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MODIFIED TAYLOR REPRODUCING FORMULAS
AND H-P CLOUDS

CARLOS ZUPPA

ABSTRACT. We study two different approximations of a multivariate function
f by operators of the form 25\1:1 T f, zi](z) Wi(z), where {W,;} is an m-
reproducing partition of unity and 7 [f, z;](x) are modified Taylor polynomials
of degree r expanded at z;. The first approximation was introduced by Xuli
(2003) in the univariate case and generalized for convex domains by Guessab
et al. (2005). The second one was introduced by Duarte (1995) and proved in
the univariate case. In this paper, we first relax the Guessab’s convexity as-
sumption and we prove Duarte’s reproduction formula in the multivariate case.
Then, we introduce two related reproducing quasi-interpolation operators in
Sobolev spaces. A weighted error estimate and Jackson’s type inequalities for
h-p cloud function spaces are obtained. Last, numerical examples are analyzed
to show the approximative power of the method.

INTRODUCTION

Recent developments made in the context of meshless methods have demon-
strated the simplicity of adding hierarchical refinements to a low order set of shape
functions (e.g. [2, 3, 4]). The basic idea of the method is to multiply functions
in a partition of unity {VVZ}Z\L1 (i.e. MLSF) by Taylor’s polynomials at nodes z;.
The resulting functions, called h-p cloud shape functions, have good properties,
such as high regularity and compactness; linear combinations of these functions
can represent polynomials of degree p. This property allows the implementation
of p and h-p adaptivity leading in many situations to spectral convergence. This
combination has also been successfully used with FEM partitions of unity [11].

In this paper, we consider partitions of unity which have algebraic precision equal
to m > 1, and we study quasi-interpolation operators of the form

N
(0.1) IS(x) =Y Ti[wi,x] Wi(w),
i=1
where 7;[z;, x| are modified Taylor polynomials of degree k expanded at x;.

It is important to know the algebraic precision that can be obtained with the
operator ZS. In the univariate case, Xuli proved in [I5] that an appropriate com-
bination of Taylor polynomials yields algebraic precision equal to p = m + k. This
result was generalized by Guessab et al. [§] to the multivariate case when the
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domain is convex. Xuli’s work, however, was preceded by Duarte. In fact, many
years before Xuli, Duarte [2, [3] 4] noted that the use of Taylor polynomials of the
same degree as those that are reproduced by {W;} yield singular or near singular
stiffness matrices in Galerkin schemes. Then, he proposed using only polynomials
which are missing in the linear combinations of {W;} and a reproduction formula
which he proved only in the univariate case [2].

These different approaches suggest different h-p cloud function spaces. We show
in the last section that, amazingly, the first approach produces better numerical
results, even if the linear system is ill conditioned. Therefore, further investigation
into this approach may be worthwhile.

Our first contribution in this paper deals with reproduction formulas:

e Xuli’s reproduction formula: we show that the convexity assumption in [§]
can be relaxed. In fact, it is only needed that the support of function W;
be star shaped w.r.t. node z;, i =1, ..., V.

e Duarte’s reproduction formula: we prove it in the multivariate case.

In the second contribution of this work, we introduce two quasi-interpolation
operators which are suggested by the reproduction formulas. Averaged Taylor
polynomials must be used to define the operators in Sobolev spaces and are a natural
generalization of the Verfiirth’s quasi-interpolation operator [13]. Then, we prove
a general weighted error estimate for reproducing quasi-interpolation operators.
From these error estimates, Jackson’s type inequalities can be derived for h-p cloud
function spaces.

The paper is organized as follows. In Section [l we give the basics of the
h-p clouds theory. Section 2] deals with the reproduction formulas of Xuli and
Duarte. We prove therein the generalization of Guessab’s result and Duarte’s
reproduction formula in the multivariate case. Section [l is dedicated to quasi-
interpolation reproducing operators in Sobolev spaces, error estimates and con-
vergence. Finally, in Section M numerical experiments are analyzed to show the
approximative power of the h-p associated spaces.

1. h-p CLOUDS

Let ©Q be an open bounded domain in R™ with Lipschitz boundary 0. Given
u € D'(Q) and a € Njj we denote, as usual,

a\™" g\
Dau:(@?) (37) u, lal=ar+ - 4a, ao=a! - a,l
1 n

For ¢ > 1 and s € Ny, we call W;(Q) the Sobolev space which consists of all the
functions u € L(Q2) such that D*u € L1(Q) for |a| < s. Given j € Ng, 0 < j < s,

we define
1/q

‘u|j,q: Z HDauH%LI(Q) 5

=7
therefore, the usual norm in W7 (Q) is defined by

1/q

Il

S
— q
sa = | DIl
=0
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If ¢ = 2, we denote, as usual, W5 (Q) = H*(Q2). When explicit reference to the
domain is needed, we denote || - [[s.q = || - lla,s,g @and | - | =1 |0, jq
Let @ be an arbitrarily chosen set of N points z; € Q referred to as nodes
QN ={z1, 29, ..., an}, €Q,
and let Ty := {wi}fvzl be a finite open covering of Q,
N
U Wy = ﬁ,
i=1
such that x; € w; ,i=1,..., N.
Remark 1.1. We have assumed w; C Q,Vi:i=1,...,N. Then, the sets w; are
relatively open in €.

