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TWO LOWER ORDER NONCONFORMING RECTANGULAR
ELEMENTS FOR THE REISSNER-MINDLIN PLATE

JUN HU AND ZHONG-CI SHI

ABSTRACT. In this paper, we propose two lower order nonconforming rectan-
gular elements for the Reissner-Mindlin plate. The first one uses the conform-
ing bilinear element to approximate both components of the rotation, and the
modified nonconforming rotated @1 element to approximate the displacement,
whereas the second one uses the modified nonconforming rotated Q)1 element
to approximate both the rotation and the displacement. Both elements employ
a projection operator to overcome the shear force locking. We prove that both
methods converge at optimal rates uniformly in the plate thickness ¢ in both
the H'- and L?-norms, and consequently they are locking free.

1. INTRODUCTION

One benchmark problem in computational science is the Reissner-Mindlin plate
(R-M hereinafter) problem. For this problem, the straight-forward approach using
lower order conforming finite elements in the primal formulation faces with the
locking phenomenon. This occurs when the thickness ¢ of the plate tends to zero
and the problem enforces a constraint (namely, the Kirchhoff constraint). For the
discrete problem, this constraint, especially for lower order elements, cannot be fully
satisfied. Various methods have been proposed to weaken or overcome the locking
effect since the nineties of the last century, and most of them can be regarded as
reduced integration methods. Recently, the discontinuous Galerkin method [I] has
also been used to design finite element methods for the R-M plate problem (see,
for instance, [2, 11l [16]). One common favorable feature of these discontinuous
Galerkin R-M plate elements is that all the variables share the same nodes and
consequently can also be extended to shell problems.

In this paper, we propose and analyze two lower order nonconforming rectangu-
lar elements for the R-M plate model. In the first element, the usual conforming
bilinear element space is chosen as the rotation space and the modified noncon-
forming rotated element Q1 space ( NRQ; element hereinafter) [13] 22 [I5] as the
displacement space, and the reduced integration method is used to overcome the
shear force locking. The second element differs from the first one only in the ap-
proximation of the rotation; which employs the modified NRQ; element for both
components of the rotation, consequently all the variables in this method share
the same nodes. Furthermore, the second finite element method enjoys the same
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promising features as the lower order triangular elements proposed in [2] 11l [16]
and therefore is possible to be generalized to the shell problems.

We conclude this introduction with a list of some basic notations used in the
sequel. In Section I we recall the Reissner-Mindlin plate model and its mixed
formulation by Brezzi and Fortin [4], and Section [ presents our elements for the
R-M plate. The equivalent formulation of the discrete problem will be given and
proven in Section @l In Section Bl we show the well-posedness of the discrete
problems. This paper ends with Section [, which is devoted to error analysis.

In the sequel, D(2) is the linear space of an infinitely differentiable function
with compact support on 2. We use the standard notation and definition for the
Sobolev spaces (H*(Q2))? and (H*(992))? for s > 0; the standard associated inner
products are denoted by (-,-)s and (-,-)s00 , and their respective norms by || - ||
and || - ||5,00. For s =0, (H*(2))? coincides with (L?(£2))?. In this case, the inner
product is denoted by (-,-). As usual, H5(Q2) is a closure of D(2) with respect to
the norm || - ||s.

Define

HY(Q)={ve H(N): /dexdy = 0}.

Finally, we use the standard differential operators:

_( Or/ox _( —0p/dy
Vi = ( or/dy )’ curlp = ( Op/0x )’
oYy Oy Opa Oy

dlvd):%—’_a—y’ rOtQ/J:E—a—y

Throughout this paper, the generic constant C'is assumed to be independent of
the plate thickness ¢t and the mesh size h.

