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C! SPLINE WAVELETS ON TRIANGULATIONS

RONG-QING JIA AND SONG-TAO LIU

ABSTRACT. In this paper we investigate spline wavelets on general triangula-
tions. In particular, we are interested in C'' wavelets generated from piecewise
quadratic polynomials. By using the Powell-Sabin elements, we set up a nested
family of spaces of C! quadratic splines, which are suitable for multiresolu-
tion analysis of Besov spaces. Consequently, we construct C! wavelet bases
on general triangulations and give explicit expressions for the wavelets on the
three-direction mesh. A general theory is developed so as to verify the global
stability of these wavelets in Besov spaces. The wavelet bases constructed in
this paper will be useful for numerical solutions of partial differential equations.

1. INTRODUCTION

In this paper we investigate spline wavelets on general triangulations. In partic-
ular, we are interested in C'' wavelets generated from piecewise quadratic polyno-
mials.

In [7] and [§] Chui and Wang used B-splines to construct compactly supported
semi-orthogonal wavelets. Their results were extended to compactly supported box
spline wavelets. See the work of Chui, Stockler, and Ward [6], Jia and Micchelli [20],
and Riemenschneider and Shen [30]. For a comprehensive study on box splines, we
refer the reader to the book [I] by de Boor, Hollig, and Riemenschneider. Recently,
compactly supported wavelet bases for Sobolev spaces were studied by Lorentz and
Oswald [26], and by Jia, Wang, and Zhou [21].

It has been a challenging problem to construct spline wavelets on general tri-
angulations. For piecewise linear functions on general triangulations, Yserenntant
[38] introduced the so-called hierarchical bases in the finite element application
to second-order elliptic boundary value problems. In [36] Vassilevski and Wang
modified the hierarchical basis functions by using some projections on each level,
yielding a basis of approximate wavelets. In the same spirit, Stevenson [34] [35]
constructed the three-point wavelet bases and established H!-stability of the bases.
For piecewise quadratic polynomials on general triangulations, Liu [24] constructed
wavelet bases which are H!-stable.

The wavelets given in [34] [35] are H!-stable; but it is still an open question
whether these wavelets are Lo-stable. In [12] and [I3] Floater and Quak were able
to construct semi-orthogonal wavelets of continuous piecewise linear functions on
general triangulations. Certainly, semi-orthogonal wavelets are La-stable. In [15]
Hardin and Hong further considered orthogonal wavelets of continuous piecewise
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linear functions. See the survey paper [14] of Goodman and Hardin for recent
progress in the study of multivariate spline wavelets.

The wavelets discussed in the preceding two paragraphs are continuous, but not
continuously differentiable. Recently, C' spline wavelets have attracted attention
of many researchers in the areas of splines and wavelets. For the univariate case,
using Hermite cubic splines, in [I9] we constructed a pair of C! wavelets with nice
properties. In particular, the construction of boundary wavelets is remarkably sim-
ple. The wavelet basis given in [19] was used to solve the Sturm-Liouville equation
with the Dirichlet boundary equation. The condition number of the corresponding
stiffness matrix was shown to be very small. Our work significantly improved the
earlier results of Xu and Shann [37] on Galerkin-wavelet methods for two-point
boundary value problems.

Now let us consider C! spline wavelets on general triangulations of polygonal do-
mains in R?. Using the Powell-Sabin elements (see [29]), Oswald in [27] introduced
hierarchical bases and demonstrated that the hierarchical bases are sub-optimal for
the condition numbers of the corresponding discretization matrices. But the hier-
archical bases are not truly H?-stable. In [9] Davydov and Petrushev constructed
hierarchical sequences of C! spline bases on multilevel triangualtions and investi-
gated nonlinear approximation of such redundant systems. Recently, using C* cubic
splines of Lagrange type, Davydov and Stevenson [10] constructed C* hierarchical
Riesz bases for H* with 1 < p < 5/2.

In this paper we shall employ the Hermite interpolation property of the Powell-
Sabin elements to construct C'' spline wavelets on general triangulations. These
wavelet bases will be shown to be H2-stable. In the process we shall establish a
general theory for wavelet bases in Besov spaces, which will be useful for future
research.

Here is an outline of the paper. In Section 2 we review some basic properties of
Besov spaces as well as Bernstein type inequalities for spline functions on polyg-
onal domains. In Section 3, using the Powell-Sabin elements, we formulate bases
for the concerned spaces of spline functions and establish Jackson type inequali-
ties. In Section 4 we discuss multiresolution analysis of Besov spaces and related
norm equivalence. In Section 5 we develop a general theory for wavelet bases in
Besov spaces. Finally, in Section 6, we construct C'! wavelet bases on general tri-
angulations and show that the wavelet bases are H2-stable. In particular, for the
three-direction mesh, the wavelets are explicitly given.

It is expected that the C' spline wavelets constructed in this paper will have
applications to numerical solutions of partial differential equations. These wavelet
bases are particularly suitable for the biharmonic equation (see the discussion in
[27] and [10]). The condition numbers of the corresponding discretization matrices
will be uniformly bounded. Our wavelet bases could have applications to a wide
range of problems in numerical analysis, such as numerical solutions of integral
equations and operator equations, and singular perturbation problems. See the
related work of Chen, Micchelli and Xu [2], Liu and Xu [25], and Shen and Lin [32].
The refinable spline functions discussed in this paper also could have applications
to computer graphics and multi-level data representation. See the related work of
Chui and Jiang [4, 5] on surface subdivision schemes.
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2. BESOV SPACES ON POLYGONAL DOMAINS

In this section we first introduce some notation that will be needed later. Then
we review basic properties of Besov spaces. At the end of the section we establish
a Bernstein type inequality for spline functions on polygonal domains.

Let N, Z, and R denote the set of positive integers, integers, and real numbers,
respectively. For a positive integer s, R® denotes the s-dimensional Euclidean space
with the inner product given by

x-y:=x191 + -+ xsys, for x=(x1,...,25) and y = (y1,...,ys) € R°.

Consequently, the norm of a vector x € R® is given by |z| := (x - x)'/2.

Let Ng := NU{0}. An element of Nj is called a multi-index. The length
of a mutli-index o = (aq,...,as) € Nj is given by |a| := a3 + -+ + 5. For
a=(ay,...,as) € Nj and = (z1,...,2s) € R?, define

=t ads.

The function x — z® (z € R®) is called a monomial and its (total) degree is |a|. A
polynomial is a linear combination of monomials. In other words, a polynomial ¢
has a representation ) c,x®, where the coefficients ¢, are real numbers and ¢, # 0
only for finitely many «. The degree of ¢ is defined to be deg ¢ := max{|«a| : ¢, # 0}.
For an integer k£ > 0, we use II; to denote the linear space of all polynomials of
degree at most k.

For a vector y = (y1,...,ys) € R®, we use D, to denote the differential operator

given by
fle+ty) — fz
Dy f(z) == hH(l) P )
Let eq,...,es be the unit coordinate vectors in R*. For j = 1,...,s, we write D;
for D, ;. For a multi-index o = (o, ..., as), D stands for the differential operator
D?l R D?S.
Now let 2 be a (Lebesgue) measurable subset of R®. Suppose f is a (real-valued)
measurable function on 2. For 1 < p < oo, let

o= ( [ |f<x>|pdx)l/p.

For p = o0, let ||f]lco,o be the essential supremum of |f| on Q. When Q = R?,
we omit the reference to Q. By L,(2) (1 < p < oo0) we denote the linear space
of all functions f on € such that || f||,.0 < oo. Equipped with the norm |-|,.q,
L,(9) becomes a Banach space. For p = 2, L,(Q) is a Hilbert space with the inner
product given by

, r € R®.