Definition 1.2. Given d(Zy),m € N, a class of functions Sy := {VVZ}Z]\L1 will be
called a (d(Zn), m)-partition of unity subordinate to Zy if:

e W, e C(O)NWIIN(Q), Vi:i=1,...,N.

e supp W;)=w;, Vi:i=1,...,N.

e Sy has algebraic precision of degree m. That is, for every P € P™, we

have
N

P(z) = Z P(zi)) Wi (z), VYzeQ,
i=1
where P™ denotes the class of all polynomials of degree < m.
e Every w; is star shaped w.r.t. x;, that is,

[z, ;] Cwi, Vo € wy,
where [z, z;] is the segment joining = and x;.

The star shaped condition in ([2]) is a necessary ingredient in the reproducing
formulas of the next section. Furthermore, this condition is met in almost all cases
of practical interest.

Remark 1.3. If m > 1, the usual assumption of a partition of unity WW; > 0 is not
valid.

Remark 1.4. For simplicity, from this point on, we assume without explicit mention
that we are dealing with a (d(Zn), m)-partition of unity.

Definition 1.5. For each set T' C €, let i(T") be the set of indexes defined by
i(T) :={i:w ﬂT # 0}

T\Z: U Wy

i€i(T)

The set

is called the super-cloud of T.

The diameters

hi:= sup |[z—y|l
T,YyCw;

and
d7 = sup ||z~ y||
z,yeT
are usually key ingredients in error estimates.
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Let » > 0 be any integer. For¢ =1, ..., N, P] denotes the vector space of r-Taylor
polynomials at x;,

Pl=4Q:Q)= Y a(z—z)"

0<|v[<r

Definition 1.6. Let H be some space of functions. Given a linear operator
N

(1.1) Tt:HHHP{,
i=1

the associated r-modified approximation operator is the linear operator S7 : H —

C(Q) defined by
N
STlu]:=> T/l - W;, uweH and T"[u] = (T;"[u]),_,
i=1

In this work, we are mainly interested in the case where (H,|| - ||3¢) is some
Sobolev space of functions over 2 and the approzimation operators increase the
algebraic precision. That is,

ST[P] =P, VYPcpPm™

for some integer r > 0.

Two modified formulas will be studied in this paper: the first one is based on the
works of Xuli [I5] and Guessab et al. [§]; the other one refers to the investigation
of Duarte and Oden [3].

The h-p approximation operators can be used to estimate the approximating
power of h-p cloud shape functions of Duarte and Oden [3].

Definition 1.7. Let Py := {Q;}Y; such that
e (); is a vectorial subspace of P/, r; > 1, Vi:i=1,...,N.
e (; contains the constant polynomials, Vi:i=1,...,N.
The associated cloud shape function space is the vectorial space defined by

N
F(Py) = {w|w =Y PW;, BeQ;Viti= 1,...,N} .
i=1
The finite vectorial space F(Px) can be used in Galerkin approximation of the
solution of a boundary value problem. It is well known that a main tool in error
estimates for the solution of the boundary value problem is

inf U —w||n.
Lt flu=wll

2. REPRODUCING FORMULAS

In this section we study linear operators
N
TmEr Cm(ﬁ)qHPi’”‘*"", r € No,
i=1
such that the associated (m+r)-modified approzimation operator ST has algebraic

precision of degree p = m + r.
We shall first state an auxiliary result.
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Lemma 2.1. For every multi-index 8 € Nj, 1 < |5] < m, we have
N
Z(x —z)? =0, VreQ.
i=1

Proof. Writing

(.Z‘—Ii)ﬁz Z Ag)gIﬁ_(SI?,
0<6<p

we have

N N
Z(x —z)P Wi(z) = Z Ag,saP™? <Z ) Wz(””))

i=1 0<6<8 i=1
= Z )\ﬁ’g l‘ﬁ_é $6
0<6<p
=(@x-2)’=0. O

In the univariate case, Xuli [15] discovered that the operator

N
STlul(z) ==Y T [u] () Wi(x),
i=1

where
. r ul) (z; ,
T (@) = 3 s e (0 — ),
i=0 I
and
 (mtr =gt
I S Ty P TR

reproduces polynomials up to degree m + r.

This result was extended to the multivariate case by Guessab et al. [§] when Q
is convex. In fact, the convexity of () is a severe restriction that is not needed in
the proof. As we shall see, the star shaped condition in (2] suffices.

Given numbers ¢, € Njj, |a] < r, we shall consider the linear operators Tif’g“
defined by the modified Taylor polynomials

T u)(z) = Y caDula;) (¢ — ;)"
|a]=0

For z € Q, let w, be defined by
wy = {1 : W;(x) # 0}.