2. REISSNER-MINDLIN PLATE MODEL

In this section, we recall the widely used Reissner-Mindlin plate equations. Let €2
be the region occupied by the plate, and w and ¢ = (¢1, ¢2) denote the transverse
dispacenent of mid-section and the rotation of the fibers normal to mid-section,
repectively. The Reissner-Mindlin plate model determines w and ¢ as the solution
to the following variational problem,

Problem 2.1. Find (w, ¢) € H}(Q) x (HL(Q))? such that

(1) ald) + M2V — 6, Vo — ) = (g,0), V(v,9) € HY(Q) x (H(Q))?,

where g is the scaled transverse loading function, ¢ the plate thickness,
A=FEk/2(1+v)

the shear modulus with E Young’s modulus, v the Poisson ratio, and x the shear
correction factor. The bilinear form a(-,-) is defined as

E

6. = G5y (1= VIE@)  EW) +07 - 6V -ty

where £(¢p) = 1/2[Vo + V'] and —1 < v < 1/2.
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In our analysis we shall make use of a mixed formulation of the Reissner-
Mindlin plate equations proposed by Brezzi and Fortin in [4] based on the following
Helmholtz decomposition of the shear force vector:

(2) M72(Vw — ¢) = Vr + curlp

with (r,p) € HL(Q) x H' (). With this decomposition, Problem 2] can be written
as the following Brezzi-Fortin mixed formulation

Problem 2.2. Find (r, ¢, p,w) € H}(Q) x (HL(Q))? x H(Q) x H}(Q) such that

(3) (Vr,Vu) = (g, 1), Vp € Hg(),

(4) a(¢, ) — (curlp, ) = (Vr,4p), Vo € (Hy(Q))?,
(5) — (¢, curlq) — A3 (curlp, curlq) =0, Vg € f[l(Q),
(6) (Vw,Vs) = (¢ + \"12Vr, Vs), Vs € H}(Q).

The following result concerning the existence and uniqueness of solutions to
Problem [Z2] and the regularity can be found in [4, [3].

Lemma 2.3. Let Q be a convex polygon or smoothly bounded domain in the plane.
For anyt € (0,1] and any g € H(Q), there exists a unique quadruple (r, ¢, p,w) €
HLQ) x (HL(Q))2 x HY(Q) x HL(Q) solving Problem 22 Moreover, ¢ € H2(Q)
and there ezists a constant C independent of t and g, such that

(7) [l + Nl ll2 + [lplh + tplle + [lw]l < Cllgll-1-
If g € L*(Q), then r,w € H*(Q) and
(8) 712 + llwll2 < Cligllo-

3. FINITE ELEMENT METHOD FOR THE R-M PLATE

For approximating Problem [2.I] by the finite element method, we introduce a
rectangular mesh .J” of the rectangular domain 2. The regularity of the mesh J"
is assumed in the sense of Ciarlet [12] such that |Jxcn K = Q, the two distinct
elements K and K’ in J" are either disjoint, or share the common edge e, or a
common vertex. Let F' denote the set of all edges in J* with F” the set of interior
edges. Given any edge e € F' we assign a unit normal n.. In relation to n. one can
define the element K+ € J* and the element K~ € J*, withe = KT NK~. Let
0K denote the boundary of K.

For each K € J", we introduce the following affine invertible transformation:

. h h
Fy K— K,xz= $2’K€+330,K7 Yy = y27K77+yo,K
with (zo,x,%0,x) the center and h, x and hy gk the horizontal and vertical edge
length of K, respectively, and K = [—1,1]? the reference element. Let Q(K)

denote the usual bilinear function space on the reference elment K, and set

b(&,m) = (L+E+m)(L— &)1 —7).

Obviously, b(&,7) is a bubble function and can be condensed out on the element
level.
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Remark 3.1. The factor 14+ &+ is added so that the space pair (V1 5, Q1) satisfies
the discrete B-B condition; cf. Lemma 5.1 below. Using the bubble (1 —&2)(1—7?)
instead, one can show by a similar argument of Lemma 5.1 that the space Ny,
defined in Lemma 5.1 is not one-dimensional. This in turn implies that the discrete
B-B condition is not valid.

Define
Vi = {v e H} (D) :v|x o Fx € Q1(K) @ span(b),VK € J"}.

