea of
symmetry between the approximating and the original equations one needed to
solve the following problem:

(P) In the case of variable coefficients estimate how much the solution of the
finite-difference equation loses in the process of shaking the equation.

In the absence of a solution of the problem (P) the idea of symmetry was still
useful but only in obtaining some intermediate estimates (see, for instance, [2]
and [II]) and various approaches to getting the error bounds from the “hard” side
were developed. In addition to the above-cited papers the interested reader should
consult [3], [4], and the references therein. Note that for generic finite-difference
approximations, under the assumptions of Theorem 5.3 of [I1] the result of [4] is
the same h'/3, but the result of Theorem 5.4 of [IT] is improved from h'/?! to h!/7.
The issue of solving the problem (P) for generic finite-difference approximations
remains unsettled, and it is not clear how far off h'/7 is from the true rate.

The problem (P) was recently reduced to the problem of estimating the modulus
of continuity of approximate solutions and was solved in [I3] for the arAj case
in which a sharp error bound of order h'/? was obtained. The idea of symmetry
worked again as in the constant coefficients case. This activity was continued in
[7], where for the first time equations in domains were treated, and in [6], where
under various smoothness assumptions the rates h'/2, h, and h? were obtained for
linear degenerate equations of arAj form. For the linear case the rate h'/? was
earlier obtained in [§] by a method close to a method from [I2] (Lemma 5.1 of [§]
is a version of Theorem 2.1 of [12]). However, this method does not allow one to
get rates h and hZ.

The main technical result of [I3] is the a priori estimate of the derivative of wy,
with respect to x stated as Theorem 5.2 and proved by quite subtle estimates. It
turns out that there is a much easier method to prove Theorem 5.2 of [I3] which
in addition carries over to much more general equations with quasi-linear operators
and to obtaining estimates for the second-order finite differences of uj. The method
is almost as simple as the one used in [6] for linear equations.

We present this new method here and concentrate only on a priori estimates to
keep the article within reasonable limits. Once the a priori estimates are obtained,
one can follow familiar patterns to get error bounds in the various cases of linear
or quasi-linear operators, degenerate or weakly nondegenerate or else uniformly
nondegenerate, with C' or C1! coefficients. In particular, we hope to obtain first
estimates on the rate of convergence in the case of degenerate quasi-linear operators
with Lipschitz coefficients. Our preliminary computations also show that under the
assumptions of Theorem the estimate |u — uy| < Nh*/?3 holds in the elliptic
case. These and some other possible applications indicated below of our results, we
intend to develop in the future.
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Hongjie Dong and the referees of the paper made valuable comments on the first
version of it for which the author is sincerely grateful.

2. SETTING AND MAIN RESULTS

Our first few results concern equations of the type

(21) F((SIU, Ahlku,éh,gku,u) = 0,
where
F(¢, i, pr, ) = F(o,q,p, 0, t, x)
2.2 il
B sl 0+ Y (@ )i + 0 D) — (400 [ (),
« |k|=1

8T u, Ap g1, O 0, u are finite-difference approximations of the time derivative, the

pure second-order derivative in the direction ¢;, and the first-order derivative in the

direction fj, respectively. Detailed descriptions of the above objects now follow.
Let A be a separable metric space, d,d; > 1 integers, and let

r® =r%t), aj =ag(t z), K =0bp(t,x), *=c(t )

be real-valued bounded functions of (a, ¢, z) defined on AXRxR? for k = 41, ..., £d;.
Also let some vectors ¢, € R? be defined for k = #1, ..., +d; and let

(23) T hgy € (0,00), 6 € (0, 1], Ky, K1,Ko, K3 € [0, OO), méeR

be some constants fixed throughout the article. It is worth noting that ¢, k =
+1,...,£d;, are not supposed to form a basis in R? or even generate R?. This
becomes crucial when one proves the estimates of the first-order differences of so-
lutions with respect to parameters on which the coefficients may depend. Notice
also that the lengths of the ¢;’s can be different and some of them can be just zero
(and we will use this possibility later). The constant T' gives us the time interval
[0,T) on which the equation is investigated, hy “calibrates” the mesh-sizes in the x
variable, and the constant § will appear in various requirements of nondegeneracy.
The constant K is the most basic one; it is used in formulations of the very basic
assumptions. The constant K7 is used to control either the maximum magnitude
of the solution or its oscillation. The constant Ks will appear in our assumption on
the growth of f with respect to the “gradient” of the solution (see Assumption
(ii), which looks very much like the one commonly used in the theory of quasi-linear
PDEs. By the way, the author’s efforts to use Assumption [Z3] (iii), stated similarly,
failed.) The constant K3 is used to control various quantities having lesser impact
on our results than those controlled by Ky, K1, K. Finally, the constant m is used
to extract various results, which one gets in the theory of parabolic PDEs after
replacing u(t, z) with u(t, z)e™t.
For any vector [ € R?, 5,7 > 0, and a function u, introduce
(577’1’11(!%) = M, TT(t) =TAN (T — t)+,
STu(t, ) = u(t + mr(t), ) — u(t, :c)7 Soult, ) = u(t+71,z) — u(t,x)7
T T
u(z +nl) — 2u(z) + u(x — nl)

772

Ay u(z) =

)
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where the notation a* = (1/2)(|a] £ a) is used. Observe that with the above
definition of 67 equation (2.I]) makes perfect sense for t < T for functions u(t, x)
defined only for t <T'. We do not need to extend u beyond T in order to compute
the finite-difference approximation of its derivative in time for ¢t < 7.

Assumption 2.1. (i) The functions %, af, b¥, and ¢® are continuous with respect
to a;

(ii) the functions by satisfy the Lipschitz condition with constant K with respect
to x;

(iii) the function ¢ satisfies the Lipschitz condition with constant K3 with re-
spect to x;

(iv) we have

g*k = _Ekv a’a—k: = a% |€k:‘ S K07 T‘]? Z 0) a/g Z 0
(for all values of the arguments and k).
An important feature of Assumption 2] is that no control on the sizes of r¢,

af, by, and ¢ is imposed (however, remember that from the very beginning they
are assumed to be bounded).

Assumption 2.2. For any unit € R? and 1 > 0, we have

|0n1ai| < Ko(y/agt +1).

Remark 2.1. It is easy to see that Assumption is satisfied (with, perhaps, dif-
ferent Ky) if and only if o := \/@ satisfies the Lipschitz condition with constant
Ko with respect to x.

Indeed, the necessity follows after letting n | 0 and the sufficiency is a direct
consequence of the formula

On1af = 20705105 +n(0n107)°.
Below we are also using the well-known fact that a continuous function v(z) is

Lipschitz continuous with constant K if and only if its generalized gradient v, =
D, v satisfies |v,| < K (a.e.).

Definition 2.2. Let B be a finite subset of R and p(x,y) a real-valued function
on R? x R%. For an =9 € R? we say that the operator

(2.4) S:u— Su, Su(z)= Z p(z,z + y)u(y)
yeBU{0}
respects the maximum principle at zq relative to B if, for any function ¢(x) such

that ¢(zo +y) > ¢(xo) for all y € B, we have Su(xg) > 0.

Obviously, the operators d,; and A, ; respect the maximum principle at any
point relative to appropriate sets.

For h > 0 set
(2.5) Lyu = ajAp e, u+ b3 dpe,u— cu,

where and throughout the paper the summation convention is enforced. For each ¢
the operator LY = L% (¢, ) can be considered as an operator on functions defined
on R

Assumption 2.3. We have a > ho(b{)~ (recall 23)).
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Remark 2.3. Tt is easy to see that Assumption23implies that for h € (0, hol, t € R,
and « € A the operator L{ (¢, z) + ¢*(¢,z) respects the maximum principle at any
point xzq relative to Ay, where

(26) AO = {hﬂk k= :|:1, ...7:|:d1}.

In turn, provided that all ¢; are different, the said property of L% (¢, x) + c*(t, x)
implies what is required in Assumption

To satisfy Assumption it is sufficient to require that b7 > 0, in which case
what we use is just an upwind discretization of the “transportation” term.

