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EXPLICIT VALUES OF MULTI-DIMENSIONAL
KLOOSTERMAN SUMS FOR PRIME POWERS, II

S. GURAK

In memory of Derick H. Lehmer

ABSTRACT. For any integer m > 1 fix (; = exp(27i/m), and let Z}, denote
the group of reduced residues modulo m. Let ¢ = p®, a power of a prime p.
The hyper-Kloosterman sums of dimension n > 0 are defined for q by

Rdq) = Y grtreetdese)™ g egn,
:L‘l,.“,:anZ;
where =1 denotes the multiplicative inverse of  modulo q.

Salie evaluated R(d,q) in the classical setting n = 1 for even ¢, and for
odd ¢ = p® with o > 1. Later, Smith provided formulas that simplified the
computation of R(d,q) in these cases for n > 1. Recently, Cochrane, Liu
and Zheng computed upper bounds for R(d,q) in the general case n > 0,
stopping short of their explicit evaluation. Here I complete the computation
they initiated to obtain explicit values for the Kloosterman sums for a > 1,
relying on basic properties of some simple specialized exponential sums. The
treatment here is more elementary than the author’s previous determination
of these Kloosterman sums using character theory and p-adic methods. At the
least, it provides an alternative, independent evaluation of the Kloosterman
sums.

1. INTRODUCTION

For any integer m > 1 fix (,, = exp(2wi/m) and let Z¥, denote the group
of reduced residues modulo m. Let ¢ = p®, a power of a prime p. The hyper-
Kloosterman sums of dimension n > 0 are defined for ¢ by

(1) .R(d7 q) = Z C;;l"r"'-‘rxn-‘rd(xl-..xn)*l

xl,...,znezg

for 1 <d <gq, (d,q) = 1, where x~! denotes the multiplicative inverse of 2 modulo
q for any z in Z;. For (a,q) = 1, if 0, denotes the automorphism of Q((,) induced
by sending (, — (7, then it is readily seen from (1) that

(2) oa(R(d,q)) = R(da""", q).

In particular, R(d, ¢) lies in the subfield K of Q((,) fixed by automorphisms o, for
which a"*! = 1(mod ¢), and of degree
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(3)

|Z*"+l‘ _ %Qb(Q)/(n +1, % (Q)) if 8|q and n odd,
! d(q)/(n+1,0(q)) otherwise.

Salie [I7] explicitly determined R(d,q) in the classical case n = 1 when p = 2,
and for odd primes p where ¢ = p® with @ > 1. Specifically, R(1,2) = 1,
R(3,4) = —R(1,4) = 2; R(1,8) = R(5,8) =0, R(7,8) = —R(3,8) = 4; R(1,16) =
R(13,16) = —R(5,16) = —R(9,16) = 4v/2,

R(d,16) = 0 if d = 3(mod 4);

R(5,32) = 16 cos(3F + 7), R(d,32) = 0 if d # 5(mod 8);

R(1,64) = 16v/2cos(25 + 7), R(d,64) = 0 if d # 1(mod 8);

R(1,128) = —32cos(2X 4 T), R(d,128) = 0 if d # 1(mod 8).

For a > 5 (a # 7), R(1,2%) = 200+3/2¢cos(2Z; + Z), R(d,2%) = 0 if d #
1(mod 8). The conjugates R(d,2%) of R(1,2%) for d = 1(mod 8) with o > 5 are
determined from (2).

(> -1)2

For odd primes pand a > 1, R(1,p%) =i~ 2 pa/2(<§a+(%)a<;a2), R(d,p~) =
0 if (%) = —1. The conjugates R(d,p*) of R(1,p*) for (%) = 1 are determined from
(2). Here (;;) denotes the usual Legendre symbol.

Recently [12] T generalized Salie’s result to the multi-dimensional case n > 1
utilizing the well-known formula [9]

R(d.q) = @ S (@G,

the sum over all numerical characters y modulo ¢ where G(x) denotes the classical
Gauss sum for the character x. That treatment relied on Mauclaire’s explicit eval-
uation of G(x) for prime powers ¢ = p® (o > 1) and recent results of the author on
exponential sums of the form Y x(z)**¢l* that used some p-adic methods. Here
I give a more elementary evaluation of the multi-dimensional Kloosterman sums
(1) using the well-known formulas of Smith [18] (see also Evans [9]), relying on the
Galois action (2) and elementary properties of the special exponential sums of the
form

L i) j 842

St s,

t=1

for suitable exponents k& = 1(mod p®) when p is odd, and analogous such sums
when p = 2. I essentially complete the computation that Cochrane, Liu and Zheng
[6] initiated in determining upper bounds for such Kloosterman sums.

To best describe the evaluation here, I write n + 1 = p®u, for 3 > 0 and p 1 u,
and set f = ged(n+ 1,p — 1) if p odd or f = ged(n + 1,2) if p = 2. For odd
primes p, let H denote the group of f-roots of unity modulo p®~? (or just modulo
p when a < ). I shall show in section 2 for odd primes p with o > 8+ 1 that

R(d, ¢) vanishes if 4 # 1(mod pBt1), otherwise up to a fourth root of unity is a
conjugate of

X
@ P23 (S,
rEH p

with ¢ = 0 or 1 according to whether an = F(mod 2) or not. I also determine
R(d,p®) for the smaller powers 1 < o < 8+ 1. The important case R(d, p) for odd
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primes p remains unresolved. In section 3 I show for p = 2 with « > 344 and n

odd that R(d, q) vanishes if d=£1(mod 2°72), otherwise up to sign is a conjugate of
27 nm

go5 T g )

I separately determine R(d,2%) for the smaller powers v < 8 + 4. The methods

may be applied to study certain types of twisted Kloosterman sums, but for the

sake of simplicity I consider only the ordinary hyper-Kloosterman sums here.