Denote by Q;(K) the modified nonconforming rotated @, element space defined
by

) Q1(R) = span{1,&,m, € — 7,1~ 2(€ + 7)),

Note that the nonconforming bubble function 1 — 2(¢2 + %) in (@) can also be
condensed out on the element level with small effort.
For any v € H'(K), define the following edge functional:

Fe(v) = hi/vds

with e C 0K and h. the length of the edge e. The modified nonconforming rotated
(@1 element space V;*¢ is then defined as [13] 22| [15]

Ve = {veL*(Q):v|xoFk € 0, (K) for each K € J", v continuous
with respect to F, for all e € F/, and F,.(v) =0 for all e on 89} .

Define
Vl,h = th X th and V27h = thc X V;:w
as the approximation space of the rotation.
Define the discrete norm and semi-norm on V,'“ by

ih = Z [[v] %,K’ | v ﬁ,h: Z |v |§K .

KeJh KeJh

[l

By Poincare’s inequality [22], we have | - |1, as a norm on V;*¢. The same rule is
applicable to functions in Vg 5.

To deal with the discontinuity of Va5, we follow the idea in [II} [16, 18] and
define for any vector-valued function v € Il » H'(K) the jump across the edge
e€ F' as

W] =" enT)s+ (@~ @n)s,
where (1) ® n)s denotes the symmetric part of the tensor, and n* (resp. n™) is
the outward unit normal to e C 9K (resp. ¢ C K ). On the boundary edge, we
define the jump as [¢p] = (¥ ® n)g with n the outward unit normal to 5.
Moreover, we introduce the following discrete bilinear form with a penalty term:

(10)
@) = g 3 [ (0= €@ EW) + 0V 6,7 -y dody

KeJh

+ 32 [ el ds

ecF
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with 7. some constant. For the analysis, we need to define the following auxiliary
pressure finite element space and the discrete shear force space, respectively,

Qn={qe H(Q):q|x oFk € Q1(K),VK € J"},

)= {ve (L2(Q)2: v | k= < iiig ) VK € Jh}.

Remark 3.2. The following shear force space is used in [28]:

M= {ve (L2(Q))? : v | = ( ifj; ),VKE Jh}.

However, a close observation finds that V,M; ¢ M (in the notation of [2§]) for
general rectangular meshes unless h, g = hy k, therefore the analysis therein is
only valid for square meshes.

Let Ry, : (L?(Q2))? — T'j, denote the usual L? projection operator; then our finite
element methods for the R-M plate problem can be stated as

Problem 3.3. Find (wy, ¢;,) € V;*° x V, 3, such that

(11) an(@p, ) + M2 (Viwn — Rugy,, Viv =) = (g,0), V(v ) € V' x Vi,
with i = 1, 2.

Remark 3.4. Notice that the penalty term in (I{) vanishes for the space V1 j; we

keep it there only for the convenience of the presentation and the simplicity of the
notation.

4. DISCRETE HELMHOLTZ DECOMPOSITION
AND EQUIVALENT FORMULATIONS OF DISCRETE PROBLEMS

In this section we prove the discrete Helmholtz Decomposition and present the
equivalent formulation of the discrete problem.
Denote

Ch={v|v=curlg,q € Qp} and Gy, = {v | v = Vyw,w € V;*°}.
Note that

(12) Cp c Ty and Gy, C Ty,
Furthermore, a counting argument gives
(13) dim Gy, + dim Cj, = dim T'y,.

Lemma 4.1. There holds
ChLlGy.

Proof. Let w € V;*° and q € Q, and
1 lgdzdy = —d
(Vyw,curlq) = Z/Vwcurqu Z/Kwats
KeJh KeJh

where t is the counterclockwise unit tangential vector to 0K . Since % is continuous
constant on each edge of the element K, we have

(Vyw,curlq) = Z / /w— s=0
eEF’ e€EF\F'

with [w] the jump across e. O
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Thanks to Lemma [£1] and ([I3]), we have the following discrete Helmholtz De-
composition:

(14) I, =CL oGy,
We now introduce the following auxiliary discrete problem

Problem 4.2. Find (rp, ¢y, pn, wn) € V¢ x V5 x Qp x Vi such that

(15) (Varn, Vip) = (g, 1), Vi€ V',

(16) ah(¢hv¢) - (Cuﬂphﬂ/’) = (vhrhn ¢)7 vd) S Vi,ha
(17) _(¢h) Curl(I) - A_th(curlph, Curlq) = Oa vq € Qha
(18) (Vhwh, VhS) = (¢)h + A71t2vh’l’h, Vhs), Vs € V;zw,
with i = 1,2.