Remark 2.4. The operators L} are natural approximations of the operator
(2.7) L% = a%ﬁﬂiuyﬂ + bl ugs — cu

in the sense that Lyu — L%u as h | 0 for all smooth u.
One may wonder how wide is the class of operators given in the usual form

(2.8) Lu = a"uyiy + buy:
which admit such a special approximation. We discuss this issue in Section Bl

Next, we describe the free term in the equation, which is given by a real-valued
function

fe=rf*py.t2)
defined on A x R?¥ x R x R x R?,
Assumption 2.4. The function f is bounded, f¢ is continuous in «, continuous

in (p,,z) and, for any o and ¢, its generalized gradients D, f, Dy f, and D, f*
in p, 1, and x, respectively, satisfy

|Dpe f9| < Kov/afl, k==1,...,&d1, |Dyf® <Ko, |Dof" <Ks
for almost all (p, ¥, z) € R?% x R x R
For fixed h,7 > 0 we consider the equation

(2.9) sug[racSTTu + Lyu+ g% =0,
[e1S

where

9% =g%(t,x) = fY(One ult,x),u(t, ), t,x).
Observe that equation (29) takes the form (ZI). The presence of r® in these
equations allows us to treat the normalized Bellman equations (see [9]), which

arise, for instance, in optimal stopping problems or problems with singular control.
Fix a vector [ € R? with |I] < K, and a number 5 € (0, h]. Set

hi =h for |Z| = 1, ...,dl, hd+1 = h—(d+1) =1, ‘€d+1 = _g—(d+1) = l,

(2.10) A= {hilsr, o hasrloqa 1) }-

We treat A as a list rather than a set with specified elements, even if £; = £5 we
include in the list this vector twice.
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Observe that in (20) only ¢ € A are involved. However, the method of “shak-
ing” the coefficients requires estimates of difference derivatives in all directions and
not only along the mesh. This is the reason why we introduce A. Set

A=Y A={z:a=h+.. 41, li,..ln €A}, A =JA,,
1 n

(2.11)  Mr={(n1)AT:n=0,1,..} x Apo, Mp = Mzn([0,T)x R%).
Fix a finite set Q C M, assume that

(2.12) Qlo:=QN ({0} xR #0
and define

Q=QU{(t+7r(t),x): (t,z) € Qt+7r(t) =T},

(2.13) Q) ={(t,x) e Q:t< T, (t+717(t),z) € Q,(t,z+A) CQ},
hQ=Q\Q7.
Obviously, it may happen that @ = Q. The subscript 1 is used above because later
on we will need a “fatter” boundary 0>Q.
Finally, define T” as the least n7, n = 1,2,..., such that n7 > T, recall that
m € R (see ([23))) is a given fixed constant and introduce

Et)y=e™, t<T, &T)=e™T', guy=EV1, &) =EAL,

1 _ e—m’T

(2.14) em=———, A= inf [¢*(t,z) +r*(t)cn].

T a,t,x

Introducing a discontinuous function £(t) may look unnatural. However, what is
important for us is that

(2.15) £6Tu = e~ 6T (u) — c(£0)
on My for any u = u(t, x).

Everywhere below in this section u is a given function on My satisfying (Z9) in
Q. In our first result no control on the sizes of r*, af, b}, and c* is imposed.

Theorem 2.5. Let h € (0, hg]. Then, under Assumptions 211 through 21 there
are constants N = N(dy, Ky), N* = N*(dy, Ko, K3) such that if A > N, then on

Qlo.
* ’ITL+ T
(2.16) |8, u| < N*em™ T[] 4 e |€yul + l%?i}é(\ﬁ(_)(sh,ekﬂ + &= 0naul)]-

We prove this theorem in Section [l

Remark 2.6. This theorem is similar to Theorem 5.2 of [I3] and entails all the
consequences derived from the latter in [I3] and [7]. In particular, by using Theorem
5.6 of [13] and comparing the equations for u and u(r + -, ) an estimate of d,u can
be obtained if we require the data to have bounded derivatives in ¢.

Remark 2.7. Theorem has an immediate application to elliptic equations. In
that case u is independent of ¢, one can take r* = 0, and use as large a negative
m as one wishes without affecting A\. Then it is seen that in ([2I6) the maximums
over @ and 9;Q reduce to the maximums over Qo and Q|o N 01 Q, respectively.
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Our second result concerns Bellman equations with more general quasi-linear
operators. This time (2.9 is assumed to be uniformly nondegenerate in the space
generated by the £’s. We will allow f*(p,,t,x) to grow quadratically with respect
to p, and therefore no b3 are needed. The term c*u also could be absorbed in f<.
However, we keep it, in order to state Theorem 2.I1lin a simpler way.

Assumption 2.5. (i) The functions af also depend on :

ay = ag (¥, t,x)

and equation (ZI)) holds in @, where F is defined by ([22) with af (¢, t,x) in place
of af(t,z). The functions af(¢,t,x) are Lipschitz continuous in z with constant
K3, Lipschitz continuous in ¢ with a constant w € (0, 00),

ag Z 57 |k| S dla Ca Z _K3'

(ii) The function f< is continuous in «, continuous in (p, v, x), and for all values
of the arguments, satisfying |¢| < K7 and |p| > K>, it holds that

2] < wlpl? + K.
(ili) For each o and t the generalized gradients D, f, Dy f, and D, f* of f®
with respect to p, ¥, and x, respectively, satisfy

IDpf*| < wlp| + K3,  |[Dyf < wlp|® + Ks,

(2.17) 1D f] < wlp® + K3
(a.e.) on the set {|y| < K1}.

Remark 2.8. Clearly, Assumption 28] (ii) is satisfied with any w > 0 and appropriate
K3 (w) if
sup | f*(p, 9, t,2)| = o(|p[*)
a,t,z,
as |p| — oo. This includes all functions affine in p provided that the coefficients are
bounded. A similar situation occurs with Assumption (iii).

Assumption 2.6. For a constant C' > 4 depending only on d;, the exact value of

which can be determined by examining the proof of Theorem [2.9] we have

(218) CK1(1+K1)(JJ S(S

Theorem 2.9. Let by = 0 and let Assumptions 21|, 2.5, and be satisfied.

Assume that |u] < K7 in Q and |00, ul < K3 on 1Q if |k| < dyi. Then in Q,
|6h7£ku‘ SN:N(d1757K17K27K3)7 |k| Sdl

In particular, N is independent of T'.

The proof of this theorem is given in Section [l

Remark 2.10. If w is large, we need K; to be small in order to satisfy (218, that
is, we need u to be small. By replacing v with u — v, where ~ is any constant, we
see that, actually, we need the oscillation of u rather than w itself to be small if w
is not. This restriction could be completely avoided if we proved an interior version
of Theorem and a priori Holder continuity of u. It seems to the author that
this is possible, but requires much more work.
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Theorem 2.11. Under the assumptions of Theorem suppose that |6, u| < K
on 01Q and af are independent of 1. Then there is a constant N = N (d1, 9, K1, Ko,
K3), such that if A > N, then on Q|o,

|On,1ul < Nem' (T+7),

This is a simple corollary of Theorems 2.9 and with hg = h in the latter.
Indeed, once we know that the values of | ¢, u| and |u| are dominated by a con-
stant, the behavior of f*(p,,t,x) for large |p| becomes irrelevant and we can even
multiply it by an appropriate cut-off function in such a way that the new f* would
satisfy Assumption 2.4] and u would still satisfy the new equation.

Our next result is about second-difference estimates.

Assumption 2.7. (i) The function f® is independent of p and .
(ii) For any ¢,j = %1, ...,+(dy + 1) and ¢ standing for any of the functions b¢,
c*, and f* we have

(2.19)  [0n;,0,0n,,0,0 < K3, |One, [l < K3, |Ony,0;0m, 0,05 < Ko+ Kzy/af.

A typical case when the third inequality in (2Z.19) is satisfied occurs if af = (o§)?,
where oy is bounded and twice continuously differentiable.

In contrast with the above results in which no control on the magnitudes of %,
ay, by, and c¢* is required, this time we need the following.

Assumption 2.8. We have

d <supay < Ko, 7% [bg], [c], [f] < K.
a€cA

The following assumption is about a special structure of the set of our basic vec-
tors lg, k = +1,...,£d;. For dy = 2 and the standard grid (generated by +ej, +es)
it means that this set contains all eight neighboring points of the origin on the grid.

Assumption 2.9. There exists an integer 1 < dy < dj such that for the list
(2.20) L:={hlyiy,....hliq,}
and any ¢ with dy < |k| < d; there exist l1,ls € £ such that

h#l, LW#—l, =L+l

One may think that Assumption 2.9 excludes the equations with only one spatial
variable, where it is natural to take d; = 1 and Ag = {¢1,—¢1}. However, we do
not require ¢ to be nonzero, and one can take Ag to be {¢1, 01, ls, —ls, l3, —l3}
with /o = 0 and ¢3 = /¢;. In that case Assumption is satisfied with £ =
{l1,—t1,0s,—l>}. By the way the fact that now the origin is one of the ¢; in no
way contradicts Assumption 2.8 because in that case 5 ¢, ¢ = 0 and one can assign
any value to aj without changing the equation.

Define

Q5 =A{(t,x) € Q:t <T,(t+7r(t),z) € Q,(t,z+ Ao + Ag) C Q},
0:Q =Q\ Q5.

Here, naturally, z + Ag+ Ag ={x+y+ 2:y,2 € Ag}.
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Theorem 2.12. Suppose that Assumptions 2.1, 22], 23], 2°THZ0 are satisfied. Then
there exists a constant N = N(d,dy, Ky) such that if A > N, then in Qlo for
1,7 = %1, ..., +d; we have

(2.21) |6n.¢,0n.¢,u] < N*e™ (THOR,
where N* = N*(ho, 6, d1, Ko, K3),
R=1+ mgx ‘5(7)u| =+ mgx(f(,)(szu)_

max  max |§_y0n,e,0n,e, 1| + max max
lil,l71<dy 92Q li]<

This theorem is proved in Section [7following a quite long Section [l that contains
the proof of Theorem 2.12] under additional assumptions.