/f ) de, f.g€ Ly(Q).

Suppose 2 is a (nonempty) open subset of R®. Let C(Q) be the linear space of all
continuous functions on 2. For an integer r > 0, we use C"(£2) to denote the linear
space of all r times continuously differentiable functions on 2. For 1 < p < oo, we
use W) (§2) to denote the Sobolev space consisting of all functions f € L,(Q2) such
that D*f € L,(Q) for all |a| <.

The Fourier transform of a function f in L;(R?) is defined by

fA(é-) = . f(ﬁ)e*iw-f da:, 5 e RS,
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The Fourier transform can be naturally extended to functions in Ly (R?®). For p > 0,
we denote by H*(R®) the space of all functions f € Ly(R?) such that the semi-norm

1/2
iy = ([ 1FOPIEP" )

is finite. For a nonempty open subset €2 of R*, we define
H*(Q) :={fla: f € H*(R)}.

For z,y € R*, we use [z, y] to denote the line segment {(1—t)x+ty:0 <t < 1}.
For y € R®, let , denote the set {x € Q : [z — y,z] C Q}. The modulus of
continuity of a function f € L,(Q2) for 1 < p < oo, or f € C(Q) for p = oo, is
defined by

,h = V 3 h 07
w(f, h)y @E’h” wfllpo, P>

where V,, denotes the difference operator given by V, f(z) = f(z) — f(z — y),
x € §,. For a positive integer m, the mth modulus of smoothness of f is
defined by

win (f, h)p == Sup HV f|| h > 0.

Qm y

See the work of Johnen and Scherer [22] on the equivalence of the K-functional and
moduli of smoothness.
Let m € N and y € R®. Then the following inequality is valid for 1 < p < oc:

(2.1) IV fllpnm, <Dy fllpo Ve W (Q).
Indeed, for f € Wz} (), the relation

x) :/0 Dy f(x—ty)dt

is true for almost every = € §1,. Applying the Minkowski inequality to the above
integral, we see that (2I)) is valid for m = 1. Consequently, [Z-I)) can be verified
by induction on m.

Suppose f € W;(2) for 1 <p < oo or f € C"(2) for p = oo, where r € Ny. For
m > r and y € R®, by ([2.1) we have

I = Vv .., < 12,951l

P, my pvg(m—r)y
= Hv;nirD;fH;mQ(m_r)y'
Hence, there exists a positive constant B such that
(2.2) Win(f,h)p < B wip(D*f,h),, b > 0.
lal=r

For p > 0 and 1 < p,q < oo, the Besov space Bg’q(Q) is the collection of those
functions f € L,(2) for which the following semi-norm is finite:

1/q
) , for 1 <g< oo,

\flgn = (fo [t wm(f,1)p)" 7 d
" supt>0{t P (f,t) } for ¢ = >
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where m is the least integer greater than p. It is easily seen that

. . q 1/q
|f|B# Q) =~ (ZjGZ [QJme(f’ 2 J)P] ) ) for 1 < q < o0,
P,q Supjez{2juwm(f’ 2_j)p}, fOI‘ q = Q.

The norm for B (2) is

I flB2 ) = I fllz, ) + | flBE, ()

For z € R® and € > 0, by B.(x) we denote the ball {y € R® : |y — z| < €}.
Let @ be an open subset of R®. Its boundary is denoted by 992. We say that Q
is a Lipschitz-graph domain (see [22]) if there exists a finite collection of open sets
{U;}, a corresponding collection of cones {C}} (all congruent to a fixed finite cone
(), and a real number € > 0 such that for each x € 9Q, B.(z) is contained in some
U;, and that = + C; C 2 for each x € U; N Q. For a Lipschitz-graph domain €, if
we replace wy, by w, for some n > m, then we obtain an equivalent norm for the
Besov space Bf  (€2).

It was shown by Sharpley [31] that € is a Lipschitz-graph domain if and only if
0N is minimally smooth (see [33, p. 189] for the definition). Thus, the extension
theorem is valid for Sobolev spaces on such a domain (see Chapter VI of [33]). It is
well known that H*(R®) = BY ,(R®) for > 0 (see Chapter V of [33]). Therefore,
for 0 < p < o0,

H" (Q) = 35,2 (Q)

Now let 7 be a finite or countable collection of triangles in R%. The intersection
of any two triangles in 7 is empty, or a common vertex, or a common edge of them.
Let © be the union of the triangles in 7. Then Q is a polygonal domain in R? and
7T is a triangulation of €. The domain € could be bounded or unbounded. But 2
is always assumed to be a Lipschitz-graph domain.

A vertex of a triangle in 7 is said to be a vertex of 7. A vertex v is called an
interior vertex, if v is in the interior of {2; otherwise, it is called a boundary vertex.
An edge of a triangle in 7 is said to be an edge of 7. An edge e is called an interior
edge, if the interior of e is included in the interior of €2; otherwise, it is called a
boundary edge.

A direction is assigned to each edge e so that e becomes a vector in R2. If
e = (a,b), then et := (b, —a) is a vector perpendicular to e. We call D, the
normal derivative with respect to e.

The length of an edge e is denoted by |e|]. The supremum of the length of
the edges of 7 is called the mesh size of 7. Let h be the mesh size of 7. We
assume that 7 is quasi-uniform, that is, there exists a positive constant M such
that Mh < |e| < h for all edges e of 7. We also assume that there exists some
0 > 0 such that every angle of the triangles in 7 is greater than or equal to 6.
Consequently, the number of edges with a common vertex is bounded.

Let v be a vertex of 7. For N = 1,2, ..., the stars St (v) are defined as follows.
Let Str(v) = St>(v) be the union of the triangles of 7 with v as a vertex. For
N > 1, let St¥ (v) be the union of the triangles of 7 that intersect St ' (v).

Lemma 2.1. Let k be a nonnegative integer. Suppose that T is a triangle in R?, 0
is the minimum of the angles of T and h is the mazimum length of the edges of T.
Then there exist two positive constants Cy and Ca depending only on k and 6 such
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that
(2.3) Clh2/p||f||oorr <|f |p,'r < C2h2/p“f||oo,f Vfe Hk|r and 1 <p < oo.

Moreover, for a € Ng with |a| = r < k, there exists a positive constant C' depending
only on k and 0 such that

(2.4) 1D fllp.r < CA7 | fllpr Vf €Tkl and 1<p < oo.
Proof. Let T be the triangle in R? with vertices (0, 0), (0,1), and (1,0). Then |7

is a finite dimensional space. Since any two norms on a finite dimensional space
are equivalent, there exist positive constants K7 and K5 such that

(2.5) Killglloor < llgllpm < Kallglloo,r Vg € Iylr and 1 <p < oo.
Moreover, for a € N3 there exists a positive constant K, such that
(2.6) 1D%llp < Kallgll, Vg €Tlklr and 1<p < oo.

There exists an affine transform A on R? such that A maps T one-to-one and
onto 7. The Jacobian determinant of A, denoted J(A), is a constant. We have

area(T)
area(T")
Consequently, Mih? < |J(A)] < Myh? for some positive constants M; and M,
depending only on 6. Let f € II|., and let g(z) = f(Ax) for x € T. Then
g € Hg|r. We have f(z) = g(A~1x), z € 7. Hence,
1£llp,r = [T llgllprs 1< p < o0

This together with (Z3]) verifies (Z3)).