Theorem 4.3. For any g € L?(Q) and t € (0,1] there exists a unique solution
(Phy @psDhywhn) to Problem L2 Moreover, the pair (wp, ¢y,) is the unique solution
of Problem B3] and

(19) M72(Vpwn — Ruey) = Viry, + curl py.

Proof. The existence and uniqueness of the solution to Problem follows imme-
diately from the discrete inf-sup condition (see Lemma [£3] and Lemma [5.4] below)
and the Korn inequality (see Lemma below ) and Lemma [5.7] (see the next
section for details).

Now we prove that (wp, ¢},) is the unique solution to Problem [33] and that (I9)
holds. We use the orthogonality and definition of Ry, (I) and (I8]) to get

(20) (Viwn — Ry, curl ) = X2 (Vyry + curl py, curlq) = 0, Vg € Qp,
(21) (Vhwh — Rh¢h; Vhs) = Afth(Vhrh + curl py, Vhs), Vs € thc,

which imply that
(22) Viwwn — Rppy, = A’1t2(Vhrh + curlpy).
Thanks to ([22)), (I6) and ([I8) can be written as, respectively

(23) ah(¢h, ",b) - )\t_Q(VhUJh - Rh¢ha 1/’) = 0? v’lp S Vi,hvi = 17 27
(24) MT2(Ru¢y, — Viwn, Vis) = —(Virn, Vas), Vs € Ve,

We obtain from ([23) and 24) that

(25) an(@p, ) + Xt 3 (Viwn — Ry, Vis — ) = (Vira, Vis).
By virtue of (I8 and (25]), we come to

(26) an(Pp, ) + M (Vawn — Ry, Vis — ¥) = (g, 5),

which ends the proof. Il
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5. THE WELL-POSEDNESS OF THE DISCRETE PROBLEMS

In this section we shall show the well-posedness of the discrete Problem
Because () and ([I8) are elliptic problems which are decoupled from the system,
and their well-posedness follows immediately from Lemmal[5.7 we only need to show
the well-posedness for Stokes-like problem ([I6])-(I7), which hangs on the discrete
inf-sup condition, namely the B-B condition and the continuity and coercivity of
ap. We first prove the discrete inf-sup condition for the pairs (V;5,Qp), ¢ = 1,2.
To this end, we shall use the macroelement trick from [26 [9].

For any interior node P;, we define the associated macroelement by

M(P)={K|KnP #0,K e J"}.
Lemma 5.1. There exists a positive constant 3 independent of h, such that

div p,
(27) sup WD S gun Vg e Qn.
YEV 1 n Hd’”l

Proof. Let M be a macroelement with nodes P;(x;,y;), i =1,---,9, and elements
K;,i=1,---,4 (see Figure[ll). Define

Sonri={ € (HHM))> NV},
Sy ={q:q€ H' (M)NQx},
Ny ={q € Sz (divep,q) =0,V € So pr}.

By a theory from [26], we only need to show that Ny, is one-dimensional.

jo Ps Py
Ky Ks

Py Ps Ps
K Ko

P, P, Py

FIGURE 1. Macroelement

Denote the bilinear basis on nodes P;,---, Py by ¢1,---,¢9, and the bubble
basis function of V,° on the element Ky, ---, K4 by ¢1,---,¢4 respectively. We
have for any ¥ € S3 »s and ¢ € S5 s the following expressions:

i=4 9
_ V1,4 ) V1,5 _ e
(28) Y= Z ( Y ) pi + ( o ) ¢5 and g Z a; ;.-
=1 i=1
Integrating by parts, we have

4

(divp,q) = (4. Va) = — 5 (%, Va)x,

i=1
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for any 9 € Sy and ¢ € Sz 5. Take vo; = 0,7 =1,---,4, v15 = v25 = 0,
v1,; =0,1=2,3,4, and v;; = 1 and set

0= (divep,q) = — (¥, Vq).
This yields

0— / d(a1¢1 + azpa + asps + asds)
= ¥1 oz
K

dxdy

= %/(uunxl = &)1 =n*)(=ar + a5 — aq + as)dédn
K

Pty [ (14 )t = €00 P)er 0 — s + asin
K

Then a direct calculation gives

+

2a1 — 2a9 + 3a4 — 3as = 0.