Remark 2.13. To get “closed” estimates of 0y, ¢, 05 ¢,u We need to exclude 6y, ¢,u and
0Ty from R. This can be done by using Theorem and the idea from Remark
Another situation when §2u drops out presents when v is independent of ¢, so
that, actually, we are dealing with elliptic equations. We say more about this in
the comments after Theorem 2.14]

In the case of af independent of z, Assumption [2.9]is not needed.

Theorem 2.14. Suppose that Assumptions 211, 2.2, B3], 271, and 28 are satisfied.
Also assume that the aff are independent of x, |0p, 0,07 < Ksy/af, |i| < di +1,
|k| < di, and X > 0. Then in Q|o for k = £1,...,£d; we have

(2.22) |Apoul < N ™ TRy (A, u)” < N* ™ (THIR,
where N* = N*(X, ho, 0,d1, K3),

Ry=1+ max €(—yul + max(g(,)éfu)‘
-+ max max Ap, o,ul + max max Oh, 0,0
H<daQ|§()he| e 1€(—)On, e ul,
and R is obtained from Ry by taking di + 1 in place of di.
This theorem, proved in Section[§ is a direct generalization of the corresponding
result from [B]: lower-order coefficients are allowed to depend on (t,z) and we
consider parabolic equations. In connection with the latter observe that if r& =

(elliptic case), then one can let m — —oo and see that in the definitions of Ry and
R one can replace 9;Q with Q|o N 91Q.

3. SOME TECHNICAL TOOLS

For any n € R?, v > 0 set

(3.1) Tyyto(z) = p(x + vn).
Lemma 3.1. For any v > 0, ly,l> € RY, and functions a(x),(x),
(3.2)

du1,(a)) = (6u1,0)0 + (T, 1,0)00,1,%0 = @by 1, + 61,0+ v(0y1,0)001,9,
0u,1560,1, () = @by 1,000, + (61,1,0)00,1, % + (0u,1,a)60,1,7)
+ R[0y1, 0+ 04,1,0)00,1,00,1,0 + (00,1,00,0,0) Th iy 11,9,
Ay, (a) = aly 1, + YA, a4 (60,0,0)00,0,%0 + (0p,—1,0) 00, —1,%).
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In particular,
Alah (7/’2) = 2¢AV,I11/) + (5u,l11/’)2 + (5u,—l17/’)2-

This lemma is proved by straightforward computations (cf. [I3]). In the following
lemma, we use Definition

Lemma 3.2. If an operator
Sp(@)= > pla,z+y)@+y)
yeAU{0}

respects the mazimum principle at a point xo € R? relative to A and v is a function
such that Y(xg) < 0, then =S¢ < S(¥™) at xo. In particular, ¢~ S¢p~ > —¢p~S¢
at xo for any function ¢.

This follows from the definition and the fact that ¢ + %~ > 0 on 9 + A and
w + 1/)_ =0 at Zg-
The following lemma from [I3] is used in the proof of Theorem

Lemma 3.3. Let 1) be a function on R?, v > 0. Then
(3.3) [ Ay ] < 100, —((6,91) ) + |60, ((6,—n1) 7).
4. PROOF OF THEOREM

We start with some preparations. From now on index k£ will run through
{#£1,...,£d1} and 4, j through {£1,...,+(d; +1)}. By N and N* in this section we
denote generic constants depending on the data as in the statement of the theorem.
We use the notation (ZI1]) through (ZI4) and introduce a few new objects. We
need two constants € and p defined by

et —2dy =1, 4p=(d+1)"'Ae.
Introduce
P={y=(y:i==%1,..,%(d1+1)): v € [e,e 1]},
0i = Onyes, Py =760, v=E8u, Ap=A»Ap, 0.
By using (ZI5]) we see that in Q,
F(e*mT(SZU — e, EARu, Edxu, fu) —=0.
Also introduce
vy = Pyv, v =6iv,
Pyt = vy Py¢ — pvidip,
W= ZU?’ Vo = [”;]2 + pW.
Observe that
Pyv=—=Vy,.

Finally, let (Yo,to,xo) € I' x Q be a point at which V.. attains its maximum
value over I' x Q.

Theorem 4.1. The assertions of Theorem hold true if, in addition to its as-
sumptions, (to, o) € QF and
(4.1) v, (to, o) > (1/2) I%a_x|vi|.

)
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To prove this theorem we need an auxiliary result.

Lemma 4.2. Assume [@I). Then the operator P, respects the mazimum princi-
ple at (to, o), that is, for any function ¢ such that ¢p(xg) > ¢(xo+n) for alln € A,
we have Py, ¢(to, zo) < 0.

Proof. Since P,,1 =0 we may assume that ¢(x¢) = 0. Then at (to, zo),
Pooud = (03,700 — i) d(zo + hily),
which is negative since ¢(xg+h;¢;) < 0 and V3,700 — Vi 2 Vg (e—2u) >0 (n<e/2).

The lemma is proved. (I

We also need the following construction. Notice that, if (g, z9) € Q, there is a
sequence «,, € A such that at (¢g,zo),

lim [ 07w+ af" Agu + b3 dpu — ¢ u + g
n—oo

= sup[r®6Xu 4 af Apu + b3 Spu — c“u + g*] = 0.
acA

Since the number of possible values of ¢ for points in () is finite, and the func-
tions af (¢, z), by (¢, x), c*(t,x), f*(p,1,t, x) are uniformly continuous functions of
(p, ¥, x), there is a subsequence {n'} C {1,2,...} and functions 7, ax(t,x), bk (¢, ),

c(t,x), f(p,v,t,x) such that they satisfy our assumptions changed in an obvious
way and

(’F7 dk(t7 1'), Bk(tv ZII), E(t7 l'), f(pa 1/13 tv ZII))
= lim (r®(t),ay™ (t,2),bp" (t, @), ¢ (t,2), f' (p, 9, t,x))
on Q for all p,.
Obviously, for

g(t,x) = f(Spult,z),u(t,z),t, x)
at (to,zp) we have

787 u+ apApu + bpdpu — cu+ g = 0,

(4.2) e MTFS Ty + A Apv + bpdpv — (€ + Fep)v +EG =0

and, if (tp, o) € Qf, then for any i (= +1,...,£(dy + 1), the shift operator T is
introduced in (B.J))

(4.3) Th, 0, [ ™ 76 v + apAgv + bopv — (€ + e )v + €G] <0,

where here and below for simplicity of notation we drop (tg, o) in the arguments
of functions we are dealing with.

Proof of Theorem 41l Set
L) = apAy +bydy, Ly = L) — (¢4 7em).
By Assumption 2.3] Lemma B.J] and Lemma (with v, in place of ¢)
0> E%V%M = QU%Egv;O + 2uv; LYv; + Iy + ply
> 721),;017121)% + 2uv¢f12vi + I + pls,
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where
I = Qﬁk(ék’l}%)z + hl_)k(dkv,;))2,

Iy :=2a; Z(ékvi)Z + th Z(6kvi)2~

?

Since 2ay, + hby, > aj, we conclude
(4.4) U%Z/?L’U% — pv; L > (1/2) pay, Z(&kvi)Q.

On the other hand, by (£2) and (£3) and Lemma at (to,xo),
(4.5) Poule ™ 70 v + Lyv + €] < 0.
Owing to ([@4]) we obtain
Py Ly = U%Egv% — pv; L + (6 + TCm)Vyou + I3 + I + I
> Ao + (1/2)par Y (05vi)> + Is + Iy + I,

7

where
I3 := vy (Pyoar) Axv + hivy voi(diar) Agv;
—p;(8;a8) Agv — phiv; (0;ak) Agv;,
Iy = [vg v0i — pi] (8:bk) Th 0, Ok
I5 = ['UV_O'YOi — u;)(6:,€)Th, ¢, v-
Upon observing that
A =00k, hAr=0,+0_, hi<h
and, by assumption (@.I]),

hlorv_| < 2max |v;| < 4v |h?2Agv;| < 4max|v;| < 8v, s
Qi Q

we find
5] < Nus, (Vi + o] + Nos, S (v + )|

7
< Nup > Varldevi| + N(vy,)? < N(v,)? + (1/4)par Y (6xv:).
This yields
PyopLnv > AVag — N(u3)” + (14 par Y (6x0:)* + 1o + Is.
%

Next, obviously,

L] < N(v3,)?  |Is| < N*v, max o]

= Vyous

(4.6) PyouLnv > (A= N)V,,, — N* max o> + (1/4)par y _(dxvi)*.

Therefore, and since (v,)* < V-

Now we deal with other terms in (&3H]). Note that, since (to + 77 (to), zo) € Q,

0>67V,, = 21}%(5;1);0 + 2u;6  v; + T((SfU%)Q + pt Z((fvi)Q,
i
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so that (cf. Lemma [B2])
0> —v 65w, + pvidtv; = — Py 07 .

Yo T Yo T
By recalling that r* > 0, we find from (&0]) and (@3] that
(4.7) N* max 0] > (A= N)Vaopu + EPud + (/D pan Y (5rv:)*.

By Assumption [Z.4]
|€Pougl < NVLUZ(Y Varldros| + Voli + N*€).

It follows that the sum of the last two terms in (47 is greater than
—NVyo — N*€V2 > —NV, , — N*€2.
Hence
N (max [0 +6%) = (A = N1)Vs,
which for A — N7 > 1 shows that on Q)o,
|6g,0ul® = [0900% < ™ Vs
< N7 (max o +¢€%) < N*E(2+)(T)(mgx [€yul® +1).