I wish to mention some consequences and related results regarding the explicit
values for R(d, q) found here. Expressions (4) and (5) immediately lead to a bound
|R(d, q)| < fp%w for a > B+1 (o > f+4 if p = 2), already mentioned in [6], that is
a modest improvement of the customary Deligne [7] bound |R(d, )| < (n+1)p®"/?
when > 0. Moreover, from such expressions (4) and (5), the non-vanishing sums
R(d,q) are seen to be integer multiples of ordinary Gauss periods for p*=# or a
quadratic twist of such. Thus, additional improvement in the upper bound for
|R(d,q)| may be obtained using recent estimates for Gauss periods obtained by
Bourgain and Chang (chiefly Theorem 4.7 in [4]). When f > 1 one may essentially

(5) 2(ant6)/2 9 cos(

an+

replace f by fp~¢in |R(d,q)| < prﬂ above, where € > 0 depends on p®~# and
f. (See also [3] and [14].) These details and the extent to which e can be effectively
determined are beyond the scope of the presentation here, but will be discussed
elsewhere.

The author has recently studied certain algebraic properties of these Gauss pe-
riods and their quadratic twists for prime powers [11] to obtain formulas for the
beginning coefficients of their minimal polynomials and associated power sums of
zeros. When f = 2 a closed form expression for the minimal polynomial and the
associated power sums is actually obtained [I0]. Those results can be applied with
these to describe the polynomial satisfied by the hyper-Kloosterman sums R(d, q)
for d € Z;. This determination may be found in [13].

2. KLOOSTERMAN SUMS FOR ODD PRIME POWERS p%, a > 1

As in the introduction I write n + 1 = pPu, for 3 > 0 and p t u, and set
f =ged(n+1,p—1). For any w # 0(mod p), let w™! denote the multiplicative

inverse of w mod p®. Let H denote the group of f-roots of unity modulo p*~?, or

=12

just modulo p when a < 3, and set i* =4~ 7 . For any integer d prime to p, one

has (chiefly, Cor. 3.2 in [9])

s

P

(6) R(d,pa) = p"* Z C;L:;v+dw
w=1,wnt1=d(mod p*)

when o = 2s > 2 is even. For o = 25+ 1 > 3 odd, one has (chiefly, Cor. 4.2 in [9])

for =0

n

s+1

p
(M Ry =) > (=gt
p w=1,wnt1=d(mod pst1)
or for § >0
d P
(8)  R(d,p") = plrot/2{ TP () > ™,

p

w=1,wnt1=d(mod pst1)
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I note that nw + dw™ is invariant modulo p® if w is replaced by w + p® in the
sums above in (6) and (8), so that each sum may be taken over any complete set
of solutions to the respective congruence up to multiples of p®.

Before giving the results for Kloosterman sums defined for odd prime powers p<,
I first state an elementary fact about p” powers modulo p® (see also Lemma 2.1 in
[6]) and an easy consequence.

Lemma 1. Let f > 0 with f|(p —1). For a > v > 0, an integer d relatively

prime to p is a p" f-power modulo p* iff d is a p” f power modulo pt' iff 47 =
1(mod p7*+1).

Lemma 2. If R(d,q) # 0, then R(d,q) is conjugate to R(d',q) for some d' =
1(mod p*') where s' = [(a +1)/2]. In addition, if s > 3, then one may choose
d =1.

Proof. The hypothesis R(d,q) # 0 implies that w{*' = d(mod ps/) for some in-
teger wy Z 0(mod p) from expressions (6) - (8). In particular, d’' = dwg("ﬂ) =
1(mod ps/) and R(d, q) is conjugate to R(d’, q), specifically R(d,q) = 0w, (R(d',q))
in (2). If & > 3, then d’ = 1(mod p”*') so d’ € Z;"** by Lemma 1, and thus
R(d, q) is conjugate to R(1,q).

The following technical results on exponential sums for prime powers will prove
crucial in computing the Kloosterman sums here and later in section 3.

Lemma 3. Suppose A(t) = g(t)+p"t1B(t) for polynomials g(t) and B(t) with inte-
ger coefficients, where p” is the largest power of the prime p to divide the coefficients
of ¢'(t). Then if p~"¢'(t) = 0(mod p) has no solutions, the sum

p'Y
A
ng”(t) =0
t=1
whenever v > r + 2 when p is odd, and v > r +3 (ory=2,7r =0) when p = 2.

The above result can be readily deduced using standard techniques to evaluate
exponential sums for prime powers. It is seen to be an immediate consequence of
Theorem 2.1 in [5].

For any positive integer & = 1(mod p), say with &k — 1 = p®v, p { v, and any
3 >0, set

) H,(t) = zﬁ((l Lk — 1= kpit).
Then it is easy to see that

(10) H;(pt) = p*Hj (1)

and for any v > 1 and ¢ # 0(mod p)

(11) H;(t+p" ") = H;(t) + 2kvtp” ™' mod p".

In particular,

Lemma 4. For any positive 3, j, and

if v even,

Y =1 . .

iCHj(t): (2= "B if v odd,
Y p%

t=1



EVALUATION OF KLOOSTERMAN SUMS 479

except for p =3 with v = j =1 when

Z = 21})’\/_(3

Proof. First note that Hj;(t) = §t* (mod p) for j > 1 or p > 3,0 >i_; H; ()

is an ordinary quadratic Gauss sum and the result follows when v = 1. For the
exceptional case p = 3, v = j = 1 direct computation yields the value stated above.
Now assume 7 > 1 and write t = ip?~! + 1 for 0 <i < p, 1 <1 <pY~!. Then

Squ = 5 g Zc‘p’“
t=1

t=1,ptt

from (10). But the first summand on the right in the above equation is

p” p’ ! p—1
H Hv I4ip7—1 H;( ;
E (t) § § (I+ip ) _ E Cp"f]( ) . E ngkvl =0
t=1,th 1=0 = l,p’fl I=1,pfl i=0
. cHs )
from (11) since p 4 kvl. Thus for v = 2, Z

follows now by induction.