Suppose o € N2 and |a| = r, where 0 < r < k. Since f(z) = g(A™1z) for x € T,
there exists a positive constant B, such that

1D fllp.r < Ball A7 [J(A)YP(1D* gl 73

but ||A7Y|| < My/h for some constant My > 0. Moreover, it follows from (Z.6)
that

|J(A)] =

= 2area(7).

[ T(A)PIDgllpr < Kal T Pllgllpr = Kall fllpr-
The above estimates tell us that (2.4]) holds true for a positive constant C' depending
only on k and 6. O

For a positive integer k, let Si(7") denote the space of all splines of degree k on
7. In other words, s € Si(7) if and only if, on each triangle o in 7, s agrees with
a polynomial of degree at most k. For r =0,1,...,k — 1, let

Sp(T) :=5S(T)NC"(Q).
The following lemma gives a Bernstein type inequality for spline functions on a
polygonal domain. See [I1] and [I6] for related results.

Lemma 2.2. Let T be a triangulation of a polygonal domain Q in R?, and let 0
be the infimum of the angles of T. Suppose that there exists a positive constant
M such that Mh < |e| < h for every edge e of T. Let f be a function in S, (T)
such that its support is contained in N triangles of T. Then for 1 < p < oo and
O<p<r+1+1/p,

(2.7) |f1BE ) < CR7H| fllp.as
where C' is a constant depending on 6, M and N but independent of f and h.
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Proof. First, consider the case p = oco. Let us estimate w,(f,t)s, where m >
r+1>pand t > 0. Note that wy,(f, 1) < 2™ flco,o. Hence, for ¢ > h we have

wm(fv t)oo S (hiu?m”f”oo,ﬂ) .
Suppose ¢t < h. By (22) there exists a constant B > 0 such that
(28)  wnlfit)oo S B Y W n(Dfit)oo < Bt" Y 2" w(D f 1) oo
|a|=r |ee|=r
For |a| = r, D®f belongs to WL (). For y € R? we have
HvyDaf”oo,Qy < Sug ”DyDaf”oo,T'
TE

If |y| < t, then it follows from (24) that
HDyDafHoorr < Blth_r_lnfnoorrv
where B is a constant independent of h and f. Consequently,
W(Df,t)oo < Bith™ Y floo -
This together with (Z8)) tells us that there exists a constant C' > 0 such that
win(f D)oo < Ct/M) [ fllsco < CE/M)|flloc.e = (ChTH[ fllsc.2) t*.

Therefore, (27) is valid for p = co.
It remains to prove ([271) for the case 1 < p < co. The proof is based on the
norm equivalence

1/p
|f|B’;,p(Q) ~ <Z [QJ“Wm(fa 2])10}:0) >
JEL
where m > k+1 > r+1+1/p. Let jo be the integer such that h < 2770 < 2h. We

shall estimate the above sum for j < jg and j > jo separately.
For j < jo we have wy,(f,277), <2™| f|p.o. Hence,

Do [2Mm(£,270),)" < 2 I lpe) @) 3T (27"

j=—o00 j=—o00

Consequently, there exists a positive constant C' such that

Jo 1/p
( Y [Pronlf, Tj)p]p> < Ch7*||f

j=—c0

|p7Q~

Let us consider the case j > jo. By (2.2)) there exists a constant B such that
wm(f,277)p, < B279)H Z Wim—r—1(Df,279),.
lal=r+1
By our assumption, there exists a subcollection S of N triangles in 7 such that f
is supported in |J..g 7. Let Y; be the set of those points in £ whose distance to
one of the edges of some triangle 7 € S is less than (m —r —1)277. If z € Q\ Y;
and |y| <277, then

VT D f)(x) =0 for |al =7 +1,
since m > k and D®f|, € Ily_,_1|, for each triangle 7 € 7. This shows that
@ —J m—r— [e% 1
Wnr 1 (D £,277), < 27771 DO fl|og o (area(¥;)) s
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but there exists a constant M; > 0 such that area(Y;) < M;277h. Moreover,
there exists some 7 € S such that || D®f|lw,0 = |D*f|lco,- By Lemma 2.1, for
|a] =7+ 1, there exist positive constants K; and Ky such that

HDaf”oon' < thi(r+1)||f”cxm' < K2h7(r+1)h72/p”f”?ﬂ"
Combining the above estimates together, we obtain
Wi (£,277), < CL(277) R TR (27T R) VP £, 0,

where C] is a constant independent of A and f. Consequently,

o0 oo
S [0 (f,279),)" < [Crhm R £ 0] ST 2l pmir,
d=jo+1 J=jotl

Since pu < r + 1+ 1/p, the series on the right-hand side of the above inequality is
a geometric series with its ratio less than 1. Hence, there exists a constant Cs > 0
such that
o0
Z 91+ /b= < P (2*(jo+1)(r+1+1/1)7u)p) < [Cth+1+1/P*N}p7
Jj=jo+1

where the fact 2~ (o+1) < h has been used to derive the last inequality. Therefore,

o) . ) 1/p
( 2. [2”wm<f,2—f>p]”) < Ch7" |l
Jj=jo+1

where C' = C1C5. The proof of the lemma is complete. O

3. BASES OF PIECEWISE QUADRATIC POLYNOMIALS

In this section we review basic properties of the Powell-Sabin elements. Stable
bases are formulated for the concerned spaces of quadratic splines. Approximation
properties of such spaces are discussed.

Let o be a triangle in R?. Suppose A;, Ao, and Az are the vertices of 0. Let By,
Bs, B3 be the middle point of the line segment As Az, A3A; and A; Ao, respectively.

The triangle o is divided into four smaller triangles: AA;BsBs, /A\AsBjBs,
AA3B1 By, and AB1By;Bs. We use 04(0) to denote the collection of these four
triangles.

The lines A1 B, A3 Bs, and A3 Bj intersect at the barycenter O of 0. The trian-
gle o is divided into 6 smaller triangles: AOA; B3, AOB3Ay, AOAsBy, AOB1 A3,
AOA3Bs, and AOByA;. We use dg(0) to denote the collection of these six trian-
gles.

The line segments Ay By, AsBy, A3Bs, B1By, B3B3, and B3B; divide o into
twelve smaller triangles. We use d12(0) to denote the collection of these twelve
triangles. Obviously, d12(0) is a subdivision of both d4(c) and dg(c). Moreover,
06(04(0)) is a subdivision of d12(0).

Figure 1 shows the 6-split and 12-split of a triangle.

Splines in S3(86(c)) are called the first type Powell-Sabin elements, and splines
in S}(812(0)) are called the second type Powell-Sabin elements. It is known that a
function f € S3(d6(c)) is uniquely determined by its function values and gradients
at the vertices of 0. Moreover, if the function values of f and its gradients vanish
on both vertices A; and A, then f together with its normal derivative vanishes on
the edge A1 As. A function g € S3(812(0)) is uniquely determined by its function
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FIGURE 1. 6-split and 12-split of a triangle

values and gradients at the vertices of o and its normal derivatives at the midpoints
of edges of o; see the original paper [29] of Powell and Sabin for details. Also, see
the paper [3] of Chui and He for discussions on splines based on the Powell-Sabin
elements. In [23], Lai and Schumaker gave some generalizations of the Powell-Sabin
elements.

Two triangles ¢ and 7 are said to be neighboring, if ¢ N 7 is a common edge
of 0 and 7. Suppose o and 7 are two neighboring triangles and f is a function
defined on o U . If f|, € S3(86(c)) and f|, € S3(d6(7)), it is not always true that
f € CHourt); but f indeed lies in C' (o UT) provided o U7 forms a parallelogram.
If fl, € S3(812(0)) and f|, € S3(812(7)), and in addition, the normal derivatives of
flo and f|, at the middle point of the common edge are equal, then f € C1(cUT).