This implies (2.16]) and the theorem is proved. O

In light of this theorem to prove Theorem we only need to show that in
the case that the assumptions of Theorem [£.]] are not satisfied one can obtain the
assertion of Theorem differently. To do that we need two lemmas.

Lemma 4.3. Take a function ¢ on R? and assume that
max [0;¢(x)] < max|[6;$(0)|
for x € A. Then
(4.8) max 16;(0)| < max ((Py¢(z))” : v e,z € {0} UA).

Proof. Take a j such that
max |0;¢(0)| = [4;6(0)|
and first assume that

(4.9) 10;¢(0)] = —3;9(0).
Then take v; = ¢~ and ; = ¢ for i # j. Since —d;¢(0) > §;¢(0) and —d,¢(0) > 0,
we have
Pyp(0) =716;6(0) + £ _ 6;6(0)
1#]
< (e7! = 2edy)8;6(0) = —(e7 — 2ed;) max [8;¢(0)]

and (L) follows since e~ — 2ed; = 1.
If ([4.9) is not satisfied, then

max [0;¢(h;jé;)| < |0;6(0)| = 6;¢(0) = —d—;6(h;¢;),
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which combined with an obvious inequality between the extreme terms yields
max [0;p(h;l;)| = —0-;¢(hjt;) = [0—;b(h;t;)|
= 10;6(0)] = max|3;¢(0)]-
By the above argument applied to the point h;¢; in place of 0,
min P, (h;¢;) < (71 — 2ed1)d_;¢(h;¢;)
=—(e7' - 2edy) max |6;¢(0)| = —max [5;¢(0)].
The lemma is proved. (I

Lemma 4.4. Condition [@1) is satisfied if (to,zo) € QF and

(4.10) max vy = maxv?.
Qi QY.
Indeed if (£I) does not hold, then

max|[v 2 < Vo (to, o)

I'x@
< (2(dy + Dy + 1/4) maxv? = (2(dy + 1)+ 1/4) rgaxvf,
Qi 750

7]

which contradicts Lemma 3] since p < 1/(4(dy + 1)).
Proof of Theorem 23l If (tg,x0) € 01Q, then in Q|o,

|0 ] = [n 0] < M_l/Qvn}O/i < M_l/Qvn}O/;f(tva@v

where the last term is obviously less than the right-hand side of ([2I6]). Further-
more, if (tg, zo) € Q¢ but (I)) is violated, then by Lemma [£4]

max v} = max v}

Qi 91Q,1
and one can use the above argument. Finally, in the remaining case, Theorem [T
is applicable. The theorem is proved. O

Remark 4.5. As in [5] one can relax conditions on A by adding in its expression
any large constant times ming aff provided that A = Ag. This can be shown by
considering maximum points of V., + vv?, where v is a large constant. This would
also allow us to relax the condition on Dy f to |Dy f| < Ko + K3 ming af.

5. PROOF OF THEOREM [2.9]

Our goal is to show how to choose an appropriate C' = C(d;) in (ZI8]). Below in
this section, by N we denote generic constants depending only on dy, d, K1, Ko, K3
but not w.

First of all, observe that [ does not enter either equation ([2.9) or the statement
of the theorem. It is involved, however, in the definition of 9, @), making it “fatter”.
Because of that if we additionally assume that [ = 0, the result will be stronger.
Therefore, we assume that [ = 0.

Set m = 0 and introduce ¢, I, vy, v, V,,, W, P,, P,, as in the beginning of
Section @l However, since v = u, we also write u,, u;, and U,, instead of v., v;,
and V., respectively. Since | = 0, U (4,41) = V+(d,+1) = 0 and now there is no
need to allow ¢ to take the values +(d; + 1). Therefore, we restrict ¢ to the range
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+1,...,£d;. As everywhere in the article, index k runs through +1,...,+d;. This
time we take

Su=d; ' Ne.
Introduce k > 0 as a solution of
(5.1) max[U,,, + ku?] = 4 K7,

I'xQ

Observe that if kK = 0 is a solution of (5.]), then u, = 0 and the assertion of the
theorem is trivial. Therefore, without losing generality we may assume that for k =
0 the left-hand side of (B.1) is strictly greater than its right-hand side. Furthermore,
as a function of k the left-hand side is convex, increasing with Lipschitz constant
not greater than K7. It follows that (5.) has a unique solution x > 0. After that
we define (70,9, 7o) as a point in I x Q at which the maximum in (5.I)) is attained.
For simplicity of notation we drop the arguments (¢, 2g) in what follows. We also
use the abbreviated notation ¢;, Ay introduced in Section El

First we show that [u] ]? is the main term in U, + xu’.

Lemma 5.1. Assume that [EI0Q) holds. Then
(5.2) [us,]? > 26K7,

(5.3) 2d1e ! max |u;| > un > (1/2) max |ug).
2 Q 3

In particular uy, < 0 and the operator P, respects the mazimum principle at
(tvaO)'

Proof. First, notice that, owing to ([@I0]), Lemma 3] and the definitions of x and
(to, o) we have

4kKT = [u,]” + ,uZuf + wu® < [u,]? + 2dip %axuf + kK3

< [u,;o]2 +2dyp glag[u;F +rK? < [u;0]2 + 2dy pdk K7 4 kK2,
X

This implies (5.2)) since 8d;u < 1.
The first inequality in (G.3)) is obvious. If the second one is wrong, then
mag([u;]2 < Uyop + Ku? < 2dip + 1/4) maxu? + kK3
I'xQ Qi
< [2dip+ 1/4] max[u;]* + kKT < (1/2) max[u)* + £ K7
I'xQ 'xQ
contrary to (B2). The last assertion of the lemma follows from Lemma The
lemma is proved. (I

Next, if (t0,$0) € 01Q, then
46K} = Uy + ku® < N'+ kK7, 3kKi <N/,
and u2(t,z) < (4/3)p~ N’ in Q according to (BI). In this case the assertion of
the theorem is true. Similarly, as in the proof of Theorem we get the result if
(410 is violated. This justifies the first two assumptions in the following set which
we impose:

(to,z0) € QF, maxuj = maicuz,
Q, it
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(5.4) 4dy e W2 > max lup|, W > K3+8K K35 ' +1.
1

The third relation in (5.4]) follows from Lemma[5.T] and the last assumption in (5.4)
restricts us to the only nontrivial case in light of (B3]

Next again owing to the fact that the number of points in @ is finite we can find
some functions 7(t), ax(t, z), ¢(t,z), and f(p,v,r, t,x) satisfying Assumptions 21
and and such that for

g(t,x) = flup(t,z),u(t, =), t,x) — c(t,x)u(t,z), Lp:=arly
we have (recall that the arguments (o, xo) are dropped)
(5.5) Fotu+ Lpu+g=0, Ty [Félu+ Lyu+g] <0

for any i (= %1, ..., £dy).
Now, as before,

0> Eh[va + ku?] > _QU%EthO + 2uu; Lyu; + 26uLpu
(5.6) + 24 (0, )+ 1S (Ops)? + (0par)?).
Furthermore,
0> 61U, .+ ru?] = 2u;05$u;0 + 2pui0 T u; + 2kudtu
(5.7) +27((67 s, ) 4+ Y (07 w)? + k(07 w)?]
i

> —2u; 6 w4 2puidt u; + 2kud .

Yo T
We multiply (57) by 7, add the result to (B6), and use that 7 > 0, ¢ > —Ks3,
ay > 57 |U| < Kl; and

(7o u + Lpu) = —ug = cu® — u(g+ cu) > —K3K; — u(g + cu),
where |g + cu| < wW + K3 (recall (54)). Then we obtain
(7o u + Lpu) > —wK W — 2K, K3,
us, [F6X + Lp)uy, — pai[F6L 4 LiJu; > SuM + kW (5 — K w) — 26K K3,
where

M = zk:(dku,)Q

Since C' > 4 in Assumption 26, we have Kjw < §/4 which, along with (&4,
leads to
W (0 — Kiw) — 2K, K3 > (3/4)0W — 2K1 K3 > (6/2)W,

(5.8) Uy, [F6F + LpJuy, — pwi[FOL + Lilui > SuM + (5/2)kW.
On the other hand, owing to (5.4)), (5.3), and Lemma [5.1]
(5.9) Py ulFofu+ Lyu + g] < 0.

Here due to (5.8)),
Py ulFofu+ Lyu) = uy, (76X + Lp)uy, — pui[FOL 4 LpJu; + 1
> opM + (1/2)0kW + 1,
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where
I:= [U;OVOZ' - ,Ufui}((siC_Lk)[Aku + hAkud.
Below by C we denote generic constants depending only on d;. It follows from
the estimates

|0;a| < K3+ wlug|, |hAgu;| = [0pu; + 0_gu;| < oM*M?,
[Apul < MYV2 Jug yo; — pug] < CWH2,
that
11| < CW'Y2MY?(Ky +wW'/2) < NW + (1/2)6uM + C6~'w? W2,
Hence,
(5.10) Py u[Félu+ Lyu] > (1/2)6pM + (1/2)55W — NW — O w? W2,

To estimate P, , g recall that ¢ > —N, U,,, > 0 and observe that

=Py u(cu) = —ePyguu — [ul ok — puk)(Th,e,u)dke
= cUsop — [usy ok — ptug](Th,e, u)or¢ > —NW — NWY2 > _NW,
where the last inequality follows from (54). Furthermore,

hoi(g + cw) = f(Th,e,ur, Thoe,u, to, To + he;) — f(uk, u,to, o).