Similarly, let vy ; = 0 with ¢ = 2,--- ,4, vy15 = v25 =0, v1; =0, 4 =1,2,3,4, and
v,1 = 1. We have
720,1 - 30,2 + 20,4 + 30,5 =0.
Now let one of degrees v;;, i = 2,3,4, j = 1,2, be 1 and the others be zero
successively. We can get a system of equations with respect to (a1, - ,ag), which
reads
2a1 — 2a9 + 3a4 — 3as = 0,
—2a1 — 3as + 2a4 + 3a5 = 0,
2a9 — 2a3 + 3as — 3ag = 0,
—2ag — 3az + 2a5 + 3ag = 0,
2&4 - 2&5 + 3&7 - 3&8 = 0,
720,4 — 30,5 —+ 20,7 —+ 3a8 = 0,
2a5 — 2a¢ + 3ag — 3ag = 0,
—2a5 — 3ag + 2ag + 3ag = 0.

We solve this system to get

a; = 130,47917 ay = 9b57a as = a,
ay = —91’57“ as =a ag = 3b — 2a,
ar=a ag =3b—2a ag=0,

such that a and b are two free parameters. Finally we take va5 = 1, and v ; = 0,
i=1,---,4,v2;,=0,i=1,---,4, v 5 =0, to obtain a = b; therefore

a; =--- = ag.
This is to say Njs is one dimensional. (I

Remark 5.2. Note from the above calculation that we can only obtain the following
system:

—a1 +az —aq + a5 =0,

—a1 —az+as+ a5 =0,

—az +az —as +ag =0,

—az —az +as +ag =0,

—a4+as —ay+ag =0,

—a4—a5+a7+ag:0,

—as + ag — ag + ag = 0,

—a5 —ag + as +ag = 0,
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if we employ (1 — &2)(1 —n?) instead. This leads to
a; = a3 = a5 = ay = ag, a9 =— Q4 — Qg — a7 — Ag.

With these identities, we cannot prove a; = ag by taking v1 5 =1 or va5 =1, and
letting the remaining degrees of freedom be zero. Therefore N); is two-dimensional
in this case.

Lemma 5.3. There holds that
(rot@,q) (¢, curlq)

(29) sup ————= = sup ———=
PYeVin H¢”1 PYeV i ||¢H1

Proof. Let 1o = —¢1 and 91 = ¢ in Lemma[5Il We obtain with ¢ = (¢1, ¢2) and
’lp = (wla ¢2)7

> Bllallo, Vg € Q.

sup (rot ¢, q) — swp (¢, curlq)
oevin 1Pl oevi, @l
divp, q
= sup WD 5 sl Ve Qn
PYeVi ||¢H1
This ends the proof. O

By the same argument of Lemma [5I] we have

Lemma 5.4. There exists a positive constant 3 such that

,curl
(30) ¢zt‘1fp W > Bllgllo, Vg€ Qn-
2,h )

To prove the well-posedness of the discrete problem, we remain to show the
continuity and coercivity of ay, i.e.,

Lemma 5.5. There exist two positive constants Cy and Cy independent of h and
t such that

(31) CillWlf p < an(®p,9), Vo € Vipi=1.2,
(32) |ah(¢a ¢)| S 02||¢||1,h||¢ |1,ha v¢7¢ S Vi,hvi = 172
Proof. Lemma holds obviously for the space V1, and it is also easy to show

B2) for V3 1,. The proof of [B1) for Vo 5, follows immediately from Lemma[5.6]and
Lemma [5.7] below. O