= p, and the general result

I am now ready to determine the values R(d, p®) for odd prime powers. I first
state the result for even powers p?°. The computation naturally breaks into the
casesa>fF+land2<a<(+1.

Theorem 1. Let g = p* with o = 2s > [+ 1. Then

an @l—n? -2
R(1,q) = p@m /2" (T2 S (g,
p reH p

The sole exception when p =3 and o =+ 3 is

R(1,3%) = 330D 2V3 Y (SE)ghe.

z€H

Furthermore, R(d,q) =0 if 47 # 1(mod pP*1), otherwise R(d,q) is conjugate
to R(1,q) above and determined from (2).

Proof. 1 consider the case s >  first. The second assertion of the theorem follows
easily in this case from Lemmas 1 and 2. In computing

s

P

R(L q) — pns Z ;LQMS;er—n

w=1,wnt1=1(mod p*)

it has been noted that the summation may be taken over any complete set of
solutions of the congruence (mod p®), say those of the form z(1 + tp>~%) for 1 <
t < p® and x any element of H. One writes R(1,q) = p™° > wcn Sz Where

r’ 8 8
S, = § C;m(1+p t)+z(1+p t)
t=1
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since x = x~"(mod ¢). Since S, is the conjugate of S; under the action {, — (7
it suffices to evaluate S;. Setting &k = (¢(¢) — 1)n and j = s — § > 0 one has
k —1 = pPv for ptv, and modulo ¢

n4+ntp' P+ (1 4+tp* A)y " =ntatp! + (L+tp) =n+ 14+ (1 +p70)F — 1 - kpt,
S0

B8
si—gr Yo (G if § even,
TET G =2y pp P2 i B odd

(except S = g‘f‘l(%)zx/g(:%“ ifa =4 and =1 with p =3 ) by Lemma 4. This
yields the expression for R(1,q) in Theorem 1 whenever s > (.

Next consider the case f+ 1 < a = 2s < 20, where from Lemmas 1 and 2 it
suffices to consider R(d,q) for d = 1(mod p®), say d = 1 + yp® for some integer
y. T assert that if R(d,q) # 0, then R(d,q) is conjugate to R(1,q), so the second
statement of the theorem holds here, too. Indeed, one may choose solutions of
w1 = d(p*) in (6) of the form

(12) {z(Q+pt)1 <t <p*'zeH}
and write R(d,q) = p"* > .y S. where

ps—l

S, = Z <gr(1+pt>+zd(1+pt>*"
t=1
since z = x~"(mod ¢). Again it suffices to evaluate S;. With k = (¢(q) — 1)n as
before, one finds

n(1+pt) +d(1+pt)™™ = n + npt + (1 + yp®)(1 + pt)*
=n+1+1+pt)" —1—kpt+yp*(1 4+ pt)* (mod q),

SO

ps—l
= e S et
t=1

by Lemma 3 when ord, y < §+1— s since s < § and g(t) = %((1 +pt)k — 1) is
linear modulo p*~!. Thus if R(d,q) # 0, then d = 1(mod p?*1), and hence d is an
n + 1-power modulo ¢ by Lemma 1 so R(d,q) is conjugate to R(1,q) as asserted.
Taking solutions (12) to compute R(1,q) yields R(1,q) = p"* > .y S, similarly as
before, with

Pl po—h—2
Hy(t — Hq(t
Sy = C;Z+1 Z Cpal—(ﬁ)—Z — pﬁ+1 ngHrl Z Cpal—(ﬁ)—2
t=1 t=1

_ a=p—2 _ —2u . a—B-3
= pﬁ+1 SC(';l+1p 2 or pﬁ+1 5<;L+1(7)Z*\/§p 2
by Lemma 4 according to whether 3 is even or odd. The sole exception occurs for
p = 3 when o = 8+ 3 where Sy = 37T +1(%)iy/3¢3". The expressions for
R(1,¢q) in the statement of the theorem now follows when 84 1 < 2s < 23. The
proof of the theorem is now complete.




EVALUATION OF KLOOSTERMAN SUMS 481

Corollary 1. If ¢=p* and pt (n+1), then
R(l,q) :pna/Z Z Cén+l)z.
reH

For small even values of a one finds that

Proposition 1. Let ¢ = p® with 1 < a < 3+ 1 even. For d = 1(mod p®~1),
R(d,p®) = pE (D=1 N~ ((ntde/p"

z€H
where H is the group of f-roots of unity modulo p. Furthermore R(d,q) = 0 if
a7 # 1(mod p*~1), otherwise R(d,q) is conjugate to some R(d',q) above where
d' = 1(mod p®~1) and is determined from (2).
Proof. First assume d = 1(mod p®). One may take the solutions of w"*! =
d(mod p®) in formula (6) of the form w = x(1 + tp) for 0 < t < p*~! and
x € H. Since 7" = z(mod ¢), one finds using the negative binomial series that
nz(l 4+ tp) + d(x(1 + tp)) ™™ is congruent to

nx + nxtp + dr(1 — ntp + <n;1) t2p? — <n§2> B3p3+---)

= (n+d)z + natp(l — d) + dz (n;— 1) t2p? — dx (n ;: 2) t3p® (mod p®).
Thus,
Pl

R(d,p*)=p% Y ¢t Z Ca L

cceH

equals pz(+1)- IZIGH Canrd if d = 1(mod p®~!) and otherwise 0 for d =
1(mod p?®) since

Z 1C _Jpt ifd=1(mod p*t),
ot = 0 if d # 1(mod p*~1).