Owing to Assumption 28 (54, and the mean value theorem (this is the place,
where one cannot assume that ([ZI7) holds only for large p)

16:(7 + eu)| < CMY2(WW/2 + K3)
+CO[WYA(wW + K3) + wW3/2 + K3].

Note that the coefficients of §;(g + ¢u) in P, (g + ¢u) are dominated by W1/
and for any p > 0,

wMY2Ww < pM+p*1w2W2, K3M1/2W1/2 < pM+p*1NW.
Therefore,
|Pyon(g +eu)| < (1/2)0uM + C[0'w? + w]W? + NW,
Pyoug > —(1/2)0puM — Cl0'w? + w|W? - NW
and (59) and (&1I0) yield
(1/2)6kW < C[6'w? + w]W? + NW,

(5.11) 20K < C1[6 w? + w]W + N
Since W < u~ 14Kk (see (1)), we see that if C' in Assumption [2.6] is such that
C Z 4[L_101,

then (recall that C' > 4 and wK; < )
Ci[67 w2 +w]W < CKE[67'w? + wlk < C[Kw + Kiw]k < 6.

In this case (5.I1) allows us to conclude that x < §~1N; and we get the assertion
of the theorem from (5.1]). The theorem is proved.
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6. CONDITIONAL ESTIMATES OF THE SECOND-ORDER DIFFERENCES

In this section we suppose that all the assumptions of Theorem 2.12] are satisfied
apart from Assumptions and The notation in this section is somewhat

different from Sections [ and Bl Of course, we use our basic notation from Section
2 for instance, £ and A are defined in (214).
For e € (0,1] set (observe that now v, = vy_g)

TEe)={yv=(m:k=%1,.,%d) % =7v_p,e < < e ', Vk}.
Fix a constant p = p(dy, e) > 0 such that
16d3u < £2.

In this section the indices i, j, k, p, ¢ run through {£1, ..., +d; }. The main result of
this section is the following.

Theorem 6.1. Assume that
(6.1) 3u maxz (§6n,0,0n,0,u)” ] max fZ%Ah 0, U)

- PExQ
i,

Then there ezists a constant N = N (e, u,dy, Ko) such that if A > N, then in
Qlo fori,j = =+1,...,+dy we have

|0n,;0n,0,ul < N*e™ T (14 max 1€(=)On,e, 0n,e,ul

(6 2) 92Q,p,q
+ max [§yu| + max [§)dn,e,ul),
Q Q,p

where N* = N*(hg, e, u,dy, Ko, K3).

Below in this section, by N and N* we denote generic constants of the same
type as in the theorem. As before, we use the abbreviated notation
Ai=Apyey 0 =0ny,-

Introduce v = €u as in Section Ml and fix a constant v > 1. Set

PA/ = ")/,LA“ Uy = LA, v = (51"0, Vij = 5]'52'“7
P’yuyqs = 07P7¢ + MUI_J(SJ(SW - 1/117;61‘(25,
sza Wo = Z[ ] ; V'yul/ = [U;]2+MW2+VW1~

0,J

Observe that this time again P,,,v = —V,,,,, and also note that (G.]) is equiva-
lent to the following:

6.3 3 W, < o)A
(6.3) pmax Wy FI(?)E"XXQ(”)

We introduce (7o, to, Zo) as a point in I'(¢) x  maximizing V., and first prove
a few auxiliary results. Below, as usual, we drop the arguments (to, z¢).

Lemma 6.2. (i) For (t,z) € Q and any 1,7,

(6.4) |vi; (t, z)] < max Wy VVl/2

(i) If ©3) holds and (to,xzo) € Q and
6.5 Wy < W,
(6.5) z/mgx 1 < umgx 5
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then at (to,xo),

(6.6) ,umngQ < [v%]Q, Vmc?x W < v,

2
’Yo] :

Furthermore, if additionally,
v <e,

then the operator P, respects the mazimum principle at (to,xo) relative to Ao +
Ao, that is, for any function ¢ such that ¢(xg) > ¢(xo + 1) for alln € Ao+ Ao, we
have Py, ¢(to, o) < 0.

Proof. (i) Obviously v—, ; < T/V21/2 on Q. Since (no summation in i) Th ¢, v, ; = vfj,
we get U;;(t,l‘) < W21/2(t,x + he;). This proves (i).

(ii) The second estimate in ([6.6]) follows from the first one and ([6.5]). Assuming
that the first estimate in (6.6) does not hold, we obtain at (¢, zo),

Viour < Z,umgx Wy + Vmgx Wy, < S,umgx Wa,

F{??EQ[U”

contrary to (6.3). This proves (6.0).
To prove the last assertion of the lemma we take a function with described

properties and without loss of generality assume that ¢(zo) = 0. We also note that
h25i5j¢(x0> = ¢($0 + ht; + hfj) — ¢(xo + hl;) — d(xo + hfj)
+¢(x0) < —¢(x0 + hli) — (o + hi;)

and A;¢(xzg) < 0. Therefore, as usual dropping the arguments (to,zo) in v, we
infer from (G.6) that

h? Py d(to, 7o) < v3.e > (w0 + hls) + (wo — b))

2 < Vo < Sumngm

—pvg; (w0 + hli) + ¢(xo + hy)) — hvvig(ao + i)
<3 [e Y (@wo + hey) + ¢(z0 — ht))

%

—VE Y (@lao + 1) + §lo + hty)) = /T Y (o + hty)]
= Y d(wo + hii)[2e — 2dy /i — b/

The last expression is less than zero in light of the fact that 4d; /it < € and h\/v < e.
The lemma is proved. g

Remark 6.3. This lemma can be generalized to the case when the ¢;’s come with dif-
ferent hy’s, but the hg’s should be comparable. This is the reason why in Theorem
2.12] we do not include hg, 11 and €4, 1.
Set
7y = U%Akv% + pvi;Ak’uij — v Apv;,

2 = v%ékvw + uv;ékvij — VU Uk,

R} = [5;&1;0]2, R} = Z [5kvi_j]2, R} = Zviz

2Y
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These objects evaluated at (tg,xg) will be extensively used below in this section.
Lemma 6.4. If (to,x0) € QS, then at (tg,xo) we have for any k,
27, > 721},;)Ak1);0 — 2,vai_jAkUi_j — 2uu; Apv;
>R} + R, +upRl + pR", +vR] +vR”, > 0.
Furthermore, for any a € A and h < hy/2,
(6.8) 4(af Zy + by z) > 2a5i Zy, + af (R} + pR} + vRY).

Proof. The first inequality in (67) follows from Lemma To prove the second
one it suffices to observe that

(6.7)

0> ApViguw = 205 Agvy + Zuvi;Akvi_j + 2vv; Agv;
+R) + R, + uR} + pR", + vR +VRY,.
Next, using that h < ho/2, by ([67) and Assumption we get
0 > (ag Ak + 203 0k) Vo = 20 lag Ay + 2bj kv,
+2pv;; [ag Ay + 265 0k ]v;; + 2vvilag Ay, + 2b% 0k v,
+2a3 [R] + pR) + vRY) + 2hbi[R) + pR) + vRy]
> —2v [ag Ay + 2bj;5k]v,
—2pv;[ag Ay + 266 ]vig + 2vv{ag Ak + 203 0k v,
+2af [R] + pRY + vRY) + 2hb [R) + pR) + vRY]
> —2a Zy, — 4b3 2, + afl [R] + pR} + vRY]
and (68) follows. The lemma is proved. O

In the following lemma we do the most important step in the proof of Theorem

Set B
W1 := max Wj.
Q
Lemma 6.5. Under the assumptions of Theorem there are constants N, N*,
v = V*(h07 g, I, d17 KOa K3) Z 17 h* = h*(h‘ov g, L, dla K07 K3) >0

such that h* < ho/2 and, if condition (61)) is satisfied and h € (0, h*] and (to,x0) €
Q3, then at (to, o) for any oo € A we have

(6.9) J = Py (af Agv + b3 0pv) > —N[U;O]2 — N*W;.
Proof. We fix an o € A and drop the superscript « for convenience. By [B.2]) (no
summation in k, 1, j)
0;0;(brvr) = b0kvij + (6;08) vk + (8;bk)vk;
+h[(0; 4 0;)br]0rvis + (050508 )Th e, 10,V

Also by using [B2)) and the formulas ar, = a_j and hA; = 6 + d_j and summing
with respect to k (but not in i, ) we get