The above discussion motivates us to consider combinations of the first type and
second type of the Powell-Sabin elements. A triangle o is called regular if o and its
any neighboring triangle 7 form a parallelogram. Otherwise, o is called irregular.
All the edges of regular triangles are said to be regular, and all the other edges are
said to be irregular.

Let 7 be a quasi-uniform triangulation of a polygonal domain € in R? with V
being the set of its vertices. We use 64(7") to denote the collection J, o d4(c).
Let 7, be the collection of all regular triangles of 7, and 7; the collection of all
irregular triangles of 7. Let

T = < U 56(a)> U < U 512(0)>.

o7, o€T;

Figure 2 shows a triangulation of a pentagon.

Let 7 denote the triangulation, and let 73 = 64(7) and 75 = §4(77). A triangle
of 75 is irregular only if one of its edges is a part of an interior edge of 7. These
triangles are shown as shaded. All the other triangles of 75 are regular.

A spline s € S3(7*) is said to be admissible if for every irregular edge e of
7, the normal derivative of s at its middle point is equal to the average of the
normal derivatives of s at its two end points. Let SI(7") denote the linear space of
all admissible splines in S4(7*). Hermite interpolation is permitted in the space
521 (7). More precisely, for given sequences (¢y0)vev, (Cv1)vev, and (¢y2)yev of real
numbers, there exists a unique spline s € 521(’2' ) such that

s(v) = cpo, Di1s(v) =cp1, Das(v) = cya, YveV.
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FIGURE 2. A triangulation of a pentagon

For a vertex v of T, let ¢y.0, ¢u,1, and ¢, 2 be the unique splines in 5’21 (7T) such
that

©0,0(V)  Digyo(v) D2pyo(v) 100

u1(v) Dipyi1(v) Dopyi(v)| = (0 1 0

‘pv,Q(v) Dl@v,2(v) D2<Pv,2('0) 0 01
and

oui(w) =0, Dipyi(w)=0, Dap,i(w)=0,
for all w € V'\ {v} and ¢ = 0,1,2. Clearly, each ¢, ; is supported on Sty (v). For
veVandi=0,1,2, let

bu,i = i/l bw,ill2,0-

Thus, each ¢, ; is so normalized that ||¢, i||2,.0 = 1.

Suppose o is a triangle in 7 with three vertices vy, v1, and ve. For i,j =0,1,2,
let

Pvio.j = Pui
Clearly, ¢y,,0.; (1,7 = 0,1,2) are linearly independent functions in Ls(c). Hence,

there exist unique functions ¢, o; (k,1 = 0,1,2) in the linear span of {¢,, o; :
i,7 =0,1,2} such that

o

1 ifk=14andl=j,
0 otherwise.

<(£vk,a,l, ¢vi,a,j> = {
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For v € V and i € {0,1,2}, we define (;NSM- to be the function on Q such that for
each triangle o of 7,

- 1 -
¢U,i|0 = ¢v,a‘,i7
Ny
where n,, is the number of triangles incident to v. Then we have

1 ifv=wandi=j,

0 otherwise.

(3'1) <Q~5v,ia ¢w,j> = {

Note that J)v,i (i = 0,1,2) are piecewise quadratic polynomials and well defined
except for the points lying on the edges of 7. Moreover, QNSW- (i = 0,1,2) are
supported on Stz (v). These functions are not necessarily continuous, but they
belong to L,(€2) for 1 < p < co.

Suppose that 7 is a quasi-uniform triangulation satisfying the minimum angle
condition. By Lemma 2.1 we see that there exist positive constants K; and Ky
such that
(3.2)

K027 < dllpo < Koh®P1and - Kih*P70 < [dyillpa < Kah?/P70,

where h is the mesh size of 7.

Lemma 3.1. For 1 < p < oo, {h'"%P¢,; : v € V,i = 0,1,2} forms a stable
basis for Sy (T) N Ly(Q), i.e., any f € S3(T) N L,() can be represented as f =
Y ovev Z?:o Ay i®u, for some a,; ER eV andi=0,1,2), and

2 1/p 2 1/p
Antrt (Z 2 |ay,i|p) < fllpo < B (Z 2_law ) 7
veV i=0

veV i=0
where A and B are positive constants independent of h and f.

Proof. Suppose that (ay;)vev,i=0,1,2 is a sequence of real numbers with the prop-

erty that (3, Z?:o @y, [P) P < 5. Since each ¢v,i (i =0,1,2) is supported on
St7(v) and satisfies the inequalities in ([B.2)), by Lemma 3.2 of [I8] we see that there
exists a positive constant B such that

2 2 1/p
Z Z av,i¢7j,i < Bh2/p_1 (Z Z av,i|p> .

veV i=0 veV =0

On the other hand, suppose f € S3(7) N L,(Q). Then f = Y wev Z?:o Qy,i Gy, for
some a,,; € R (v €V and i = 0,1,2). By @) we have a,; = (f, d,) for v € V
and ¢ = 0,1,2. By Lemma 3.1 of [I8], there exists a positive constant C' such that

2 1/p
(Z > |) < CHI=2/7| fl], 0.

veV i=0

p,§2

This shows that {h'=%/P¢,; : v € V,i = 0,1,2} forms a stable basis for S3(7) N
L,(). O

By Lemma 2.2, there exists a constant C' > 0 such that |¢v’i|35,p < Ch2/r=1-n
for 0 < p <2+1/p. With the help of Lemma 3.3 of [I§], we deduce from Lemma
3.1 that S3(7) N Ly(Q) € BY,(Q) for 0 < pp < 2+1/p.
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Let @ be the linear operator given by

2
Qf = Z Z<f7 (Z;v,i>¢v,ia

veV 1=0

where f is a locally integrable function on Q. In light of (3] we see that Q is a
projection onto S3(7). In particular, Qq = ¢ for ¢ € Ilz|q. Hence, the following
Jackson type inequality is valid. See [I7] for details of the proof.

Lemma 3.2. If f € L,(Q) for 1 <p < oo or f € C(Q) for p= o0, then
Hf - Qf' P, S Cw3(f7 h)pv

where C' is a constant independent of h and f.

4. REFINABLE SPACES OF C'! QUADRATIC SPLINES

In this section we discuss multiresolution analysis of Besov spaces by using a
sequence of refinable spaces of C! quadratic splines. Then we establish norm equiv-
alence for Besov spaces on the basis of multilevel decomposition.

Let € be a polygonal domain in R?, and let 7 be a quasi-uniform triangulation
of Q. We assume that the mesh size of 7 is 1.

Let 79 := T and 7y := §4(7—1) for k = 1,2,.... Clearly, the mesh size of Ty
is 27%. Also, 75, is a subdivision of 7,;*. Suppose f € S}(Ty) and e is an edge
of Tx41. Then the normal derivative of f on e is a linear function. Hence, the
normal derivative of f at the middle point of e is equal to the average of the normal
derivatives of f at its two end points. This shows that S3(7;) C S3(Z41) for
k € Np.

Suppose 1 < p < oo. Fix p for the time being. In what follows, |||, o will be
abbreviated as ||-||,. Let

(4.1) F:=S3(Tx) N Ly(Q), k=0,1,2,....
For 0 < u <2+ 1/p we have
FoCF, CFyC---C le:,p(ﬂ)

It will be shown later that [J;—, Fi is dense in BY () for 1 < p < co.