In view of Lemma 2 one has R(d,p) # 0 if and only if d = d'w ”+1(mod p®) with
d = 1(mod p®~!) if and only if d is a p’f power modulo p®~! if and only if

47T = 1(mod p®~1!) by Lemma 1. Thus the last statement of the proposition
readily follows. This completes the proof of the proposition.
I next consider the case for odd powers p2st1, (I

Theorem 2. Let g =p® witha=2s+1> 3+ 1. Then

B+1_12
1

n -2 (p
R(1,q) = plentd/2c{t=pnt) (Z2)6+1;

ux
: IR

zeH p
The sole exception is

R(1,3%) = 3len /2= 37 ()¢
rEH

when p =3 and o = §+ 3 > 3. Furthermore, R(d,q) = 0 if 47 # 1(mod pPt1),
otherwise R(d, q) is conjugate to R(1,q) above and determined from (2).
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Proof. 1 consider the case s > 3 first. The last assertion of the theorem follows in
this case as before from Lemmas 1 and 2. When = 0 (and hence u =n + 1) one
has from (7) that

ps+1

R(1,q) = pa"/gcé“””(ﬁ 3 (

w=1, wnrt1=1(mod ps+1)

FORCER

where the sum may be taken over any complete set of solutions (mod p**1). Here
one may choose w to run through H, so the above becomes

an —p)n U n L n ~uxT
R(1,q) = p™ ¢ 7" Y ()G,
p rEH p

n n

since =" = z(mod q) for x € H, so nx + 2~ " = nx + 2 = ux(mod ¢). This
expression for R(1,q) matches that stated above upon noting (g *i* = (’72)
When > 1, one uses (8) to compute

s

P

R(l, Q) _ p(an+1)/2<§1*17)(n+1) Z ;Lerw_"

w=1, wrt1=1(mod ps+1)
where the sum may be taken over any complete set of solutions (mod p®), say those
of the form {z - (1 +p**1=Pt)| 1 <t <pP~ 1 z € H}. One writes

R(17q) = p(an+1)/2<§171))(n+1) Z SQ:')
rEH

where
Pl
S = § :Cnm(1+p5+17ﬁt)+a:(1+p5+l7ﬂt)7"
z = q
t=1

as before with .S, conjugate to Sy via the action ¢, — (7. To evaluate S again set
k= (¢(q) —1)n with j =s+1— 3> 0. One has k — 1 = p°v for pf v, and

n+np Pt 1+ p TP ™ =n 4+ 14+ (1 + 7% — 1 — kp/t (mod q),

so §p = ¢t Zfill 53{(? = Cg*lp(ﬁfl)/Q or (g*l(’T%)i*\/ﬁpﬁ/%l according to
whether 3 — 1 is even or odd from Lemma 4 (except S7 = (375" (%)iv3¢3* if a =5
and 8 = 2 with p = 3). This yields the expression for R(1, ¢q) whenever s > 3 > 0.

Next consider the case 8+ 1 < a =2s+ 1< 28— 1, where from Lemmas 1 and
2 it suffices to consider R(d,q) for d = 1(mod p**t1), say d = 1 + yp**! for some
integer y. I assert that if R(d, q) # 0, then R(d, ¢) is conjugate to R(1, ¢) so the last
assertion of the theorem holds for this case, too. Indeed, one may choose solutions
of w"! = d(mod p**!) in (8) of the form

(13) {x(1+pt)|1<t<p L 2cH}

and write R(d, q) = p(o+tD/2¢{TPHD s~ 5 where

r€H

ps—l

S, = Z C;wv(lert)erd(lert)_"

t=1
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since 7" = x(mod q) as before. It suffices to evaluate S; with k = (¢(q) — 1)n
again. One finds that

n(1+pt) +d(1+pt) " =n+npt + (1 +yp*1)(1 + pt)*
=n+1+ 1+ pt)* —1—kpt +yp* (1 + pt)* (mod q)

SO
s—1

Sy = G T Y U D g
t=1
by Lemma 3 again when ord,y < 8 — s similar to before. Thus if R(d, q) # 0, then
d = 1(mod p”*1), and hence d is an n + 1-power modulo ¢ by Lemma 1, so R(d, q)
is conjugate to R(1,q) as asserted.
Taking solutions (13) to compute R(1,q) yields

R(1,q) = pm/2¢I-Po) 3 s,
r€H

where similar to before
a—pB—2

p*t p
_ sn+l Z Hi(t) _ sn+1, B— Z Hi(t)
S = C;l Cpal—ﬁ—2 = (;L p’B 5 Cpa17ﬁ72
t=1 t=1

equals (I H1pf=sp(a=6=2)/2 o Cg“’lpﬁ_s(%)i*\/ﬁp(a_ﬁ_g)/? by Lemma 4 accord-
ing to whether 3 is odd or even. The sole exception occurs for p = 3 when a = 343
where

TN "
Sy =¢ptis? (g)l\/gég :

The expression for R(1,q) now follows when 8+ 1 < a < 2 — 1. The proof of the
theorem is now complete. ([

For small odd values of o« > 1 one finds

Proposition 2. Let ¢ = p® with3 < a < B+ 1 odd.
For d = 1(mod p®~1),
R(d,p™) = Cs(l—p)(n+1)p%(n+1)71 Z CI(;ner)z/po‘_l,
z€H
where H is the group of f-roots of unity modulo p. Furthermore, R(d,p%*) = 0 if
4’7 # 1(mod p*~1), otherwise R(d,q) is conjugate to some R(d',q) above with
d' = 1(mod p®~1) and is determined from (2).