0;0i(arArv) = arArvi; + (65ar) Arv; + (diar) Arv;
+2[(5j + 5i)ak} Okvij + (650:a1)The; 40, Axv.
While applying this formula to A; it is also useful to observe that
[(5_1' + 5¢)ak] 0rvi—i = —h(A;ar)Aidkv = —(Azar) (Vg + Vi —i)-
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Hence (recall that vo; = vo,—; and £; = —£_;),
Py (apApv + brdpv) = —70i0—i0;(arAgv + brdyv)
= (@R + bror) vy, — 270i(0—iar) Arv; + 470i (Asar ) vk
+70i (Asar) Agv + 270i (9:bx ) vk + Yoi (Aibg vy
Also, everywhere,
vi_j(sjéi(akAk + bpdg)v = vy (ar Ak + bk )vij + 2v;; (0 aK) Ak,
+huy; [(6; 4 0;)ar] Agvij + 03;(8;05a%) The; o, Arv
+20,;(8;bk )0k + 2hv;; (6:bk ) Sk vij + v;;(850ibk) The,+0; Vk-
Therefore at (o, zo) we have
J=apZp +brze + I + ... + L4,
where
It = =2vp,v5 (6—ia) Agvi + 2pv;;(55a,) Agvi,
Iy = ph; [(65 4 6i)ar] Agvij,
Iy = vy [4v0i(Aiak)vki + v0i(Ajar) Agv]
+uv[j(6j6iak)Th7gj+giAkv,
Iy = 203 70i(0ibk )vki + v, Y0i (Aibr ) vk
+2p10;; (8508 )vki + 2phv;; (8ibr )0k vig + 11055 (85050 ) T, 40, vk
—vv;(0;a8) (ARv + 20k;) — v;(8;bk) Th e, Vi

For h < hy/2 it follows by Lemma [6.4] that
(6.10) 47 > 2ax 2 + ar(R} + pRY + vRY) + 41 + ... + 4.

Estimating I;. Note that owing to (G.6),

45| < Nv (Vak +h) > [Agvil

and by (B3),
Nu_ \/ag Z |Agvi| < Nvo \ag Z (16— rv] + |0kv7, 4]

< N(v3,)* + (1/3)parRY,.
Furthermore, by the formula hAy = 6 + 0p, ¢, and Lemma we obtain
v;ohz |Agvi| < 20 Z|U’“i| < Nv, Inng;/2 < N(vy,)>
ki ki
Thus,
(6.11) [4I1| < N(v3,)* + (1/3)pax Ry,
Estimating Is. Observe that
|4IQ| < thi;(\/ak + h)|Ak7)ij‘ < Ip1 + Iz,
where (see Lemma [6.2] and recall that (to,z) € Q9)

I = NZhQ’U;ﬂAk’Uiﬂ = szi;KTh’fk -2 +Th,f_k)vij| <N (U,;))Z,
k k
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and by the formula |6| = 6 + 26—,
Iy = th;j«/ak\Akvij\ = Nhv;\/axAyvi;
+2Nhv;/ar(Agvij)” = Nhy/ayZy + Nhojy/ag(Agvij) ™ + s,
where
Iys = —th/ak(v;gAkv% — vu; Apv;).
Furthermore, by Lemma [3.2]
Nhvgjv/ap(Agvig)” < Nhy/agv;|Agvi| = Ny/agv; |0k + 0-x)v;;],

which is majorized by the right-hand side of (GIT]).

To estimate I3 we use Lemma to get

—Nhy/arv, Agvy, = —Ny/apv) 0kvy, < Ny/agvl opvs,
< N(v3,)* + (1/3)arR).
Furthermore, by assumption (6.3]),
Nhvvi/arAgv; = Nvviy/agvg; < N(v;ﬁ)2 + (1/3)var Ry,
It follows that

(6.12)

Iy < N(v3,)* + (1/3)ar [6kv3, )% + (1/3)varRY.

Hence
(6.13) [41,| < N(v,)* + Nhy/arZi + (1/3)ar(R] + pR), + vRY).
Estimating Is. We use the following result of simple computations:
T 40, A0 = —Vk g + Upj + V_pj + Ui + V_gi + B2 Aguyj.

This shows new terms entering I3. All of them, apart from the last one, are similar
to the ones which are written explicitly in the definition of I3, and we show how to
estimate only one of them. By Assumption 2.7 and Lemma we have

05 (860 vr ] < N(v3,)2 + Mo, | S var ol < N(v3,)? + N*ar Ry
ki
To estimate the remaining term in I3 we proceed as in estimating I,. We have
uhzv;j (0j0;ar) Akvi;
< NE?vj; (N + N*a)| Agvij| = Isy + Io.
Here by Lemma and because (tg,zo) € Q9,
I3y = Nh2v; | Agvij| = Nog |(The, — 2+ The_, )vig|l < N(v3,)2
Next,
Isg = N*B?v;;\/a| Agvij| = Tso1 + Isoa,
with
I39] = thqui;\/@Akvij,
I30 = N*hZUZj\/a—k(Akvij)_ < N*hQUZj\/@|Akvi;|
= N*hvj\/ar|0rvy; + 6_pvy;| < N*Wy + (1/3)parRy,

where the last inequality is true since hv;; < 2W11/ %. Also observe that

Iso1 = NyR2JarZy — thZv%\/akAkv,m + Nih2vusJarAgv;,
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where
Nl*l/h%i\/ﬁAkvi = 2N{vhv;/agvg; < N*V2h2W, + ar Ry,
and, according to (G.I2) and the inequality h|v,,| < N Wll/ 2,
—N{B*\Jarvy, Agvy, < N*Wy+ (1/3)arR).
Therefore,
Iso1 < Nih?apZy, + N*(1 + v2h?)Wy + (1/3)ar R} + axRY.
We can now specify h*: we take
N{h* <1 and A" <hg/2.
Then, for h < h*,
I3y < hy/ay Zy + N*UV*Wi + (1/3)par Ry + (1/3)ar R} + ax RY,
|413] < hy/arZx + N*v*Wi + N(v3,)?
(6.14) +(1/3)ar R} + (1/3)pap R} + N*ar Ry,
FEstimating 1,. By using Lemma we easily see that
[ALy] < N(v3)? + N* W+ oW, (Ny/ag + N*h) S Jowl,

where

N /2 ar vgi| < NvWi + (1/3)vaiRY,
1 k

N*VWII/th loi| < N*vW.
ki
It follows that
41 < N(v3)* + N*vWy + (1/3)vakRy.
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By combining this with (@II), (€I3), and ([©.I4), recalling that Z, > 0, and

coming back to (6I0) we conclude that
(6.15)  4J > (2ax — Nihv/ag)Z, — N(v,)* — N*v*Wi + (v/3 — N3 )arRy,.
Now we specify v = v* by setting

v* =14 3N3

and finish the argument as in [13]. Namely, if 2a;, — N1hy/a; > 0 for a k, then we
can drop the term on the right in (610 corresponding to this & because Zj, > 0.
However, if 2a, — N1hy/aj < 0, then \/ar < Nh and |ay — Nihy/ag| < Nh?, whereas

h2Z, = hQ(U;OAkv% + pvg; Agvij — V0 AgUk;)
< NmSXWQ + NVW11/2 mczjmeQI/2
< ng,x Wy + Nv*Wy < N(v,)* + N*Wy.

This and (613) yield ([@3) and the lemma is proved.
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Proof of Theorem [61l Fix a constant v according to Lemma and first assume
that (t9,20) € 0oQ. Then
1/2 1/2 *
Wy'= < V. t <N - )
\/ﬁmgx 2 " < Vil (to, o) < (a%afj vij| + max i),

which by (64) yields a similar estimate for
max |vgj].
951,3
After that ([G2)) is immediate (cf. the end of the proof of Theorem [T]).
Therefore, in the rest of the proof we assume that

(t07 ./L'()) € Qg
Similarly, if (63]) is violated, there is nothing to prove. Hence, we may assume that
(©3) holds. Finally, we may assume that h < h*, where h* is taken from Lemma
and further reduced if needed so as to satisfy h*y/v < e. Indeed, if h > h*, then
in QF,

lvij] < 2(h*)1 mgx |vs].

After justifying these additional assumptions, which allow us to use the assertions
of Lemmas and as long as h < h*, we construct functions 7(t), a(t,x),
bi(t, ), e(t,z), f(p,9,t,x) = f(t,x) as in Section @ to get ([A2) and ([E3J)) satisfied.
Then, since (to, zo) € Q9 and (63) and (61]) are valid and hy/v < ¢, by Lemma [6.2]
at (to, zp) we obtain

Py (6776 0 + apAgv + bydyv — (€+ TFem)v + £f) < 0.

The fact that 7, aj, and by, are limits of some 7%, ay, and b, allows us to assert
that Lemma holds with 7, @y, and b in place of 7%, aj, and b}, respectively.
Therefore,

(6.16) —N(v3,)% + Pyopn (€776 0 — (€ + Fep)v + €F) < N* Wi

Here P, 05 v > 0 as right after (£6). Furthermore,

P’YOHV((EJr ch)v) = *(E + ch)v’youu + 1,

where I7 is a linear combination of products of two types:

(i) v}, or v;; times a difference operator applied to ¢ times either v or a first-
order difference operator applied to v; the second and third factors may be taken
at a point different from (g, 2o), but their coefficients in the linear combination are
dominated by a constant NV;

(ii) v; times a difference operator applied to ¢ times either v or a first-order
difference operator applied to v; these terms may be taken at a point different from
(to,xo), but the coefficients of these terms are dominated by a constant N* (recall
that v is entering P, ).