For each k € Ng, let V}, denote the set of vertices of 7, and let E), denote the set
of edges of 7j. For v € V, and i =0, 1,2, let ¢, ; 1 be the unique spline in 5”21 (Tx)
such that

00,0,k (V) D19y 0,k(v) Dayok(v) 100
(4.2) ©o1,k(V) Digy1k(v) Dappir(v)| =10 1 0
©p2.k (V) Di1gy2k(v) Dawyar(v) 0 01
and
(4.3)

()Ov,i,k(w) = 0) Dl@v,i,k(w) = Oa DQ@’U,Lk(w) = Oa 1= 07 1a 2) w e Vk \ {U}
For k € Ny, v € Vi, and ¢ =0,1,2, let

d)v,i,k = QO'U,i,k/HQO'U,i,k”Z-
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Lemma 4.1. Supposel <p<ooand0 < u <2+1/p. Let f, € F,, k=0,1,....n
Then there exists a positive constant C' independent of n such that

1/p
[2’“‘|fk||p}’”> -

n

gC(Z

By, () k=0

Proof. Each f; may be represented as f; = ZvEVk E?:o Cv,i,kPu,i ks Where ¢y
are real coefficients. By Lemma 2.1, there exist positive constants K; and K5 such
that

Kl(z_k)Q/p_l < ||¢v,i,k||p < K2(2_k)2/p_1-
Moreover, by Lemma 2.2, there exists a positive constant K such that
|bv.iklBe @) < K(27k)y7r(27k)2/p1,

By Theorem 5.1 of [18], (¢u,i,k)keN,,vevi,i=0,1,2 s @ Bessel sequence in BY () with
respect to the semi-norm. More precisely, there exists a constant C; > 0 such that

>3 S auial, 2a(S T Sveaur)

k=0veVy =0 k=0veV i=0

On the other hand, Lemma 3.1 tells us that

2 1/p
G (S S lenas) < il

veVy 1=0

Prp

where C5 is a constant independent of k. Consequently, there exists a positive
constant C' independent of n such that

n » 1/p
< C(Z (2541 £l ) :
By p ()

k=0

Furthermore,

n

infknp (@) (@ )

k=0

(i )Uq (Z [2k“|fk||p]p)l/p,

k=0

>
k=0

where 1/q¢ + 1/p = 1 and Hélder’s inequality has been used to derive the last
inequality. Combining the above two estimates together, we establish the desired
inequality. O

It was shown in §3 that there exist functions ¢, € Sa(77") N L,(Q) such that

1 ifv=wand=yj,

<év7i,ka¢w,j,k> = {

0 otherwise.

Each qhgw,k is supported on Str, (v). Moreover, there exist two positive constants
K7 and K5 such that

Ky (27570 < |y illp < Ka(27F)2/P7 1
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Let Q be the linear operator given by

2
(44) Qkf = Z Z<fa g)v,i,k>¢v,i,ka

veVy i=0

where f is a locally integrable function on 2. Then @} is a linear projection onto
Fr. If f e Ly(R) forl < p <ooor feC(Q)for p= oo, then it follows from
Lemma 3.2 that

If = Qiflly < Cws(f,27%),,

where C' is a constant independent of k and f.

Lemma 4.2. Suppose f € B (), where 1 <p < oo and 0 < <2+ 1/p. Then
(45) lim [ @uf — fllg, @ = 0.

Consequently, \J,_, F, is dense in B (Q).

Proof. There exists a positive constant C; such that

1Qus1f — Qufllp S 1Qrs1f — Fllp + If — Qufllp < Crws(£,27%), Vk e No.
It follows that

n 1/p
(Z [254|Qrar f — Qkf|p]”)
(4.6) =0

n 1/p
<Oy (Z[Qk”wa(ﬁ?—k)p]p) < CilflBg (0
k=0

In particular, if f € B () for 1 < p < oo, then >heo [2’”‘||Qk+1f — Qkf||p]p is
a convergent series. Suppose 0 < m < n < oo. By Lemma 4.1 we have
n—1

1/p
A7) 1Quf = Quflms o < Cz(z 25 Qo f Qkfnpr’) 7

k=m

where C5 is a positive constant independent of n. Hence,
tin_ @0 — @Sl = 0

In other words, (Qnf)nen is a Cauchy sequence in B (€2). Consequently, there
exists some g € B () such that

m

Lim (|Quf — gllsy, @ = 0;

but lim, e ||@nf — fllp = 0. Therefore, g = f. This proves (LI)). It follows that
Un—o Fn is dense in BY (). O

In [II], DeVore, Jawerth, and Popov investigated norm equivalence based on
wavelet decomposition. In [28] Oswald further considered norm equivalence for
finite element spaces. The following result on norm equivalence is pertinent to our
purpose.

Lemma 4.3. Suppose 1 <p <00 and 0 < pu < 2+1/p. Then the norm | f| g (o)
is equivalent to

[’} 1/17
1Qofll, + <Z[Qk“|c2k+1f - Qkfllp]p> .

k=0
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Proof. Suppose f € Bf (). By ([I) and ({.1) there exists a positive constant Cy
independent of f such that

If = Qofllsy, @ = lm [[Qnf = Qoflsy, @

48 = v
(48) <Cy (Z (21 Qu 1 f — Qkfllp]p) :

k=0

This in connection with (L8] gives
If = Qoflls, @ < CalflBs, @)

where Cs is a positive constant independent of f. Moreover,

1Qufllp < Ifllo + 1Q0f = Fllp-

Therefore, there exists a positive constant C3 such that

oo

1/p
|Qdm+(ZI%HQHJ—meV) < Cslflle, YfEBL(Q).

k=0
On the other hand,

I fllBE ) < 1QofllBe ) + If —Qofllse, @)

By Lemma 4.1, there exists a positive constant Cy such that

1Qof B, ) < CallQofllp-
This together with (£8)) tells us that there exists a constant C' > 0 such that

oo

1/p
1l o < c[nczofnp n (Z 2 Qupnf — Qkfnp}”) ]

k=0

The proof of the lemma is complete. O

5. STABLE WAVELET BASES

The purpose of this section is to develop a general theory for wavelet bases in
Besov spaces. Let us begin with a useful inequality related to Banach spaces.

Let X be a Banach space with norm ||-||. Let Fy, F1, ..., F}, be closed subspaces
of X such that

FpCF C---CF,
For j =0,1,...,n, let R; be a linear projection from F;, onto F}. Set R_; := 0.
Lemma 5.1. Suppose there exist some v > 0 and a constant K > 0 such that for
k>3,
(5.1) IR fI| < K2""Df| Y f € B
If f=50_ofx with fi, € Fx, k=0,1,...,n, then for p > v and 1 < p < oo,

n

52 (e ony) " co(Spmr)

g k=0

where C' is a constant depending only on K, p and v.
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Proof. Tt follows from (B.1]) that
IR = Ry o) FIl < IR I+ 1By Il < KL+ 292D ]|V f € P
For k < j we have (R; — R;_1) fr, = 0. Hence,

n

(Rj —Rj1)f = Z(Rj = Rj—1) fi.

k=j

Consequently,
249|(Ry — Ry—1) f|| < K(1+27) ) 27 (D= [okw) f].
k=j
Note that

- 1

E :2—(k—j)(u—u) < -
-1 —92-(p—v)

k=3

Therefore, (5.2)) is valid with C' := K(1 +2")/(1 — 2=(#=")). See Lemma 4.1 of
[18]. O

Let € be a polygonal domain in R?, and let 7 be a quasi-uniform triangulation
of Q satisfying the minimum angle condition. We assume that the mesh size of 7°
is 1. For k=0,1,2,..., let F} be the space as defined in [@I]). We have

FoCF, CFyC---C le:,p(ﬂ)’
where 1 < p < oo and 0 < p < 2+ 1/p. Moreover, | J;—, Fy is dense in BY (Q).
Suppose Py, is a linear projection from Fj, onto Fj_1 (k=1,2,...) and Py = 0.
The operator norm || Py is induced from the L, norm on Fj. Let Gy := ker P,
k=0,1,2,.... Then Fy = Go and F = Fy_1 + G, k=1,2,.. ..
Lemma 5.2. If there exists some v < i and a positive constant K such that
[Prsr -~ Bif| < K270

for all integers k and | with 0 < k < I, then there exists a positive constant C
independent of n such that
n 1/p
(53) (Z [2’W|gk-|p]”> <C
k=0
provided g € Gy, for k=0,1,...,n.