Therefore,
N
STlul(x) = > T2t [u)(x) Wilx)
i=1
= ) T () Wile).
€W,

It is clear from (L2) that, if i € w,, then [z, x;] C w;.
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Theorem 2.2. There exist constants c, € N§, |a| <7, ¢q = c(m,r, ) with c; =1,
and constants o3 € Njj, |6| =m+r+1,08= cr(m r,3), such that

Z Tm—i—r z(x)

1EW,
+ > Ri(z) Wiz)
1EWy
where )
Ri(x) = Z og (/ DPu(x; +t(x — xi))dt> (z — x;)P.
|B|=m-+r+1 0
Proof. We only need to adapt the proof given in [8]. We shall give the details mainly
because they will be useful in the analysis of the Duarte and Oden reproducing
operator. For i € w,, we introduce the univariate function g; : [0,1] — R defined
by
g(t) == u(z; + t(x — x;)).
By Taylor’s theorem, we have

m+r —j ! m+r—j
CAVE I OESY DT o0y —/%gfm+r+l)( ) dt.
0

— )17 —
= (k=J)! m+r—j)

Next, we multiply both sides by d,,r;/j! and sum over j from 0 to r. Then, we can
write

m+r m—+r k' (71)]67

Zamrj Z k |g2(k) (1) = Z Z j(lmrj (k)(1)7
Jj=0 k=j

o\ dlk-a )7

where k' = min{k, r}. Furthermore, it was shown in [I5] that

k'

—1)k—J .
Z(,')ia,m'm:() (k=m+1,..,m+r).
= JME=))!
Hence, noting that a,,,o = 1, we obtain
amr] m+r (k) mo(E amrg (k)
Z Z M+ 27-), g (1).
! = \= 7 il
Therefore7
"a m K k ia
k
SIS ORI sl paie = S PR

j=0 j=0

m

1=t (m+r+1)(t) gt
(m+r) gi '

O\H H

Finally, we multiply both sides of (Z3]) by W;(z) and sum over i in w,. Then, it
follows that

m k'

> Z ja’”” g (1) | W)

1C€w, \ k=1 =0
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can be rewritten as
m K
> (S | (S avam).
k=1 = 1EWy

Now, it is important to analyze the expression

S dPawi@), (k=1,...m).

€W
By Leibnitz’s rule, it follows that
(1) = Y veDu(a)(@ — )",
1Bl=k

Hence

> g > vaDu(x (

W; x))
iCwy |B|=Fk

Z VgDB (Z f—xz Wi ))
|B1=Fk
= 0

by (ZI)). Finally, we can write

zmM
H
|
§

s

S 0) | Wile) = ule) + Y Rila) Wila)

]
icw, \j=0 7 =
where
1
t™(1 — t
Rz( m/ (TT(Z+7“ z(m+r+1)(t) dt,
0
and the theorem follows. O

Corollary 2.3. There exist constants ¢, € Ny, 1 < |a| <71, ¢q = c(m,r, ), such
that for every P € P™T",

N
24) D [ P@)+ > caD*Plai)(z—x:)* | Wilz) =P(z), Ve

i=1 1<]al<r

Remark 2.4. Constants ¢, can be effectively calculated and depend on Xuli’s con-
stants a,;,,; and the constants appearing in Leibnitz’s rule of composite derivatives.

We observe that the modified Taylor polynomials expanded at nodes z; contain
polynomials of low degree that are reproduced by the class {W;}. It was observed
by Duarte and Oden [3] that this situation produces singular or nearly singular
stiffness matrix in Galerkin approaches because shape functions in the h-p cloud
space are not linearly independent. To overcome this drawback, they propose an
enrichment that only uses monomials of degree between m + 1 and m + r. The
following result was proved by Duarte and Oden in the univariate case and we shall
extend it to the multivariate case.
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Theorem 2.5. There exist constants ¢, € N, m+1 < |a| < m+r, ¢q = c(m,r,a),
such that for every P € P+,

(2.5)
N
Z P(x;) + Z CoaDP(z;) (7 — 2;)* | Wi(z) = P(z), Vo €.
i=1 m+1<|a|<m+r

Proof. Setting u = P and proceeding as in the theorem above, we have

i m—+r 71 kfj
(2.6) ¢9(0) = ; ((k_)j)!gg’f)u).

We consider first case j = 0. Then

m—r B k
W00 =3 o)

k=0

Next, we multiply both sides of (Z.6) by a constant b; that must be chosen and we
add the sum over j from m + 1 to m + r to (2.4). That is,

(0) =, = (-D* &
g9; (0) + Z bjg;”’(0) = Zik! g; (1)
j=m+1 k=0
m—4r m—+r i
(=1)FI
IR Zm9§ ')
j=m+1 k=j 7

Now, we shall show that constants b; can be chosen so that the right term is equal
to
(-1)F

k
y g (),

NE

>
Il

0

that is, we must eliminate all terms g(k)

; (1) with & > m. These terms can be
rewritten as

m—+r k s
(=" (=DF
k:zm:Jrl w Jrj:%:Hb] (k—3)!

It is easy to see that constants b; can be determined by induction from m + 1 to
m + r. Hence, we can effectively write

) = o) S (=DF
(2.7) 00+ Y =3 EE ),
j=m+1 k=0 ’

Next, we multiply both sides of [27)) by W;(x) and sum over 4 from i in w,:

m-+r
S0+ > bg?0) | Wile) = Pla)
i€wy j=m+1

mo Nk
o E (Z g£’“)<1>w¢<x>> .

k=1 €W,
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Finally, because of the same reason as before

S gF W) =0, Veek=1,..,m.