Lemma 5.6. There exists a positive constant C' independent of h such that

63 Clhn < 8@+ (X 4 [WFd9"2 v e Vay,

ecF

Proof. The proof can be found, for instance, in []]. O

Lemma 5.7. There exists a positive constant C' independent of h such that

(34) C”’UHO < ‘7) 1,hs Yv € V;:LC

Proof. The proof can be found, for instance, in [7, 22, [15]. O
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6. ERROR ESTIMATE

We show error estimates in this section. We first derive some approximation
results. For the modified nonconforming rotated (1 element, we define the inter-
polation operator m, : Hj(n) — V;*¢ by

/ﬂhvds = /vds, Vv € Hi(n), for any e € F |

(35) e e

/ mpudrdy :/ vdady, for any K € J".
K K

We have the following result

Lemma 6.1.

36 -nd Ch
(36) ;/Mwnss Io

(37) lo—=mpv|| +h|v—mpv |1,5< Ch? |vl]e, Yve Hg(n) N H&(n),

lLallell, Yoevie, v e (HY(Q)?,

Proof. The proof can be found in [I3], 22] [15]. O

Remark 6.2. Note that (B8] is obviously satisfied by V,¢ € H}(2), consequently we
shall not differ V1 5, from V55 when the consistency error is concerned.

For the projection operator Ry, we have the following approximation property,
Lemma 6.3. There exists a constant C, for any w € (H'(Q))?, such that
(38) [Rru —ullo < Chljull:.
Proof. The proof is elementary. O

Lemma 6.4. Let G € L*(Q) and F € (H'(Q))?, u be the weak solution to the
following boundary value problem

(39) —Au=G—-V-FinQ,

(40) u |an= 0,

and up, € V¢ be the solution to the discrete problem

(41) (Vhup, Viv) = (G,v) + (F,Vpv), Yo e V°

Then there exists a constant C' independent of h, G and F such that
(42) lu = unl[1,n < CA(IGllo + [ Fl1),

(43) lu—unllo < Ch*(|Gllo + [1F 1)

Proof. Using Lemma [61] we can obtain (2)-(3]) by standard arguments from
nonconforming finite element methods for the second order elliptic problems [24]
25, [6]. For the brevity, we omit the details. O

Theorem 6.5. Let (r,¢,p,w) and (rp, @y, ph,wr) be the solution to Problem
and 2, respectively. For any g € L?(Q) and t € (0,1], there exists a constant C
independent of h, g and t, such that

L 110 = @pllin + [P = prllo + tl curl(p — pr) o

+ |w = wrll1n < Chllglo-

[l = 7l

(44)
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Proof. Throughout the proof, i = 1,2. Owing to (@), (I3) and Lemma [64] we have
IVi(r —=7n)llo < Chllglo-
We have by ) and ([I6) for any ¢ € V;, i = 1,2, that
an(@pp, =¥, @, — ) = an(d— Y, ¢, —YP)
+  (curl(ph —p), @y = ¥) + (Varn — Vr, ¢y, — )
— an(@, @), — ) + (curlp, ¢y, — ) + (Vr, ¢, — ).
By (@) and (I7), we obtain for any ¥ € V; 5, and ¢ € Qp, that
A eurl(pr — @)[I§ = AP (cwrl(p — ), curl(py — ) — (¢, — ¢, curl(py — q))
= A2 (curl(p — g), curl(py, — q)) — (¢, — 3, curl(py, — q))
T (¢ -, curl(py — g).
Taking these two equations together,
(45)
an(@pp — V., — )  + )\71t2H curl(p, — Q)Hg
=an(¢— ¥, ¢, — )
+ (Vurn — V7, ¢y, — ) + X712 (curl(p — q), curl(py — q))
= (curl(p = q), &), — ¥) + (¢ — ¥, cwrl(pn — q))
—an(@, ¢y, — ) + (curlp, ¢, — ) + (Vr, ¢), — ).
It follows from (B0 (resp. Remark [6:2] ) and () that
(46) lan(d, dp — ) + (curlp, &, — ) + (Vr, &, — )| < Chlllaldy — Blin.