Proof. First assume d = 1(mod p**!) and choose solutions of w"*! = d(mod p**+1!)
in formula (8) of the form w = x(1 + tp) for 0 <t < p*~! and x € H. Proceeding
as in the proof of Proposition 1 one finds

ps—171 e
antl — n n x nztp—s
R(d,p) = p™5 (PO 37 e g e
xeH t=0
—p)(n a(p _ n 2 /pe—1
:Cél p)( +1)p2( +1)—1 Z 41(7 +d)z/p
reH

if d = 1(mod p®~ 1) and otherwise is 0 for d = 1(mod p**1). A similar argument
leads to the last statement of the proposition.
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Example 1. To illustrate Theorems 1 and 2 and Proposition 2 above, consider the
case n = 6 for ¢ = 49,343 and 2401. Here p = 7 with =1, u = 1 and f = 1.
Proposition 2 applies when ¢ = 49 where s = 1. Direct calculation using (6) yields
R(1,49) = 75¢;, R(8,49) = 7°C2, R(15,49) = 75¢3, R(22,49) = 75¢3, R(29,49) =
76¢2, R(36,49) = 75¢% and R(43,49) = 75, with their conjugates R(d,49) obtained
from (2). Here (Z3)" = {£1,+18,419}, so R(d,49) # 0 for each d € Zjy. For
q = 343, Theorem 2 applies where s = 1 to give R(1,343) = —7%+/7(49; and for
q = 2401, Theorem 1 yields R(1,2401) = —7'2i\/7(343 where s = 2. In each of
these cases, R(d,q) = 0 if d° # 1(mod 49); otherwise R(d,q) is determined from

2).

3. KLOOSTERMAN SUMS FOR ¢ = 2¢

As before, I write n + 1 = 2% for 3 > 0 and u odd, and set f = ged(n + 1,2).
The following result deals with the case § = 0.

Proposition 3. For n even, R(1,2) = —1, R(1,4) = —R(3,4) = (—1)"/227(,,
2 n42

R(1,8) = 23"/2C§71)"/ R(1,2%) = (—1)°557120m/2¢0 Y for o > 3. In each case,
ford # 1 (mod 2%) with o > 3, R(d,2%) is determined from (2).

Proof. In view of Evans’ formulas for p = 2 in section 3 and 4 in [J], only the
expression for R(1,2%) for a = 2s with s > 1 needs some justification. Here (6) is
valid for p = 2 too, so

R(17 223) — 9ns Z C;L;g“rw_n.
0<w<2%; wrt1=1(mod 2°)
Since n is even, w"*t! = 1(mod 2°) has a unique solution w = 1(mod 2°), so
R(1,2%5) = 2ns(ltt = 2me/2¢0 ! in agreement with the statement of the proposi-
tion. The last statement follows since (Z3.)"*! = Z3. here.
I now assume that § > 0 throughout the remainder of the section. For any odd
integer d where ¢ = 2% one has (chiefly, Cor. 3.2 in [9])
98
(14) R(d, q) — 9ns Z g;u+dw n

w=1, wntl=d(mod 2%)

when a = 2s > 2 is even; whereas for « = 2s+ 1 > 5 odd,

25
(15) R(d,q) = (—1)"7 2sn+(n+1)/2 3 ot
w:172s”(wn+17d)
if3=1or
+1 > _
(16) R(d, (]) — (_1) i 9snt(ntl)/2 Z ;L;qudw
w=1,w"t1=d(mod 25+1)
if 6> 1.

The case o < 3 is dealt with in the following result (chiefly from Evans’ Theorem
4.3 in [9]).
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Proposition 4. For odd n and d, R(d,2) = (=1)"*1, R(d,4) = (—1)%(12” and

R(d8) = 2737 (2) if d # n(mod 4),
o if d = n(mod 4).

I begin by stating an elementary fact about 27 powers modulo 2% (see also
Lemma 3.2 in [6]) and analogs of Lemmas 1 and 2.

Lemma 5. For~ >0 and o > v+ 1, an odd integer d is a 27 -power modulo 2% iff
d is a 27-power modulo 272 iff d = 1(mod 2712).

The next fact is an easy consequence of Lemma 5 and Proposition 3.

Lemma 6. Suppose a > 3. If R(d,q) # 0, then R(d,q) is conjugate to R(d',q) for
some d' = 1(mod 2"), where s' = [(a +1)/2] if o odd and 3 # 1, otherwise s’ = s.
In addition, if s > B+ 1, then one may choose d' = 1.

Proof. For 8 =0, each R(d,2%) # 0 and is conjugate to R(1,2%) by Proposition 3,
so assume (3 > 0. From (14)-(16) the hypothesis R(d, q) # 0 implies that w{** =
d(mod 2°) for some odd integer wy. In particular, d’ = dw 0—(n+1) = 1(mod 2¢)
and R(d’,2%) is conjugate to R(d,2%), specifically R(d, q) = 0w, (R(d',q)) in (2). If
s’ > B+ 1, then d’ = 1(mod 2°*+2) so d’ € Zz(nﬂ) by Lemma 5, and thus R(d, q)
is conjugate to R(1,q).

For any odd integer k, say with k — 1 = 280, v odd, and any j > 0 set

(17) H;(t) = W((l—&—%)k— 1 —27kt).

It is easy to see that

(18) H;(2t) = 4H;44(1),

and for any odd t,

(19) H;(t+2""Y = H;(t) (mod27)ify > 1,
(20) Hij(t+277%) = H;j(t)+ 2" (mod 27) if v > 3.

In particular, one finds the following analog of Lemma 4.

Lemma 7. For any positive k and v with k odd and j > 1,
chiff) = (2

except for v = j = 2 when Zt 1 CH2(t = —2¢kv.
Proof I proceed by induction on . When v = 1 with j > 1, §4 (1) + (H 1) _
1= (&) )V2¢EY. Also note for v =2 and j > 1,

ZCH = g 1 g 4,

yielding the statement of the lemma when v = 2, including the exceptional value
when j = 2.
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Now assume v > 3. Then

27 271

St = Z Gt + Z SN

t=1 t=1,t odd

from (18). I assert that the first sum on the right vanishes. Indeed from (20)
z H = H Hy(t)+2" = H H
5 (t A 5 (t 5 (t A
Z ngr(l) = Z (C2w+(1) + (:gwr(l)jL ) = Z (C2’Y+(1) - CQ’Y‘F(I)) =0.
t=1,t odd t=1,t odd t=1, t odd

From (19) the second sum on the right equals

272

2 —2 2
J+1 = kv 2 /2 kv
2) G =2 = (ol
by the induction hypothesm. This concludes the proof of the lemma.