€W,

Constants ¢, are now determined from constants b; and the constants appearing
in Leibnitz’s rule. (]

We now have two different operators
N
T e (@— [Pt
i=1
which can be used in order to construct (m + r)-reproducing formulas. We define

T;(T?;rr and TéTj;*T by

r

(2.8) T;(nfr[u](x) = u(x;) + Z caDu(z;) (x — 24)°,
la|=1
and
m+r
(2.9) Tgf;rr[u] () :=u(z;) + Z CoaD%u(x;) (x — ;)7
|a]=m+1

where constants {c,} and {¢,} are determined in (22) and (23) respectively.

3. QUASI—INTERPOLATION OPERATORS IN SOBOLEV SPACES

To simplify we shall denote p = m + r. In this section we derive from formu-
las (2.8) and ([23) two quasi-interpolation operators in the Sobolev space WP ()
(1 < s < 00) that are p-reproducing. These operators are generalizations of those
introduced by R. Verfiirth in [13]. The formulas cannot be applied directly because
punctual values do not have the usual meaning for functions in Sobolev spaces.
Nonetheless, we can use the Verfiirth’s projection operators defined in [14].

We shall derive weighted local and global error estimates for these quasi-inter-
polation operators. In case m = 0, error estimates for h-p clouds were obtained in
[16].

Remark 3.1. Procedures for obtaining error estimates are in general a little cum-
bersome though standard. We sketch the proofs but some details are omitted.
Furthermore, even if the interpolation operators could be defined generally, we
shall consider from now on the case ¢ = 2, which is important in applications.
Consequently, several simplifications in notation will clarify the main arguments.
In particular, we shall drop the subindexes ¢ on norms and seminorms.

For every 4, i = 1,..., N, we define a projection operator p,; of H?(w;) onto P’
which have the following properties:

(3.1) D’ (pyitt) = pp—j.i(D7w),

(3.2) / DP(u —ppiu) =0
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for all w € HP(w;) , all 0 < j < p, and all § € N} with |3] = j. To this end, we
shall follow [14]. We denote by
ol
U = — U
|w1| wi

the mean value. For any u € HP(w;), polynomials P;;(u), ..., Py ;(u) are defined
recursively by

(3.3) Poi(u):= Y ai(x — 2;)%m;[D%u),

and, for k=p,p—1,...,1,
1 « «
(34)  Prra(w)i=Pu(w)+ Y (@ —2)"m[D" (u— P (w)]
la|=k—1
Finally, we set
Pp,i := Po;.
Properties (B and B2) are proved in [I4]. Furthermore, it is easy to see that
ppi(P) =P, VP ePPr.

Proposition 3.2. There exist constants Co g = C(o, ), |a| < |8] < s, such that,
foralli=1,...N, if

Pp,ilul(z) = Zai,a[u] (x — )7,
«
then
_ 1, o _
|avalul| < Jwil ™2 { SHID%ulloo+ Y. Caph® D ulluo |
lo| <[BI<p
for all w € HP(w;).

Proof. Using
| mil(z — 2:)°] | < B!

and )
(D" < T (107l o) = bl 21D s,
K]
the result follows in a standard way by induction from B3] and (34). O

Definition 3.3. We now define the h-p cloud function spaces .7-';("’7' = F({Pr f\Ll)
and Fpp" = F({Qi}},), where

Q; :=Raprthmir
prttmEr .= 088 = Z ag(x — x;)?
m+1<|8|<m+r

and linear operators ST x : H?(Q) — Fy" and STp : HP(Q) — F5"" by

N
ST x[u] == ZTAS»,i[ps,i(U)] Wi
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and
N
STplu] :=) T ilpsi(uw)] Wi
i=1
respectively, for u € HP(Q2).

Using (22)), (25) and the properties of p, ;, it follows easily that ST » and ST p
are p-reproducing.

Proposition 3.4. ST x and ST p have algebraic precision equal to p.

Error estimates for two quasi-interpolation linear operators will be considered
later in this section. From now on, we shall only consider operator S7 y. Similar
results, however, can be stated for S7 p.

In what follows, the following estimate is needed.

Proposition 3.5. There exist constants Co 3 = C(s,,3), 0 <|8] < |a| <'s, such
that, for alli=1,...,N, and all u € HP(Q), we have

(35) I DT ilpas()]) lowo < lwil 2 D7 Caphi™ Dl 0-
|BI<|al<s

Proof. 33) can be deduced from (B.2), taking into account the constants that

modify Taylor polynomials in ([22]) and (2.3]). O

Given u € HP(Q), note that ST x[u] belong to H*(€) where 3¢ := min(p, d(Zn))
(remember that d(Zy) is the class of weak differentiability of functions W;.
We shall now be concerned with estimates of

lu—STxu]llx, 0<k<s ueHTHQ).

The usual ingredients in error estimates, which are assumed from now on, are:
Al. Constants Do, j=1,...,N and 0 < || < dz,, such that

Dy
||DaWj ||L°°(wi) < ‘J(;I .
hj
Hence,
@ D',Oé
(36) [ DOWj a0 < 727 Ly /2.

J
A2. Approximation on super-clouds: there exist constants B;, i = 1,..., N,
such that for every u € HPT(@;), there exists a polynomial P;[u] of degree
p which satisfies

(3.7) lu— Pi[u]|
Given a fixed 4, we set R; := u — P;[u]. Then

p+1—k
Gk < Bikd; | u

@i,p+1s k=0,..p.

and
u — STX [u] = Rz — STX [Rl}

We can write

lu = ST x[u] [lwin < | Rillws g + [| ST x[Ril [|uo; -
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By ([B7) we have
(38) || Rl' wik < H RiHQi,k < Bi;k df+1_k ‘ u |@i,5+1a k=0,..,p.