Owing to Lemmal6.2] the absolute value of the linear combination of the products
of type (i) is less than

_ =1/2 - " =
N’U,YOKg(mQaX |v] + Wl/ ) < (’UVO)Q +N (mgx [v2 + W7).
The absolute value of the linear combination of the products of type (ii) is clearly

less than
N*Wll/2(mgx o] + W% < N (max w[2 + 7).
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Now from the above estimates, ([6I6]), and the fact that V.., > (v3,)* and
¢+ ¢y > A we conclude that

(6.17) (A= N)(v3,)? + Py (6F) < N*(mgx v|? + Wrh).

Finally, obviously

P’yg,uu(ff_) 2 7N*§(HZH;X |Uij‘ + sza“x |UZD Z 7N*£2 - (U;o)z - Wla

and we infer from (6.17]) that
(A= Nl)(v;())z < N*(mgx|v|2 +W1) + N*¢2

We set the constant N in the statement of the theorem to be N; +1 and use Lemma
to conclude that in Q¢ N Q|o for any i, 7,

10;85u] = [vi;| < Nus, (to, x0) < N*(mgx o] + W) + N*€(to).

This implies [€2]) in Q¢ N Qlp. On the remaining part of Qo estimate ([G2]) is
obvious and the theorem is proved. O

7. PROOF OF THEOREM [2.12]

We start with three auxiliary results. Everywhere in this section the assumptions
of Theorem 2.12] are supposed to be satisfied. Recall that the set £ is introduced

in (220)).
Lemma 7.1. For any function ¢ and l1,la € Ay we have
10h,1,0n,1,9(0)] < 4max(|An,g, ¢(x)| : k] < do,z € (Ao + L) U{0})

7.1
( ) +4max(|Ah,gk¢(x)| sdg < ‘]{1| < dl,l‘ S A() U {0})

Proof. Obviously we may assume that h = 1. Next, observe that
01,1, 01,1, 8(0) = (1/2)[A1,1,6(11) + A1, 0(12)] = (1/2) A1, -1, 6(0),

61,1,01,1,0(0) = Ap i, @(l1),  01,1,01,-1,8(0) = —Ap 1, (0).
It follows that if l1,l5 € L, then

|0n,1,0n,1,$(0)| < max(|Ap e, ¢(2)] : [k] < do, z € LU{0})

+ max(|Ape, #(0)| : do < k] < dy).
We substitute here ¢(y + -) in place of ¢ and use that Ag + £ D £ since d; > 2 and
L = —L. Then we see that, if y € Ag U {0} and I;,l5 € L, then
|01,1,61,1,0(y)| < max(|Ap,e,d(@)] : k] < do, 2 € (Ao + L) U{0})
+max(|Ap g d(x)] : do < k| < di,z € Ag U{0}).

In case I} = (1 + (2,12 = 1 +n2 with (1, C2,m1,m2 € £ and (1 # (2, (1 # —Ca,

m # N2, m # —1e either ¢ # m oand ¢ # —moor ¢1 # 72 and ¢ # —n2. The
second possibility reduces to the first one by interchanging n; and ny. If the first

possibility is realized, then we use the formula 61 ;¢ = T1,,61,¢ + d1,, to obtain
911,011, 8(0) = (T1,,01,¢, + 01,60 ) (11, O1,mp + 01, )(0)
= 01,601, &(C1 4+ M1) + 01,601, P(C1) + 01,¢, 01,0, (1) + 61,6, 61,1, #(0).
Here ¢1 +11 € Ao, (1, € Ap, and 0 € AgU{0}. Therefore, we get (1)) from (T.2]).

(7.2)
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The remaining case that [y € £ and ls = n; + 12 with 7; as above is taken care
of by setting (; = 0 in the above calculations. The lemma is proved. O

Before stating the next lemma we remind the reader that the index k takes values
in {£1,...,+d;}.

Lemma 7.2. For any values of the arguments and s > 0 we have

2dy - _ _
%qu < Tl[s 1F(S¢a quaspkasw)‘i’KO%qk
+E3 () 1okl + [ + ¢~ +571)].
k

Indeed, the expression in the brackets obviously is larger than

sup ag (¢, x)q,j,
a€A

which in turn is larger than dq for each particular n = +1, ..., +d;.
Below we use the notation I'(¢) and P, from Section

Lemma 7.3. Let 0 € (0,e ') and € € (0,1] be such that

(7.3) 2d1 Kok /6 <1/2, k:=¢e(0+¢)/(1—0be).
Let w, ¥, px be functions on QQ and assume that

7.4 Pw)” <80 A .
(7.4) [ (€Pyw)” < mgX%: IR

Then in Q@ we have

4d
D leAnpwl < =1+ R,
k
where

I = mgx[gF(qS, Ap g, w, pr, 1) + Ks&( Z el + 0] + ¢~ +1)].
[k|<dq

Proof. Set ®* =", (€A, 0, w)* and observe that due to (T4),

edt —c71d™ > —fmax dT — fmax d~
Q Q

in Q. Hence (0 + ¢) maxg ®* > (¢7! — f) maxg ®, that is,

(7.5) max ®~ < kxmax d*.
Q Q

By () and Lemmall2with s ¢, s 1Ay, ¢, w, s~ pk, and s~14) in place of ¢, i, pk,
and 1, respectively, and s~! = ¢ we find that in Q,

2d
ot < Tl [I—f— KomeaX(I)ﬂ.

Upon taking the maximums over @ of both parts and taking into account (73]
we get that & < (4d;/6)I in Q, which along with (ZH) yields the result. The
lemma is proved. [l
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Proof of Theorem [Z12 Here k,i,j run through +1,..., +d;. It is easy to see that
one can find € = (6, dy, Ko) € (0,1] and p = p(d,d1, Ko) > 0 in such a way that
the conditions:
16d2u < €2, 16d2(3u)Y/% =10 < 7!
and (C3) are satisfied. We choose and fix appropriate £ and p.
If

(7.6) F{Isl)aicQ(fP,yu)* < F)mgxzk: |EA 0, ul,
then, by taking into account that u satisfies (2] in @, from Lemma [[3] we obtain
that |{Ap ¢, u| are bounded in @ by the right-hand side of (22I)). By combining
this with Lemma [[7I] we conclude that (ZZI)) is true in Qo N Q3 (notice that
(Ag+ L)U {0} C Ag + Ag). Of course, [Z2T]) is obvious on Qo N Q.

If (6J) holds, then we get (Z.2I)) from Theorem In the remaining case both
([C8) and (G are violated and

0H = Gmgxzk: |EA ¢, Ul

2)1/2

*FE??XXQ(& u)” < (3p) mgx(;|g ot O gyt

< (31)Y? max On.e.0ne.U
< (3u) nas izj\f h.0;0h.t;

+ (3p)'/? max One;0n. 0, Ul
(3u) /" may ; |€0h,¢,0n.;
In light of Lemma [T1] the last maximum over Q9 is less than 8d7H. Hence

0H S Namax_ \féh,gjéh,gim + (1/2)9H, H S N nbax_ |§6h,gj5h,giu|,
J

2Q,1, 02Q,i,j

and we can finish the proof of ([22]]) in the same way as we did a few times before.
The theorem is proved. g

8. PROOF OF THEOREM [2.14]

In the following lemma the assumption that sup, ai > d is not used. All other
assumptions of Theorem [2T4] are supposed to hold. We use notation (ZI0) and
the notation from Section [l with d; + 1 in place of d; and 6; = dp, ¢,, Di = Ap, 0;-
Here we take

p="0
and show how to choose v = v(\, ¢,d;, K3) in Lemma BTl

Lemma 8.1. In Q|o for v € I'(e) we have

( E YilAp, o,u)” < N*em+(T+T)(1 +max [§_)0n, ¢, ul
- Q.j

(8.1) v

+ ma yul| 4+ ma: AR eu)”),
ax € |+ max (£ An,.¢,u)7)

where N* = N*(\, ho,¢,d1, K3).

Proof. As many times before, if (tg, zg) € 01@Q, there is nothing to prove. Therefore,
we assume that (tg, 7o) € QY. We may also assume that at (¢, o),

Z(&Shi,éiu)Z <[ Z Y0i Do) 2

7
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Then the operator P, respects the maximum principle for hv < 2¢ (see the
proof of Lemma and recall that n < h).
Then as in the proof of Lemma we obtain

(8.2) 4J = 4P, 00 (arAgv + bpdiv) > apv Ry, + 414
if h < ho/2, where this time
Iy = 2v2 70i(0ibr ) vk + v3 Y0i (Aibk ) vk — vvi(0:bk ) Th, 0, V-
Since
V3o Y0il (Bibi)urs| < N0 vag Dy |owal < (A/8)(v3,)* + N*ap o}

we get from ([R2) that, for v = v*(\, &,d1, K3), hv* <2, and h < hy/2,

(8.3) J>—=(A2)(v3,)* — N*W.
The rest is just a repetition of a part of the proof of Theorem with obvious
and great simplifications. The lemma is proved. O

There is almost nothing else to do to finish the proof of Theorem 214l Indeed,
(BI) with d; in place of d; + 1 yields the first estimate in ([2.22]) as in the proof of
Theorem [ZT2] After getting estimates for |Aj o, u| the estimate of (A, ;u)~ follows
immediately from (8II). The theorem is proved. d

9. COMMENTS ON THE OPERATORS HAVING FORM (2.7

We know (see, for instance, [5]) that if an operator L having form [2.7) admits
an approximation with operators S;, of the form (24) respecting the maximum
principle with hB in place of B and Span B = R?, then necessarily

Lu= akf;fiurimj + bk[;cuxi
with some ag, b > 0 and £, € BU (—B). A way to find such representations for
d =2 and given a¥ is suggested in [1].