Proof. Let n € N be fixed. For k = 0,1,...,n — 1, define Ry := Pyq1--- Py,
and let R, be the identity mapping on F,. For f € F,, set fo := Qof and
fe=Qrf—Qr_1f for k=1,...,n. Then f = >, _, fr with f; € F} for each k.
By Lemma 4.3, there exists a positive constant C; independent of n such that

n 1/p

(S E1Al)") < Calllisg o

k=0

9

Byp(Q)

n
D9
k=0

This in connection with (52) gives

n 1/17
(Z 27+ Ry — R“)fn]”) < Clflppy ¥f € Fun

k=0
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where R_; := 0, and C is a constant independent of n. Now suppose f = ZZ:O Gk
where g € Gg. Then (Rx — Rip—1)f = gx, £ = 0,1,...,n. Consequently, (53]
follows from the above inequality at once. Il

Suppose ¥, € Gy, for j € Ji, k = 0,1,.... Each v, is supported in St% (vjk)
for some vertex wv;, of 7j, where N € N is independent of j and k. The functions
Yk are so normalized that |[¢;x|l, = 27%*. Suppose {2¥¢);, : j € Ji} forms a
stable basis for the space G} equipped with the L, norm. In other words, there
exist two positive constants C'y and C5 such that the inequalities

1/p 1/p
(5.4) C 27k [Z |Cjk|p] < Z cirbin|| < Co27 K {Z |Cjkp}
p

JE€EJk JE€EJk JE€EJIk

hold true for all sequences (cjk)jes, With 32, [cjklP < oo.

Theorem 5.3. Suppose Py, is a linear projection from Fy onto Fr_1 (k=1,2,...)
and Py = 0. If there exists some v < p and a positive constant K such that

[ Pegr - Py < K2v0=F)

for all integers k and | with 0 < k < I, then there exist two positive constants A
and B such that

59 A(X S leut) <

k=0j€eJ}

Z Z cikWjk

k=0j€J)

o0 1/p
< B(Z > cjk|p> :
Bp.p(2)

k=0j€J)

Proof. Since |[¢;p|l, = 27*#, there exists a constant K such that [|¢;x]| g o) < K,
by Lemma 2.2. The second inequality in (B3] can be easily derived from Theorem
5.1 of [18].

For k =0,1,..., let g, := ZjeJk cikjr. By Lemma 5.2, there exists a positive
constant C' independent of n such that

(Z [2’W||gk||p}”)l/p <C

k=0

Z Z CikWVjk

k=0j€J)

B (@)

This in connection with (B4]) verifies the first inequality in (5.5). O

6. CONSTRUCTION OF WAVELETS

We are in a position to construct C'' wavelet bases on general triangulations. In
particular, for the three-direction mesh, the wavelets will be given explicitly.
Let Ej be the set of edges of 7. For f,g € Fy, and e = [v1,v2] € E}, define

(6.1) (f, gbe := 272 [f(v1)g(v1)+De f (V1) Deg(v1)+f (v2)9(v2)+De f (v2) Deg(v2)]
Accordingly, || f||? = (f, f)e. Furthermore, define

(62) <f7g>Tk = Z <f7g>e-

ecEy,
Consequently,
I£17 = > 112
ecly

It is easily seen from Lemma 3.1 that the norm ||f|l7, is equivalent to the norm

I1f

|2,0-
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For k € N, let P be the orthogonal projection from Fj to Fjy_; with respect
to the inner product given in ([G2l). Thus, for f € Fy, Pif € Fi_; satisfies the
following condition:

<f_Pkfag>Tk:0 VgEFk,]_.
Consequently,
1Pl < Ifllz Vf € Fi

Lemma 6.1. There exists a positive constant Ao < 4 such that

(6.3) 1Pefllzioy < Aollfllm YV f € F

Proof. We have
||Pk‘fHTk—1 < HpkaTk—l
Iflln = IPeflln
Thus, it suffices to estimate ||g||z._,/llgllz. for g € Fr_1.

Recall that
lglg . = > llgllZ.

ecE_4
Suppose e = [v1,v2] € Ex_1. Let vg := (v1 + v2)/2 be the middle point of e. Then
e = e; U ey, where ey := [v1,v0] and eq := [vg,v2] are two edges of 7. Let us
estimate
lgll2, + llgll2,
llgll2

Note that D, = D.,. Let
a; :==g(v;) and b; = D, g(v;), i=0,1,2.

For 0 <t <1, let g(t) := g((l —t)uy + tvo). Then ¢ is a quadratic polynomial on
[0,1]. Suppose q(t) = at? + Bt + v, where o, 3,7 € R. Clearly,
2q(0) +¢'(0) = 2v + B = 2q(1) — ¢'(1).

But ¢(0) = g(v1) = a1 and ¢’(0) = D., g(v1) = by. Similarly, ¢(1) = g(vo) = ag and
¢’ (1) = D.,g(vo) = bg. Consequently,

2@1 + bl = 2@0 — bo.
Similarly,

2ag + by = 2a9 — bs.
It follows that

[(CLQ —b0/2)2+(a0+b0/2)2] = [((11 +b1/2)2—|—(a2 —b2/2)2] .

N~

1 1
a2+b2 > a?ﬁ—zbg =3
Therefore, we obtain

lgllZ, + llgllZ, = 27°"(af + b7 + 245 + 2b5 + a5 + b3)
> 27%[al + b7 + (a1 + b1/2)* + (a2 — b2/2)* + a3 + b3).

Let ¢1 := Deg(v1) and ¢2 = D.g(v2). Then by = ¢1/2 and by = ¢5/2. We have

1 5
Al +bi+(a1+b1/2)* = artei/A+ (a1 +e1/4)* = 2a] + S+ 35 ¢ > polal +),

where pg is the minimum of the two eigenvalues of the matrix

[134 51//146] '
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A simple computation yields

37— /793

po = 39

The same argument tells us that

1 5
a% + b% + (a2 — b2/2)2 = 2a§ — —a9Cy + — c% > po(ag + c%)

2 16
Therefore,

- PO [—2(k— Po
lgll2, +1gl2, > 27* polat +c+as+e3) = 7 [2 PED (@ reitai+ )] = 7 allZ-
Consequently,

lgllzos < Xollgllz Vg € Frn,
where
4 1 1
NPV EN: RS
Po 3
We conclude that (63]) is valid for this Ag. O

For k € No, v € Vi, and i = 0,1,2, let ¢, be the unique spline in 5‘21(7;@)
satisfying (2) and @3). We have |puokllz ~ 27% and ||gy,ikll2 ~ 272% for
1=1,2.

If v,w € Vi, and v # w, then (pu ik, Pwjk)7 =0, 4,7 =0,1,2. If v € V}_; and
w € Vi, then (Yy k-1, %Pw,jk)7 = 0 unless w = v or w is the middle point of an
edge in 7j,_; incident to v. Moreover, since the values and the gradients of ¢, ; x—1
and ¢, ;1 at v are equal, we have

<(pv,i,ka va,j,k—l>7—k = <§Ov,i,ka va,j,k>Tka Za.] = 07 17 2.