Now, we shall try to estimate || S7 x[R;] |
In w; we can write

wik for k=0, ..., 5.

STx[Ri] =) T3 ;lpp i (R)] Wj.
j€i
Hence, for 3, 0 < |8| < s, we have
| DO (ST x[Ri)) llono < Y 1 DP(TE ;[ (RIW)) e 0-

j€i

Remark 3.6. In what follows we shall need to use the expression 77 ;[ps ;j(R;)] at
several stages. Then, to simplify, we set

R =T ;[pp.;(Ri)].
For j € i, by Leibnitz’s rule we have

DY(Rj; W) = Y C(B,7,0)DYR;;D°W;.

y+6=4

Therefore,

(3.9) I DP(Rji Wi) llwy0 < Y C(B.7:6) [[DV Ryl 0l [DWillus, 0-
Y+6=p

On the other hand, recalling (3.3 and (B4), we get
1D Rylloso <les ™2 37 Caghf ™ PHID Rl o

[v[< ]| <52
and D
S i, 0
1D Willws0 < ﬁ jwil 2.
j
Then,
1D Ryillw, ol DWilloyo < Djs Y. Caphl ™D Rillu, 0
[y < | <3¢
< Dis > Caphf T ID Rz, 0
[y < | <3¢
Hence,
_ B .
(3.10) D7 R; il 0l D°Willwy 0 < Cjgms BTl 7100 g,
where

Cismi=Djs Y, CapBijal-
IvI<lal<s
Since h; < d;, we obtain

o -~
(3.11) 1D Ry illwy 0l D°Wjllos 0 < Chsmi 2 N g,
Now inserting ([B.I1)) into [B.3]), we get

(3.12) | D?(Ryi Wy) llwy0 < Cigads ™1 u

Wi,pt+1s
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where

Cijp =C(Djs, Big;n,s,[B,cp,).

Finally, summing up over j and adding the bounds in (B8], we have proved the
following local error estimate:

Theorem 3.7. Assume Al and A2. Then, for every i, i = 1,...,N, there exist
constants C; , = C; x(Dj s, Bik, 1, 8, 5,¢p), such that

(3.13) |u— ST x[u] ||w,r < Cig d® 75|
for all k =0, ..., and all u € HP1(Q).

(:)i,erl?

Inequality (BI1]) can be written in a different way if we assume:

A3. For every i, i =1,..., N, there are constants A;, A;, such that
Using A;, A;, (310) becomes

ID"R;,;

17
ID°Wjlluy 0 < Chsmp B2 17w

|wj70 @;,8+1>

where

Cj’(s’%ﬁ = Dj’6 Z Ca,ﬁ Bi,\a\ (A;(p+1_|a|)) )

[vI<|el<s

and, instead of (BI2]), we now get

— =~ +1-18
| D5 (R Wi) lluy0 < Cigip BT PN

Wi,p+1-
The local estimate can be written in a weighted form. In fact, let
{Cigl, 0<|Bl<si=1,..,N

be constants such that

/ | Dﬁ(u —STxu) P < éz?’ﬁ dES—H_lBl)p |u ‘51,54-1

7

~ +1-|8
< Orpd TS Tl o
j€i
i o (s8] — ) )
Now we define functions g; 3 = C;gd; Xw; and gz := max;=1,. ~n{gi 5}

Then, it follows easily that

(3.14) Du-STo)P <3S | /ggu)auv’

Wiy wj

jei \lal=s+1
The local estimate and a measure of the overlap of clouds,

M = sup {#?},
i=1,..,N

where #S denotes the number of elements in a finite set S, are cornerstones in

obtaining weighted global error estimates. In fact, by Lemma 3.3 of [16] and (314),

we get
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Corollary 3.8. Assume Al and A2. Then, for all f € N, 0 < || < s, we have
1/2

1 D% (u—STxlul)llao <M | > Q9§|D“U|2
|a|=s41

for all uw € HPT1(Q).

If d := max;—1,.. n, it is nowadays standard, using the results above, to obtain
error estimates in the form

l|u— ST x[u][|x < Crd*™ " u|spr, Yue HPYH(Q), k=0,..
and, as a corollary, Jackson type inequalities

|u—wlg

(3.15) sup < CRdPtiR D k=0, ..., 5

wEHPH1(Q) WEFY"" | pt1
if uniform bounds are assumed for all constants involved.
In a similar way, we can obtain
. u—w _
(3.16) sup inf Q < CRpdPE L k=0,

weHr+1 (@) weFE" U |py1
3.1. FEM partitions of unity. A convergence result. Up to now, we have
seen that the key tools in order to obtain error estimates for the interpolation
operators are the usual ones:

e A control over the derivatives of the basis functions {W;}.
e A control of the overlapping of the clouds.
e The Poincaré constants involved in local approximation by polynomials.

For general partition of unity, it is not clear how these ingredients can be con-
trolled by simple geometrical properties.