The next natural issue is related to the smoothness of ay, by if we are given
that the a”/ are smooth. Recall that in Assumption we need aj} to be at least
Lipschitz continuous. Of course, this problem disappears if the a”/ are constant.

It is an easy and probably well-known fact that if (a*/) = (a¥ (¢, z)) is uniformly
bounded and uniformly elliptic, then one can find d; and Ay for which a; can be
chosen strictly positive and as smooth as a/ are. The proof of this can be obtained
from the fact that if we are given a closed convex polyhedron, then every point in
the relative interior can be written as a convex combination of the extreme points
with the coefficients > 0 which are infinitely differentiable functions of the point.
By replacing L with L + £2A one can approximate a possibly degenerate operator
L with uniformly nondegenerate ones, so that there always exist a sequence of
operators of the form (Z7) approximating L. Notice, however, that generally the
set Ay changes with €. Nevertheless, one knows how to estimate the difference of
solutions corresponding to L + ¢2A and L (see, for instance, [9]) and between the
solutions of the corresponding finite-difference approximations (see, for instance,
Theorem 5.6 of [I3] or Remark [2.6]).

Another generic example is given by the so-called diagonally dominant matrices.
For instance, take d = 2 and assume that b = 0, the a¥ are twice continuously
differentiable with respect to x, a'? = a?!, and |a'?| < s, where s = a!l A a?2.
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Set k = 1/3 and take an infinitely differentiable, even, and convex function (t)
on R such that ¥(y) = |y| for |y| > «. Introduce

g=a%s"Y h=sy(g), 2a"*?=h=+a'? 2" =d" —h,

where i = 1,2 and 0- 07! := 0. For other values of i,j = £1, 42 define a* so that
@ — @it 4 =i, ahi=0
and set
Uy =epysignyg, Ll =4L; + 15,
where ey, es are the basis vectors. Then simple manipulations yield
ALu = a9 0507 gy

We now show that not only does L admit a representation as the sum of second-
order directional derivatives with the directions independent of ¢,z but also the
Vaii are Lipschitz continuous in x. By the way, observe that obviously a* > 0.

We are going to use that nonnegative and twice continuously differentiable func-
tions are the squares of Lipschitz continuous functions. In particular, the a*
and, consequently, a'’ A a?? are the squares of Lipschitz continuous functions,
la?| < NVa® and |s,| < Ny/s. Furthermore, a'® + a'? is nonnegative and twice
continuously differentiable. Hence, it is the square of a Lipschitz continuous func-
tion. In particular,

lall +al?) < NVall £a'2,  |al?| < NVall, |al?] < N/,
and recalling that |a'?| < s we find
1921 < [a22]571 + |02 [s,]s2 < Ns V2, |hy] < N5,
Next, the function ¢(y) := 9(y) + y is smooth and nonnegative. Therefore

200;%| = |¢/gas + b2 < NV/ov/s + No/s < N/oy/s = NVal2.
A similar estimate holds for |al~2| and |a¥/] if i # j.
On the set where |a'?| > ks, we have 2a'! = a'l — |a'?|, so that by the above,
lall] = |al! — al%signa!?| < N/a!l — al%signal? = NVall,
Finally, on the set where |a'?| < 2xs, it holds that h < 2ks, a'l — h > ka'l, and
lall| < Nvall! < Nvall. Similarly we get what we need for a*? and the remaining

REFERENCES

[1] Bonnans, J. F., Ottenwaelter, E., and Zidani, H., A fast algorithm for the two dimensional
HJB equation of stochastic control, M2AN Math. Model. Numer. Anal., Vol. 38 (2004), No.
4, 723-735. MR2087732//(2005€:93165)

[2] Barles, G., and Jakobsen, E.R., On the convergence rate of approximation schemes

for Hamilton-Jacobi-Bellman equations, Mathematical Modelling and Numerical Analysis,

ESAIM, M2AM, Vol. 36 (2002), No. 1, 33-54. MR1916291/ (2003h:65142)

Barles, G., and Jakobsen, E.R., Error bounds for monotone approximation schemes for

Hamilton-Jacobi-Bellman equations, SIAM J. Numer. Anal., Vol. 43 (2005), No. 2, 540-558.

MR2177879

Barles, G., and Jakobsen, E.R., Error bounds for monotone approzimation schemes for par-

abolic Hamilton-Jacobi-Bellman equations, preprint.

[5] Dong, Hongjie and Krylov, N.V., On the rate of convergence of finite-difference approxi-
mations for Bellman equations with constant coefficients, Algebra i Analiz (St. Petersburg
Math. J.), Vol. 17 (2005), No. 2, 108-132. MR2159586|(2006{:49050)

(3

[4


http://www.ams.org/mathscinet-getitem?mr=2087732
http://www.ams.org/mathscinet-getitem?mr=2087732
http://www.ams.org/mathscinet-getitem?mr=1916291
http://www.ams.org/mathscinet-getitem?mr=1916291
http://www.ams.org/mathscinet-getitem?mr=2177879
http://www.ams.org/mathscinet-getitem?mr=2159586
http://www.ams.org/mathscinet-getitem?mr=2159586

698 N. V. KRYLOV

6

[7

9

10

[11

[12

[13

LIS

| Dong, Hongjie and Krylov, N.V., On the rate of convergence of finite-difference approxi-
mations for degenerate linear parabolic equations with C* and C? coefficients, Electron. J.
Diff. Eqns., Vol. 2005 (2005), No. 102, pp. 1-25. http://ejde.math.txstate.edu MR2162263
(20061:35008)

] Dong, Hongjie and Krylov, N.V., On the rate of convergence of finite-difference approxi-

mations for parabolic Bellman equations with Lipschitz coefficients in cylindrical domains,

submitted to Applied Math. and Optimization.

Jakobsen, E. R., On the rate of convergence of approximation schemes for Bellman equations

associated with optimal stopping time problems, Math. Models Methods Appl. Sci., Vol. 13

(2003), No. 5, 613-644. MR1978929 /(2004g:49054)

Krylov, N.V., “Controlled diffusion processes”, Nauka, Moscow, 1977 in Russian; English

translation Springer, 1980. MR601776|(82a:60062)

| Krylov, N.V., On the rate of convergence of finite—difference approzimations for Bell-
man’s equations, Algebra i Analiz, St. Petersburg Math. J., Vol. 9 (1997), No. 3, 245-256.
MR1466804 (98h:49033)

| Krylov, N.V., Approzimating wvalue functions for controlled degenerate diffusion
processes by wusing piece-wise constant policies, Electronic Journal of Probability,
Vol. 4 (1999), paper no. 2, 1-19, http://www.math.washington.edu/ ejpecp/EjpVol4/
paper2.abs.html. MR1668597(2000b:49056)

| Krylov, N.V., On the rate of convergence of finite—difference approzimations for Bellman’s
equations with variable coefficients, Probab. Theory Relat. Fields, Vol. 117 (2000), No. 1,
1-16. MR1759507|/(2001j:65134)

| Krylov, N.V., The rate of convergence of finite-difference approzimations for Bellman equa-
tions with Lipschitz coefficients, Applied Math. and Optimization, Vol. 52 (2005), No. 3,
365-399. MR2174020 (2006k:65219)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MINNESOTA, 127 VINCENT HALL, MINNEAPO-
, MINNESOTA 55455
E-mail address: krylov@math.umn.edu


http://www.ams.org/mathscinet-getitem?mr=2162263
http://www.ams.org/mathscinet-getitem?mr=2162263
http://www.ams.org/mathscinet-getitem?mr=1978929
http://www.ams.org/mathscinet-getitem?mr=1978929
http://www.ams.org/mathscinet-getitem?mr=601776
http://www.ams.org/mathscinet-getitem?mr=601776
http://www.ams.org/mathscinet-getitem?mr=1466804
http://www.ams.org/mathscinet-getitem?mr=1466804
http://www.ams.org/mathscinet-getitem?mr=1668597
http://www.ams.org/mathscinet-getitem?mr=1668597
http://www.ams.org/mathscinet-getitem?mr=1759507
http://www.ams.org/mathscinet-getitem?mr=1759507
http://www.ams.org/mathscinet-getitem?mr=2174020
http://www.ams.org/mathscinet-getitem?mr=2174020

	1. Introduction
	2. Setting and main results
	3. Some technical tools
	4. Proof of Theorem ??
	5. Proof of Theorem ??
	6. Conditional estimates of the second-order differences
	7. Proof of Theorem ??
	8. Proof of Theorem ??
	9. Comments on the operators having form (??)
	References