For any 1 € (H{(n))?UV;; and ¢ € H'(Q2), we need to bound the term (1, curl g).
Integrating by parts and using (36]), we derive it as

(¢, curlq) = — Z /Krotwqu+z [v] - tgds

(47) KeJh ecE Y€
< ([l nllallo + Rl ll pllgll)-

Thanks to Lemma B3] Lemma [5.4] and Lemma [55] we get by @), [I8), @) and
D) that
(48)

,curl(pp, —
Blpn —allo < sup LrUBr—a))
’QL'GVi,,h, ||’lp||17h

< Ol — @l + 1 Vurs — Vrllo + hlglla) + sup L= D)
vevin  ¥ln
< C(lpp, — llin + | — Plln + IVarn — Vrllo + hll@ll2)
+C(hllp —alls +1lp — gllo)-
Substituting ({@6), (@8)) and @) into {@H]), and using Lemma B3] Lemma .7 and

the inverse estimate, we proceed as
on — Pl + ] curl(pr — q)lo
(49) < C(ll¢ =¥l +tlp = ally + IVara — Vrllo + hll@]l2)
+ C(hllp = ally + [Ip — allo)-
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We now use the triangle inequality to obtain

lpn — @

I+t curl(pr —p)llo
< Cl¢—%lin+tp—dqlli +hllp—aqla
+ lp—dallo + [[Varn — Vrllo + hl|@]l2).
It follows from (@8] and ([@9) that
o = pllo < C(ll¢ — Pll1n + thp — gl + hllp — gl
+llp = dllo + [Varn — Vrllo + hll@l]2).

We take ¢ = 7fp with 7" the bilinear Clement interpolation operator [23] which
admits the following approximation property:

(51)  lp = 77pllo + Allp — 7plly < Chllpllr and ||p —71'pll < Chlpll2.
Applying Lemma 23] Lemma and Lemma [6.4] we finally obtain

16 = @llin + [lp = pallo + tl| curl(pn = p)llo < Chllgllo,

since 1 € V; 5, is arbitrary.
Now, we remain to bound [|w — whl|[1,n. Let Wy € Vi be the solution to the
following problem:

(Vaon, Vis) = (¢ + A" H2Vr, Vi), Vs e Ve

Taking into account Lemma [6:4] we deduce
(52) [Va(w = @n)llo < Chllgp + A~ 12Vr|ly < Chllg]lo.
It follows from (@) and (I8)) that
(53)  (Va(wn —@n), Vas) = (¢, — ¢ + A" (Vary, — V7), Vis).
Let s = wp, — @y, in ([B3); we have

IVa(wn —@n)llo < Clpn, = bllo + 1 Virn — Vrllo) < Chllgllo,
which, together with (52)), implies

(50)

lwn —wll1.n < Chllgllo,
which completes the proof. O

In order to analyse the L2 error, we need to introduce the following dual problem

Problem 6.6. Find (¢,, pq) € (Hi(n))? x HY(Q), such that

(54) (g, ¥) — (¥, curlpg) = (d, ), Vo € (Hy())?,
(55) —(¢pg, curlq) — A~ 2 (curl pg, curlq) = 0, Vg e HY(Q).
The solution to Problem admits the following regularity:
(56) [@allz + llpalli + tllpall2 < Clld]lo.
Define the following interpolation:
e — (mhapy, mhabs) when V' p, is used,
h (TRtp1, ThY2) when Vg p is used

for any (1,19) = € (H(2))2. We have the following estimates
(57)  Mptp —4llo + AlTTayp — Pl1,n < Chljpll1 and [Tpep — pll1n < Chl|ep]lo.
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Theorem 6.7. Let (r,¢,p,w) and (rn, ¢y, ph,wr) be the solution to Problem
and B2, respectively. For any g € L?(Q) and t € (0, 1], there exists a constant C
independent of h, g and t, such that

(58) 16 — nllo + llwn — wllo < CR?[lg]lo-
Proof. First, it follows from Lemma [6.4] that
(59) I = nllo < CR?||gllo-

Applying ([I6) and ([IT) as well as (54]) and (B3], we derive it as
(d,d —@p) = (d, P — b1,) — an(Pg, @ — D) + (¢ — @y, curlpy)
+a(py, b — bp) — (¢ — ¢y, curlpy)
= (d, ¢ — @) —an(Py, ¢ — ¢p,) + (¢ — @y, curlpy)
+ an(Ungpg — @g, @) — (ndy — ¢y, curlp) — (Vr, 1lnpy — ¢y)
(60) + an(@q — g, ¢ — d4)
— (¢ — ¢y, curl(pa — 71'pa))
+ (Hppg — ¢y, curl(p — pn))
+ (Vr = Viry, pey)
+ A7 (curl(p — pn), curl(nypa — pa)) = [ + -+ + I7.