We shall now discuss this problem and convergence results for the simplest case
of FEM partitions of unity (see [I1]). Therefore, we assume that 0 is a polyhedral
domain and let {7}, } be a family of conforming triangulations of Q. Let h stand for
the mesh-size; namely h := maxrer, hr, with hr being the diameter of the simplex
T. For each 7;, we denote with V}, € H'(Q) the standard finite element space of
continuous piecewise linear elements and {W}, ;} are the standard shape functions
at the nodes x; of the triangulations 7. Here, of course, dz,, = 1. The discussion
that follows is valid, however, for FEM partitions of unity of higher order algebraic
precision.

We assume that the meshes {7}, } satisfy some regularity condition. For example,
we may assume the following weak regularity assumptions:

Condition 3.9. For K > 1 and € > 0, the mesh 7}, satisfies
|T | > ehl, for all T' € Tp,

and
hr < K hg, for all neighboring elements T, S € 7},.

Then, it is clear that the first two items can be uniformly controlled indepen-
dently of 7;,. We shall discuss the third one.
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First, we introduce some notation. For T € 7}, we define Ad(T) := {S € T}, :

SNT #0},
T:= U S = U W,
SeAd(T) z;€T
and we denote by {cq:p} the set of Poincaré constants associated to 7. That is,

the constants appearing in approximating functions v € H p‘“(f) by polynomials
of degree p as in (3.

With exactly the same proof, Theorem [B.7] can now be stated in the following
form:

Theorem 3.10. For every simplex T' € Ty, there exist constants
CTJC = CT,k(K7 €, Cfﬁp)
such that

(3.17) lu—STxlulllre <CTrp | Y. B luls, p |
SEAd(T)

for k=0,1 and all u € H*(T).

The necessity of using constants {cﬁp} over all T is somewhat unsatisfactory
and it is a fault of our proof. It would be better if we could obtain an estimate that
uses constants {c,,,} for ; € T. The clouds w; are star-shaped and constants
{cw; p} can be obtained by Verfiirth’s formula [I3, 14]. In contraposition, T could
be non-star-shaped. Anyway, even if the bounds may not be the optimal one, it
is true that constants {cﬁp} can be uniformly bounded by constants depending on
K e.

Now we shall see the main arguments for justifying this assertion.

The best estimates of Poincaré’s constants which are known to us for star shaped
domains are due to Verfiirth [I4] and Durdn [5]. Verfiirth’s bounds do not depend
on eccentricity in the case of convex sets. Moreover, for non-convex domains with
a re-entrant corner, the bounds are uniform w.r.t. the exterior angle. In order to
state Verfurth’s results for non-convex but star-shaped domains U, we need to state
some more definitions. For z € U, we define

x(2) = ;relggl\y— 2|1/ yrreléglly —z|].

Now, assume that U is non-convex but star-shaped w.r.t. at least one point and
let Sy :={z € U : U is star-shaped w.r.t. z}. It is clear that there exists a point
zy € U, such that x(zy) = min,es{x(z)}. Then, the number y is defined by
pu = x(zv).
The main Verfiirth’s result in [14] is:
Theorem 3.11. Let U be a domain star-shaped w.r.t. at least one point. For p €
Ny, there exist constants cp ;, 0 < j < m, such that
lu— QB ully < cpg g™ ulpsr, Yue HHU),

where dy is the diameter of U. When U is a conver domain, By = U and ¢, ; =
¢p,j(n,p), i.e., the bounds c,; depend only on n and p. In the non-convex case,
By = B(zu, 0), 0 =dist(zy,0U), and ¢p; = cp (1, p, tv)-
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We can obtain uniform estimates for Poincaré’s constants of clouds w; for any
partition 7. In fact, the regularity (3.9]) enables us to obtain two constants

a(K,e€),b(K,e) such that

a(K,€) < o, < (K, e€)
for all w; and all 7,. Hence, by using (BI]) we obtain the uniform estimates
(3.18) a(K,e) <cy,, <bK,e), k=0,.,p

for all w; and all 7j,.

Now, let T' € 7, and ppr the diameter of the maximal ball By included in
T. Using the regularity (80) again, we can see that there exist two constants
c(K,e€),c(K,€), such that

(3.19) c(K,e) pr < dsy < d(K,e€)pr

for all T € 7;, and all 7},.

If T is star-shaped, the Poincaré’s constants can be estimated by Verfiirth’s
result and the regularity of the meshes.

The following result, which relates the Sobolev norm of polynomials at different
balls can be easily obtained.

Proposition 3.12. For eachp € Ny there exist two constants o = a(pr,dr,p), [ =
B(pr,dr,p) such that

(3.20) al|Pllarp < Pllp, < Bl Pllarp. VP €PP.

AsT = UxieT w; and By Cw; Nw; if x;,2; € T, we can use the arguments of

Theorem 7.1 in [6], (I8) and B20) to obtain
Theorem 3.13. There exists a constant C = C(K,e€,p) such that
Cpp < C, k=0,..p,
for all T € Tp,.
As a consequence, we finally obtain

Corollary 3.14. There exists a constant M = M (K, e,v), where v := #{x; € T}
such that

lu— ST x[u][lop < M (Z AR |U|T,p+1>
TeT;,

for all w e HPTY(Q) and k=0, ..., .

This results grants the h-convergence of the interpolator S7 y under the simplest
geometrical condition of FEM theory.