I am ready to determine the values R(d,2%) for 8 > 0 and o > 3. I first state
the result for even powers 22°. The computation naturally breaks into the cases
a>pf+4and4< a<f+4.

Theorem 3. Let g = 2% witha =2s > [3+4 > 5. Then
2 @”‘*'5 u(14n2%7F=3)

R(L(I) = (un) (C2a_5 + C2 u(1+n+2a B— 3))

except

R(1,q) = —28 (FD=3(quttsn) 4 couliasn)
when o = 3+ 6. Furthermore, R(d,q) = 0 if d # 1(mod 2°%2), otherwise R(d,q)
is conjugate to R(1,q) above and determined from (2).

Proof. 1 consider the case s > § + 1 first. The second assertion of the theorem
follows in this case from Lemma 6. To compute

9s

Rug=2t 3 g

w=1,wnt1=1(2%)

where the summation may be taken over any complete set of solutions (mod 2°),
say those of the form

{1 412571 <t <27,

one writes R(1,q) = 2"(S* + S~ ) where
28 . .
+ T (n(14627)+(14+£29) ™)
§* = ;gq

with j = s — 8 > 2. To evaluate ST, note that
n(1+t29) 4 (14+127) ™" = n(14+429) + (1+2)F = n414+(1+27)F —1-27kt (mod q)
where k£ = (227! — 1)n so k — 1 = 28y with v odd. Then

H t n 2 v
ot zczﬁfﬁ = G (g
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(except St = —2¢0t! - ¢(5v if @ = 8 and 8 = 2) by Lemma 7. This yields the
expression for R(1,q) in Theorem 3 when s > + 1.

Next I consider the case f+4 < a <28+ 2,s0 >3 and s > 4. By Lemma 6
we may take d = 1+ p2° for some integer p. The solution set for w"*! = d(mod 2°)
in (14) may be chosen as {+(1+4t) | 1 <t < 2°72}. Then R(d,q) = 2°"(S* +57)
where

gs—2
+(n(144t)+d(1+4t) "
+ _ Z C2a( (1+48)+d(1+45)7")
t=1
With k = (27! — 1)n one has k — 1 = 25y with v odd, and
n(144t) +d(1+4t) "™ = n(1 4 4t) + (1 + p2°)(1 + 4t)*
=n+ 1p2° + kp2° T2t + (1 + p2°)((1 + 4t)* — 1 — 4kt) (mod q)

SO

gs—2

St — Cn+1+p2s Z Ckpt;&- 14-p2%)2°8F 15 Hy (¢) -0
2b

t=1
for ordep < B4 1 — s by Lemma 3, and similarly for S~. Thus if R(d,q) # 0
above, then d = 1(mod 2°+2) and d € Z:"t1 so R(d, q) is conjugate to R(1,q). The
second assertion of the theorem follows now in this case from Lemmas 5 and 6.

Taking the solutions for w™*! = 1(mod 2%) in (14) of the form {1+2t | —2°72 <

t <2572 — 1} to compute R(1,q) in this case, one finds R(1,q) = 25"(ST + 57),
where

(21)
2572_9 25721
St = Z <;L(1+2t)+(1+2t)_n and S~ = Z <;L(1+2t)+(1+2t)_n
t=—25-2t even t=—25-2t odd

Since n is odd, one notes that S~ becomes

25721
S — Z C—n(1+2t)—(1+2t)’”
q b

t=—25-2t even

upon replacing ¢ by —1 — ¢ in the expression for S~. Hence one may write

28731 25731
(22) S+ — Z Cg(1+4t’)+(l+4t/)’" and S~ = Z C n(14+4t")—(1+4t")~"
t/=—25—3 t——_90s—3

With k£ = (27! — 1)n, one has
n(l+4t)+ (1 +4t) " =n(1 +4t) + (1 +4t)* = n+ 1+ 2P Hy(t') (mod g),

SO
9s—3_1 9s—2 ga—pB—4
+ _ n+tl } : Ho(t") n+1 } : Hy(t) n+loB+2—s } :
S C Cro B—3 <q Cga—ﬁ—?’ C 2B <2a B 3
t'—=—9s—3 t=1

in view of (19) since s < §+ 1. Thus

2 n v 2 n n424-8-3
St — (%)ﬁQﬁ/Zchrlcéc — (7)ﬁ25/2<§ +1)(1+n+2 )

nu
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since 8 > 3. Similarly, S~ = (2 )%28/2¢; ("D o

2 antB , u(14n2e—A—3 u(l4n2e—B-3
R(l,q) = () 2" (Gue™ )+ G ),

The sole exception occurs for « = 3+ 6, 8 > 4, when ST = —25/2C§$1+S") SO
R(L,q) = —23 (DG 4 g ),
This completes the proof of the theorem.
For small even values a with 8 > 0 one finds
Proposition 5. Let ¢ = 2% with o > 2 even. For a < 3+ 2,

(_1)(n+d)/2“712%("+1)—1 if d = 1(mod 2971),

R(da (]) = {

0 otherwise.
Fora=p0+2,
R(d,q) 0 if d = 1(mod 2°71) or d # 1(mod 2°72),
TN (L2 T 95 )1 g =1 4 2072 (mod 2071).
For a =3+ 3,
g =[2G ¢ Y ifd = 1(mod 2072),
’ 0 if d # 1(mod 2°~2).
Fora=p3+4,

25 (=2 (crtd DY g g = 1 4 203 (mod 2072),

0 otherwise.

R(d7 Q) = {

Proof. First note that since s < 8+ 2, w"*! = 1(mod 2°) for any odd integer w.
Thus from (14) R(d,q) = 0 if d # 1(mod 2°). For d = 1(mod 2°), one may choose
solutions of w1 = d(mod 2¢) in (14) of the form {£(1+4¢) | 1 < ¢ < 2°72}. From
the negative binomial expansion

(1+2x)_"=1—n(23:)+<n;rl> @0)2— -,

one finds

n(14+4t)+d(14+4t)™" = n+d+4tn(1—d)+2°3¢ (" ; 1) (22)%—--- (mod 2°74).