Let us consider the matrix

<<90v,i,kv ‘Pv,j,k>7’k)

i,j=0,1,2

We have (py0,k, 0v,0k)7 = 272 and (pu,0.k, Pu k)7, = 0 for j = 1,2. Suppose
e1,...,en (N > 2) are all the edges in 7 incident to v and e, = (T, Sm) for
m=1,...,N. Then D, = r,D1+ s, Ds. Consequently,

N N
{@m,k, o1k T P,k <Pv,2,k>7k} — 92k Yom=tTm  me1TmSm
(Po,2,k, Po,1k) T (Po,2,k Po,2,8) T S Pmsm Y82
Note that
N N
Zm:l T?n Zm:l TmSm|
5 =

N
‘Zm_l T'mSm Zm:l Sgn

Hence, the matrix (<80v,z‘,ka Sﬁv,j,k>7k)i =012 is invertible. Moreover, we have

Z (rmsn — rnsm)2.

1<m<n<N

(r189 —7951)% = (1 + s2)(r3 + s2) sin? 6,

where 6 is the angle between the edges e; = (11, 1) and es = (72, s2). Therefore,
the inverse of the matrix

N N
[ Zm:l T?n Zm:l Tmsm]

N N
Zm:l TmSm Zm:l 81271
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is bounded by 272* K, where K is a constant depending only on the smallest angle
of the triangulation 7.
Let
Dok 1= Poik/lPvikll2:
It follows that

(Po,iks Pojk—1) T, (Puiks Po,jk) To
(Doiks Pojk—1)T,, = = .
lpw,ikll2l@ogr—1llz  [evikll2llpur—1ll2
Consequently, the inverse of the matrix ((qbv)i’k, (bw,k,l)n)i i=1.2 is bounded by a

constant depending only on the smallest angle of 7. Therefore, for each v € Vj,_1,
the inverse of the matrix

(<¢v,i,ka ¢v,j,k71>7k>

is bounded by a constant depending only on the smallest angle of 7.
Suppose e = [vg,v1] € Er_1. Let v, be the middle point of e. Consider the
functions 1, ;1 (i =0,1,2) given by

4,j=0,1,2

%e,o,k ¢ve,0,k ¢v0,0,k ¢v1,0,k
(6.4) Yoo 1k | = |Pve1k| — Bo | Guo,1k | — B1 | @ur,1k ]| s
'(/}'ue,2,k ¢ve,2,k ¢v0,27k ¢v172,k

where By and B; are the 3 x 3 matrices such that (Y, ; k, ¢w, jk—1)7, = 0 for all
w € Viy_1 and 7,5 = 0,1,2. In light of the preceding discussion we see that this
happens if

(6.5) By (<¢vo,i,k; ¢v0,j,k—1>’1'k>
and

(6.6) By <<¢v1,i,k, ¢v1,j,k—l>’2’k>i’j:0’1’2 = <<¢ve,i,k; ¢v1,j,k—1>’]’k>i’j:0’1’2~

The matrices on the right-hand side of ([G3) and (66) have upper bounds in-
dependent of k£ and the choice of the edge e; but the inverses of the matrices
(<¢vo,i,k7¢v0,j,k—1>77€)i,j20’172 and (<¢v17i,k’¢v1,j,k—l>7’1¢)i,j:0,172 are bounded by a
constant depending only on the smallest angle of 7. Therefore, both By and By
have upper bounds independent of £ and the choice of the edge e.

- (<¢ve,i7k’¢1’0’j”“‘1>7k>

4,7=0,1,2 i,7=0,1,2

Theorem 6.2. Fori = 0,1,2, k € N and e € Ey_1, let Y, ;1 be the function
given in ([G4]) with By and By determined by ([65) and (G.06). Then

(6.7) {$vi0:v € Vo,i=0,1,2yU | J{27¢Pu in € € EBy_1,i=0,1,2}
k=1

is a Riesz basis in H*(Q) for po < p < 5/2, where

V13 + V61
=)

Lo = log2( ~ 1.927.

Proof. Suppose 0 < k < [. By Lemma 6.1 we have
1Pesr - Pifllz, <220 R| fll; Vf € B
Hence, there exists a positive constant K such that

[Piyr- Puflla < 20K flla ¥ f € F.
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Let Gx :=ker Py, k=0,1,2,.... Then Fy = Gy and Fy, = F_1+ G, k=1,2,....
Clearly, ¥y, ik € G-

For k € Ny, {¢v,irx : v € Vi,i=0,1,2} forms a Riesz basis for F, equipped with
the Ly norm and the Riesz bounds are independent of k. Indeed, by Lemma 3.1,
there exist two positive constants A; and A, independent of k& such that

2 1/2 2 2 1/2
Ay < Z Z |av,i,k|2> < Z Z i kbuik|| < A2 ( Z Z |av,i,k|2>
2

vEV}, i=0 vEV} i=0 vEV}, i=0

for all real coefficients a, ; . By the construction of the wavelets ¢, ;  in ([6.4), we
see that {¢,, ;% e € Ex_1,1 =0,1,2} is a Riesz sequence in Gj. More precisely,
there exist two positive constants C; and C5 independent of k such that

2 1/2 2
O1< > Z|Cve,i,k|2) <UD D coiktuin

e€Ey_, i=0 e€E_, i=0 2
2 1/2
2
< 02( § E |C'Ue,i,k >
e€Ej_1 i=0

for all real coefficients c,, ;. Suppose f € Gj. Then f can be represented as

2 2
f: Z che,i,k¢ve,i,k+ Z Zdv,i,k¢v,i,k;

e€FE_1 1=0 veEVE_1 1=0

where ¢, ;1 and d, ;1 are real coefficients. Since 1, ;1 € Gy for e € Ep_; and
1 =0,1,2, we have

2
< Z Zdv,i,k¢v,i,k, ¢w,j,k—l>T = O; w e Vk—laj = Oa 1; 2.
[

vEVE 1 1=0

For v,w € Vj_1 and v # w, we have (¢, ; k, Pwjk-1)7, =0, 3,7 = 0,1,2. Hence,
it follows that

2
> ik bwik: Suwik-1)7, =0, j=0,1,2;
i=0
but the matrix ((¢w,i7k, ¢w,j,k—1>’2’k.)i 0,12 is invertible. Therefore, d,, ;, = 0 for
all w € Vi1 and ¢ = 0,1,2. This shows that the set {1, ;€ € Ex_1,i=0,1,2}
is a Riesz basis in G with the corresponding Riesz bounds independent of k. By

Theorem 5.3, we conclude that the set given in (6.7) indeed forms a Riesz basis in
H*(Q) for pg < pp < 5/2. O

Remark 1. The range of 1 in Theorem 6.2 can be improved by choosing a different
inner product in (GI). For f,g € Fy, and e = [v1,v2] € Ey, define

(f.9)e =27%(f(v1)g(v1) + [f(v1) + Def (v1)/4][g(v1) + Deg(v1)/4]
+[f(v2) = Def(v2) /4][g(v2) — Deg(v2) /4] + f(v2)g(v2)).
Furthermore, define (f, g)7, = >_.cp, (f, 9)e. Let us estimate [|g[|z,_,/[lgll7 for

g € Fr,_1. We have
lolz ., = > llallZ.

ecEr_1
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Suppose e = [v1,v2] € Ex_1. Let vg := (v1 + v2)/2 be the middle point of e. Then
e = e1 Ueg, where e; := [v1,vp] and ey := [vg, v2] are two edges of 7. Let

a = g(v1), by = g(v1) + Deg(v1)/4, and  a := g(vz), bz = g(v2) — Deg(v2) /4.