Remark 3.15. In order to study p-convergence, it is clearly necessary to know the
asymptotic behavior of Poincaré’s constant; but this is beyond the scope of this
work.
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4. BOUNDARY VALUE PROBLEMS

Taking into account the Jackson type inequalities (B.15) and (B.I6), spaces Fy ™"
and F7"" could be used in Galerkin schemes to solve numerically boundary value
problems (see [3], [1T]).

We have remarked that, if m > 1 as is the case when the h-p cloud space is over
a FEM partition of unity [1I], F3"" yields a singular or almost singular stiffness

matrix.

That is why Duarte and Oden introduce the space Fp°". There are,

however, several reasons for the interest in F5":

The Generalized Finite Element Method can also yield a sparse positive
semi-definite linear system. However, in [12], the use of direct solvers like
subroutines MA27 and MA47 of the Harwell Subroutine Library was suc-
cessful even when the nullity of the stiffness matrix was large. It was also
shown in [I2] that round-off errors did not play a significant role in solving
the linear system, i.e., the round-off error was also the same as when the
finite element linear system was solved. An iterative algorithm was also
given in [I2]. Therefore, there exist nowadays efficient solvers to deal with
singular or near singular linear systems.

Even if it leads to singular linear systems, Fy" yields better results than
FR

4.1. A 1-dimensional numerical experiment. We consider the model problem

—u” = f in Q=][0,1],
uloQ = 0,

where f is such that the exact solution is

u(x) = sin(2 7 x).

We first make all settings in our experiment explicit.

Sy = {Wi}fvzl will be the standard (1,1)-partition of unity of FEM of
linear precision.

Tests with both random and uniformly spaced nodes at several widths h =
1/4,1/8,1/16, 1/32 have been performed. In the former case, nodes were
generated by adding a random perturbation of value 0.25h to a uniform
grid with h-spacing. Computed errors in the random distribution points
case, correspond to averages over ten runs.

f;gr and fé’r have been compared at equal algebraic precision ap = 2, 3, 4.
In Fy". ap =1+ while ap = r for ]:Zlgr.

An (r + 1)-point Gaussian quadrature has been used at interior cells. Note
that, at equal algebraic precision, less points are used for f)lgr.

Two relative errors have been computed:

H ah - uexact| |L2(Q)

Crel ‘=
e H Uezact ||L2(Q)

and ~
H (Uh - uexact)mHL2 ()

ELrel ‘=
e H(uczact)r HL2(Q)

In these tests, errors have been calculated using a 5-point Gaussian quad-
rature at interior cells.
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e In order to prevent numerical instabilities, polynomials in P] must be nor-
malized by a measure of the size of the grid at x;. That is, the basis of P}
(or @; in the fé’r—scheme) must be written in the form

) )

e In all tests, linear systems have been solved with the standard solver of
MATLAB (©The MathWorks, without any additional precaution.

4.1.1. p adaptivity. In the first test we have fixed a uniform grid with h = 0.125,
varying ap from 4 to 2. Errors e, and ex,.; from computations are summarized
in Tables 1 and 2 respectively.

TABLE 1. Error e,¢;, h = 0.125, varying ap.

ap 4 3 2
Fy7 | 3.7229 6 | 1.2562_4 | 2.7428 3
FR' | 4.8678 5 | 1.1703_3 | 1.2426_,

TABLE 2. Error ex,.;, h = 0.125, varying ap.

T 4 3 2
Fy" | 75158 5 | 1.5181 3 | 2.2906_,
fllj’r 8.9651_4 | 1.3084_5 | 8.0095_,

4.1.2. h adaptivity. In this test with random grids, we have fixed ap = 2, varying
h from 1/4 to 1/32. Errors e;o and ez, from computations are summarized in
Tables 3 and 4 respectively.

TABLE 3. Error e,, ap = 2, varying h.

h 1/32 1/16 1/8 1/4
Fy' | 5.4401 ¢ | 4.3487 5 | 3.4686_ | 2.7428 3
Fp? 121963 5 | 1.7785_4 | 1.4657_3 | 1.2426_,

TABLE 4. Error ex,.;, ap = 2, varying h.

h 1/32 1/16 1/8 1/4
Fy'| 35917 4 | 1.4364_3 | 5.7419_3 | 2.2906_,
Fp? | 1.4187_3 | 5.5980_3 | 2.1708_5 | 8.0095_,
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We may appreciate that the ]—"}f—method has a more equal convergence rate
than the 5" -method, but Fy" produces accurate solutions with one more digit of
precision.

4.2. 2-dimensional numerical experiments. We consider Q C R? and the
weak formulation of a Poisson model problem

—Au = f in Q,

u = g on I'y C 09,
Uy = @ =q on I, C 99.
on

Adding Taylor polynomials at nodes x; € I'g clearly presents a problem even if
the partition of unity {W;} satisfies the delta-Kroenecker condition W;(z;) = 9, ;.
Furthermore, the Taylor polynomials could improve interpolation at the boundary
by using an appropriate treatment of Dirichlet data.