In particular from (14), R(d,q) = 2*% (St + 5~) where
95—2
gt — Z C;t(n+d+4t(1—d)n+25+3t).
t=1
For a < 8+ 3,
28—2

n 1-d)/2° S— n
St — ¢ +d Z C;?EQ /2T _ g 2Cq +d
t=1
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if d = 1(mod 2~2) and otherwise 0. Similarly S~ = 25=2¢; ™+ or 0 according to
whether d = 1(mod 2%~2) or not. A routine calculation gives the expressions for
R(d,q) for o < 8+ 3 as stated in the proposition. For o = 4 4 above though,

252

n 1-d)/2%)42573 S—2 n
Cq+d2<t(n( )/2°)+ ) —9 2< +d

if d = 1+ 27t (mod 2°+2) and otherwise 0. This yields the expression for R(d, q)
when a = 3 + 4.

The analogous situation for odd powers 2251 is treated next. The computation
again breaks naturally into the cases a > f+4 and 5 <a < [+ 4.

Theorem 4. Let ¢ =2% witha=2s+1>(+4>5.
i) If 6 =1, then

R(1,128) = (-1 )("+3)/42(7n+1)/2(CU(HSn)+< 1+8n))’
R(1,q) = (—1)(n=D/Aglent)/2((u4n2®™) | -u(ltn2®™y g 5 7

ii) If B > 1, then
2 4 n on noa—f—3 (13
R(1,0) = ()~ (-1 dg(ermt /2 a0 | ulnae 270,

except when o = 3+ 6, then
R(1,q) = (—1)("_3)/42“(”+1)/2—3(C&(Hsn R 1+8n))

Furthermore, R(d,q) = 0 if d # 1(mod 2°%2), otherwise R(d,q) is conjugate to
R(1,q) above and determined from (2).

Proof. 1 consider the case s > 3 first. The last assertion of the theorem follows in
this case from Lemma 6. To compute R(1,q) when 3 =1 so s > 3, one notes that
the two solutions of w1 = 1(mod 2°) with 2°||(w"™*! —1) in (15) may be take to be
+(1+2%71). With k = (2*7 ' —1)n one has k—1 = 2%v with v odd, and n(1+2571)+

(142571 = n(1+2871)+(1+23’1)k =n+1+ <§> 22572 (mod 2%) for s > 3, so

R(1,q) = (—1) 5 2% (C2a1+n2 )+C2 u(l+n2™ )) immediately from (15). When

s = 3, one readily gets R(1,128) = (—l)n o (u{TEn) g )y nstead.
To compute R(1,q) when s > 3 > 1, one may choose solutions of w"*! =
I(mod 2°*1) in (16) of the form {£(1 + 257F*+1¢)| 1 < ¢ < 26-1} and write

R(1,q) = (~=1)"+2%% (St 4+ 57), where
9B—1

_ Z C:I:(n(1+2jt)+(l+2jt)_")
= ¥ ,
t=1
with j = s — 3+ 1 > 2. To evaluate ST note for k = (22~1 — 1)n that n(1+ 27t) +
(1+27) ™ =n(1+27t) + (1 +27t)* =n+1+2°FH;(t) (mod g), so

28—t
2

n H(t n 165821 ik
+=§q+1 ZCQ,H()_C H(km)ﬁ L5 ¢k
t=1

(except ST = —2¢ZE1¢EY if a = 9 and B = 3) by Lemma 7 as before. This yields
the desired expression for R(1,q) in ii).
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Next consider the case §+5 < a < 28+1s0 3 > s > 4. By Lemma 6 we may take
d =1+ p2°*1! for some integer p. The solution set for w™*! = d(mod 251) in (16)
may be chosen as {+(1+4t) | 1 < t < 272} with R(d, q) = (—1)"i 2*%" (§++57)
where

2572

+ _ +(n(1+4t)+d(1+4t)""
= Z Cq( (1+4t)+d(1+4) ")
t=1
Now one gets similarly as before that

25—2
s+1 kpt+(14p2°T1)28 =5 Hy (¢
St — C;L+1+p2 Z Cgf ;"( +p ) 2(t) _ -0

for ords p < 8 — s by Lemma 3, and also for S~. Thus if R(d,q) # 0 here,
d = 1(mod 2°%2) so R(d,q) is conjugate to R(1,q) again as asserted in the last
statement of the theorem.

To compute R(1,q) using (16) one may choose w™ ™ = 1(mod 2°T1) of the form
{142t —2572<¢t <221} One has R(1,q) = (=1)"%" 2%~ (ST 4+ 57,
with St and S~ as in (21) and (22). Once again one finds

925=3_1 ga—pB—4
n Ho(t n s Hy(t)
— +1 Z <2(¥27(B)3 _C +125+1 Z <2a2(ﬂ .
t=—2s—3
2 2 B—=1 a—pB-3
_ B— 12— ntl ko _ o 2 ﬁleT (n+1)(14n2 )
= (Lt grid = (L1t

— a—B—=
since 8 > s > 4; and similarly, S~ = (l)ﬁ_12%§7(n+1)(1+n2 . Thus

¢an+ﬁ n2e—B-3 ” noa—B-3
R(l.q) = (-1)" (Cuetime ) Gt

The sole exception occurs for « = 3+ 6, 8 > 5 when ST = 72%@4(14_8”) SO

R(l,q) = —(~1)"F 2%

The proof of the theorem is now complete.

— u(1+8n —u(1+8n
(C64( " )+C64(+ ))~

For small odd values of o with 8 > 0 one finds here that

Proposition 6. Let g = 2% with o > 3 odd. For a < 3+ 2,

R(d,q) = (—1)(n+D/2" 9 (D=1 f 4 = 1(mod 2°71),

= 0 otherwise.