I, and I5 are consistency error terms, which can be estimated by a classic argument

(61) L] < Chllggll2ll¢ — @ulln and [L2] < Chl|@|2][11hdg — ¢yll1.n-
Owing to Lemma [5.5]

(62) 13| < CTneg — dylli.nlld — dpllin-
Thanks to 1),

(63) |1 < C(l¢ = Prllrpllpa = 7rpallo + hlld = @ull1nllpa — 71pall)-
Using (1) again, we have by the inverse and triangle inequality
I = (Wnpg — dg, curl(p — 71'p)) + (g — g, curl(mip — pn))
(64) < Cngg — dalln(llp — mipllo + |77'p = pallo + hllp — 7ip]l1)
< Cngg — dallin(llp — mipllo + hllp — 7iplls + llp — prllo)-

We have the following decomposition for the sixth term Ig:

(65) Ie = (Vr = Virp, ndy — @g) + (Vr = Virn, ¢g).
By virtue of Theorem [6.5] we bound the first term in (GHl) as
(66) (Vr = Vurn, agg — ¢q) < ChllgllolThda — Pallin-

Integrating by parts and applying (B9)), the second term in (65)) can be bounded as

(Vr = Virn,¢g) = —(r =i, divey) + > [[r—ri]dy - neds
(67) ecE' Y€

< Ch(hllgllo + I = ralli.p)l@allr-
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Finally, we have the following estimate for the last term I;:

(68) \I;| < C|lp — pullillpa — 71'pall1-

Substituting inequalities (6I))-(G8) into ([©0), using the regularity (B6) and the in-
terpolation error estimate (57) and (5I]) with Theorem [6.5] we obtain

(69) (d, ¢ — &) < Ch?|d]lollgllo,
which gives us

1# — ¢nllo < Ch?|gllo-

Now, we turn to bound ||w — wp]|o- We first introduce the following problem: Find
0 € H}(Q) such that

(VO,Vs) = (¢,Vs), Vse Hy(Q).
Let 6, € V¢ be the solution of the discrete problem
(70) (ViOn, Vis) = (¢, Vys), VseVre.
It follows from Lemma [6.4] that
(71) 16 —8llo < Ch*[[@ll1 < ch®|g]lo-
From (@), # = w — A~'t?r. Denote 6}, = wy, — A~ 't?ry,; by (I8) and (70), we have
(Vi(On —01),Vis) = (¢, — P, Vis), Vse Ve,
Setting s = 6}, — 0y,
(72) Vi (6 — )0 < Clign — ¢llo < Ch?[|g]lo-
It follows from (B3)), ([{1) and ([72) that

lw—wllo <16 = Onllo + A" |Ir — rallo
<10 = Onllo + 116 — Onllo + A~ 2|7 — rallo
< Ch?||gllo. 0

Remark 6.8. We can extend our analysis to the element of [16] and obtain its
optimal L? error estimate, which is missing in the literature.

Remark 6.9. To simplify the notation and fix the main idea, we present the anal-
ysis on the rectangular mesh. Obviously, both elements can be generalized to the
general quadrilateral mesh. In addition, a similar argument herein shows that the
energy error estimate is of order h, and that the L? norm error estimate is of order
h2< provided that the mesh satisfies the (1 4 «) section condition with 0 < a <1
[T7]. This implies that the convergence rates in both norms depend on the mesh
parameter «. As a consequence, optimal error estimates hold only for mildly dis-
torted meshes with o = 1. In [18], two nonconforming quadrilateral elements are
proposed with optimal error estimates uniformly in o with respect to both energy
norm and L? norm.
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