In the early 1970s, J. Nitsche developed a general approach for the treatment of
essential boundary conditions where the shape functions do not have to fulfil the
boundary conditions [I0]. In this work, we have used a non-stabilized Nitsche’s
method. Roughly speaking, we have considered the weak formulation:

Find u € F; such that

/QVU-VU—/Fd[unv—i—uvn]—&-ﬁ quv:/va—f—/rdg(ﬁv—vn)—i—/rnqv,

for all v € Fp,.
We refer to [7] for a complete description of the method.
The settings for experiments are:
e The triangle mesh generator Easymesh (©Bojan Niceno) was used in order
to obtain triangulations using data nodes at the boundary. In Q = [0, 1] x
[0, 1], three meshes have been generated for uniform data in 9 at several
mesh widths h =1/4,1/8,1/16.
o Four relative errors: eyj, €Trel; €Yret and eoore; have been calculated
using a 7-point quadrature formula at interior cells.
e Errors for the standard linear FEM F'° and quadratic FEM F?° have
been computed for the sake of comparison.
o Wewrite F™0(s), F™"(s,t) to indicate that an s-point quadrature formula
has been used at interior cells and a t-point quadrature formula has been
used at boundary cells.

4.2.1. Model 1. We consider the problem
Upy + Uyy = f(z,y) in Q= [07 1] X [0, 1]a
ul@Q = 0,
and choose f such that the exact solution is
Tty 2 2 )
u(z,y) = arctan | 100(—==) (x — = — .
(@) (1005 (0= ) - )

Errors for several Galerkin spaces Fj, are summarized in Tables 5, 6, 7, 8, 9 and
10. The results clearly show the superiority of .7-')1(’7" (it is also useful to compare
our results with those in [7]).
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TABLE 5. Error ex,.;, ap = 2, varying h.

h

1/32

1/16

1/8

1/4

1,1
Fx

3.5917_4

1.4364_5

5.7419_4

2.2906_o

1,2
Fp

1.4187_4

5.5980_3

2.1708_,

8.0095_4

TABLE 6.

Model 1, V;, = F1.0(1).

Dof

Crel

€Lrel

€Yrel

€co,rel

60

6.9342_4

3.2427_,

3.1235_;

1.2834_4

267

1.9699_»

1.6170_4

1.5594_4

4.2933_5

1131

5.3033_3

7.9956_9

7.9705_4

1.2670_5

TABLE 7.

Model 1, V}, = F29(3).

Dof

Crel

€Lrel

€Yrel

€co,rel

269

1.3409_,

4.7132_4

4.5140_5

2.8684_2

1129

1.3842_5

1.3368_2

1.2610_9

4.1615_5

4649

1.1739_,4

3.7489_

3.6017_5

8.3689_4

TABLE 8. Model 1, Vj, = Fy'(3,2).

Dof

Erel

ETyrel

€Yrel

€oo,rel

244

8.0937_3

4.1408_,

4.1401_,

1.8508_5

929

9.2963_4

1.1114_,

1.0462_,

2.5599_3

3649

8.9332_5

3.1773_5

3.1075_5

4.4461_4

TABLE 9. Model 1, V;, = F5°(3,2).

Dof

€rel

€T rel

€Yrel

€co,rel

333

2.3245_4

1.4096_4

1.3446_

4.3396_5

1196

2.6080_3

4.0184_5

3.7808_4

7.2470_5

4908

3.4064_4

1.2078_9

1.1671_9

1.7633_3
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TABLE 10. Model 1, Vi, = F*(7,5).

Dof

Erel

ETyrel

€Yrel

€oo,rel

520

1.006_3

8.0796_3

7.5917_5

2.7966_3

1858

1.1419_4

1.8740_5

1.6288_5

4.7398_4

7426

7.7560_¢

2.3461_4

2.3087_4

4.0117_5

263

4.2.2. Model 2. This test example is a Poisson equation with a harmonic source.

Neumann boundary conditions are imposed:

—(Ugg + Uyy) +u
U, |0

= (87% + 1) cos(27x) sin(2my)

= Usmn,

where the exact solution is

us(z,y) = cos(2mx) sin(27y).

in Q=10,1] x [0,1],

Results for Fy' and F2° are summarized in Tables 11 and 12.

TABLE 11. Model 1, Vi, = F5°(7,5).

Dof

€rel

ETrel

€Yrel

€co,rel

704

2.8760_3

2.3741_,

2.2613_,

6.5160_3

2520

2.8020_4

4.3350_3

3.8011_5

9.4980_4

9944

4.1614_5

1.0973_3

1.0740_5

2.8198_4

TABLE 12. Model 2, V;, = F20(3).

Dof

€rel

€ETrel

€Yrel

€co,rel

333

4.2717_4

3.3197_,

3.4645_4

7.6092_3

1257

5.3919_4

8.6610_3

8.2048_;

1.1223_5

4905

6.4327_5

2.2884_5

1.8482_5

1.2913_4

TABLE 13

. Model 2, Vj, = F'(3,2).

Dof

Erel

ETyrel

€Yrel

€oo,rel

276

5.0433_5

3.5308_2

3.6448 _,

9.2298_4

993

5.7019_4

8.9559_3

8.3591_3

1.1162_3

3777

6.5773_5

3.3225_5

1.8579_3

1.3052_4
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Remark 4.1. Tt is clear that Fy' C F2°, but Fy'(3,2) produces in general equal

or

better results than F2°(3) with smallest DOF. This is an amazing fact in the

context of Galerkin approximation.

sti

It appears that this methodology has a number of useful features. Even if the
finess matrix is singular, the method seems to be robust. Dirichlet boundary

conditions are easily handled with Nitsche’s method.
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