A simple computation gives

a1 + b1\ 2 3b1 + ba\ 2 b1 +bo\2
oy Bty (bt
b1+ bg\2 b1 + 3ba .2 as + by 2 2
2 )+( 4 )+( 2 )+a2}
=27 [ay, by, az, bo] Alar, by, az, bs]7,

lgll2, + g2, =272 [a3 + (

+

where A is the 4 x 4 matrix

10 2 0 0
112 11 7 0
gl0 7 11 2

0 0 2 10

The smallest eigenvalue of A is A = (7 — v/13)/8. Hence,

7—V13 __ 7— \/_
lgll2, + glle, > —5— 27 (af + b1 + b5 + a3) = —5—lglI2.
It follows that
32 2(1+V13)
gz, < Vi3 lgllz = 3 gz Vg€ Fr.

Following the approach of Theorem 6.2 we can construct a similar wavelet basis in
HH*(Q) for p; < p < 5/2, where

2(1+V13)
3

1 :=logy ~ 1.618.

Remark 2. The wavelet basis constructed in Theorem 6.2 can be modified so that
they satisfy the homogeneous boundary condition

of
=0 d — =0
floo M B laa ’

where % denotes the normal derivative of f.

Let © be a bounded Lipschitz-graph domain in R?. For 1 < p < oo and 0 <
O

p < 2+ 1/p, we use BE () to denote the closure of C}(€2) N B ,(Q) in B (),
where C!(€) denotes the linear space of all continuously differentiable functions
o]

with support contained in €. In particular, H{(Q) = Bg)g(ﬂ). Suppose in addition
o

that Q is a polygonal domain and 7 is a triangulation of ). For k € Ny, let V}, and

(] (]

E. be the set of interior vertices and interior edges of 7, respectively. Let Fj be
the space of those functions i in S3(T) for which f(v) = Dy f(v) = Dyf(v) = 0 for

all v €V, \Vk Thus, for f eFk, we have f|aq = 0 and af ‘BQ = 0. Moreover,

[¢] o] [¢]

FoCFi CFyC--- CBg’p(Q).
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Let Qi be the projection operator given in (Z4). For g € C} () N B (), we have
o
Qng € F, for sufficiently large n. By Lemma 4.2,
Jim 1Qnf — fllBr, () = 0.

o o
Consequently, |J~  F, is dense in B (). Let Py be the orthogonal projection
o

o
from F}, to Fj,_; with respect to the inner product given in ([G2]). Then there exists
a positive constant Ay < 4 such that

[¢]
1Pefllzioy < dollfllz V. f €Fp

Without loss of any generality, we may assume that at least one of the end points
of every interior edge of 7 is an interior vertex. Indeed, for any triangulation of 7,
71 := 04(7) must satisfy the above condition. Thus, if necessary, we may replace
7T by 77 in our consideration. Suppose e = [vg, v1] is an interior edge of T_1. Let
ve be the middle point of e. We choose 1, ;1 (i = 0,1,2) as in ([@4)), but we set
By = 0 if vy is a boundary vertex. In light of the same argument as in Theorem
6.2, we may conclude that

o o0 o
{bvi0:v€Vy,i=0,1,2}U U {27 apy i e €E,_1,i=0,1,2}
k=1
is a Riesz basis in H}'(Q) for po < p < 5/2, where py = logy Ao < 2. O
Finally, let us consider the triangulation 7 of R? given by

7= (n+nNUm+),

YEZ2

where 71 is the triangle with vertices (0,0), (1,0), and (1,1), and 75 is the triangle
with vertices (0,0), (0,1), and (1,1). This triangulation is generated from three
families of lines: 1 = j, o = j, and ©1 — x93 = j, j € Z. Thus, such a mesh is
often called the three-direction mesh.

Let ¢, ¢1, ¢2 be the elements in 5'21 (7)) satisfying the following conditions:

#0(0) D1¢o(0) D2¢o(0) 1 00
$1(0) D1¢1(0) Do2p1(0)| = [0 1 0],
$2(0)  D1¢2(0) Da2¢2(0) 00 1
and
$i(B) = D1¢s(B) = D2gi(8) =0 VB € Z*\ {0} and i =0,1,2.
For k € Ny, i =0,1,2 and 8 € Z2, let
ba/2rik(@) = 25¢i(25 2 — 8), = e R

Let ~€k denote the collection of all horizontal and vertical edges of 7. For
f,9 € S3(T) and e € &, let (f, g) be the inner product as given in (6.1). Moreover,
define

(6.8) (f.9)5. =D (f,9)e and ||fllz, =V {F, )z
eely

Note that the edges of 7y in the direction of diagonals are not included in &. But
the norms || f||2 and || f||z, are still equivalent. Moreover, Lemma 6.1 remains valid
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for the inner product and norm given in ([6.8). It is easily seen that
(foo)m =27 Y [4f@ 7 8)g(27"B) + 27D f(27 B) Dig(2706)
Bez?
+27H D, £(27F 8) Dag (277 )]
In particular,
1 1
(f9)1 = Z {f(ﬁ/Q)g(ﬁ/Q) +t3 D1 f(B8/2)D19(B/2) + 3 Dy f(8/2)D2g(8/2)|.
BeZ?

Let V := {v1,va,v3}, where v; = (1/2,0), vo = (0,1/2), and v = (1/2,1/2). As
was done before, the wavelets v, ; (v €V, i=0,1,2) are constructed as follows:

(Yo 0| [Bor01] 1 (2 2 0] [¢0,0),01] 1 (2 =2 0] [¢a,0)01]
Pur 1 Guy11| — 1 =2 =2 0 [¢0,0),1,1]| — 1 2 =2 0| |¢a,0,1.1
(Vo2 [ Poy 2.1 1 2 2] |d0,0),2.1] -1 2 2] [¢a1,0),21]
[Vos0]  [Pvay0.1] 1 (20 27 [¢0,0)01] 1 (20 —=2] [é0,1),01]
Yus 1 GPup11 | — 1 12 2 [¢00,1,1]| — 1 -1 2 2| [do1),1,1
(Vv 2| [ Pug21] =2 0 —2] |0,0),2.1 ] 12 0 —=2] [d0,1),21]
and
[Yos0]  [Pus01] 1 (2 2 2][¢00)01 112 =2 —2{[%a.01
Yoz 1 Pug 11| — 1 -1 0 =2|{¢00),11]| — 1 10 =2{{éa,1),1,1
| Yvs2| [ Pus2.1] -1 =2 0 || 90,021 1 =2 0 ||oa,1).2.1

The following result is a consequence of Theorem 6.2.

Theorem 6.3. Forv eV andi=0,1,2, let 1, ; be the wavelets constructed above.
Then

{p:i((—B):i=0,1,2, B Z2}U | J{27 i (2" —B) v €V, i=0,1,2, B € 2%}

k=1

is a Riesz basis in HM(R?) for po < p < 5/2.

Let 7 be a general triangulation of a polygonal domain © in R2. For k € Ny, the
mesh formed by the triangles of 7, contained in a fixed triangle 7 of 7 can be viewed
as a three-direction mesh. Let e be an edge that is not a part of any edge of 7.
Then the wavelets 1, ;, (4 =0,1,2) in Theorem 6.2 can be obtained by applying
a suitable affine transform to the wavelets constructed just before Theorem 6.3.
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