For a =3+ 2,

R(d,q) = 0 if d = 1(mod 2%~ 1) or d # 1(mod 2°~2),
D) (1)nrd/2 98 rD=1 i g = 14 20-2(mod 20-1),

For a =03+ 3,

Rld,g) = (—1 )n+12“(n+1) 2(<n+d+< n+d)) ifdzl(monQ_g)’
o if d £ 1(mod 20-2).
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Fora=p3+4,
(—1)" 28 (D=2 (crtd 0Dy g = 142978 (mod 2072),

0 otherwise.

R(d7 Q) = {

The sole exception occurs for § =1 where

5n+1

(—1)* 7257 (5 + () if d = 5(mod 8),

0 otherwise.

R(d,32) = {

Proof. Here 3 > 1 (except as noted last) and s +1 < 342 so w™*! = 1(mod 25H1)
for any odd integer w. Thus from (16) R(d,q) = 0 if d # 1(mod 25t1). For
d = 1(mod 25t1) one may choose solutions of w"*! = d(mod 2°*!) in (16) of the
form {£(1 +4t) | 1 <t < 2°72}. The proof proceeds as that for Proposition 5
to obtain the expressions for R(d,q) as stated in the proposition, including the
exceptional case @ = 5, § = 1 using (15).

I conclude with an example illustrating Theorems 3 and 4 and Propositions 5
and 6 above.

Example 2. Consider the case n = 3 with ¢ = 32,64,128 and 256. Here 3 = 2
with u = 1 and f = 2. Direct calculation using (16) yields R(1,32) = —R(17,32) =
—2561/2 and R(9,32) = —R(25,32) = 256v/2. The values R(d,32) = 0 for d #
1(mod 8). This is in agreement with the values given in Proposition 6. Also from
(14), one obtains as expected from Proposition 5 that R(9,64) = 2! cos 3T with
R(d,64) conjugate to R(9,64) if d = 9(mod 16) and otherwise equals 0. Theorem
4 applies when g = 128. Here one finds R(1, 128) = 2'21/2cos 113—gr with conjugates
R(d,128) for d = 1(mod 16) determined from (2). If d # 1(mod 16), R(d, 128) = 0.
Theorem 3 applies when ¢ = 256 where s = 4. From (14) one obtains R(1,256) =
2! cos IZ as expected, with conjugates R(d,256) for d = 1(mod 16) determined
from (2). If d # 1(mod 16), R(d,256) = 0.

Using Smith’s [9, [18] formulas, I have tabulated below the non-zero values
R(d,q), one for each n + 1-st power class modulo ¢, for several small values of
n and small powers ¢ = p® (o > 1) with 8 > 0. The explicit calculations confirm

the values obtained from Theorems 1-4 and Propositions 2, 5 and 6.

n=2:R(1,9) =9¢; R(4,9) =9¢%; R(7,9) =9 with Z§® = {1}

R(1,27) = 27(yiv/3 with Z33 = {£1,£8, 410}

R(1,81) = 81¢32iv/3 with Z%} = {z|x = +1(mod 9)}

n=3:R(1,4) = —R(3,4) = 8; R(1,8) = —R(5,8) = 32; R(5,16) = —R(13,16)
=128

R(1,32) = —R(9,32) = —256+/2 with Z33 = {1,17}

R(9,64) = 2 cos(3m/8) with Z§1 = {1,17,33,49}

(1,128) = 2'2y/2 cos(137/16) with Zi4s = {z|r = 1(mod 16)}

(1,256) = 24 cos(77/32) with Z33; = {x|r = 1(mod 16)}

n =5 : R34 = —R(1,4) = 32; R(7,8) = —R(3,8) = 256; R(1,16)
= R(5,16) = —2'9V/2
) = —2 cos(57/8) with Z32 = {1,9,17,25}
= 216y/2 cos(7/16) with Z? = {z|z = 1(mod 8)}

= —219 cos(277/32) with Z33s = {z|z = 1(mod 8}
= R(7,9) = —243, R(4,9) = 486;
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R(1,27) = —2 - 3% cos(47/9) with Z3¢ = {1, 10,19}
R(1,81) = 2- 3'9/3sin(227/27)) with Z3 = {1,10,19, 28, 37, 46, 55, 64, 73}
=7 :R(1,4) = —R(3,4) = 128; R(1,8) = —R(5,8) = 2: R(1,16) =
16) = —21%; R(25,32) = —R(9,32) = 217;
,64) = —R(17,64) = 222\/2 vvith Z:8 = {1,33}
17,128) = 227 cos(37/8) with Zi5s = {1, 33, 65,97}
1,256) = 230v/2 cos(37/16) with Z256 = {z|r = 1(mod 32)}

R(1,512) = —234 cos(77/32) with Zz§, = {z|z = 1(mod 32)}

n=28:R(1,9) = 3% R(4,9) = 3%Cs, R(7,9) = 33¢3 with Z33 = {£1}

R(l 27) = —3'2i\/3¢3, R(10,27) = —3'2i\/3¢2, R(19,27) = —3'%i\/3 with
239 = {+1}

R(1,81) = 317¢y with Zg) = {£1,£28, +55}

R(1,243) = 32112 with Z39; = {z]z = +1(mod 27}

n=9:R(3,4) = —R(1.4) =2 R(7,8) = —R(3,8) = 214

mmmﬂ:

9,
(1
(
(

R(1,16) = —R(5,16) = —2'¥\/2 with Zj2 = {1,9}

R(5,32) = 2% cos(7n/8) with Z32 = {1,9,17,25}

R(1,64) = —228y/2 cos(7m/16) with Z64 = {z]|z = 1(mod 8)}

R(1,128) = 233 cos(137/32) with Z33s = {z|z = 1(mod 8)}

R(1,25) = R(6,25) = R(14,25) = R(4,25) = 5° - 2cos(4n/5); R(16,25) = 2 - 5°

with Z510 = {£1}
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